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FOREWORD

The Institute for Mathematical Sciences at the National University of
Singapore was established on 1 July 2000 with funding from the Ministry
of Education and the University. Its mission is to provide an international
center of excellence in mathematical research and, in particular, to pro-
mote within Singapore and the region active research in the mathematical
sciences and their applications. It seeks to serve as a focal point for scien-
tists of diverse backgrounds to interact and collaborate in research through
tutorials, workshops, seminars and informal discussions.

The Institute organizes thematic programs of duration ranging from one
to six months. The theme or themes of each program will be in accordance
with the developing trends of the mathematical sciences and the needs and
interests of the local scientific community. Generally, for each program there
will be tutorial lectures on background material followed by workshops at
the research level.

As the tutorial lectures form a core component of a program, the lecture
notes are usually made available to the participants for their immediate
benefit during the period of the tutorial. The main objective of the Insti-
tute's Lecture Notes Series is to bring these lectures to a wider audience.
Occasionally, the Series may also include the proceedings of workshops and
expository lectures organized by the Institute. The World Scientific Pub-
lishing Company and the Singapore University Press have kindly agreed to
publish jointly the Lecture Notes Series. This volume, "An introduction to
Stein's method," is the 4th of this Series. We hope that through regular
publication of lecture notes the Institute will achieve, in part, its objective
of promoting research in the mathematical sciences and their applications.

December 2004 Louis H. Y. Chen
Denny Leung
Series Editors
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PREFACE

Probability theory in the first half of the twentieth century was substan-
tially dominated by the formulation and proof of the classical limit theo-
rems — laws of large numbers, central limit theorem, law of the iterated
logarithm — for sums of independent random variables. The central limit
theorem in particular has found regular application in statistics, and forms
the basis of the distribution theory of many test statistics. However, the
classical approach to the CLT relied heavily on Fourier methods, which are
not naturally suited to providing estimates of the accuracy of limits such
as the CLT as approximations in pre-limiting circumstances, and it was
only in 1940 that Berry and Esseen, by means of the smoothing inequality,
first obtained the correct rate of approximation in the form of an explicit,
universal bound. Curiously enough, the comparable theorem for the con-
ceptually simpler Poisson law of small numbers was not proved until 26
years later, by Le Cam.

These theorems all concerned sums of independent random variables.
However, dependence is the rule rather than the exception in applica-
tions, and had been increasingly studied since 1950. Without independence,
Fourier methods are much more difficult to apply, and bounds for the accu-
racy of approximations become correspondingly more difficult to find; even
for such frequently occurring settings as sums of stationary, mixing random
variables or the combinatorial CLT, establishing good rates seemed to be
intractable.

It was into this situation that Charles Stein introduced his startling
technique for normal approximation. Now known simply as Stein's method,
the technique relies on an indirect approach, involving a differential oper-
ator and a cleverly chosen exchangeable pair of random variables, which
are combined in almost magical fashion to deliver explicit estimates of ap-
proximation error, with or without independence. This latter feature, in
particular, has led to the wide range of application of the method.

ix



x Preface

Stein originally developed his method1 to provide a new proof of the
combinatorial CLT for use in a lecture course, and its first published appli-
cation, in the Proceedings of the Sixth Berkeley Symposium on Mathematical
Statistics and Probability in 1972, was to give bounds for the accuracy of
the CLT for sums of stationary, mixing random variables. Since then, the
scope of his discovery has expanded rapidly. Poisson approximation was
studied in 1975; the correct Lyapounov error bound in the combinatorial
CLT was obtained in 1984; the method was extended to the approximation
of the distributions of whole random processes in 1988; its importance in
the theoretical underpinning of molecular sequence comparison algorithms
was recognized in 1989; rates of convergence in the multivariate CLT were
derived in 1991; good general bounds in the multivariate CLT, when de-
pendence is expressed in terms of neighborhoods of possibly very general
structure, were given in 1996; and Stein's idea of arguing by way of a con-
centration inequality was developed in 2001 to a point where it can be put
to very effective use.

Despite the progress made over the last 30 years, the reasons for the
effectiveness of Stein's method still remain something of a mystery. There
are still many open problems, even at a rather basic level. Controlling the
behavior of the solutions of the Stein equation, fundamental to the suc-
cess of the method, is at present a difficult task, if the probabilistic ap-
proach cannot be used. The field of multivariate discrete distributions is
almost untouched. There is a relative of the concentration inequality ap-
proach, involving the comparison of a distribution with its translations,
which promises much, but is at present in its early stages. Point process
approximation, other than in the Poisson context, is largely unexplored:
the list goes on.

Due to its broad range of application, Stein's method has become partic-
ularly important, not only in the future development of probability theory,
but also in a wide range of other fields, some theoretical, some extremely
practical. These include spatial statistics, computer science, the theory of
random graphs, computational molecular biology, interacting particle sys-
tems, the bootstrap, the mathematical theory of epidemics, algebraic ana-
logues of probabilistic number theory, insurance and financial mathematics,
population ecology and the combinatorics of logarithmic structures. Many,
in their turn, because of their particular structure, have led to the devel-
opment of variants of Stein's original approach, with their own theoretical
importance, one such being the coupling method.



Preface xi

This volume contains an introduction to Stein's method in four chapters,
corresponding to the tutorial lectures given during the meeting

STEIN'S METHOD AND APPLICATIONS:
A PROGRAM IN HONOR OF CHARLES STEIN,

held in Singapore at the Institute for Mathematical Sciences, from 28 July
to 31 August 2003. The material provides a detailed introduction to the
theory and application of Stein's method, in a form suitable for graduate
students who want to acquaint themselves with the method. The accompa-
nying volume, consisting of papers given at the workshop held during the
same meeting, provides a cross-section of the research work currently being
undertaken in this area.

To get a flavour of the magic and mystery of Stein's method, take the
following elementary setting: X\, X2, • • •, Xn are independent 0-1 random
variables, with TP[Xi = 1] = 1 — P[Xj = 0] = p^, and W denotes their sum.
How close is the distribution C(W) to the Poisson distribution Po (A) with
mean A = J2?=iPi? A good answer can be obtained in three small steps.

(1) For any A C Z+, recursively define the function g = g\,A on Z+ by
setting g(0) = 0 and then

A5(i +1) = jgU) + M i ) - Po (A){A} (o.i)

for j = 0,1,2, Then, by taking expectations, it follows that

F[W 6 A] - Po (\){A} = lE{\g(W + 1) - Wg(W)}, (0.2)

as long as jg(j) is bounded in j (it is).
(2) Then note that Xig(W) = Xig(Wi + 1), where Wt = £ , y i * j . be-

cause Xi takes only the values 0 and 1. Since also W< is independent
of Xi, it thus follows that B{Xig(W)} = pi1Eg(Wi +1), and hence that

n

M{Wg{W)} = J2PiEg(Wi + 1). (0.3)
i=\

(3) Combining (0.2) and (0.3), we have

71

|P[W eA}- Pa(A){.4}| = J2PM9(W + 1) - g(Wi + 1)]
1 = 1

71

= £>Efo(Wi + Xi + 1) - g(Wi + 1)] ,
i=l
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from which it follows that
n

|P[WeA]-Po(A){j4}|<fc(A)^p? ( 0 4 )

for all A C Z+, where

k(X) : = SUp SUp |pA,yl(j + 1) - SA,>l(j)|,
^CZ+ j>l

since X» differs from 0 only with probability p;, when it takes the
value 1. And it can also be shown that k(X) < (1 — e~x)/\.

The upshot of this argument is that the difference between the proba-
bility given by C(W) to any set A and that assigned to it by Po (A) is at
most

n

X-^l-e-^tfKma^pi, (0.5)
i=l

a remarkably neat and surprisingly sharp result. This volume shows how
the simple argument that led to it (the Stein-Chen method) fits into the
much more general and powerful framework of Stein's method. Reasons are
advanced for choosing equation (0.1) in connection with the Poisson distri-
bution Po(A). Some rules are given for constructing analogous equations
for other distributions, both on the line and on more elaborate spaces, such
as measure spaces, and some help is also provided with bounding the coun-
terparts of fc(A) that emerge. Finally, ways of modifying (0.3) when W is a
sum of dependent random elements are also proposed.

The material is arranged in four chapters, successively addressing the
normal distribution, Poisson and compound Poisson distributions, Poisson
point processes, and then quite general distributions. Each chapter is writ-
ten by an expert in the field. We hope that the resulting tutorial survey
will encourage the reader to become as enthusiastic about Stein's method
as we are.

December 2004 A. D. Barbour
Louis H. Y. Chen

Program Co-Chairs
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Stein's method originated in 1972 in a paper in the Proceedings of the
Sixth Berkeley Symposium. In that paper, he introduced the method
in order to determine the accuracy of the normal approximation to the
distribution of a sum of dependent random variables satisfying a mix-
ing condition. Since then, many developments have taken place, both
in extending the method beyond normal approximation and in apply-
ing the method to problems in other areas. In these lecture notes, we
focus on univariate normal approximation, with our main emphasis on
his approach exploiting an a priori estimate of the concentration func-
tion. We begin with a general explanation of Stein's method as applied
to the normal distribution. We then go on to consider expectations of
smooth functions, first for sums of independent and locally dependent
random variables, and then in the more general setting of exchangeable
pairs. The later sections are devoted to the use of concentration inequal-
ities, in obtaining both uniform and non-uniform Berry-Esseen bounds
for independent random variables. A number of applications are also
discussed.

1
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1. Introduction

Stein's method is a way of deriving explicit estimates of the accuracy of the
approximation of one probability distribution by another. This is accom-
plished by comparing expectations, as indicated in the title of Stein's (1986)
monograph, Approximate computation of expectations. An upper bound is
computed for the difference between the expectations of any one of a (large)
family of test functions under the two distributions, each family of test func-
tions determining an associated metric. Any such bound in turn implies a
corresponding upper bound for the distance between the two distributions,
measured with respect to the associated metric.

Thus, if the family of test functions consists of the indicators of all (mea-
surable) subsets, then accuracy is expressed in terms of the total variation
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distance dxv between the two distributions:

dTV{P,Q) :=sup [hdP-fhdQ = sup|P(A) - Q(A)\,
h£H J J A

where H = {1A', A measurable}. If the distributions are on R, and the
test functions are the indicators of all half-lines, then accuracy is expressed
using Kolmogorov distance, as is customary in Berry-Esseen theorems:

dK(P,Q) := sup (hdP-fhdQ = sup \P(-oo,z] - Q(~oo,z]\,
hen J J zgR

where H = {l(_oo,z]i z G R}- If the test functions consist of all uniformly
Lipschitz functions h with constant bounded by 1, then the Wasserstein
distance results:

dw(P,Q) := sup / hdP - / hdQ ,
hen J J

where H = {h: 1R —> R; \\h'\\ < 1} =: Lip(l), and where, for a function
g: H —> H, \\g\\ denotes sup x g R IffC )̂!- If the test functions are uniformly
bounded and uniformly Lipschitz, bounded Wasserstein distances result:

dBW(k)(P,Q) •= sup / h d P - f hdQ ,
h£H J J

where H = {h: R -> R; \\h\\ < 1, \\h'\\ < k}. Stein's method applies to all
of these distances, and to many more.

For normal approximation on R, Stein began with the observation that

E{/'(Z) - Zf(Z)} = 0 (1.1)

for any bounded function / with bounded derivative, if Z has the standard
normal distribution A/"(0,1). This can be verified by partial integration:

[ 1 1 °° 1 r°°

- ^ / ( x ) e - 2 / 2 + 1 f xf{x)e-**/2dx
V2TT J _OO V2TT y_oo

However, the same partial integration can also be used to solve the differ-
ential equation

f\x) - xf(x) = g(x), lim f{x)e^'2 = 0, (1.2)
xl—oo
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for g any bounded function, giving

f g{x)e-x2'2dx= f {f(x)-xf(x)}e-x3/2dx
J — oo J —oo

= /(»)e'' ' /2,

and hence

f(y)=ey2/2 fV g(x)e-x2/2dx.
J—oo

Note that this / actually satisfies lim^-oo f(y) = 0, because

*(y) := 4 = /" e-**t2dx ~ (yVSF)-^-"2/2

V2TT 7-oo

as y | -co, and that / is bounded (and then, by the same argument, has
liniytoo/(y) = 0) if and only if / ^ g{x)e~x I2 dx = 0, or, equivalently, if
Mg(Z) = 0.

Hence, taking any bounded function h, we observe that the function //,,
defined by

fh(x) := ex2/2 r {/i(i) - E/1(Z)}e-t2/2 dt, (1.3)
J — OO

satisfies (1.2) for g(a;) = h(x)—'Eh(Z); substituting any random variable W
for x in (1.2) and taking expectations then yields

E{/fc(W) - W/h(W)} = Efc(W) - E/i(Z). (1.4)

Thus the characterization (1.1) of the standard normal distribution also de-
livers an upper bound for normal approximation with respect to any of the
distances introduced above: for any class H of (bounded) test functions h,

sup \Eh(W) - Eh(Z)\ = sup \E{f'h{W) - Wfh(W)}\. (1.5)
h€H h€H

The curious fact is that the supremum on the right hand side of (1.5),
which contains only the random variable W, is frequently much simpler
to bound than that on the left hand side. The differential characteriza-
tion (1.1) of the normal distribution is reflected in the fact that the quantity
E{/'(W) — Wf(W)} is often relatively easily shown to be small, when the
structure of W is such as to make normal approximation seem •plausible; for
instance, when W is a sum of individually small and only weakly dependent
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random variables. This is illustrated in the following elementary argument
for the classical central limit theorem.

Suppose that Xi,X2,... ,Xn are independent and identically dis-
tributed random variables, with mean zero and unit variance, and such
that E|Xi|3 < oo; let W = n"1/2 £ " = 1 Xj. We evaluate the quantity
E{/'(W) — Wf(W)} for a smooth and very well-behaved function / .
Since W is a sum of identically distributed components, we have

B{Wf(W)} = nE{n-1/2Xi/(W)})

and W = n-^Xi + WU where Wx = n"1/2 £ " = 2
 Xi i s independent of Xx.

Hence, by Taylor's expansion,

E{Wf(W)} = n^BiXJiWi+n-^Xi)}

= n1^{X1(f(Wl) + r T ^ X i / ' T O ) } + 77!, (1.6)

where |?7i| < in-1/2E|Xi|3 | |/"| | . On the other hand, again by Taylor's
expansion,

E{/'(W0 = E/'(Wi + n-^Xx) = E/'(Wi) + r/2, (1.7)

where | ^ | < n-^EIXil | |/"| | . But now, since EXX = 0 and EX? = 1,
and since X\ and W\ are independent, it follows that

\E{f{w) - wf(w)}\ < n-^ii + mx^nrw,
for any / with bounded second derivative. Hence, if 7i is any class of test
functions and

Cn := sup \\fll\\,

then it follows that

sup \Eh(W) - E/i(Z)| < Cn n~1/2{l + ^X^3}. (1.8)
hen

The inequality (1.8) thus establishes an accuracy of order O(n~1//2) for the
normal approximation of W, with respect to the distance d-^ on probability
measures on H defined by

dn(P,Q) = sup fhdP- I hdQ ,
hen J J

provided only that C-H < oo. For example, as observed by Erickson (1974),
the class of test functions h for the Wasserstein distance d\y is just the
Lipschitz functions Lip(l) with constant no greater than 1, and, for this
class, C-ft = 2: see (2.13) of Lemma 2.3. The distinction between the bounds
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for different distances is then reflected in the differences between the values
of Cft. Computing good estimates of C-̂  involves studying the properties of
the solutions fh to the Stein equation given in (1.3) for h eH. Fortunately,
for normal approximation, a lot is known.

It sadly turns out that this simple argument is not enough to prove the
Berry-Esseen theorem, which states that

sup \P[W. <z\- $(z)| < Cn-1 / 2E|Xi|3 ,

for a universal constant C. This is because, for ft the set of indicators of half-
lines, C-H = oo. However, it is possible to refine the argument, by making
less crude estimates of |r/i| and ^ l - Broadly speaking, if h = l(_oo,z], and
writing fz for the corresponding solution fh, then f'z is smooth, except for
a jump discontinuity at z, as can be seen from (1.2). Hence, taking \rj2 for
illustration,

\f'z{Wl+n-l'2X1)-fz{W1)\
< n-^IXilM^AXIWil+n-^IA-il + l), (1.9)

where M(z,f) := supx_^2{|/"(:r)|/(|:r| + 1)}, provided that z does not lie
between W\ + n~l/2Xi and Wi. If it does, the difference is still bounded
by 2||/2||. Hence, since both sup2 € R| | /2 | | and sup2 e RM(z,/z) are finite,
explicit bounds of order 0(n"1//2) can still be deduced for the Berry-Esseen
theorem, provided that it can be shown that

supP(Wi G [z,z + h]) <C(/i + n-1 / 2E|X!|3) (1.10)
zeR

for some constant C (the corresponding estimates for |T7I| are a little more
involved, but the argument can be carried through analogously). Inequal-
ities of this form are precisely the concentration inequalities that play a
central part in these notes, and the above discussion illustrates their im-
portance.

If the random variables Xi are dependent, these simple arguments are no
longer valid. However, they can be adapted to work effectively, if less cleanly,
for many weak dependence structures. For instance, if individual summands
have little influence on W, as is typical when a normal approximation is
expected to be good, then it may be possible to decompose W in the form

W = n-l'2{Xi + Ui)+Wi,

where Wi is 'almost' independent of Xj, and \Ui\ is not too 'large', en-
abling Taylor expansions analogous to (1.6) and (1.7) to be attempted.
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However, especially if Kolmogorov distance is to be considered, it pays to
be rather less brutal, making direct use of (1.4), and rewriting the errors
in exact, integral form; this will appear time and again in what follows.
Better bounds can be achieved as a result, and concentration arguments
also become feasible: note that finding sharp bounds for a probability such
as P(a <Wi< a + n-1^2(Xi + £/*)) is not an easy task when Wi, Xt and Ut

are dependent.
In these lecture notes, we follow Stein's original theme, by presenting

his ideas in the context of normal approximation. We shall focus on the ap-
proach using concentration inequalities. This approach dates back to Stein's
lectures around 1970 (see Ho & Chen (1978)). It was later extended by Chen
(1986) to dependent and non-identically distributed random variables with
arbitrary index set. A proof of the Berry-Esseen theorem for independent
and non-identically distributed random variables using the concentration
inequality approach is given in Section 2 of Chen (1998). The approach
has further been shown to be effective in obtaining not only uniform but
also non-uniform Berry-Esseen bounds for the accuracy of normal approx-
imation for independent random variables (Chen & Shao, 2001) and for
locally dependent random fields as well (Chen & Shao, 2004a). As an exten-
sion, a randomized concentration inequality was used to establish uniform
and non-uniform Berry-Esseen bounds for non-linear statistics in Chen &
Shao (2004b). In view of its current successes, the technique seems well
worth further exploration.

We also briefly discuss the exchangeable pairs coupling, and use it to
obtain a Berry-Esseen bound for the number of l's in the binary expansion
of a random integer. The use of exchangeable pairs was discussed in Stein's
monograph (Stein, 1986), and is now widely known (see, for example, Dia-
conis, Holmes & Reinert (2004)). Other proofs of the Berry-Esseen theorem
which will not be included in these lectures are the inductive argument of
Barbour & Hall (1984), Stroock (1993) and Bolthausen (1984), the size bias
coupling used by Goldstein & Rinott (1996) and the zero bias transforma-
tion introduced by Goldstein & Reinert (1997). The inductive argument
works well for uniform bounds when the conditional distribution of the
sum under consideration, given any one of the variables in the sum, has a
form similar to that of the corresponding unconditional distribution of the
sum. The size biasing method works well for many combinatorial problems,
such as counting the number of vertices in a random graph; theoretically
speaking, the zero bias transformation approach works for arbitrary random
variables W with mean zero and finite variance. More on these approaches
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can be found in Sections 4.5, 5.2 and 8 of Chapter 4 of this volume. We
also refer to Goldstein & Reinert (1997) for some of the important features
of the zero bias transformation and to Goldstein (2005) for Berry-Esseen
bounds for combinatorial central limit theorems and pattern occurrences
using zero and size biasing approaches. Short surveys of normal approx-
imation by Stein's method were given in Rinott & Rotar (2000) and in
Chen (1998). Stein's method has also been used to establish bounds on the
approximation error in the multivariate central limit theorem, in particular
by Gotze (1991) and by Rinott & Rotar (1996). A collection of expository
lectures on a variety of aspects of Stein's method and its applications has
recently been edited by Diaconis & Holmes (2004).

These notes are organized as follows. We begin with a more detailed
account of Stein's method than the sketch provided in this section. In Sec-
tion 3, we consider the expectation of smooth functions under independence
and local dependence, and also in the setting of an exchangeable pair hav-
ing the linear regression property. Some applications are given. Section 4
discusses sums of uniformly bounded random variables. Here, it is shown
that Berry-Esseen bounds for distribution functions can be obtained with-
out the use of concentration inequalities. Both the independent case and
the problem of counting the number of ones in the binary expansion of a
random integer are studied, where in the latter case the use of an exchange-
able pair is demonstrated. In Sections 5 and 6, concentration inequalities
are invoked to obtain both uniform and non-uniform Berry-Esseen bounds
for sums for independent random variables. The last section is devoted to
obtaining a uniform Berry-Esseen bound under local dependence.

2. Fundamentals of Stein's method

In this section, we follow Stein (1986), and give a more detailed account of
the basic method sketched in the introduction.

2.1. Characterization

Let Z be a standard normally distributed random variable, and let C^d be
the set of continuous and piecewise continuously differentiable functions
/ : R —> R with E|/ ' (Z) | < oo. Stein's method rests on the following
characterization, which'is a slight strengthening of (1.1).
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Lemma 2.1: Let W be a real valued random variable. Then W has a
standard normal distribution if and only if

E/ '(W) = B{Wf(W)}, (2.1)

for all / G CM.

Proof: Necessity. If W has a standard normal distribution, then for / £ Cbd

1 r°°
E/ '(W) = - ± = / f'(w)e-w2/2dw

V27T 7-oo= ^ / l / w ( £ ( - i ) e " ' V 2 < t ) < f c "
+ -^= f'{w)( / ze - x / 2dz) dw.

V2TT 7O ^ Jw '

By Fubini's theorem, it thus follows that

1 f° / f°
Bf(W) = - = ( f'{w)dw){-x)e-x2/2dx

V27T 7_oo V Jx '

+ - L r 1(1 f{w)dw)xe-x2'2dx
V 2?r JO ^ JO '

= EWf(W).

Sufficiency. For fixed z G H, let /(tu) := fz{
w) denote the solution of the

equation

f'(w) - wf(w) - 1(_00,2] («;) - *(«). (2.2)

Multiplying by — e~w I"1 on both sides of (2.2) yields

( e - 2 / 2 /H) ' = -e-V2 ( l ^ ^ H - $(Z)) .

Thus fz is given by

fz(w) = e-2/2 / [^.^(x) - ${z)]e-*''2dx
J — OO

/>oo

= -e-2/2 / [!(_«,,,] (x) - <&(Z)]e-
2/2 dx

f v ^ e ^ ^ ^ H f l - * ^ ) ] ilw<z,
= < "~ (2 3)

\ V2^ew2/2$(z)[l - $( tu)] i f i u > z .
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By Lemma 2.2 below, fz is a bounded continuous and piecewise continu-
ously differentiable function. Suppose that (2.1) holds for all / G Cbd- Then
it holds for fz, and hence, by (2.2)

0 = nf'AW) - Wfz(W)} = E f l ^ o ^ H - *(*)] = P(W <z)- * (z) .

Thus W has a standard normal distribution. •

Equation (2.2) is a particular case of the more general Stein equation

f'(w) - wf(w) = h(w) - Eh(Z), (2.4)

which is to be solved for / , given a real valued measurable function h with
M\h(Z)\ < oo: c.f. (1.2). As for (2.3), the solution / = fh is given by

fh(w) = e-
2/2 r {h(x)-Mh{Z)]e-*2/2dx

J — OO

/•OO

= -ew2/2 {h{x)-Mh{Z)\e-x2'2dx. (2.5)
J w

2.2. Properties of the solutions

We now list some basic properties of the solutions (2.3) and (2.5) to the
Stein equations (2.2) and (2.4). The reasons why we need them have al-
ready been indicated in (1.8) and (1.9), where estimates of suph€W 11/̂ 11 >
supz e R 11/̂11 and sup2€R s u p ^ |/^ (a:) | were required, in order to determine
our error bounds for the various approximations. For the more detailed ar-
guments to come, further properties are also needed. We defer the proofs
to the appendix, since they only involve careful real analysis.

We begin by considering the solution fz to (2.2), given in (2.3).

Lemma 2.2: The function fz defined by (2.3) is such that

wfz(w) is an increasing function ofw. (2-6)

Moreover, for all real w, u and v,

\wfz(w)\ < 1, \wfz(w) - ufz(u)\ < 1 (2.7)

|/»|<1, |/»-/»|<l (2.8)

0 < fz{w) < min(V27/4, l/\z\) (2.9)

and

\(w + u)fz(w + u)-{w + v)fz(w + v)\ < (H + V^TF/4)(|«| + M). (2.10)
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We mostly use (2.8) and (2.9) for our approximations. If one does not
care about the constants, one can easily obtain

\fz(w)\ < 2 and 0 < fz(w) < sftfl

by using the well-known inequality

1 - $(«;) < min (-, —?—) e~w2/2, w > 0.
\ 2 Wy/2-K)

Next, we consider the solution fh to the Stein equation (2.4), as given
in (2.5), for any bounded absolutely continuous function h.

Lemma 2.3: For any absolutely continuous function h: R —> 1R, the so-
lution fh given in (2.5) satisfies

||A|| <mm(^J2\\h(-)-lEh(Z)l2\\h'\\), (2.11)

\\f'h\\ < min (2\\h(.)-Eh(Z)\mh'\\) (2.12)

and

ll/fcll < 2||ft'||. (2.13)

2.3. Construction of the Stein identities

In this section, we return to the elementary use of Stein's method which led
to the simple bound (1.8), but express the remainders rji and 772 in a form
better suited to deriving more advanced results. We now take £1, £2, • • • , £n
to be independent random variables satisfying E£j = 0, 1 < i < n, and
such that Y^=i ^£f ~ 1- Thus £j corresponds to the normalized random
variable n"1^Xi of the introduction; here, however, we no longer require
the £i to be identically distributed. Much as before, we set

n

W = ^2^ and wW = W-£i, (2.14)

and define

Ki(t) = E{£i(7{o<t<5i} - J{€i<t<o})}- (2.15)

It is easy to check that Ki(t) > 0 for all real t, that
/•OO /«OO

/ Ki(t)dt = ~Eg and that / \t\Ki(t)dt = |E|£i|3. (2.16)
J — oo J-oo
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Let h be a measurable function with E|/i(Z)| < oo, and let f = fh

be the corresponding solution of the Stein equation (2.4). Our goal is to
estimate

Eh(W) - Eh(Z) = E{/'(W) - Wf(W)}.

The following argument is fundamental to the approach, and many of the
tricks reappear repeatedly in what follows.

Since £, and W^ are independent for each 1 < i < n, we have

E{W7(W0} = f>{&/(W0}
8 = 1

= X>{6[/(wo-/(w*>)]},
i=l

where the last equality follows because E£j = 0. Writing the final difference
in integral form, we thus have

E{Wf(W)} = £ E Uj** f'(WM+t)dt\

n ( r°° i
= X ; E I / /'(^(i)+%(/{o<t<^}-/{?i<t<o})^

= E / E { / ' ( ^ W + t)\Ki(t)dt, (2.17)
i=i J-°° l J

from the definition of Kt and again using independence. However, because
n -oo n

Y, Ki{t)dt = Y,m2
i=i,

t=i - 7 - 0 0 »=i

it follows that
n »oo

Mf(W) = J2 nfiW^K^dt. (2.18)
t=l • / -°°

Thus, by (2.17) and (2.18),

E{/'(W) - Wf(W)} = X ) / E{/'(W) - / '(W« + t)}^i(t) di. (2.19)
»=i •^-° o

Equations (2.17) and (2.19) play a key role in proving good normal
approximations. Note in particular that (2.19) is an equality, replacing the
clumsier bounds for |?7i| and JT721 which led to (1.8). This more careful
treatment of the errors pays big dividends later on. Note also that (2.17)
and (2.19) hold for all bounded absolute continuous / .
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3. Normal approximation for smooth functions

Our goal in this section is to estimate lEh(W) — Eh(Z) for various classes
of random variables W, when h is a smooth function satisfying

\\h'\\ :=sup|/i'(z)| <oo. (3.1)
X

Such estimates lead naturally to bounds on the accuracy of the standard
normal approximation to W in terms of the Wasserstein distance dy/, and
hence suffice to prove the central limit theorem. The next theorem high-
lights this, and also shows that Wasserstein bounds imply bounds, albeit
rather weaker, with respect to the Kolmogorov distance d^-

Theorem 3.1: Assume that there exists a 5 such that, for any uniformly
Lipschitz function h,

|E/i(W)-E/i(Z)|<$||/i'||. (3.2)

Then

dw{C{W),Af (0,1)) •= sup \Eh(W)--Eh(Z)\ <6; (3.3)
heLip(i)

dK(C(W),Af{0,1)) := sup | P ( W <z)- $ ( z ) | < 2&1'2. (3.4)
z

Proof: The first statement is immediate from the definition of dw • For the
second, we can assume that S < 1/4, since otherwise (3.4) is trivial. Let
a = 61/2(2n)1/4, and define for fixed z

{ 1 if w < z,

0 if w > z + a,

linear if z < w < z + a.
Then ||/i'|| = I/a, and hence, by (3.2),

P(W <z)- $(z) < Eha(W) - Efc«(Z) + Eha(Z) - $(*)
< -+F{z< Z <z + a\

a
S a

~ a V2TT'

and hence

W(W <z)- $(z) < 2(2TT)-1/4
<51/2 < 2S1/2. (3.5)
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Similarly, we have

P(W <z)- *(z) > -251'2, (3.6)

proving (3.4). •

In the next three sections, we show that (3.2) is satisfied with suitably
small S, when W is a sum of (i) independent random variables, or (ii)
locally dependent random variables. We also show that (3.2) is satisfied
when (iii) W is such that an exchangeable pair (W, W) can be constructed
having the linear regression property:

E{W \W} = (1- \)W for some 0 < A < 1. (3.7)

3.1. Independent random variables

In this section, we use (2.19) to prove (3.2) for W a sum of independent
random variables with zero means and finite third moments, extending (1.8)
to non-identically distributed random variables.

Theorem 3.2: Let £i,£2>-"' >£« De independent random variables sat-
isfying E£j = 0 and E|£j|3 < oo for each 1 < i < n, and such that
E L i E ^ ? = !• Then Theorem 3.1 can be applied with

n

<5 = 3 ^ E | & | 3 . (3.8)
t=i

In particular, we have

2 = 1

Proof: It follows from Lemma 2.3 that ||/£|| < 2\\h'\\. Therefore, by (2.19)
and the mean value theorem,

\E{fh(W) - Wfh(W)}\ < £ f ° Wh(W) - fUWV+WMdt
i=lJ-°°

<2||fe'|lE [°° n\t\ + \ti\)Ki(t)dt.
<=i J-°°
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Using (2.16), it thus follows that

\E{f'h(W) - Wfh(W)}\ < 2\\h'\\ £(E|&|3/2 + E|&|E£)
i=l

n

<3||/i'||^E|6|3. •
t=i

It is actually not necessary to assume the existence of finite third mo-
ments in Theorem 3.2. The quantity 5 can be computed in terms of the
elements appearing in the statement of the Lindeberg central limit theo-
rem.

Theorem 3.3: Let £i,£2,"- , £n be independent random variables satis-
fying E& = 0 for each 1 < i < n and such that £"= 1E£? = 1. Then
Theorem 3.1 can be applied with

S = 4(4/?2 + 3ft), ' (3.9)

where
n n

/% = EEfi2/{i€ii>i} and & = £Ei&i3/{i&i<i>- (3-10)
t = l t = l

Proof: We use (2.12) and (2.13) to show that

\f'k(W) - f'h(WV> +1)\ < \\h'\\ min (8,2(|t| + |&|))

<8||^||(|*|A1 + |6|A1),

where aAb denotes min(a, b). Substituting this bound into (2.19), we obtain

\Eh{W)-m(Z)\ < 8\\h'\\^2 / E( | t |Al + \ti\M)Ki(t)dt. (3.11)
i=i •/-<»

Now

/•°°n/lAiUi (t\ 1 w u JiN*2 + |x|(|x|-l) if |a: > 1;
J-oo {%\x\ ) if a; < 1,

so that

/ E(|t|Al + |6|Al)^(i)rfi

= E{|6|(|^| - l)/{|£,|>i}} + iE{|^|(|6| A I)2} + E{^2E(|6| A 1)}

= E{^/{ | e i | > 1 }}-lE{|6| / t e |>i}}

+ iE{|^|3/{|£i|<1}} + E{^2E(|6|Al)}.
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Adding over i, it follows that

\Eh(W) - Eh(Z)\ < 8\\h'\\ l/32 + l/?3 + f>£ 2 E( l6 l A 1)1 . (3.12)

However, since both x2 and (x A 1) are increasing functions of x > 0, it
follows that, for any random variable £,

E£2E(|£| A 1) < E{£2(|£| A 1)} = E|£|3 /m|<1 } + E£ 2 / { m > 1 } , (3.13)

so that the final sum is no greater than 0$ + 02, completing the bound. •

Theorem 3.1 and Theorem 3.3 together yield the Lindeberg central limit
theorem, as follows. Let X\,X2,- • • ,Xn be independent random variables
with E ^ = 0 and EX? < oo for each 1 < i < n. Put

n n

5n = ̂ X i and Bl = £ EX,2.
i=i t=i

To apply Theorems 3.1 and 3.3, let

£i = Xi/Bn and W = Sn/Bn. (3.14)

Define 02 a nd 0z as in (3.10), and observe that, for any 0 < e < 1,

Pi + h = W £*W{I*I>2M} + Is X>{l*l!V«l<iM}
-°™ i=l -°" i=l

< ± J2nx?i{\xi{>Bn}} + ̂  E i w x 2 / ^ ^ ^ }

+ J-J2£B^{X?h\Xi\<eBn}}

^4EE{^{|x.|>^}} + £. (3-15)
" i=i

If the Lindeberg condition holds, that is if

- ^ ^ E { X 2 7 { | X i | > £ B n } } ^ 0 as n ^ c x ) (3.16)
" i=i

for all e > 0, then (3.15) implies /?2 +/?3 —» 0 as n —» oo, since e is arbitrary.
Hence, by Theorems 3.1 and 3.3,

sup |P (5 n /B n <*) -$ (2 ) |<8( /?2 + /?3)1 /2-*0 as n ̂  oo.
z

This proves the Lindeberg central limit theorem.
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3.2. Locally dependent random variables

An m-dependent sequence of random variables £,-, i £ Z, is one with the
property that, for each i, the sets of random variables {£,, j < i) and
{£,, j > i + m} are independent. As a special case, sequences of indepen-
dent random variables are O-dependent. Local dependence generalizes the
notion of m-dependence to random variables with arbitrary index set. It is
applicable, for instance, to random variables indexed by the vertices of a
graph, and such that the collections {&, i £ /} and {£,, j £ J} are inde-
pendent whenever / D J = 0 and the graph contains no edges {i,j} with
i £ I and j £ J.

Let J be a finite index set of cardinality n, and let {£i,i & ST} be a
random field with zero means and finite variances. Define W — Y2i&j£i,
and assume that Var(W) = 1. For A C J, let £4 denote {£j,i € A} and
Ac = {j € J : j $. A}. We introduce the following two assumptions,
defining different strengths of local dependence.

(LD1) For each i 6 J there exists A{ C J such that & and ^ c are
independent.

(LD2) For each i S J there exist A, C -B, C J such that & is independent
of £4? and £Ai is independent of £BT

C .

We then define r\i = YljeA- £i an<^ Ti = ^jeB £r Note that, for inde-
pendent random variables &, we can take ylj = Bj = {i}, for which then
Vi=Ti= &•

Theorem 3.4: Theorem 3.1 can be applied with

5 = 4E £{&Tfc - E^TJO} + E E l ^ < I (3-17)

under (LD1), and with

5 = 2 52(E|tom| + lEferyOIEInl) + ̂ E | ^ 2 | (3.18)

under (LD2).

Remark: For independent random variables, the value of 5 in (3.18) is
5^ i e ^E |£ i | 3 , somewhat larger than the direct bound given in Theo-
rem 3.2.
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Proof: We first derive Stein identities similar to (2.17) and (2.19). Let
f = fh.be the solution of the Stein equation (2.4). Then

i£j

= Y,®Zi{f(W)-f(W-r)i)),
i€j

by the independence of & and W — rji. Hence

B{Wf(W)} = £E{&[/(W) _ f{W _ Vi) _ rjJ'iW)}}
i€j

+ EJfe^/'(W)|. (3.19)
Now, because E& = 0 for all i, and from (LD1), it follows that

i = E r = ££Etefc} = EEfeT?,},
ieJ JGJ ieJ

giving

E{f'(W) - Wf(W)} = -E ( X ) { ^ - E^iji)}/^^)) (3.20)
i£j

- J2 E Ui[/(W) - /(W - ^) - Vif'(W)}} .
i€j

By (2.12) and (2.13), | | / ' | | < 4||/i'|| and | |/"| | < 2||/i'||. Therefore it follows
from (3.20) and the Taylor expansion that

|E/l(W)-EM^)|<||^||{4E £{&Tfc-E&,jO} + £ E | ^ ? | \ .
I i€j iSj )

This proves (3.17).
When (LD2) is satisfied, f'(W — Tt) and 7̂7̂  are independent for each

i G J'. Hence, using (3.20), we can write

\Eh{W) -~Eh(Z)\

< E£{^-E(^i)}(/'(W)-/'(W-T0) +||/i'||£E|6»??|
ieJ i€j

< \\h'\\ 12^(E|^4Ti| + lE^OIEInl) + ̂ E | ^ 2 | 1,
I ieJ i€j J

as desired. •
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Here axe two examples of locally dependent random fields. We refer to
Baldi & Rinott (1989), Rinott (1994), Baldi, Rinott <fe Stein (1989), Dembo
& Rinott (1996), and Chen & Shao (2004) for more details.

Example 1. Graphical dependence.
Consider a set of random variables {Xt,i G V} indexed by the vertices

of a graph Q = (V, £). Q is said to be a dependency graph if, for any pair
of disjoint sets Y\ and ^ in V such that no edge in £ has one endpoint
in Fi and the other in F2, the sets of random variables {Xi,i G Fi} and
{Xi,i G F2} are independent. Let D denote the maximal degree of G; that
is, the maximal number of edges incident to a single vertex. Let

Ai = {i} U {j S V: there is an edge connecting j and i}

and Bi = \Jj£Ai Aj. Then {Xit i G V} satisfies (LD2). Hence (3.18) holds.

Example 2. The number of local maxima on a graph.
Consider a graph Q = (V,£) (which is not necessarily a dependency

graph) and independent and identically distributed continuous random vari-
ables {Yi,i € V}. For i eV define the 0-1 indicator variable

x _ f 1 if Yi > Yj for all j G Nt

\ 0 otherwise

where Ni = {j G V: {i, j} G £}, so that X, = 1 indicates that Yi is a local
maximum. Let W = X îev ̂  ^e *ne n u m D e r of local maxima. Let

Ai = {i} U | ( J Nj 1 and B4 = ( J A,.

Then {Xh i G V} satisfies (LD2), and (3.18) holds.

One can refer to Dembo & Rinott (1996) and Rinott & Rotar (1996)
for more examples and results under local dependence.

3.3. Exchangeable pairs

Let W be a random variable that is not necessarily the partial sum of
independent random variables. Suppose that W is approximately normal,
and that we want to find how accurate the approximation is. Another basic
approach to Stein's method is to introduce a second random variable W on
the same probability space, in such a way that (W, W) is an exchangeable
pair; that is, such that (W,W) and (W,W) have the same distribution.
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The approach makes essential use of the elementary fact that, if (W,W) is
an exchangeable pair, then

Eg(W, W')=0 (3.21)

for all antisymmetric measurable functions g(x, y) such that the expected
value exists.

A key identity is the following lemma (see Stein 1986).

Lemma 3.5: Let (W, W) be an exchangeable pair of real random variables
with finite variance, having the linear regression property

E(W']W) = (1-\)W (3.22)

for some 0 < A < 1. Then

TEW = 0 and E ( W - Wf = 2AEW2, (3.23)

and, for every piecewise continuous function f satisfying the growth condi-
tion \f(w)\ < C(l + \w\), we have

1E{Wf(W)} = ^E{(W - W')(f(W) - f(W'))}. (3.24)

Proof: The proof exploits (3.21) with g(x,y) = (a; - y)(f(y) + f(x)), for
which HEg(W, W) exists, because of the assumption on / . Then (3.21) gives

0 = E{(W - W')(f(W) + f(W))}

= E{(W - W'){f(W) - f(W))} + 2E{f{W)(W - W')} (3.25)

= E,{(W - W')(f(W) - f(W))} + 2E{f{W)E(W - W | W)}

= TE{(W - W')(f(W) - f{W))} + 2XE{Wf(W)},

this last by (3.22), and this is just (3.24). •

Using this lemma, we can deduce the following theorem.

Theorem 3.6: If(W, W) is exchangeable and (3.22) holds, it follows that
Theorem 3.1 can be applied with

S = 4E 1 - ^r-E((W - W)2 | W) + ̂ \ W - W'f. (3.26)
2A 2A

Remark: In the first term, note that

E ( l - - i-E((W - Wf | W) \ = 1 - ^rE(W" - W)2 = 1 - EW2,

so that the bound is unlikely to be useful unless EW2 is close to 1.
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Proof: Let / = //, be the solution (2.5) to the Stein equation, and define

K(t) = (W - W)(/{_(w_vn<t<o} ~ I{o<t<-(w-w)}) > °,

noting that

I K{t) dt = (W- W'f. (3.27)
J -oo

By (3.24),

M{Wf{W)} = i -E I / f'(W + t)(W - W) dt 1
2A [J-(w-w) J

and

E/'(W) = E |/'(W) ^i - i - (^ - W)2) }+^E |^°° f'(W)K(t) dt} ,

from (3.27). Putting the two together gives

\Eh(W) - Eh(Z)\ = \E{f(W) - Wf(W)}\
/ I \ 1 f°°

= E/'(W)(i--(w-W)2) + ^Ey_ (/'(w)-/'(w + t))/r(*)A

< E{/'(^)(I-^E((W-^')2I^))}
+ 2lE j°° U'{W)-f{W + t))K{t)dt ,

and now the bounds in Lemma 2.3 give
\Mh{W)-Mh{Z)\

( 1 1 f°° ~ 1
< Hfc'll J4E 1 - ^((W - W'f \W) +-EJ \t\K(t) dtj

= Hft'H J4E|l - ±E((W - Wf [ W) | + ~M\W - W'\3} ,

from (3.27), as desired. •

We use the following example to show how to apply the bound in the
above theorem. Let & be independent random variables with zero means
and £r=iE£«2 = 1, and put W = £ ? = 1 &• Let {£ ,1 < i < n} be an
independent copy of {&, 1 < i < n}, and let / have uniform distribution
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on {1,2,..., n}, independent of {&} and {£*}. Define W = W - f j + £f.
Then (W, W) is an exchangeable pair, and

E(W'|W)= ( l - i W

so that (3.22) is satisfied with A = 1/n. Direct calculation also gives

t=l i = l

and

E((W - W)2 I W) = i (1 + V E(^2 | W) ) ; (3.28)

from the latter, we have

E 1 - ^-E((W -Wf\W) = | E 1 - E ( Y ^ 2 | W)

< iE f > 2 - E^2) .
i = l

Thus, if the £; have finite fourth moments, Theorem 3.1 can be applied with

5 = 2 ^Var(a+4^E|6|3 < 2 f^El^l4+ 4EEI^|3-
\ i=l i=\ \ »=1 j=l

In particular, if & = n~1/2Xi, where the random variables Xi are indepen-
dent and identically distributed random variables with finite fourth mo-
ments, then the bound is of the correct order O(n~1//2).

On the other hand, if we keep the original form

v{f(w)(i- -LE«W-w'f \w)))\

which gave rise to the first term on the right hand side of (3.26), then we
only need to assume finite third moments. To see this, by (3.28).

E{/'(WO(I - ±E((w - w? I w))}I = \ E{/'(W) Yj^i2i - ^2)}
i=l

= \ EE{(/'W-/'(^-6))(E^2-a} ,
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because W — & and & are independent. This is now bounded using
Lemma 2.3 by

\\h'\\j^mMv$-g)\<nh'\\J2m?,
i=l i=l

and Theorem 3.1 can be applied with
n

5 = 6£E|&|3.
i = l

We therefore end this section with the following alternative to (3.26): if
(W, W) is exchangeable and (3.22) holds, then

\Eh(W) - Mh{Z)\ < |E /£(W)(1 - &(W - W'f)\ + &\\h'\\E\W - W'\z.
(3.29)

4. Uniform Berry-Esseen bounds: the bounded case

In the previous section, the sharpest bounds in Theorem 3.1 were of order
O{8), and were obtained for the Wasserstein distance d\y- Those for the
Kolmogorov distance dx were only of the larger order O(S1/>2). Here, we
turn to deriving bounds for da which are of comparable order to those
for dw- We begin with the simplest case of independent summands. The
method of proof motivates the formulation of a rather general theorem,
which is then applied in a dependent setting, that of the number of l's in
the binary expansion of a randomly chosen integer, using an exchangeable
pair.

4.1. Independent random variables

Let £1,62, • • • ,£n be independent random variables with zero means and
with X "̂=i ̂ f = !• We use the notation of Section 2.3:

n

W = Y,& WW = W-£i and tfi(*)=E{6(/{o<t<ei}-/{€i<t<o})}.

Let fz be the solution of the Stein equation (2.1). For bounded &, we are
ready to apply (2.17) to obtain the following Berry-Esseen bound.

Theorem 4.1: If |&| < 60 for 1 < i < n, then

sup\I>(W <z)-<f>(z)\ < 3.3Jo- (4.1)
Z
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Proof: Write / = fz. It follows from (2.17) and because / satisfies the
Stein equation (2.1) that

B{Wf(W)} = J2 E{/'(W« + t)}Ki(t) dt

"• poo

= J2 / E{(WU +t)f{W® +t) + I{wW+t<z}-${z)}Ki(t)dt.
t=i J-°°

Reorganizing this, and recalling that

n -oo n

t=i J-°° i=i

we have

^ / P(W<i) +1 < z)Ki{t) dt - $(z)

n (>OO

= X) / E { W / ( ^ ) ~ (W(i) + t)f{W«> + t)}Ki(t) dt. (4.2)

Now, by (2.10),
" /.oo

J ^ E / \Wf(W) - (Ĥ W +t)/(W^w +t)\Ki{t)dt

< X /""E/d^Wl + ^/^d^l + ltl)}^*)*

< (l + v ^ / 4 ) ^ / (E|6| + |t|)^(t),

since E{Ty^}2 < 1 and ĵ and W^ are independent. Hence, recall-
ing (2.16), we have

X /" P(W(i) +1 < z)Ki(t) dt - $(z)
i=i • ' ' - 0 0

< (l + v ^ ^ ^ l E ^ I E ^ + iE^I3}

< §(1 + ̂ F/4)^E|^|3. (4.3)
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Hence we would be finished if P(WW +t < z) could be replaced by
TP(W < z), since we have £ " = 1 / ^ Ki{t) dt = 1. Clearly, in view of the
fact that P(W < z) = P(WW < z - &), we have

\P(W^ +t<z)-lP(W <z)\

< P ( z - max{&, t } < W W <z- min{&, t } ) , (4.4)

and the difference should be small if both |i| and |£j| are.
Since the | ^ | are uniformly bounded by So, proving that the difference

is small is particularly simple. First, we note that |£j| < So implies also that
Ki(t) = 0 for \t\ > 60, so that we only need to consider (4.4) with both |t|
and |£i| bounded by So. But then

nw"+t<z)=TP(W-Si+t<Z){^nW^Z-25o) (4.5)
V ~ ^ V \<-p{W<z + 2S0).

 V ;

Taking z + 2<5o for z in the first inequality in (4.5) and substituting it
into (4.3) gives

n

W(W <z)- ${z) < §{z + 2S0) - ${z) + |(1 + v^ /4 ) J]E|Ci|3

< - ^ + | ( 1 + VV4)<50 < 3.3 5o, (4.6)

and the corresponding lower bound follows from the second inequality in
(4.5) and (4.3) with z — 2So for z, completing the proof. •

One can see from the above approach that the key ingredient of the
proof is to rewrite E{M//(W)} in terms of a functional of / ' . We formulate
this in abstract form as follows.

Theorem 4.2: Let W be a real valued random variable having TE\W\ < 1,
and let fz be the solution of the Stein equation (2.1). Suppose that there
exist random variables R\, R2 and M(t) > 0, and constants So, Si and S2

that do not depend on z, such that

f M(t)dt = l, (4.7)
J\t\<S0

| i2i |<Ji , |E(/?2) |<J2 (4.8)
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and

-E{Wfz{W)} = -E{ I f'z{W + R1+t)M{t)dt\+M{R2). (4.9)
yj\t\<s0 j

Then it follows that

sup \P(W <z)- $ ( z ) | < 2.1(<5O + <5i) + 52. (4.10)
z

Remark: Note that, although the function M is random, its integral always
takes the fixed value 1.

Proof: Since fz satisfies the Stein equation (2.1), we have

E J f f^W + Ri+QMWdt}
[J\t\<60 J

= E { / (I{w+Rl+t<z} - $(z))M(t) dt 1

+ E J / (W + i?x + t)fz(W + Rj. + t)M(t) dt \
[J\t\<s0 J

< E | / (I{w<z+So+Sl} - §{z))M{t) dt I

+ E J / (W + R1+ t)fz(W + Rr+ t)M{t) dt 1 ,
[J\t\<So J

where the last line follows because — Ri — t < So + Si- Hence, and since

I\t\<s0
 M t t ) d t = 1> we find tha t

E< / fi(W + Ri+t)M(t)dt\
[J\t\<50 J

< V(W < z + 50 + 5i) - $(z)

+ / ^{(W + R1+t)fz(W + R1 + t)M(t)}dt
J\t\<So

< P ( W < z + <50 + *i) - $(z + SQ + Si)

+ (So+^i) + f E { ( V F + Ri+ qfz(W + Rl+ t)M(t)} dt.
v2n J\t\<s0
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Thus by (4.9), (4.8) and (4.7)

P(W" < z + 60 + 5i) - $(z + S0 + Sx)

\/27r

+ / E{[Wfz(W)-(W + R1+t)fz(W + R1+t)]M(t)}dt
J\t\<S0

> _(^o+ji) _ ^ _ /• E^j^i + V^/^diiil + ltDMW}*,
V27T y|t|<(50

this last by (2.10), and so

P(W < z + 50 + 6i) - #(« + <50 + «i)

> J5otl^ -52-E\ f (\W\ + V2^/4)(5O + &i)M(t)dt 1

V2TT [-/|t|<«o J

= -(^±M-82-(E\W\ + V2^/4)(50 + 61)

> -2.1(50 + 5i) - 5 2 . (4.11)

A similar argument gives

P(W < z - <50 - <5i) - $(z - 50 - *i) < 2.1 («J0 + *i) + S2, (4.12)

and this proves (4.10). •

To see why Theorem 4.1 is a special case of Theorem 4.2, let / be
independent of {&, 1 < i < n} with P ( / = i) = E£? for i = 1,2, • • • , n.
Then we can rewrite (2.17) as

EWf(W) = E / f'(wW + t)Ki{t) dt
J\t\<S0

= E / f'(W + W^ - W + t)Kj(t) dt,
J\t\<6Q

where Kt(t) = Ki(t)/lEtf. Set Rx = W^ -W,R2 = Q and M(t) = Kz(t)
in Theorem 4.2. It is easy to see that conditions (4.7) - (4.9) are satisfied
with <5i = Jo and S2 = 0. Hence (4.10) holds with a bound of 4.2 So.

In the next section, we illustrate how to use Theorem 4.2 to get a Berry-
Esseen bound for the number of ones in the binary expansion of a random
integer, using an exchangeable pair approach.
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4.2. Binary expansion of a random integer

Let n > 2 be a natural number and X be a random variable uniformly
distributed over the set {0,1, • • • , n — 1}. Let k be such that 2k~1 < n <2k.
Write the binary expansion of X as

k

X = Y^ ̂ 2fc~i

i=l

and let S = X\ + • • • + Xk be the number of ones in the binary expansion
of X. When n = 2k, the distribution of S is the binomial distribution for
k trials with probability 1/2, and hence can be approximated by a normal
distribution. We shall show that the normal approximation is good for any
large n.

Theorem 4.3: Let k be such that 2k~l <n <2k, and set W = s ~^ / 2 ) .

Then

sup |P(W <z)- $(z)| < 6.2AT1/2. (4.13)
z

Proof: We use the exchangeable pair approach. Let 7 be a random variable
uniformly distributed over the set {1,2, • • • , k} and independent of X, and
let the random variable X' be defined by

t=i

where

(Xi \ii + I
X[=ll-Xi if i = I and X + 2k~I < n

[O if Xj = 0 and X + 2k~I > n.

Also let S" = Yli=iX'i a n d W> = S'~/TZ] • T h e ordered pair (X,X') of
random variables is exchangeable, and thus the pairs (S, S') and (W, W)
are both exchangeable. Hence, for any function / on {0,1, . . . , k}, we have

0 = E{(5'-5)(/(5) + /(5'))}
= 2E{(5' - S)f(S)} + E{(S' - S)(f(S>) - f(S))}
= 2E{/(5)E(5' - S\X)} + E{E((5' - S)(f(S') - f(S))\X)}. (4.14)
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Observe that

E(S" - S\X) = P(£" -S = 1\X) - P(S" -S = -1\X)

= P(X, = 0,Xi = 1\X) -P(X/ = 1|X)

= P(X/ = o\x) - P(XJ = o, x; = o|x) - p(x7 = i|x)
= E(l - X/|X) - P(X/ = 0,X} = 0|X) - P(X7 = 1|X)

1 k , 1 ^ i ^
= ^ Xl^1 ~Xi^~k^2 /{Xi=0,X+2'-->n} - ^ X Xi

i=\ i=l i=l

where Q = 53i=11{xi=o,x+2k-i>n}- Now rewrite (4.14), with a re-definition
of the (arbitrary) function / , as

A;1/2E{/(^)E(5 - S'\X)} = i f c 1 / 2 E | E ( ( / ( w , / ) _ /(W))(5' - S)\X)}.
(4.16)

The left hand side of (4.16) is

*vM™(-'+¥+2)H{™«+&)}
= E{W7(W0} + fc-1/2EQiW)) (4-17)

and the right hand side of (4.16) can be written as

^ E J E f U W ' ) - f(W))I{s^s=i}\X}

-E{(f(W')-f(W))I{s,_s=^1}\X}}

= ifc1/2E{E{((/(W + 2A;-1/2) - /(^))/{ s ,_s = 1 } |X}

- M{((f(W - 2k~^2) - f(W))I{s,_s=_1}\X}}

= ±kx'2M{(f(W + 2k-1/2) - f(W))P(S' -S = 1\X)

- (f(W - 2k'1/2) - /(WO)P(S' -S = -1|X)}

= ikWEfaw + 2k-1'2) - f(W)) (l - | - f )

-(f(W-2k-1/2)-f(W))^}.

(4.15)
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The latter expression can in turn be written as

m{(f(w + 2k-^)-f{w))(^)}

-E{(f(W~2k-^)-f(W))(^)}

- E{(f(W + 2k-1/2) - f(W))^jL} (4.18)

= E / f'(W + t)M{t) dt - E{(/(W + 2k-1/2) - f(W))-^\,
7|t|<2fc-V2 L 2k1'2)

where

M(t) = \
[ 2P72 for - ^ < t < 0.

Note that M(t) > 0 and J^<2k-i/2 M(t) dt = 1. So, taking / = fz as given
in (2.2), we have

M{Wfz{W)} = [ E{fz(W + t)M(t)} dt + E(fla), (4.19)
7|t|<2fc-1/2

of the form (4.9) with i?i = 0 and 50 = 2k'1/2, where

R2 = _{(/(W + 2k-1/2) - f(W))^L} - k-1'2Qf(W).

Then, by (2.9), it follows that

since 1EQ < 2, as shown below. It thus follows from Theorem 4.2 that

sup |F(W <z)- $(z)| < 2.1(2A;-1/2) + 2k-1/2 = 6.2k-1/2,
z

as desired.
To show that EQ < 2, simply observe that, from its definition,

k k

EQ = ^ P ( X i = 0,X + 2fc-i>n) < '^T(X>n-2k-i)

_ y^ 2k~i _ 2k - 1 2fc - 1

~ ^ ~ n ~ "" n ~ 2*:-1 ~

This completes the proof. •
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The binary expansion of a random integer has previously studied by a
number of authors. Diaconis (1977) and Stein (1986) also proved that the
distribution of 5, the number of ones in the binary expansion, is only order
Oik'1/2) away from the B(k, 1/2), whereas Barbour & Chen (1992) further
proved that, if a mixture of the B(k — 1,1/2) and B(k, 1/2) is used as an
approximation, the error can be reduced to O(k~1).

5. Uniform Berry-Esseen bounds: the independent case

Let £i,£2)"" >£n be independent random variables with zero means and
£,"=1Etf = l.Let

7 = ]TE|&|3 (5.1)
«=i

and W = Y17=i £*• ^ ED|&|3 < °°> then we have the uniform Berry-Esseen
inequality

sup |P(W < z) - $(z)| < C07 (5.2)
z

and the non-uniform Berry-Esseen inequality

VzeR1, | P ( W < z ) - * ( z ) | < C i ( l + |z|)-37, (5.3)

where both Co and C\ are absolute constants. One can take Co = 0.7975
[van Beeck (1972)] and Cx = 31.935 [Paditz (1989)]. We shall use the con-
centration inequality approach to give a direct proof of (5.2) in this section
and (5.3) in next section, albeit with different constants. We refer to Chen
& Shao (2001) for more details.

5.1. The concentration inequality approach

As indicated in (1.10) and by (4.4) in the proof of Theorem 4.1, a key
step in proving the Berry-Esseen bound is to have a good bound for the
probability P(a < W^ < b), where W^ = Y^&iZi- I n t n i s section, we
prove such a concentration inequality. The idea is once again to use the Stein
identity. More precisely, we use the fact that E/'(VF) is close to E{W/(W)}
when W is close to the normal. If / ' is taken to be the indicator l[a,6], then
E/'(W) = P(a < W < b); on the other hand, choosing f{\(b - a)) = 0, it
follows that | |/ | | = \{b - a), so that

\B{Wf(W)}\ < 1(6 - a)E\W\ < \{b - a)
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if EVF2 = 1. Thus, if E/ ' (W) and B{Wf(W)} axe close, it follows that
F(a < W < b) is close to \{b — a). The proof of the inequality below makes
this heuristic precise.

Proposition 5.1: We have

P(o < W(i) <b)< V2(b - fl) + (1 + V2)7 (5.4)

for all real a < b and for every 1 < i < n.

Proof: Define 5 = 7/2 and take

{ -7}(b-a)-5 iiw<a-5,

w-±(b + a) ita-S<w<b + 8, (5.5)

l(b-a) + 5 for w>b + S,
so that / ' = l[a-s,b+s] and ||/ | | = \{b -a) + 6. Set

MjW = ZiV{-ej<t<o} - htxt^-Sj}) > 0, (5.6)

M(t) = ^2 Mj(t), M(t) = BM(t).
l<j<n

Since £.,• and W^ — £j are independent for j ^ i, & is independent of W^
and E^j = 0 for all j , we have

E { W « / ( W « ) } - E{6/(WW _ 6 ) }

- ^EUJ[/(W^(i)) - /(W« - fc)]} = E E ( ^ /"° /'(IV« +1) dt 1 .

Hence, using (5.6), we have

E{^w/(^W)} - E{&yw« - 6)}

= E E { / ° ° /'(W(i)+t)MJW<ftj=EJ Z"00 /'(WW+t)M(t)*}-

At this point, we have reached a precise replacement for the statement
lE/ ' (W) is close to E{Wf(W)y of the heuristic, with W « for W". To
exploit it, we first note that

E ( r ° / ' (^ ( i ) + t)A?(<) * ) > E W / ' (^ ( i ) + t)M{t) dt \ ,
{J-00 J [-/ltl^.5 J
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because f'(t) > 0 and M(t) > 0. But now the definition of / implies that

E j / f'(W^ + t)M(t) dt\ > E \l{a<mi)<b} f M(t) dt)
[J\t\<S J [ - ~ J\t\<8 J

= E i 7{o<W(o<6} J2 I&Imin^' 161) [ ^ ^i,i ~ ^i,2. (5-7)

where
n

ffi,i = F(o < W^ < 6) 5^E|^-| min(J, |^|)

and
n

#i,2 = E 53{|^-| min(<5, |fc|) - E | ^ | min(<5, |^|)} .

A direct calculation yields

min(a;, y)>x- x2/(iy) (5.8)

for x > 0 and y > 0, implying that

f;Efc|imn(«,fc|) > X:{E^ - M j = 1, (5.9)
i=i i=i

by choice of J, and hence that

#i,i > lP(a < W^ < b). (5.10)

By the Holder inequality,

#i,2<(Var{^|0|min(<J,|0l)})1/2

0 = 1

<(f:E^min(5,|0|)2)1/2

^ ( E E ^ ) 1 / 2 = *• (5-11)
j=i

Hence

EJ/" /'(W(i)+t)M(t)d*j > |P(a<WW<6)-5, (5.12)
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to be compared with the equation lEf'(W) = P(a < W < b)' of the
heuristic.

On the other hand, recalling that | |/ | | < |(6 — a) + 5, we have

E{W*>/(W«)} - E{M(WW - &)}

< {±(&-a) + «}(E|W«|+E|&|)

< -^((E|WW|)2 + (E|^|)2)1/2(6-a + 2«5)

< - L ( E | ^ ) | 2 + E|^|2)1/2(6-a + 2,5)

= -L(b~a + 2S), (5.13)

the inequality to be compared with '|E{W/(W)}| < |(6 - a)' from the
heuristic. Combining (5.12) and (5.13) thus gives

P(a < W^ <b)< V2(b - a) + 2(1 + V2)S = V2(b - a) + (1 + V 2 ) T

as desired. •

5.2. Proving the Berry-Esseen theorem

We are now ready to prove the classical Berry-Esseen theorem, with a
constant of 7.

Theorem 5.2: We have

sup |P(W < z) - $(z)| < 77. (5.14)
z

Proof: As discussed in the previous section, we need to find a way to
replace P(W"W + t < z) by P(W < z) in (4.3). However, it follows from
(5.4) that

^ / P (WW+t<z) / i : i ( t )d t -P (W<z)

< Yl f°° \V(W^ +t<z)- P(W < z)\Ki(t) dt

= it, r E { p ( - z ~ m a x ^ ' & -w{i) -z~mm(i'& 1 & ) w * ) d t
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Proposition 5.1 thus gives the bound

\j2 r p(^w+* < zWi(t) dt ~ v(w < z)

^ E [°° Ei^(l*l + 1̂1) + 0- + ^h}Ki(t) dt
i=lJ-°°

< (1 + 2.5^)7. (5.15)

Now by (4.2)

|P(W < z) - $(z)| < (1 + 2.5\/2 + 1.5(1 + v/2H:/4))7 < 77,

which is (4.1). •

We remark that following the above lines of proof, one can prove that

sup|P(W < z) - *(z)| < 7 ^ ( E C 2 / m i | > 1 } +E|^|3 /{ | £ i |<1 }) ,

dispensing with the third moment assumption. We leave the proof to the
reader. With a more refined concentration inequality, the constant 7 can be
reduced to 4.1 (see Chen & Shao (2001)).

5.3. A lower bound

Let Xi, i > l,be independent random variables with zero means and finite
variances, and define Bn = X ^ i VarXj. It is known that if the Feller
condition

m^Xf/Bl^O, (5.16)

is satisfied, then the Lindeberg condition is necessary for the central limit
theorem. Barbour & Hall (1984) used Stein's method to provide not only a
nice proof of the necessity, but also a lower bound for the Kolmogorov
distance between the distribution of W and the normal, which is as
close as can be expected to being a multiple of one of Lindeberg's sums
Bn2Y?i=i^{X?I{B-i\x |>e}}- Note that no lower bound could simply be
a multiple of a Lindeberg sum, since a sum of n identically distributed
normal random variables is itself normally distributed, but the correspond-
ing Lindeberg sum is not zero. The next theorem and its proof are due to
Barbour & Hall (1984).
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Theorem 5.3: Let £1,^2, ••• ,£„ be independent random variables which
have zero means and finite variances E£? = of, 1 < i < n, and satisfy
Y17=i <7? = 1- Then there exists an absolute constant C such that for all
£ > 0

(l-e-ea/4)£E{£l{|£l|>e}} < C(sup\nw <Z)-$(z)\ + J2°t)-
(5.17)

Remark : For the sequence of independent random variables {Xi,i > 1},
we take & = Xi/Bn. Clearly, Feller's negligibility condition (5.16) implies
that J27=i ai — m a x i< i<n 0? —> 0 as n —» 00. Therefore, if Sn/Bn is asymp-
totically normal, then

X>{^2/{ |Ci |>£}}-0

as n —> ex: for every e > 0, and the Lindeberg condition is satisfied.

Proof: Once again, the argument starts with the Stein identity

E{f'h(W) - Wfh(W)} = Eh(W) - Eh(Z),

for h yet to be chosen. Integrating by parts, the right hand side is bounded
by

r°°
\Eh(W) - Eh(Z)\ = / h'(w){P(W <w)- $(w)} dw

J — 00
/*OO

<A \h'(w)\dw, (5.18)
J—00

where A = supz |P(PF < z) — $(x)|. For the left hand side, in the usual
way, because & and W^ are independent and E£j = 0, we have

v{wfh(w)} = f^ngmwU)}

and, because Yl7=i a1 = 1>

= f;.7?E/i(^))+J2a?nrh(w) - rh(w^)y,
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with the last term easily bounded by ̂ ||/^"|| J27=i at- Hence

^{f'h{w)-wfh{w)}-Yj^{ei9{w^M)} <y/nif>.-. <5-19)

where

g(w, y) = 9h(w,y) = -y^ifaiw + y) - A M - yf'h{
w)}-

Intuitively, if W is close to being normally distributed, then

fli:=f;E{&7(W(<),&)} and i? := ^ E { ^ ( Z , ^ ) } ,

for Z ~ J\f(0,1) independent of the £j's, should be close to one another.
Taking (5.18) and (5.19) together, it follows that we have a lower bound

for A, provided that a function h can be found with / ^ \h'(w)\dw < oo
for which Eg(/l(Z, y) is of constant sign, and provided also that ||/£"|| < oo.
In practice, it is easier to look for a suitable / , and then define h by setting
h(w) = f'(w) — wf(w). The function g is zero for any linear function / ,
and, for even functions / , it follows that ]Eg(Z, y) is antisymmetric in y
about zero, but odd functions are possibilities; for instance, f(x) — x3

has Mg(Z, y) = — y2, of constant sign. Unfortunately, this / fails to have
finite / ^ \h'(w)\dw, but the choice f{w) = we~w I"1 is a good one; it
behaves much like the sum of a linear and a cubic function for those values
of w where A/"(0,1) puts most of its mass, yet dies away to zero fast when \w\
is large. Making the computations,

i r°°
Eg(Z,y) = ~^=J ^{{w + y)e-^2/2

-we-™*'2 - ye-w2'2{l - w2)j e^'2 dw

= ^=(l-«-v*/ 4) > 0, (5.20)

and ~Eg(Z,y) > ^ j ( l — e~e /'4) whenever \y\ > e. Hence, for this choice
of / , we have

R ~ ^ ( 1 - e ~ £ 2 / 4 ) f > ^ 2 / { l ^ > > ^21)
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for any e > 0. It thus remains to show that R and i?i are close enough,
after which (5.18), (5.19) and (5.21) complete the proof.

To show this, note first that, taking this choice of / , and setting
h(w) = f'(w) — wf(w), we have

ci:= / \h'(w)\dw < 5; c2:= / \f"{w)\dw < 4; c3:= sup\f'"(w)\ = 3.

Now define an intermediate i?2 between R\ and R, by
n

R2:=J2ng9(W*,Zi)},

where W* has the same distribution as W, but is independent of the £j's.
Then

R, = -J2^U" [\f'(W^+t^)-f'(W^)]dt}

= R2 + J2EUi f\f(w* + tti) - f'(W{i> + Xi)] dt}
4 = 1 J° J

-E E {^ 2 f\f'iW*)-nW^)]dt}. (5.22)
i=l "'0

Now, for any 6, and because & and W ^ are independent, with E ^ = 0,

\E(f'(W +0) - fiW® +0))\

= \E(f'(WM+{i + 0)-f'(WM + 0))\

= |E(/'(^W +£i + 0)- f'(W^ + 9)- ZifiW® + 9)) |

< 5C3<7,2,

by Taylor's theorem. Hence, from (5.22) and because Y17=i °f = 1>
n

iii > Jfe-CsXV?. (5-23)

Similarly,

i?2 = R + J2E{C2 / lf(Z) + ttj - f(w* + «&)] ^}

-J2®{$ [\f'(Z)-f'(W*)]dt},
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and, for any 6,

\Ef'(W+0)-'Ef'(Z + 0)\
/•OO

= / f"(w){W(W<w-9)-$(w-0))dw < c2A,
J — OO

so that

R2>R- 2c2A. (5.24)

Combining (5.18) and (5.19) with (5.23) and (5.24), it follows that

n n

ClA > Rx-\czY^ai ^ -R-|C3^^-2C2A-
i=l i=l

In view of (5.21), collecting terms, it follows that

A(C l + 2c2) + |c3 f > 4 > A ( l - e-£2/4) ̂ E { ^ / { | e i > £ } } (5.25)

for any z > 0. This proves (5.17), with C < 40. •

6. Non-uniform Berry—Esseen bounds: the independent
case

In this section, we prove a non-uniform Berry-Esseen bound similar to (5.3),
following the proof in Chen & Shao (2001). To do this, as in the previous
section, we first need a concentration inequality; it must itself now be non-
uniform.

6.1. A non-uniform concentration inequality

Let £i,£2, • • • , £n be independent random variables satisfying E& = 0 for
every 1 < i < n and £" = 1 E£? = 1. Let

& = &&<!}> W = jl^ w{i) = w-ii.
i=l

Proposition 6.1: We have

F ( a < W{i) <b)< e~a/2(5(b - a) + 77) (6.1)

for all real b > a and for every 1 < i < n, where 7 = 5Z?=i E|£i|3.
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To prove it, we first need to have the following Bennett-Hoeffding in-
equality.

Lemma 6.2: Let rji, 772, • • • , r)n be independent random variables satisfying
E»fc < 0 , 77i < a for 1 < i < n, and £ ? = 1 E^ 2 < B2

n. Put Sn = ^ L i Vi-
Then

EetS" < exp (a-2(etQ - 1 - ta)B^j (6.2)

for t > 0,

P(S«>*)<«p(-§[(l + |J)ln(l + | | ) - | | ] ) (6-3)

and

F(5n>,)<exP(-^^) (6.4)

for x > 0.

Proof: It is easy to see that (es — 1 — s)/s2 is an increasing function of
s e M , from which it follows that

eta < 1 + ts + (ts)2(eta - 1 - ta)/(ta)2 (6.5)

for s < a, if t > 0. Using the properties of the rj^s, we thus have

Eets"=f[Ee"'i
i=l
n

< J | (1 + tErn + a~2(eta - 1 - ta)Er,2)
i=l
n

<Y[(l+a-2(eta-l-ta)Eri2)
i=l

<exp(a - 2 (e t Q - l - to )5 2 ) .

This proves (6.2).
To prove inequality (6.3), let

1 , / ax\
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Then, by (6.2),

P(5 n > x) < e- t eEet 5"

< exp(-ta + a~2(eta - 1 - ta)fl*)

/ B"l\, ax., , ax. ax~\\= ̂ (-^[(1 + ^)^(1 + ^)--^]) .

In view of the fact that

(l + .)ln(l + . ) - * > ^

for s > 0, (6.4) follows from (6.3). •

Proof of Proposition 6.1. It follows from (6.2) with a = 1 and B\ = 1
that

P ( a < W W < 6 ) < e - ° / 2 E e W < i ) / 2

< e~a'2 expie1'2 - §) < 1.19 e ^ 2 .

Thus, (6.1) holds if 77 > 1.19.
We now assume that 7 < 1.19/7 = 0.17. Much as in the proof of Propo-

sition 5.1, define S = 7/2 (< 0.085), and set

{ 0 if w < a — 6,

ew>2{w-a + 5) if a-5<w<b +5, (6.6)

ew/2(b-a + 26) if to > 6 + 5.

Put

MM=&(/{_&<t<0} - /{o<t<-£}), M w ( o = x ; ^ w -
Clearly, ~M{i\t) > 0, /'(iu) > 0 and f'(w) > ew'2 for a- 6 <w <b + 5.

Arguing much as in the derivation of (5.7), we obtain

E{W«/(PFW)} = £ E { & [ / ( ^ ( V / ( ^ ° - 6 ) ] }

= E|/">O/'(Tr(<) + t)M<i) (*)*}•
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This expression is now bounded below, giving

E{WUf(W{i))} > E / / w W < f f'(W(i)+t)M{i\t)dt\

> E I e(
W(i)-s^I{^w(^b} 52 fol min(J, M 1

> e-^2(H2A-H2,2), (6.7)

where

H2A = E{e^(i)/2/{a<_(i)<h}} £ E { & | min(«5, ||, |)},

F2,2 = E { e ^ ( > ) / ^ |^.| min(«5, |^|) - E|fc| min(5, |^ | ) |}-

Noting that S < .085 and that 7 < .17, and following the proof of (5.9), we
have

5 > { & | mm(S, 11,1)} = X)E(|^|[min(J, |^|) - ^ .> 1 } ] )

> -JE |^ | + j ; J = i E{|^| min(«, |^|)} - 51

> - J 7 1 / 3 + 0.5 - (57

> -0.085(0.17)1/3+0.5-0.085(0.17) > 0.43. (6.8)

Hence

H2A > 0.43 ea'2 P(o < F W < 6). (6.9)

By the Bennett inequality (6.2) again, we have

EeWM < exp(e - 2)

and hence, as for (5.11),

H2t2 < (Ee W < l > ) 1 / 2 (v a r (^ |^ |min(<5, | | , | ) ) ) 1 / 2

J¥»

<exp(f -1)6 < 1.44 6. (6.10)
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As to the left hand side of (6.7), we have

E{W«/(TF(i))} < (fe-a + 25)E{|WW|eW<i)/2}

< (b - a + 26)(E\W^\2y/2(EeW<i)) V2

< (b - a + 26) exp(e - 2) < 2.06(6 - a + 26).

Combining the above inequalities yields

P(a < W(i) <b)< e—— (es/22.06(b -a+ 26) + 1.44 j )

< e—— (eO4252.06(6 -a+ 26) + 1.44 <*)

< e-°/2(5(&-a) + 13.4 5)

<e-° / 2 (5(6-a) + 77).

This proves (6.1). •

Before proving the main theorem, we need the following moment in-
equality.

Lemma 6.3: Let 2 < p < 3, and let {rji, 1 < i < n} be independent
random variables with lEr/i — 0 and 1E\r}i\p < oo. Put Sn = J27=iT)i an^
Bl^Y.U^vlThen

E^I^Cp- l^ + ̂ E^I" (6.11)

Remark: Moment inequalities of this kind were first proved by Rosen-
thai (1970), in a more general martingale setting.

Proof: Let S$ = Sn - r)i. Then
n

E|5n|P = ^ E 7 7 i 5 n | 5 n r 2

i = l

= f^Erli(Sn\Snr2 - 5«|5nr2)
i=l

n

+ Y,®r)i(S
{
n
i)\Snr

2 - 5«|5Wr2),
i = l
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once again because 77* and S%' are independent, and E ^ = 0. Thus we
have

E|5n|" < x^i^r2
+j2nvi\\s^\{(\s^\ + î iy-2 - is«r2}

i=l i=l

<^E^2(i^r2 + |5«r2)
n

+^Etoiiswr H(i + \vi\/\sp\r-2 -1}.
i=l

Since (1 + x)p~2 - 1 < (p - 2)x in a; > 0, we thus have
n n

E|5n|" < 5 3 E | W | " + 2EJ ? ?E |5W|P- 2

i=l i=l
n

+ ^E|r? i | |5«r1(p-2)1^1/1^1
*=i

= X>to|* + (P - 1) EE772E|5«r2,
i=l i=l

and Holder's inequality now gives

E|5n|" < ̂ E ^ r + ^ -^^E^^EI^I 2 )^ - 2 ) / 2

i=i j=i

<J2®h\p + (p-i)Bp
n,

i=l

as desired. •

6.2. 27ie /inaZ result

We are now ready to prove the non-uniform Berry-Esseen inequality.

Theorem 6.4: There exists an absolute constant C such that for every
real number z,

|P(W<z)-*(z)|<I-^ljI. (6.12)

Proof: Without loss of generality, assume z > 0. By (6.11),

P O r > , ) < l + =W!< 1+2+2.
^ - ' ~ 1 + Z3 - 1 + 23
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Thus (6.12) holds if 7 > 1, and we can now assume 7 < 1. Let

&=&'{fc<i}> w = £ & > w ( i ) = w - &•

Observing that

{W > z) = {W > z, max & > 1} U {W > z, max & < 1}
l<i<n l<i<n

C {W > z, max & > 1} U {W > z},
l<i<n

we have

P(W > 2) < P(W > z) + V(W > z, max & > 1), (6.13)
l<i<n

and, since clearly W > W,

V(W>z) < P(W>z). (6.14)

Note that
n

P(W > 2, max ^ > 1) < V P ( I f > z,^ > 1)
Ki<n *—'

t=l
n n

< ^ P(^ > max(l, z/2)) + £ P ( ^ » > z/2,6 > 1)
i=l i=l

7i n

= ^ P f e > max(l, z/2)) + ̂ P ^ ' > z/2)P(& > 1)
i=l i=l

< 7 . A ( 1 + E | ^ W | 3 ) 3 C 7 .
- max(l,V2)3 ^ 1 + (V2)3 ' ~ I + 23'

here, and in what follows, C denotes a generic absolute constant, whose
value may be different at each appearance. Thus, to prove (6.12), it suffices
to show that

| P ( W < z ) - $ ( z ) | < Ce-^j. (6.15)

Let fz be the solution to the Stein equation (2.2), and define

Ki(t) = E{6(/{0<t<fc} - I{u<t<o})}-

We follow the proof of (2.17), noting that & < 1, and that Efj need no
longer in general be equal to zero, but may be negative. This gives

TE{Wfz(W)} = Y,f Ef'z(W
{i) + t)-Ki(t) dt + Y,E£E/z(W

(i)).
i=i J-°° i = i
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Prom

J2 f Ki{t)dt = f > £ = 1 -f>£2/Ui>1},
i=i J-°° i=i i=i

we obtain that

W(W<z)-$(z) = E/^(W)-E{W/Z(W)}

»=i

+ f̂  f nf'AW{i) + 6) - f'AW^ + tWiit) dt
i=iJ-°°

+ X>{&/{£i>1}}E/2(WW)
i=l

:= ^ 1 + ^ 2 + ^3 . (6.16)

By (8.3), (2.8) and (6.2),

naW)\=M{\fz{W)\I{W^/2}} + M{\fz{W)\I{W>z/2}}

< (1 + \/2^(z/2)ez2/8)(l - $(z)) + P(W > z/2)
< (1 + ^/27(^/2)e22/8)(l - $(z)) + e - z / 2 E e ^

< Ce-2/2,

and hence

|i?i| < Cfe-*'2. (6.17)

Similarly, we have E/^W*0) < Ce"^ 2 and

|i?s| < C7e-2/2 . (6.18)

To estimate R2, write

/?2 = ^2,1 + ^2,2,

where

R2tl = J2f E[J{W(0+,-i<2} - ^ ^ . j ] 7,(0 *,

i?2,2 = ^ /"' E[(WW + ̂ )A(^( i ) + li)
i=iJ-°°

-(W{i) +t)fz(W
{i) +t)}Ki(t)dt.
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By Proposition 6.1,

Ri,i <JZl E{/{£<t}P(2 - t < W(i) < z - li I ii)}Ki(t) dt

<CJ2 [ e-l'-WEUM + \t\ + j)Ki(t) dt
i=i J-°°

< Ce-2/2
7 . (6.19)

Prom Lemma 6.5, proved below, it follows that

#2,2 < j ^ f E{/{t<e-i}[E({W(i) +ii}fz(W
{i) +ii) I fi)

i=l J-°°

- E(F( i ) + t)fz(W
{i) + t)]}Ki(t) dt

< Ce-*/2J2 I E(||i| + |t|)^(t) dt
i = l -'-oo

< Ce-z/2
7- (6.20)

Therefore

# 2 < Ce-z / 2
7 . (6.21)

Similarly, we have

R2 > - C e - z / 2
7 . (6.22)

This proves the theorem. •

It remains to prove the following lemma.

Lemma 6.5: For s < t < 1, we have

E{(WW + t)fz(W
{i) +1)} - E{(WW + s)fz(W

{i) + s)}
< Ce~z/2(\s\ + \t\). (6.23)

Proof: Let g(w) = {wfz(w))'. Then

V{(W(i)+t)fz(W
(i)+t)}-lE{(W{i)+s)fz(W

{i)+s)} = fEg(W{i) +u)du.

From the definition of g and fz, we get

f ( v / 2 T ( l + w 2 ) e w 2 / 2 ( l - $ ( « ; ) ) - w ) $ ( z ) , w > z
g(w) = < ) '

y {y2^{l + w2)ew2/2$(w) + IUJ (1 - $(z)), w < z.
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By (2.6), g(w) > 0 for all real w. A direct calculation shows that

\ / 2 7 r ( l + w2)ew2/2$(w) + w<2 for w < 0 . (6.24)

Thus, we have

f 4(l + z2)ez2/8(l-$(z)) ifw<z/2
g(w) < < ,

( 4(1 + z2)ez /2(1 - $(z)) if z/2 < w < z,

and this latter bound holds also for w > z, as can be seen by applying (6.24)
with — w for w to the formula for g in w > z. Hence, for any u £ [s, t], we
have

Eg{W{i) + u)

= H9(^{i)+u) vw
+^/2}}+ E{^( i ) +«) V'w./*}}

< 4(1 + z2)ez2/8(l - $(2)) + 4(1 + z V 2 / 2 ( l - $(z))V(W{i) +u> z/2)

< Ce~z'2 + C{1 + Z)e-z + 2"Ee2 W <".

But u < t < 1, and so

Eg(W{i) +u)< Ce~z/2 + C(l + z)e~z Ee2W<i) < Ce~z'2,

by (6.2). This gives

TE{(W{i) +t)fz(W
(i) +t)} - E { ( W W + s)/z(W(i) +s)} < Ce-Z'2{\s\ + \t\),

proving (6.23). •

7. Uniform and non-uniform bounds under local
dependence

In this section, we extend the discussion of normal approximation under
local dependence using Stein's method, which was begun in Section 3.2.
Our aim is to establish optimal uniform and non-uniform Berry-Esseen
bounds under local dependence.

Throughout this section, let J be an index set of cardinality n and let
{£i,i € J} be a random field with zero means and finite variances. Define
W = Yliejti a n d assume that Var(W) = 1. For A C J, let £4. denote
{£i,i € A}, Ac = {j 6 J : j' £ A} and \A\ the cardinality of A. We
introduce four dependence assumptions, the first two of which appeared in
Section 3.2

(LD1) For each i € J there exists Ai C J such that £j and £49 are
independent.
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(LD2) For each i G J there exist Ai C Bi C J such that £< is independent
of £Ac and £Ai is independent of £B?.

(LD3) For each i G J there exist Ai C B{ c Ct c J such that & is
independent of £Ac, £A. is independent of £#=, and f jg; is independent

of £cf-
(LD4*) For each i G J there exist Ai C Bi C B* C C* c D* C J

such that £j is independent of £A=, £Ai is independent of £gc, and then
%Ai is independent of {£AJ,3 € -B*c}, {^,, ' € B*} is independent of
{ ^ , j € C*c}, and {^.Z G C*} is independent of {^., j G -D*c}-

It is clear that (LD4*) implies (LD3), (LD3) yields (LD2) and (LD1) is
the weakest assumption. Roughly speaking, (LD4*) is a version of (LD3)
for {^Ai,i G J7}. On the other hand, (LDl) in many cases actually implies
(LD2), (LD3) and (LD4*) and Bi,Ci,B*,C? and D\ could be chosen as:
B, = UjeA-Aj, Q = UjeBiAj, B* = UjtAtBj, C* = Uj€B:Bj and

We first present a general uniform Berry-Esseen bound under assump-
tion (LD2).

Theorem 7.1: Let N(Bi) = {j G J : BjC\Bi ^ 0} and 2 < p < 4. Assume
that (LD2) is satisfied with \N(Bi)\ < K. Then

sup\lP(W<z)-$(z)\ (7.1)
Z

< (13 + 11K) ^ ( E | & | 3 A p + lE\Yi\3Ap) + 2 . 5 ( K ^ ( E | 6 | P + Eiy^)) 1 7 2 ,

where Y* = X ) j e A i ^ - In Particular, if E | ^ | P + E | y ; | P < 9? for some 0>O
and for each i G J, then

s u p | P ( W <z)-$(z)\ < ( 1 3 + 11K)TI63AP + 2.56P/2^, (7.2)
z

where n = \J~\.

Note that in many cases K is bounded and 9 is of order of n"1/2. In those
cases, KnO3Ap+9p/2^Kn = O(n"(p-2 ) / 4) , which is of the best possible order
of n"1/2 when p = 4. However, the cost is the existence of fourth moments.
To reduce the assumption on moments, we need the stronger condition
(LD3).
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Theorem 7.2: Let 2 < p < 3. Assume that (LD3) is satisfied with
\N(d)\ < K, where N(Ci) = {j G J : CiBj ^ 0}. Then

sup \P{W <z)- $(z)| < 75KP-1 ^ E|6|p- (7.3)

We now present a general non-uniform bound for locally dependent
random fields {^,i G J} under (LD4*).

Theorem 7.3: Assume that E|&|p < oo for 2 < p < 3 and that (LD4*) is
satisfied. Let K = uiaxi&jmax(|D*|, \{j : i e Dj}\). Then

\P(W <z)- *(z)| < C«"(l + |z|)-" £ E&l*, (7.4)

where C is an absolute constant.

The above results can immediately be applied to m-dependent random
fields. Let d > 1 and Zd denote the d-dimensional space of positive integers.
The distance between two points i = (h,- • • ,id) and j = (ji, • • • ,jd) in Zd

is defined by \i—j\ = maxi<;<d |ij— ji\ and the distance between two subsets
A and B of Zd is defined by p(A, B) = mi{\i - j \ : i G A,j G B}. For a
given subset J oi Zd, a set of random variables {£j, i G J7} is said to be an
m-dependent random field if {^,i G A} and {£j,j G B} are independent
whenever p(A, B) > m, for any subsets A and B of JT. Thus, choosing

Ai = {j : |j - t| < m} n J, Bi = {j : \j - i\ < 2m} n J ,

Ci = {j : \j -i\< 3m} n J, B* = {j : |j - i\ < 3m} n J,

C* = {j: \j-i\ <4m}n J and D* = {j : \j - i\ < 5m} n J

in Theorems 7.2 and 7.3 yields a uniform and a non-uniform bound.

Theorem 7.4: Let {£;, i G J} be an m-dependent random fields with zero
means and finite E|£,|p < oo for 2 < p < 3. Then

sup |P(W <z)- *(z)| < 75(10m + l)^-1)^ ^ E|&|p (7.5)

and

|P(W < «) - *(z)| < C(l + |z|)-pHPd(m + l)(P"Dd ^ E|£i|p, (7.6)

where C is an absolute constant.
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The main idea of the proof is similar to that in Sections 3 and 4, first
deriving a Stein identity and then uniform and non-uniform concentration
inequalities. We outline some main steps in the proof and refer to Chen k.
Shao (2004a) for details.

Define

Ki(t) = £i{I(-Yi<t<O)-I(O<t<-Yi)}, Ki(t)=EKi(t),

#(*)= £«=./£(<), K(t)=EK(t) = j:ieJKi(t).
We first derive a Stein identity for W. Let / be a bounded absolutely

continuous function. Then

E{Wf(W)}

= £ E{&(/(W) - f(w - r,))} = Y, E{& / f'(w +1) dt\

f'(W + t)Ki{t)dt\ = E{ / /'(VF + t)^(t)rfi}' (7-8)

»t^ -oo W-oo

and hence, by the fact that / ^ K{t) dt = MW2 = 1,
/•OO /-OO

E{/'(W) - W/(W)} = E / f'{W)K(t) dt-'E f'(W + t)K(t) dt
J — oo «/— oo

= E /°° (/'(W )̂ - f'(W + t))K(f) dt

+W'(W) f°° {K{t)-K{t))dt
J — oo

r°° ~
+E / (f'(W + t)- f'(W))(K(t) - K(t)) dt

J — oo

'.= Rl + i?2 + ^3-
Now let f = fzbe the Stein solution (2.3). Then

/»OO /.OO

\Ri\ < E / (\W\ + l)\tK(t)\dt+ E / {I{w<z}-I{w+t<t})K(t)dt
J — oo J — oo

< ^ E ( | W I + I ) ^ ^ 2

+ / W{z - max(i, 0) < W < z - min(t, 0))A"(4) dt

:= i?ii + i?!^-

Estimating R\i is not so difficult, while R\fl can be estimated by using a
concentration inequality given below.
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Observe that

R2 = E I f'{W) YtfM - E(&K0) 1,

which can also be estimated easily. The main difficulty arises from estimat-
ing R3. The reader may refer to Chen & Shao (2004a) for details.

To conclude this section, we give the simplest concentration inequality
in the paper of Chen & Shao (2004a), and provide a detailed proof to
illustrate the difficulty for dependent variables.

Proposition 7.5: Assume (LD1). Then for any real numbers a < b,

P(a < W < b) < 0.625(6 - a) + 4r: + 4r2, (7.9)

where n = Ziej E|6|J? and r2 = / ^ Var(K(t)) dt.

Proof: Let a = ri and define

' —(b — a + a)/2 for w < a — a
2^(w — a + a)2 — (b — a + a)/2 for a — a < w < a

f{w)=< w-(a + b)/2 for a<w<b (7.10)
-±(w-b-a)2 + (b-a + a)/2 forb<w<b + a

,(b — a + a)/2 for w > b + a.

Then / ' is a continuous function given by

{ 1, for a < w < b

0, for w < a — a ox w > b + a,
linear, for a — a <w < a or b <w <b + a.

Clearly |/(u;)| < {b - a + a)/2. With this / , and with K(t) and K(t) as
defined in (7.7), we have, by (7.8),

/*OO

(b-a + a)/2 > MWf{W) = E / f'(W + t)K(t) dt
J — OO

:= Ef'(W) f°°K(t) dt + E [ (f'(W + t ) - f'(W))K(t) dt
J—OO J— OO

+E r f'(W + t)(K(t) - K(t)) dt
J — OO

•.^Hi + fy + Hs. (7.11)

Clearly,

^ = Ef'(W) > P(a < W < b). (7.12)
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By the Cauchy inequality,

\H31 < (1/8)E / [f(W +t)}2 dt + 2E (K(t) - K{t))2 dt
J — oo */—oo

<(b-a + 2a)/8 + 2r2. (7.13)

To bound H2, let

L(a) = sup P(x < W < x + a).
xeR

Then, by writing

H2 = E / / f"(W + s)dsK(t)dt--E f f f"{W + s)dsK(t)dt
JO Jo J-oo Jt

/•OO fit

= a~l I / {P(a - o ; < W + s < a ) - P ( 6 < W + s < 6 + a ) } ^ ^ ^ ) dt
Jo Jo
,0 ,0

- a " 1 / / {P(a - o ; < W + 5 < a ) - P ( 6 < W + s < 6 + a)}rfs K(t) dt,
J—oo Jt

we have

/ Li^dslK^dt + a-1 / / L(a)ds|A"(t)|<ft

= a-lL{a) / |«A"(t)| A < ^a"1r1L(a) = \L{a). (7.14)
*/ — OO

It follows from (7.11) - (7.14) that

P(a < W < b) < 0.625(6 - a) + 0.75a + 2r2 + 0.5L(a). (7.15)

Substituting a = x and 6 = a; + a in (7.15), we obtain

L(a) < 1.375a + 2r2 + 0.5L(a)

and hence

L(a) < 2.75a + 4r2. (7.16)

Finally combining (7.15) and (7.16), we obtain (7.9). •

8. Appendix

Here we give detailed proofs of the basic properties of the solutions to the
Stein equations (2.2) and (2.4), given in Lemmas 2.2 and 2.3. The proofs
of Lemma 2.2 and part of Lemma 2.3 follow Stein (1986), and part of the
proof of Lemma 2.3 is due to Stroock (1993).
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Proof of Lemma 2.2: Since fz(w) = f-z(—w), we need only consider the
case z > 0. Note that for w > 0

7tu Jw w W

which also yields

(1 + w2) [°° e-^l2 dx > we"™2/2,
Jw

by comparing the derivatives of the two functions. Thus

„ ^ _ < 1 - $(w) < ?—=. (8.1)

It follows from (2.3) that

{ >/27r[l - *(«)] f (1 + w2)ew2/2$(^) + » A i f w < z .

V2^$(z)[{1 + w2)ew /2(1 - $(«;)) - -J= J if iu > z,

>0,

by (8.1). This proves (2.6).
In view of the fact that

lim wfz(w) = $(z) - 1 and lim wfJw) = $(z), (8.2)
tu—> — oo u>—>oo

(2.7) follows by (2.6).
By (2.2), we have

fz{w) = wfz{w) + I{w<z} ~ $(z)

{ u>fz(w) + 1 — $(z) for w < z,

u>fz(w) — §>(z) for w > z;

( (V2Kwew2/2$(w) + 1)(1 - $(z)) for w < z,

\ (v
/27rwe"'2/2(l - $ H ) - l)$(z) for tu > z.

Since wfz(w) is an increasing function of to, by (8.1) and (8.2),

0 < fz{w) < z f z ( z ) + 1 - $ ( * ) < 1 f o r w < z (8.4)

and

- 1 < zfz(z) - $(z) < f'z(w) < 0 for w> z . (8.5)

Hence, for any w and u,

l / » - /.(«)! < max(l,z/z(z) + 1 - *(z) - (zfz(z) - *(z)) = 1.
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This proves (2.8).

Observe that, by (8.4) and (8.5), fz attains its maximum at z. Thus

0 < fz(w) < fz(z) = V2^ez2/2$(z)(l - $(z)). (8.6)

By (8.1), fz{z) < l/z. To finish the proof of (2.9), let

g(z) = $(z)(l - *(z)) - e-z2/2/4 and 9l(z) = -j= + J - ^ .

Observe that g'(z) = e~z ^2gi(z) and that

{ < 0 if 0 < z < z0,

= 0 if z = zbl

> 0 i fz>Z0 ,
where z0 = (2 ln(4/7r))1/2. Thus, gi(z) is decreasing on [0, z0) and increasing
on (zo, oo). Since gi(0) = 0 and 51(00) = 00, there exists Z\ > 0 such that
gi{z) < 0 for 0 < z < z\ and 51(2) > 0 for z > zi. Therefore, g(z) attains
its maximum at either z = 0 or z = 00, that is

5(z)<max(<;(0),5(oo)) = 0,
which is equivalent to fz(z) < %/2TT/4. This completes the proof of (2.9).
The last inequality (2.10) is a consequence of (2.8) and (2.9) by rewriting

(w + u)fz(w + u) — (w + v)fz(w + v)
— w(fz(w + u) - fz(w + v)) + ufz(w + u) — vfz(w + v)

and using the Taylor expansion. •

Proof of Lemma 2.3: We define h{w) = h(w) — lEh(Z), and then put
Co = sup^, |ft(io)|, c\ = sup^ |/i'(w)|. Since h and fh are unchanged when h is
replaced by h — h(0), we may assume that h(0) = 0. Therefore \h(t)\ < ci\t\
and \Eh(Z)\ < ciE|Z| = cx^2pK.

First we verify (2.11). From the definition (2.5) of fh, it follows that

<(e«>'/*f:oo\h{x)\e-**/*dx if « ,<0,
1 [W)l ~ \ e-2/2 j - ~ \h(x)]e-*/2 dx if w > 0

(
/•OO />OO

c o / e-x2'2)dx,Cl (\x\ + y/2/^)e-x2/2dx)
J\w\ J\w\ '

<min(v/vi72,2ci),
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where in the last inequality we used the fact that

e^/2 [O°e-*'/2dx<^/2.
J\w\

Next we prove (2.12). By (2.4), for w > 0,
/•OO

\f'h(w)\ < \h(w) - Eh(Z)\ + wew '2 I \h(x) - Eh(Z)\e~x2/2 dx
J W

< \h(w) - Eh{Z)\ + cowe™2/2 f e~x2l2dx < 2co,
Jw

by (8.1). It follows from (2.5) again that

f"(w)-wf(w)-f(w) = h'(w),

or equivalently that

{e-w2'2f (w))' = e-w2'2{f{w) + ti{w)).

Therefore
/•OO

f'(w) = -ew I2 I (f(x) + ti(x))e-x I2 dx
J W

and, by (2.11),
/•OO

| / ' H | < 3Cle
w2/2 / e-x2'2dx < 3ClV^72 < 4Cl.

JIV

Thus we have

sup \f'(w)\ < min (2co, 4ci).
iu>0

Similarly, the above bound holds for supw<0 |/'(iu)|. This proves (2.12).
Now we prove (2.13). Differentiating (2.4) gives

rt(w)=wti(w) + fh(w) + h'(w)
= (l+w2)fh(w) + w{h{w)-'Eh(Z)) + h'(w). (8.7)

Prom
1 f°°

h(x) - E/i(Z) = -= \ [h(x) - h(s)]e-s /2 ds

= * r r' h'(x)dte-s2i2ds--^= r r h\t)dte-s2'2ds
px />OO

= / ti(t)$(t)dt- h'(t){l-$(t))dt, (8.8)
J — oo Jx
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it follows that

A H = ew2/2 fW [h(x)-Eh(Z)}e-x^2dx
</ — OO

pW pX />O0

= ew2'2 I ( h'(t)$(t)dt- h'{t)(l-$(t))dt)e-x2/2dx
J — OO ^ J—OO JX '

= -V2^ew2/2{1 - $(w)) r h'{t)$(t)dt
J — OO

/•OO

-V2^ew2/2${w) I ti{t)\l~m)]dt. (8.9)

From (8.7) - (8.9) and (8.1) we now obtain

l/;»| < I/I'HI + KI + ̂ ^ H + ^ H - E ^ Z ) ) !

< \h'(w)\ + \{w- v^7r(l + w^e1"2/^! - $ H ) ) /" / i ' ( t )*(0*

/•OO

+ I ( - w - \/2^(l + tu2)ew2/2$(u;)J / h'(t){l - $(t)) dt

< \h'(w)\ +cJ-w + v/2^(l + w2)ew2/2(l - *(to))) / $(i) dt
^ ' J — oo

+ Cl(w + V2^(l+w2)ew2/2${w)) f (l-*(t))dt. (8.10)

Hence it follows that

l/^'Hi < |/i'(^)|

+ ci ( - w + v/2^(l + w2)e^2/2(l - * H ) ) (w$(w) + G W )

+ ci (u; + \/27r(l + lo^e1"2/2*^)) ( - tu(l - $(«;)) + 6 " )

= |/i'(tu)|+ci <2ci, (8.11)

as desired. •

Acknowledgement: We are grateful to Andrew Barbour for his careful
editing of the paper and, in particular, for substantially improving the ex-
position in the Introduction.
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Stein's method for Poisson and compound Poisson
approximation

Torkel Erhardsson
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We describe how Stein's method is used to obtain error estimates in Pois-
son and compound Poisson approximation (in terms of bounds on the
total variation distance) for sums of nonnegative integer valued random
variables with finite means. The most important elements are bounds on
the first differences of the solutions of the corresponding Stein equations,
and the construction of error estimates from the Stein equations using
the local or coupling approaches. Proofs are included for the most impor-
tant results, as well as examples of applications. Some related topics are
also treated, notably error estimates in approximations with translated
signed discrete compound Poisson measures.
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1. Introduction

What is Stein's method?
To answer this, consider the following situation. Let (S, S, /x) be a prob-

ability space, let \ be the set of measurable functions h : S —> R, and let
Xo C x be a set of /x-integrable functions; e.g., xo could be (a subset of)
the set of indicator functions {IA; A S «S}. We want to compute fghdfj,
for all h £ xoi but p. has such a complicated structure that exact compu-
tation is not feasible; e.g., /x could be the distribution of a sum of a large
number of dependent random variables. A natural idea is then to replace
\i with a simpler and better known probability measure /io close to fi such
that the integrals Js h dfio are easy to compute, and try to estimate the
approximation error. The estimates might, but need not, be uniform over
all h G Xo-

Stein's method is an attempt to construct such approximations, and to
estimate the corresponding errors, in a systematic way. The method was
first proposed and used by Stein (1972) in the context of normal approxima-
tion. Chen, Barbour and others have shown how the method can be adapted
to approximation with a number of other probability distributions, notably
the Poisson and compound Poisson distributions and the distribution of
a Poisson point process; the latter topic is the subject of Chapter 3, and
a very general treatment for arbitrary distributions is given in Chapter 4.
The main purpose of this chapter is to survey the results that have so far
been obtained for the Poisson and compound Poisson distributions.

In general terms, Stein's method is described in Stein (1986), Barbour
(1997) and Chen (1998). The following is a brief summary. Let (5,«S,/i)
be a probability space, and let Xo C x be a set of /x-integrable functions,
as above. Choose a probability measure /J,Q on (S, S) such that all h G
Xo are /xo-integrable, and all fshdfj,0 are easily computed. Find a set of
functions TQ and a mapping To : TQ —> x> s u c n that, for each h € xo, the
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equation

Tof = h-[hdno (1.1)
Js

has a solution / £ TQ. Then, clearly,

f(Tof)dfi= f hdfi- / hdfiQ.
Js Js Js

To is called a Stein operator for the distribution /io, (1-1) is called a Stein
equation, and the solution / of (1.1) is called a Stein transform of h. The
idea is to choose a Stein operator in such a way that good estimates of
| Js(Tof)dfi\ can be found.

To construct a Stein operator To for /io, the following procedure is pro-
posed in Stein (1986).

(1) Choose a probability space (Q, J7, P) containing an exchangeable pair
of random variables (X, Y) (i.e., their joint distribution should be per-
mutation invariant) with marginal distribution JJ,Q.

(2) Choose a mapping a : J-Q —> J-, where J- is the space of measurable
antisymmetric functions F : S2 —> K. such that E(|F(X, Y)|) < oo.

(3) Take To = T o a, where T : T —» x is defined, for some version of the
conditional expectation, by

(TF)(x) = E(F(X, Y)\X = x) Vie S.

It is then easy to see that

/ (To/)d/uo = / (TF)dfx0 - B(F(X, Y)) V/ G ̂ 0 ,

where F = af. Hence, by the antisymmetry of F,

[ (Tof)diio = 0 V/€fo, (1.2)
Js

which is a necessary property for a Stein operator. (1.2) is called a Stein
identity for the distribution /io-

An alternative way to construct a Stein operator To for /io is proposed
in Chen (1998). Let TQ C L2(S,fi0). Choose a linear mapping A : !FQ —*
L2(S,fio) so that the constant function 1 on 5 belongs to the domain of
the adjoint A*. Then,

f(Af)dfio= f(A*l)fdfi0 V/e^b,
Js Js
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and taking To = A- (A* 1)1, we get

/ (To/)^o = / {Af)diM> ~ [ (A*l)fdti0 V/ G Fo,
Js Js Js

so (1.2) holds also in this case.
The two above procedures can be used to construct virtually all Stein

operators in use today; we shall see an example in Section 2.2. However,
neither of them is guaranteed to produce Stein operators for which good
estimates of | fs(Tof)d/j,\ can be found, without additional ad hoc consid-
erations. Whether the procedures could be strengthened into automatically
producing Stein operators with good properties is still unclear.

The rest of the chapter consists of two sections, Section 2 on Poisson
approximation, and Section 3 on compound Poisson approximation. The
Stein equation for the Poisson distribution is treated in Sections 2.1-2.2;
error estimates in Poisson approximation for sums of indicator variables, in
terms of bounds on the total variation distance, in Sections 2.3-2.4; Poisson
approximation for the total mass of a point process in Section 2.5; Poisson-
Charlier approximation for sums of independent indicator variables, and
Poisson approximation for unbounded functions of such sums, in Sections
2.6-2.7. The compound Poisson distribution is defined, and its use for ap-
proximation purposes motivated, in Sections 3.1-3.2. The Stein equation
for the compound Poisson distribution is treated in Section 3.3; error esti-
mates in compound Poisson approximation, again in terms of bounds on the
total variation distance, and some improved error estimates due to Barbour
and Utev, in Sections 3.4-3.5; error estimates in terms of bounds on the
Kolmogorov distance in Section 3.6; translated signed discrete compound
Poisson measure approximation in Section 3.7; compound Poisson approx-
imation via Poisson process approximation in Section 3,8; and, finally, an
alternative Stein equation due to Chen, in Section 3.9.

2. Poisson approximation

2.1. The Stein equation for Po(A) and its solutions

We first consider Poisson approximation, which is very natural for the dis-
tribution of a sum of indicator (0-1) random variables, if each variable has
small probability of taking the value 1, and they are not too strongly depen-
dent. The Stein operator (2.1) is due to Chen (1975), who also demonstrated
how it could be used for error estimation in Poisson approximation; hence,
Stein's method for Poisson approximation is also known as the Stein-Chen
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(or Chen-Stein) method. The method was further developed in a number
of papers by Barbour and others; the results of this work were collected in
the monograph by Barbour, Hoist & Janson (1992).

To make a connection with the general setting in Section 1, let
(S,S,/u) = (Z+,Bz+,(*), where (Z+,BZ+) is the set of nonnegative inte-
gers equipped with the power a-algebra, and let /io = Po(A). Also, let
f0 = x, i.e., the set of all real-valued functions on Z+. Define the Stein
operator To : X —* X by

(T0/)(fc) = \f(k + 1) - kf{k) Vfc € Z+. (2.1)

In Section 2, we show how To can be obtained from Stein's general pro-
cedure, described in Section 1. We begin in this section by listing some
important properties of To.

Theorem 2.1: The Stein equation

Tof = h- I hdfio
Jz+

has a solution f for each fio-integrable h € X- The solution f is unique
except for /(0), which can be chosen arbitrarily, f can be computed recur-
sively from the Stein equation, and is explicitly given by

i=0 \ JZ+ / '

= J ± r E (MO - /z+ hd^ £ Mk e N.

Also: if h is bounded, then f is bounded.

Proof: The first assertions follow immediately from the Stein equation.
The explicit representations of / are easily verified by direct computation.
Finally, if h is bounded, it is immediate from the second representation that
/ is bounded. •

The following characterization of Po (A) is similar to the characterization
of the standard normal distribution given in Lemma 1 in Chapter II of Stein
(1986) (the celebrated "Stein's lemma").

Theorem 2.2: A probability measure \i on (Z+, #z+) is Po (A) if and only
if

f (To/)d/i = 0
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for all bounded / : Z+ -+ R.

Proof: The necessity part is easily shown by direct computation. For the
sufficiency part, let fA be the unique bounded solution of the Stein equation
with h = IA. Integrating the Stein equation with respect to fi gives

fi(A) - fio(A) = [ (TofA)d» = 0 WA c Z+. •
Js

For efficient error estimation in Poisson approximation it is essential to
have good bounds on the supremum norm of the first difference of the solu-
tion of the Stein equation, and (optionally) on the supremum norm of the
solution itself. The following bounds are due to Barbour & Eagleson (1983).
The coefficients

h(X) := (l A ^ ] and fc2(A) := (j—^) (2-2)

appearing on the right hand side have been nicknamed magic factors, but
are also known as Stein factors. Note that they both become smaller as A
increases, and that ^(A) becomes smaller much faster than fci(A).

Theorem 2.3: Let f be the unique bounded solution of the Stein equation
for h bounded. Then

ll/ll < fci(A)(sup h{i) -.inf MO);

| |A/| |<MA)(8upM0- ^ M 0 ) -
JSZ+ JGZ+

Proof: We prove only the second bound, which is most important to us.
First, consider the case h — 1^}, where k £ Z+. Denote the bounded
solution in this case by /{*.}. We see from the explicit expressions in Theo-
rem 2.1 that f{k}{i) is negative and decreasing for 1 < i < k, and positive
and decreasing for i > k + 1. Hence, the only positive value taken by
A/{fc}(i) = /{fc}(z + l ) - / { f c } ( i ) i s

f{k}{k + i)-f{k){k) = ~{j: 7 r + fc£7r)<^^-
r=k+l r=l

Turning to the general case, we can replace h by h+ = h — infiez+ h(i),
since this does not change the right hand side of the Stein equation. By
insertion into the Stein equation we can show that

oo

/(o = 5>+(*)/{*}(o v»>i.
fc=0
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Prom this, and because h+ > 0 and A/{fej(i) is positive only for i = k, it
follows that

ni+1) - j(i) = Y,h+(k)(f{k}(i+1) - /{*> w)
fc=0

< ( I z i — ) (sup /i(i) - inf h(i)), Vt > 1.
V A / i 6 Z + i€Z+

Similarly, since —/ is the unique bounded solution of the Stein equation

with h replaced by /i_ = supieZ+ M*) ~ »̂

oo

- (/(» + 1) - f(i)) = 5>-(*)(/{*>(*' + 1) - /{*}«)
fc=o

< f^—^—\ (sup h(i) - inf ft(i)), Vi > 1.
V A y iGz+ iez+

This gives the second bound. For the first, Barbour &: Eagleson (1983)
prove, using the explicit representations in Theorem 2.1 and Stirling's for-
mula, that

\\f\\ <(l A ~) (sup h(i) - mf h(i)).
V VXj \ez+ iez+

In Remark 10.2.4 in Barbour, Hoist & Janson (1992), a completely different
argument, given here in Chapter 3, Proposition 5.7, is used to prove that
the constant 1.4 can be replaced by \/2/e. •

2.2. The generator interpretation

We here demonstrate how the Stein operator (2.1) can be obtained through
the general procedure of Stein described in Section 1. We use the approach
of Barbour (1988), which is of particular importance, since it has proved
rather easy to generalize to other approximating distributions; see the dis-
cussion in Chapter 4, Section 2 for more detail. It also has the advantage
of giving, as a by-product, a probabilistic representation of the solution of
the Stein equation.

Let {Zt;t £ R+} be a stationary immigration-death process on Z+,
with immigration intensity A and death intensity <5j = i for each i £ Z+ .
It is well-known that this process is reversible, and it is easy to prove that
the stationary distribution is no — Po(A). It follows that (ZQ,ZU) is an
exchangeable pair with marginal distribution fi®.



68 Torkel Erhardsson

Choose the mapping a : \ —* J~ defined (at least for functions g which
do not grow too fast) by

(ag)(k,l)=g(k)-g(l) V(k,l)eZ\,

and the mapping T : T —> x defined by

(TF)(k) = E(F(Z0, ZU)\ZO = k) Vfc e Z+.

Then

lim i ( T o ag){k) = lim hs(g(Zu) - g(k)\Z0 = k) = (Ag)(k)

= Xg(k + 1) + kg(k - 1) - (A + k)g{k) = (Tof)(k),

where f(k) = \/g{k) = g(k) — g(k — 1), and the operator A is the generator
of {Zt\ t £ R+}- Thus, we have shown that the Stein operator To may
be interpreted as the generator A of a Markov process with stationary
distribution JIQ, or more precisely that A = To o y . This has proved fruitful
as a way of constructing Stein operators for other distributions; see, in
particular, the discussion in Chapter 3, Section 5.1, for the procedure in
the context of Poisson process approximation.

Theorem 2.4: If h € \ is bounded, then the Poisson's equation corre-
sponding to A, i.e.,

-Ag = h- hdfio, (2.3)

has the solution

g(k) = f (E(h(Zt)\Zo = k ) - f hdno) dt Wk G Z + .

Moreover, f = — \7 g is the unique bounded solution of the corresponding
Stein equation.

Proof: To show that g is well defined, we use a coupling. First, we let
\Z\ , t £ R+} be an immigration-death process on Z+, with immigra-
tion intensity A and death intensity Si = i for each i G Z+, such that
Z(o) _ o. We then let {Dt;t e R+} and {Dt;t £ R+} be pure death pro-
cesses on Z+, independent of each other and of Z^°\ with death intensity
Si — i for each i £ Z+, such that Do = k and £(DQ) = fio- We also set
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Tk = inf{u > 0; Du = Du = 0}, and note that

< E( l + log(A; + Do + 1)) = log+ k + C, Vfc e Z+, (2.4)

where log+ /c = max(logfc,0), and C < oo. Then

| [ * (E(h(Zt)\Z0 = k) - f hd^dt

< f2\^{h{Z[0) + Dt))- E(h(Zi0) + Dt))\dt
Jti

< 2\\h\\ JP(Tk>t)dt, V 0 < i i < i 2 < o o .

Hence, g is well defined (and grows at most logarithmically). Furthermore,
using Fubini's theorem,

M(g(Zu)\Z0 = fc) = E ( /" (jE(h(Zt+u)\Zu) - f hd^o) dt\Z0 = k\
\ JO Jii+ J

= f [E(h(Zt+u)\Zo = k)- f hdfio) dt
Jo \ Jz+ )

= r [E(h(Zt)\Zo = k)- t hd/io] dt,
Ju \ JZ+ )

implying that, using bounded convergence,

-lim~E(9(Zu) - g(k)\Z0 = k)
«|o u

= l im- [ CE(h(Zt)\Z0 = k) - f hdfio)dt = h(k) - [ hdfx0.
"1° u Jo Jz+ Jz+

Finally, using another coupling similar to the one above we can show that
/ = — v g is bounded, so / is the unique bounded solution of the Stein
equation. •

We shall not use this very nice probabilistic representation of the solu-
tion of the Stein equation. However, an analogous result holds (under some
additional conditions) in the compound Poisson case, and this result is very
valuable, since it can be used to obtain magic factors similar to those in
Theorem 2.3.
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2.3. Error estimates in Poisson approximation

We now turn to the actual construction of error estimates in Poisson ap-
proximation. We shall focus on the case when the distribution to be ap-
proximated, fi, is the distribution of a sum of indicator variables.

For the rest of the section, unless explicitly stated otherwise, we use
the following notation. T is the index set, which is finite. In most cases
T = {1, . . . ,ra}. {Xi]i G T} are indicator variables; pt = E(Xi) for each
i e T; W = E ie r Xi\ A = E(W); fi = C(W); and /i0 = Po (A).

Our goal will be to bound the total variation distance between /J, and fj,o,
denned by

dTv(v,Ho) = sup \fj,(A) -/xo(A)\.
ACZ+

The total variation distance is a metric on the space of probability measures
on (Z+, B%+). Obviously, a bound for this quantity gives us an error estimate
in a strong sense. Our starting point is the Stein equation, which gives, for
each A C Z+,

IM(A) - /xo(A) - f (TofA)dfi = E(XfA(W + 1) - WfA(W)),

where fA is the solution of the Stein equation with h = I A- From this we
get

dTV(fi,fi0)= sup \TE(\fA(W + l)-WfA(W))\. (2.5)
ACZ+

To bound the right hand side in (2.5), a local and a coupling approach have
been suggested. The first one was used by Chen (1975), and is convenient
when the dependence structure of the indicator variables is local (meaning
that each indicator is independent of "most" of the others).

Theorem 2.5: (The local approach). Let W - ^2i€r Xit where {Xi, i G T}
are indicator variables. For each i £ V, divide T \ {i} into two subsets Ff
and Tf, so that, informally,

T* = {j G T \ {i}; Xj "strongly" dependent on Xi}.

Let Zi = £ \ g r j Xj and Wt = Ej€r? XJ- Then

dTV(C(W),Po(\)) < k2(X)^2{piE(Xi + Zi) + E(XiZi))

+ fc1(A)^E|pi-E(Xi|Wi)|,
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where ki(-) and k2{-) are as defined in (2.2).

Proof: We shall bound the right hand side in (2.5). For each A C Z + , we
have

nVA(W + l)-WfA(W)) = J2^(PifA(W + l)-XJA(W))

= ^E{P i /^(W + 1) -PifA(Wi + 1) +PifA(Wi + 1)
ier

- XifA(Wi + 1) + XifA(Wi + 1) - XifA(W)}.

Since, for each i £ T, we have the elementary bounds

\fA{W + 1) - fA(Wi + 1)| < \\AfA\\(Xi + Zt);

\XifA(Wi + 1) - XifA(W)\ < \\Af4XiZi;

^(pifAiWi + ^-XifAiWi + l))] < \\fA\\E\Pi--E(Xi\Wi)\,

it follows that

\E(VA(W + l)-WfA(W))\

< \\AfA\\ ^ ( P i E ( i , + Zi)+nXiZi)) + H/AII X! E IP* - E ^ I W O I ,
ier ier

and the result follows from Theorem 2.3 and (2.5), since A C Z+ is arbi-
trary. •

We give a couple of examples of applications of Theorem 2.5, beginning
with the independent case.

Example 2.6: (Independent indicators). Let {X^i £ F} be independent.
Choosing Ff = 0 for each i £ F in Theorem 2.5 gives

dTV(C(W),Po(A)) < i ^ — J^Pl (2-6)

In the independent case it is possible to derive total variation distance
bounds using other means than Stein's method, so a comparison can be
made. Le Cam (1960) used Fourier methods to prove that

dTV(C(W),Po(X)) < 4.5maxp^

and that, if maxjgrPi < \,

dTV(C(W),Po(X))<(lA~)^2pl
ter
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The constant 8 in the second bound was improved to 1.05 by Kerstan (1964)
and to 0.71 by Daley & Vere-Jones (1988). Note that (2.6) is smaller than
the first of these bounds, and does not require the condition maXjGrPi < \
to hold.

Moreover, (2.6) is in fact the right order of the total variation distance,
not just an upper bound. We know this since Barbour & Hall (1984) proved
the lower bound

dTv(C(W),Po(X)) > l ( i A i ) J2PI

If the indicator variables are dependent, it seems very difficult to derive
total variation distance bounds by any other means than Stein's method.
Other methods appear to break down, so this is where Stein's method shows
its real strength. The following example is taken from Arratia, Goldstein &
Gordon (1989).

Example 2.7: (Classical birthday problem), n balls (people) are thrown
independently into d equiprobable boxes (days of the year). Let W be the
number of pairs of balls that go into the same box. Then

dTV(C(W),-Po(X)) < 8 A ( 1 ~ ^ A),
n — 1

where A = E(W) = Q ) ^ 1 .

Proof: Take F to be the set of all 2-subsets of { l , . . . , n} , so that we
have F = {i C {1, . . . ,n}; \i\ = 2}. Let Xi, where i = {11,(2}, be the
indicator of the event "the balls i\ and i^ go into the same box". Clearly
W = X)ier -̂ *> a nd {Xi~, i £ F} are dissociated, meaning that for any two
subsets Fi C F and F2 C F such that (Uier1*)n(Ujer2i) = 0, the collections
of random variables {Xi\i G Fi} and {Xi,i € T2} are independent. We
now choose Ff = {j € F \ {i};i n j ^ 0}, so that the last term in the
bound of Theorem 2.5 vanishes. Since also E(Xi) = d"1 for all i £ F, and
E,(XiXj) = E(Xi)2 = d~2 for all i ^ j , it follows that

dTV(C(W),Po(\)) < k2(X)J^(PiE(Xi + ZJ+WXiZi))

- k (X) (n\ f2("-1) + 1 , 2(n-l)\

- *2(A) {2) {—&— + ~ir~)
u r^fn\ l

 IA -̂  ^ 8A(1 - e~x)= fc2(A)UJ^(4n-3) " n - 1 '
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where X = -E(W) = Q)d-1. •

We next consider the coupling approach to bounding the right hand
side in (2.5), which often works well even if the dependence structure of
the indicators is non-local. The idea of combining the Stein equation with
couplings was first generally stated in Stein (1986), Chapter VIII, page 92,
though it appears earlier in particular contexts.

Theorem 2.8: (The coupling approach). Let W = ^2ierXi, where the
{Xf, i 6 F} are indicator variables. For each i G T, divide T \ {i} into two
subsets r? and Tf. Let Zi = £ j £ r? Xj and Wt = £ j s r » ^ j . Let two
random variables Wf and Wf such that

L{W}) = C(Wi\Xi = 1) and C{W}) = C(Wt)

be defined on the same probability space. Then

dTV(C(W), Po (A)) < *2(A) J2(p&(*i + Zi) + nXiZi))

+ fc2(A)£>E|Wi
1-Wi

1|,
ier

where /C2O is as defined in (2.2).

Proof: The proof is the same as for Theorem 2.5, except that the quantity
E(pi/J4(Wi +1) — XifA(Wi +1)) is bounded differently. We now make use
of the couplings, to write, for each i £ F ,

E(pi/A(Wi + 1) - XifA(Wi + 1))

= Pi(E(/A(Wi + 1)) - M(fA(Wi + l)\Xi = 1))

= PiV(fA{Wl + l)-fA{W} + l)),

implying that

\E(pifA(Wi + 1) - XifA(Wi + 1))| < \\&fA\\PiE\Wl -Wl\. m

In the case when the indicators {Xi\ i £ F} are independent, by choosing
Tf = 0 and W} =Wl = Wt in Theorem 2.8, we again get the bound (2.6).
The following example, where the indicators are dependent, is taken from
Barbour & Hoist (1989).

Example 2.9: (Classical occupancy problem), r balls are thrown indepen-
dently into n equiprobable boxes. Let W be the number of empty boxes.



74 Torkel Erhardsson

Then

dTV(C(W),Po(X))

^0--{-(^)r})(»(^)r-<»-)(^)r)-
If r = nan with limn_>Oo an = oo, then

dTV(C(W), Po (A)) = O(ane-°") as n ^ oo.

If an = log n — log c, then linin-̂ oo X = c.

Proof: For each i € T — {1 , . . . , n}, let Xi be the indicator for the event
"the ith box is empty", so W = J2i€r

 Xi- L e t r ? = 0 and 17 = T \ {i} in
Theorem 2.8. Define {Xj^j G Tf} in the following way. Take those balls
which have landed in the ith box, throw them independently into other
boxes, and let X}j be the indicator for the event "the j th box is empty
after this". Then '

£ ( % ; j e 17) = C(Xj;j e r n x , = i),

since, for each ball, the probability of ending up in a particular box is given
by £ + M^T) = 7̂ T> implying that, for each V C Tf,

P(J^. = i VJ e r') = (n~J r |
1~1) r - nXj = i vj G r'|Xi = i).

Let W;1 = J2jerr *li a n d ^ = wi- Observing that X}^ < Xj for each
index j £ Tf, we get

dTV(£(W),Po(X)) < k2(X)J2Pi(pi+^\wi
1 - ^ | )

= fc2(A) ̂ P i E ( x , + | £ (X,- - X^)|)

= fc2(A)^PiE(w- ^ ^ )

= A:2(A)(E(W)2 - E(W2) + E(W))

= ('-"{-(¥)'}) (»(!ri)r-(-1)(=5f)')- •
We finally mention, without proof, a slight extension of the coupling

approach, which is sometimes useful.
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Theorem 2.10: (The detailed coupling approach). Let W = J2ierXi>
where {Xf, i £ T} are indicator variables. For each i £ F, divide F\{i} into
two subsets r? and Tf. Let Zt = 52jer.

 Xo and Wi = Ejerv xj- Let a

random variable <Ti be defined on the same probability space as Xi and Wi,
and let, for each i 6 E , two random variables Wi '

x and Wi '
x such that

C(W^x)=C(Wi\Xi = l,<ri = x) and C(W^X) = C{Wt)

be defined on the same probability space. Then

dTv(C(W),Po(A)) < fc2(A) X > i E ( X i + Zi) + TE(XiZi))
ier

+ k2(\)Y,v(xiE\W^-W?'x\x=<ri),

where k2(-) is as defined in (2.2).

2.4. Monotone couplings

In Example 2.9 the task of explicitly computing the total variation distance
bound was simplified by the fact that Xfj < Xj for each i G T and for
each j & Tf. Couplings with this property are called monotone couplings.
They were introduced in Barbour & Hoist (1989) and further developed in
Barbour, Hoist & Janson (1992). We give the most important results here.

Theorem 2.11: Let W = ̂ 2i€rXi, where {X^i e T} are indicator vari-
ables. For each i £ T, let two collections of random variables {X} A\J ^ i}
and {Xlj]j ^i} such that

£(XlJ;j?i)=C(Xi;j?i\Xi = l);
£(XlJ;j^i)=£(Xj;j^i),

be defined on the same probability space. If T\ {i} can be divided into three
subsets Tf, T~, and To

t, such that X\^ > Xj for j G T+ and X^ < Xj for
j Si1", then

dTv(£(W),Po(X))<k2(X) ( 5 > ? + £ £ Cov(Xi:Xj)
\»er ierjer+

+ E E |Cov(Xi,Xi)| + ̂  ^WXiXA+PiPj) ) ,
i€rjer~ ierjGr° /

where &2(-) is as defined in (2.2).
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Proof: For each_i e F, let Ff = 0 and Tf = T \ {i} in Theorem 2.8, and
let Wl=Y,&iXli. Then

P&\wl-wl\=P&\Yt(xi-xlti)

<PiE I ]T (Xlj-Xj)) +PiE I £ (X, -XI) ]
W+ / Vier4- /

+ piE['£(XlJ+Xj))

= 5 ] CovCX,, X,-) + XI |Cov(JfisX,-)| + £ (E(^X,-) + P i P i ) - •
jer+ jerr jer°

Definition 2.12: The indicator variables {Xi;i G T} are called positively
related if the conditions of Theorem 2.11 hold with T~ = F° = 0, and
negatively related if they hold with F̂ 1" = F° = 0.

It follows immediately from Theorem 2.11 that if {X^i G F} are posi-
tively related, then

dTV(C(W),Po(X)) < A;2(A)(Var(W) - A + 2 ^ f t
2 ) ,

while if they are negatively related, then

dTV(C(W),Po(X)) < *2(A)(A- Var(W)).

In view of these simple formulae, it is natural to ask whether one could find
sufficient conditions for a collection of indicator variables to be positively or
negatively related, which are reasonably often satisfied and not too difficult
to verify. The answer is yes, and the key is the following result.

Theorem 2.13: The indicator variables {Xi;i £ F} are positively (nega-
tively) related if and only if, for each i £ T and each increasing function
4>: { 0 , 1 } " " 1 -> {0 ,1} ,

E(<t>(X1,...,Xi-llXi+1,...,Xn)\Xi = l)

> (<) E(<KXi,...,Xi-i,Xi+1,...,Xn)).

Proof: The necessity part is immediate. For the sufficiency part we use
Strassen's theorem, which says the following. Let S be a partially ordered
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topological space (the topology should satisfy a couple of technical con-
ditions), and let X and Y be random variables taking values in S with
distributions v\ and vi respectively. Then X and Y can be constructed on
the same probability space in such a fashion that P(X > V) = 1 if and
only if E(<^(X)) > E(</>(F)) for each increasing function <j> : S -» {0,1}.
For a proof of Strassen's theorem, see e.g. Liggett (1985), page 72. Here,
we simply take S = {0,1}""1. •

Using Theorem 2.13 it is possible to connect positive relatedness to
the better known property of association. Introduced in Esary, Proschan k.
Walkup (1967), association has found uses in statistical mechanics, relia-
bility theory, and many other areas.

Definition 2.14: The random variables {X,;i G F} are said to be associ-
ated if they satisfy the FKG inequality: if / and g are bounded increasing
functions, then

E(/(X4;i G T)g(Xi;i G T)) > E( / (Xi ; i € r))E(ff(Xi5i G T)).

Theorem 2.15: Associated indicator variables are positively related.

Proof: For each i e F and each increasing function <p : {0,1}""1 —> {0,1},
use the FKG inequality with

f(Xi;i G F) = <f>(Xi,...,Xi-i,Xi+1,...,Xn)

a,nd g{Xi;ieT)=Xi. m

The proofs of the next two theorems are omitted. A proof of Theo-
rem 2.16 can be found in Liggett (1985), page 78, while Theorem 2.17 is
an easy consequence of the definition of association. However, we give an
example of how they can be applied, taken from Barbour, Hoist & Janson
(1992).

Theorem 2.16: Independent random variables are associated.

Theorem 2.17: Increasing functions of associated random variables are
associated.

Example 2.18: (Extremes of moving average processes). Let {Zi\i G Z}
be i.i.d., and let rji = Y%=ockZi-k, where ck > 0 for each k = 0,.. . ,q.
Let Xi = Ifa > a}, and let W = £?=i*i- From Theorems 2.16-2.17,
{Xi\ i = 1,. . . , n} are associated, so

drv(£(W),Po(A))<k(A)(vM(W0-A + 2£p?) .
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It is easy to see that

/A 71 71
i=\

In the special case Zi ~ £/(0,1) and rji = Zt + Zi-i, let a = 2 — ^2A/n
(where n > 2A). Then, pi = A/n, and

Var(W) A 2 ( n - l ) / V 5 / I AN
A n + n V 3 Vn n / '

implying that

^(^),PoW)<(l-e-){i + ^ ( f ^ - i ) } .
In a very similar fashion, negative relatedness can be connected to

the property of negative association, introduced in Joag-Dev k, Proschan
(1983).

Definition 2.19: The random variables {X^i € F} are said to be nega-
tively associated if, whenever / and g are bounded increasing functions and
Fi and F2 are disjoint subsets of F,

E(/(Xi;* e rjgiXtie r2)) < E(/(Xi5i e r!))E(5(Xi;i e r2)).

Theorem 2.20: Negatively associated indicator variables are negatively
related.

Proof: Analogous to Theorem 2.15. •

The following theorems, giving sufficient conditions for a collection of
random variables to be negatively associated, are stated and proved, to-
gether with others, in Joag-Dev & Proschan (1983).

Theorem 2.21: Independent random variables are negatively associated.

Theorem 2.22: Random variables Xi,... ,Xn generated by a uniformly
distributed random permutation of a sequence of real numbers ai,...,an

are negatively associated.

Theorem 2.23: Let {X^, i e F} be independent with log concave densities,
and let I C R be an interval such that TP(%2ier Xt £ I) > 0. Random
variables with joint distribution C(Xi\i G F | 2 i e r X j e /) are negatively
associated.
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Theorem 2.24: Let {Xi;i € F} be negatively associated. For each i =
l,...,n,letYi= gi(Xj;j £ Fj), where F i , . . . , Fn are disjoint subsets of F,
and the functions g\,..., gn are all increasing (decreasing). Then Y\,... ,Yn

are negatively associated.

2.5. The total mass of a point process

In Section 2.3, Poisson approximation for the random variable W =
^3 i e r X, is considered, where {Xf,i £ F} are indicator variables, and the
index set F is finite. Clearly, W can be interpreted as the total mass of
a point process on the carrier set F. Barbour & Brown (1992b) generalize
Theorem 2.8, with the choice Ff = 0, to the setting in which W is the total
mass of a point process on a compact second countable Hausdorff topolog-
ical carrier space F with a locally finite expectation measure. We give this
theorem below; the corresponding generalization of Theorem 2.5 is given in
Chapter 3, Theorem 5.8.

Theorem 2.25: Let £ be a point process on (F, Sp), where F is a locally
compact second countable Hausdorff topological space, with a locally finite
expectation measure v. For each x € F, let a Palm process Ex be defined
on the same probability space as H. Then

dTv(£(2(r)),Po(i/(r))) < fc2(Kr))/E|s(r)-sx(r) + i|i/(da:),
Jr

where k2{-) is as defined in (2.2).

Proof: The proof consists of noting that

dTV(C(E(T)), Po (z/(F))) = sup |E(S(r)/A(3(T)) - t,{T)fA(a(T) + 1))|
ACZ+

= sup I f E(/A(Sx(r)) - /A(s(r) + i))v{dx)

< k2(u(T)) [ E|H(F) - SX(F) + l\v(dx),
Jr

where in the first equality we used the definition of total variation distance
and the Stein equation, in the second equality the definition of a Palm
process, and in the final inequality Theorem 2.3. •

In the case when S is a simple point process on F = R+ with compen-
sator {At;t > 0}, Barbour & Brown (1992b) combine Stein's method with
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methods from stochastic calculus to derive the following bound, presented
here without proof.

drv(/:(3((0,t])),Po(A)) < fci(A)E|At-A|

+ fc2(A)E( ]T {AA*}2) + *a(A)E( / d2(Vs,V;)E(ds)),

valid for any A > 0. Here, &.AS = As — As-, d2 is the Wasserstein d2

distance, and Vs and V~ are random probability measures on Z+ such
that, for each i £ Z+ Vs(i) and V~(i) are the optional and predictable
projections of the process /{S((s, t]) = i}. We refer to Barbour Sz Brown
(1992b) for details.

We remark that, in the setting of Theorem 2.25, it is natural also to
try to bound the distance between the distributions of the whole point
process S and a Poisson point process with intensity measure v. Barbour &
Brown (1992a) use Stein's method to derive such bounds; it turns out that
the total variation distance is not the appropriate metric to use, since no
"magic factors" as sharp as those in Theorem 2.3 can be derived, and that
weaker metrics such as the Wasserstein G^-metric are more appropriate.
This theory is discussed in detail in Chapter 3, Section 5.

2.6. Poisson-Charlier approximation

Although a Poisson distribution is adequate as an approximation in many
cases, more refined approximations are sometimes needed. The Poisson-
Charlier signed measures {Qi; I € N} on Z+, where Q\ — Po (A), have been
suggested for this purpose. They are similar in structure to the Edgeworth
signed measures, but the Hermite polynomials have been replaced by Char-
lier polynomials. Barbour (1987) uses Stein's method to derive explicit error
estimates in Poisson-Charlier approximation of the distribution of a sum of
independent indicator variables; his main result is Theorem 2.26 below.

It should be pointed out, however, that in this case error estimates can
be obtained also by other metods. Deheuvels & Pfeifer (1988) obtain error
estimates for the same kind of approximations which are in most respects
sharper than those in Theorem 2.26, using a combination of operator the-
oretic and complex analytic methods. Also, there exist promising alterna-
tives to the Poisson-Charlier signed measures, some of which are described
in Section 3.7 below.

Theorem 2.26: Let W = ^2ierXi, where {X^i € F] are independent
indicator variables. For each n 6 Z+, let Cn(X, x) be the nth order Charlier
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polynomial, ^

Cn(X, x) = J2 ( " ) (-l)n-rX-rx(x - 1 ) . . . (x - r + 1). (2.7)

For each I > 1, define the Ith order Poisson- Charlier signed measure on Z+

by

aw = (^)(i+EEn^(iT^)ri]^.^*)),

where Xj+i = Yli^vPi > an<^ S[si denotes the sum over all s-tuples
(ri,...,ra) € Zs

+ such that Y^j=i3ri = •s» and R = Z)j=irj- Then, for
each h £ x and I > 1,

\M(h(W))~ [ /irfQi-l ^ fc2(A)AI+12
ai-1||fc||,

where k2(-) is as defined in (2.2).

Proof: [Sketch of proof.] Let X be an indicator variable with E(X) = p.
Then, for each / G x and j € Z + , it is easily verified that

E( - l )V + 1 E(A' / (* + 3 + 1)) = (-l)'+V+1A'/(i + 1) -P
2A/(i + 1),

s=l

where Alf is the Ith. forward difference of / . Moreover,

E(p/(X + j + 1) - Xf(X + j)) = P
2Af(j + 1).

Letting X = Xi and j = W — Xi, taking expectations, and summing over i,
it follows that

E(Xf(W + 1) - Wf(W)) - E(-l)s+1As+iE(A*/(W + i))
s=l

< A«+1||A'/||.

Choosing / = Soh as the solution of the Stein equation for h, we get

E(ft(^)) - / / id / iO-V(- l ) s + 1As + 1E(As5oMW + l))

< Aj+i||A'/||.
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Using this expression iteratively, we get

E(HW)) = ̂  (f[(-ir^XsJ+A E I (f[(A°>S0)h)(Z) 1 + v,
(I) \i=l / { j=l J

where Z ~ Po (A), 5Zm denotes the sum over

fc+i
| ( « i , . . . , Sfc+i) € Nfc+1; fc G {0 , . . . , I - 1}, £ Sj. = i | ,

and
fc+i fc+i

H < £(nA^)in(A^°Hl-
Rewriting, using the identities

E(Cn(A,Z)(A/)(Z)) = E(Cn+1(A,Z)/(Z));

E(Cn(A,Z)50/i(Z)) = ^-E(Cn+1(A,Z)/i(Z))I

valid for each n G Z+, and using Theorem 2.3 to bound rj, the result is
obtained. •

If our goal is to find a good approximation of a single, very small,
probability, we need to choose a Poisson-Charlier signed measure of a very
high order to obtain a small relative size in the error estimate. Barbour
& Jensen (1989) circumvents this problem by considering, instead of the
original indicator variables, a collection of indicator variables with a "tilted"
probability distribution. For details, see Barbour, Hoist & Janson (1992),
Chapter 9.

2.7. Poisson approximation for unbounded functions

So far we have constructed estimates for |E(/i( W)) — / z h d/j,o \, where W is
a sum of indicator variables, /JO = Po (E(W)), and h is a bounded function.
If the indicator variables are independent, Stein's method can be used to
find such estimates for a large class of unbounded functions. This is done in
Barbour (1987), Chen & Choi (1992), and Barbour, Chen & Choi (1995),
from which the following theorem is taken.

Here also it must be pointed out that estimates have recently been found
using other methods which are in most respects sharper than those obtained
using Stein's method; see Borisov (2002).
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Theorem 2.27: Let W = J2ierX*> wilere {Xi'J G T} are independent
indicator variables. Let h be such that TE(Z2h(Z)) < oo, where Z ~ Po (A).
Then

E{h(W))- [ hdfio <Cw^(4k2(\)B\h(Z + l)\

+ {E\h{Z + 2)| - 2E|ft(Z + 1)| + E|/i(Z)|}),

where A2 = Y2ierP%, ^ ( O is as in (2.2), and

= f (1 - maxierPi)"1eA, if 0 < A < 1;

^ ~ \ (1 - maxierPi)~1e13/12>^F(l - Aa/A)"1^, if A > 1.

Proof: [Sketch of proof.] Denote by / the unique solution of the Stein
equation for h. Let Wi — W — Xi for each i g T . Then

E(h(W)) - E(/i(Z)) = AE(/(W + 1)) - E(W/(W))

= ^ P i E ( / ( W + l ) ) - / ( W i + l))

= ^ ^ ( ^ ( / ( W i + 2) - /(Wi + 1)))

= ^rfE(/(W'i + 2))-/(Wi + l)).

In Barbour, Chen & Choi (1995), Proposition 2.1, it is shown that

S U P { ? ^ ? ; r e Z + ' J G r } - C ^
and in their Lemma 3.5 it is shown that

E | / W ( Z + 2) - f{r)(Z + 1)| < 2fca(A)P(Z = r - 1)

+ 1(P(Z = r - 2) - 2P(Z = r - 1) + P ( Z = r)), Vr £ Z+,

where /{rj is the solution of the Stein equation for h = I{ry This completes
the proof, since

\E(HW)) - E(/i(Z))| < CwX2lE\f(Z + 2) - f(Z + 1)|
OO

< CWA2E ^ /i(r)(/{r}(Z + 2) - / { r }(Z + 1))
r=0

<CwA2f;|/l(r)|E|/{p}(Z + 2)-/{p}(Z + l)|. •
r=0
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3. Compound Poisson approximation

3.1. The CP(TT) distribution

In the remaining sections, we consider Stein's method for compound Poisson
approximation. This research area is comparatively young, but has seen a
rapid development in the last few years, including improvements on some
of the results in the original paper by Barbour, Chen & Loh (1992).

We first recall the definition of the compound Poisson distribution,
henceforth denoted by CP(TT). CP (TT) is the probability distribution on
(M+,BR + ) which has the characteristic function

<p(t)=exp(-J~(l-eitx)dn(x)),

where the measure n satisfies

r°°
/ ( I A I ) dir(x) < oo.

Jo

If ||7r|| = n(R+) < oo, then CP(TT) = C(£,f=1Ti), where all random
variables are independent, C(Ti) = W = 7r/||7r|| for each i > 1, and
JC(U) = Po(||-7r||). We call n the compounding measure, and W the com-
pounding distribution.

We shall be concerned only with the case when ||7r|| < oo. Likewise, with
the exception of Theorems 3.1-3.2, we shall be concerned only with the
case when 7r is supported on the positive integers. We can then express the
distribution CP (TT) as C(Y^L1 kZk), where {Zk]k > 1} are independent,
and Zk ~ Po (irk) for each k > 1.

3.2. Why compound Poisson approximation?

CP (TT) is a generalization of the Poisson distribution, but is it an inter-
esting generalization for approximation purposes? When should we use a
compound Poisson approximation rather than a simple Poisson approxima-
tion?

We answer this question by means of an example. Let {r/,; i G Z} be
a sequence of independent and identically distributed indicator variables
such that E(77J) = p. Let Xi = I{rji = 77i_1 = . . . = ?7i_r+i = 1} be the
indicator of a run of r consecutive Is occurring between indices i — r + 1
and i, where r > 2. Let W = ]T"=1 Xt. If r is large, P(X( = 1) = pr will
be small, so a Poisson approximation seems natural for C(W). It can be
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shown using Theorem 2.8 that

dTV(C(W),Po(npr))<^+pr.

This is a special case of Theorem 8.H in Barbour, Hoist & Janson (1992).
The result leaves us dissatisfied, since the error estimate is of order p, and is
thus much larger than the approximation error of at most pr, which would
be the case, were the indicators Xi independent; see (2.6). It seems that a
Poisson approximation is not, after all, appropriate in this situation. Why?

Heuristically, even though the probability P(X» = 1) = pr is small, the
conditional probability TP(Xi = l|-Xi_i = 1) = p is (comparatively) large.
Thus, even though the events {Xi = 1} are rare, when they do occur they
tend to occur in clumps, rather than isolated from one another. This is what
impairs the accuracy of the Poisson approximation, and since clumping of
rare events is a common phenomenon, we should expect this to happen
quite often.

A natural alternative to Poisson approximation in such cases is the fol-
lowing. We consider not the number of rare events, but the number of
clumps of rare events, as approximately Poisson distributed, and we con-
sider the clump sizes as independent and identically distributed. The dis-
tribution of the number of rare events is then approximately CP (IT), where
||TT|| is the mean number of clumps, and If is the clump size distribution.
It is this idea, sometimes called the "Poisson clumping heuristic", that we
shall henceforth pursue. For aspects of the idea other than those mentioned
here, see Aldous (1989).

3.3. The Stein equation for CP(TT) and its solutions

We next study the Stein operator for the CP (TT) distribution proposed
in Barbour, Chen & Loh (1992), and the solutions of the corresponding
Stein equation. Our first two theorems concern the general case, but all the
results that follow concern only the discrete case, where TT is supported on
the positive integers. Let (S,S,fi) — ( R + , 6 R + , / Z ) , where ( E + , S K + ) is the
set of nonnegative real numbers equipped with the Borel cr-algebra. Let \
be the set of all measurable functions / : R+ —* R. Let /uo = CP (TT), where
||7r|| < oo. Let J~o = {f £ x'isuPx>o\xf(x)\ < °°}! a nd define the Stein
operator To : FQ —> x by

(Tof)(x)= [ tf(x + t)dn(t)-xf(x) VxeR+. (3.1)
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Theorem 3.1: If h : R+ —> R is bounded, the Stein equation

Tof = h — / hd/io

has a solution f £ J-o. The solution f is unique except for /(0), which can
be chosen arbitrarily. For each x £ W+, f(x) is given by

Proof: Let % be the quotient space of \ with respect to the set of functions
{h £ x'jf1 = 0 on K'+}, and denote the equivalence class containing h by h.
Define y to be the Banach space {h € x\ ll̂ ll < °°}i equipped with the
supremum norm \\h\\y = \\h\\. Define the linear spaces

£ = {7ex ; sup | / ( z ) |<oo} ;
x>0

^ = {/ S x, sup |rr/(a:)| < oo},
x>0

equipped with the norms ||/||.z = l l / b a n d \\f\\x = supx>0 \xf(x)\, respec-
tively. It is easy to see that Z is a Banach space.

Define the linear mappings M : X —> y and U : X —> y through the
equations (M~])(x) = / r tf(x + t)dn(t) and (Uj)(x) = a:/(x). Define also

the mappings M : A" -* Z and U : A" -> Z by M / = M? and VJ = Wf.
It is not difficult to prove that U is an isometry and a bijection, making X
a Banach space. Moreover, it is shown in Lemma 3 in Barbour, Chen &
Loh (1992) that the linear operator M — U is a bounded bijection, with an
inverse given by

oo

(M - U)-1^ = - YsiU^M^U^h, Vh e Z,
fc=0

and such that \\(M - U)~l\\ < eM.
Define the linear mapping <f>: 2 —> y by

\h{x), i fa;>0;

W W = ( _ e M / R , hdliOt if , = 0.-

Clearly, ^ is 1-1, and maps Z onto {h € 3^;/K /î Mo = 0}. Hence, the
operator <f> o (M - f/) is 1-1 and maps X onto {h G ^ ; /R ft dfi0 = 0}. This
proves the first part of the theorem. It is not difficult to verify the explicit
expression for the solution / . •
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The following theorem is stated without proof in Baxbour, Chen <fe Loh
(1992).

Theorem 3.2: Let fA be the solution of the Stein equation with h = IA,
where A € BK+ • Then,

sup sup \x(fA(y)-fA(x))\<e^.
A€BR+ y>x>0

Prom now on we restrict our attention to the discrete case. So let
(S,S,fi) = (Z+,B%+,IJ.), where (Z+,Sz+) is the set of nonnegative inte-
gers equipped with the power cr-algebra, and take [io = CP(7r), where
YHLI i^i < °°. Let x be the set of all functions / : Z+ —> R, and let
TQ = {/ € Xi suPfceN 1 /̂(̂ )1 < °°} (a subset of the set of bounded func-
tions). Now define the Stein operator To : To —* x by

oo

(Tof)(k) = J2 ™<f(k + 0 - */(*) Vfc G Z+. (3.2)

Theorem 3.3: If h : Z + —> R is bounded, the Stein equation

Tof = h- f hdfxo

has a bounded solution f. The solution f is unique except for / (0) , which
can be chosen arbitrarily, f is given by

f(k) = -Y^aitk(h(i)- f hdno) VfceN, (3.3)
i=k \ Jz+ /

where ak,k = 1/& and

i

ak+i,k = JZ Trf~- ak+i-j,k Vi e N.
j=i K + 1

Proof: Imitating the proof of Theorem 3.1, we see that there exists a
unique solution / e TQ = {/ G \\ supfceN |A;/(fc)| < oo}. Since we have
assumed that ^ i = 1 i~Ki < oo, we can prove by contradiction that no other
bounded solutions exist. Assume that there exists two bounded solutions
/ i and $2- Then, f\ — / 2 is a solution of the Stein equation with h = 0, and

oo

S U p l f c ^ f c ) - / 2 ( f c ) ) | = SUpl V ITTiihik + i)~ f2{k + i))
fceN fceN'fci

oo

<supy"i7ri|/1(/c-|-i)-/2(A; + i)l < oo,
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so / i — fa S !FQ. Hence, fa — fa = 0 by uniqueness. The proof of (3.3) is
omitted, but can be found in Barbour, Chen & Loh (1992). •

The following characterization of CP (?r) is the analogue of Theorem 2.2,
and is proved in the same way.

Theorem 3.4: A probability measure \x on (Z+, Sz+) is CP (TT) if and only
if

[ (To/)d/i = 0

for aiJ bounded / : Z+ -> R.

In Section 2.3, it was seen that "magic factors", or good bounds on the
supremum norm of the first difference of the solution of the Stein equa-
tion and the supremum norm of the solution itself, are essential for the
success of Stein's method for Poisson approximation. This is true also for
compound Poisson approximation. However, in this case much more work
is required to find such bounds, and the best known bounds are valid only
if the compounding distribution satisfies certain conditions. Theorem 3.5
below is due to Barbour, Chen & Loh (1992). Later on, in Theorem 3.17,
some other bounds are presented, which are valid under condition (3.16).

Theorem 3.5: Let f be the unique bounded solution of the Stein equation
with h bounded. Let

fli(7r) = sup HA/AII, H0(n) = sup \\fA\\, (3.4)
ACZ+ ACZ+

where /A is the unique bounded solution of the Stein equation with h = IA-
Then

max(#o(7r), # ! « ) ) < fl A — V W I - (3-5)

Moreover, if

i-Ki - (i + l)7ri+1 > 0 Si e N, (3.6)

then

H l W £{ I A^(i(^12^)+ l 0 8 + 2 ( '"-2 '" ) )} '

[ 1 , if TTi - 27T2 < 1.
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Proof: The bound (3.5) can be proved using the representation (3.3), as in
Barbour, Chen & Loh (1992). However, (3.5) is not very useful unless ||7r||
is quite small.

The bound (3.7), valid under condition (3.6), is much better. It is proved
by means of a probabilistic representation of the solution of the Stein equa-
tion, similar to the one given in Theorem 2.4 in the Poisson case. Informally,
letting f(k) = sjg(k) = g(k) — g(k — 1) and assuming that g does not grow
too fast, we get

oo

(Tof)(k) = ^(iTTi - (i + I)7ri+I)s(fc +1) + kg(k - 1) - fa + k)g(k)
i=l

= (Ag)(k) VfceZ+,

where the operator A is the generator of a batch immigration-death process
{Zt\ t € K.+ }; for each i £ Z+, the immigration rate for batches of size i is
iiTi — (i + 1)TTJ+I, while the death rate per individual is 1. It is not difficult
to prove that the stationary distribution of {Zt;t e R+} is CP(?r). The
Poisson's equation corresponding to A is

—Ag = h— / hdfj,o-
Jz+

If h is bounded, then it can be proved, just as in Theorem 2.4, that this
equation has the solution

g(k)= f (TE(h(Zt)\Z0 = k) - f hd^dt VkeZ+,

and that f = —\J g is the unique bounded solution of the Stein equation;
note that we have assumed that J2ili Wi < °°- To prove (3.7) we define,
for each k > 1, four coupled batch immigration-death processes, where Z^
starts at k, and

zlk'» = zlk)+i{n>t},

Z[k'3) = Z[k'l)+I{r2>t}.
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Here, T\ ~ exp(l) and r2 ~ exp(l) are independent of each other and of
Z(fe). Then

fA(k + 2)-fA(k + l)

= - r-E(IA(zW) - IA(Z™) - IA{Z[k») + IA(Z^)) dt
Jo

= - f°° E(7{r1 A r2 > t}(IA(Z{
t
k) + 2) - 2IA(Z[k) + 1) + IA{Z[k)))) dt

Jo

= - f P(Ti Ar2 > t)(V{Z\k)&A - 2) - 2F(Zt
(fc)e A - 1) + W(Z{

t
k)eA)) dt

Jo

= - f°° e~2t(V{Z[k) e A - 2) - 2F(Zt
(fc) 6 ^ - 1) + F(Zf ' € A)) dt.

Jo

We can write Z\ —Yt + Wt, where Yt is the number of individuals who
have immigrated in batches of size 1 after time 0 and are still alive at
time t, and Yt and Wt are independent. Then, using an inequality derived
in Barbour (1988),

\P{Z[k) €A-2)- 2P(Zf } G A - 1) + V{Z[k) G A)\
oo

< £ P ( W t = r)| XI (P(Ft = ^ - 2) - 2P(yt = S - 1) +P(Ft = a))I
r=0 seA-r

- ( 2 A ( l - e - * ) ( 7 r 1 - 2 7 r 2 ) ) -

An integration completes the proof of the first bound in (3.7). The proof of
the second bound, given in Barbour, Chen & Loh (1992), is similar and is
therefore omitted. •

3.4. Error estimates in compound Poisson approximation

For the construction of error estimates in compound Poisson approximation,
we shall focus on the case when the distribution to be approximated, fi, is
the distribution of a sum of nonnegative integer valued random variables
with finite means.

Unless explicitly stated otherwise, we use the following notation, similar
to the one in Section 2.3. F is the index set, which is finite. In most cases
F = {1 , . . . , n}. {Xi\ i eT} are nonnegative integer valued random variables
with finite means; W —. Ylier -^i! A* = £(W)'i an<^ A'o = CP (TT), where TT is
the "canonical" compounding measure, defined by (3.8).

In most of what follows our goal will be to bound the total variation
distance between /i and /i0- As in Section 2.3, using the Stein equation we
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obtain the representation

dTv(^,fJ-o)= sup \(j,(A) - no(A)\ = sup / (TofA)dfi
ACZ+ AC1+UZ+

oo

= sup E(YmfA(W + i)-WfA(W)) ,

where fA is the unique bounded solution of the Stein equation with h — IA.
Just as for the Poisson distribution, there is a local and a coupling approach
to bounding the right hand side.

Theorem 3.6: (The local approach). Let W = ̂ 2ierXi, where the ran-
dom variables {Xi\i £ F} are nonnegative and integer valued, and have
finite means. For each i £ F, divide F \ {«} into three subsets F"s, Tf
and T1?, so that, informally,

I™s = {j e F \ {i};Xj "very strongly" dependent on XJ ;

rj" = {j G r \ {i}; Xj "weakly" dependent on {Xk; k e {z} U F^}}.

7Tfc = i V E(Xi/{Xi + Z4 = fc}), VJfc € N. (3.8)

Then

drv(^(W), CP (TT)) < ffi(Tr) ̂ (E(Xi)E(Xi + Z4 + Ui) + E(Xi^))

oo oo

i€Tj = lk=l

where HQ(-) and Hi(-) are as defined in (3.4).

Proof: The proof parallels that for Poisson approximation in Theorem 2.5.
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Direct computation shows that

oo

E ( £ kirkfA(W + k)- WfA{W)\
k=i

oo

= E E ( E E ( ^ 7 ^ + Z* = k))fA(W + k) - XifA(W))

oo oo

= E E E JE{p(*i=J. **+^ = fc)/^(^+fc)
ierj=ife=i

- 7{X, = j , X, + Zi = k}fA(Wi + Ui + k)}
OO OO

= E E E ^ E { P ( ^ = J'X* + Z* = k)(fA(W + k) - fA{Wt + k))
ierj=ifc=i

+ ( P ( ^ = j , Xi + Zi = k)- I{Xt = j , Xt + Zi = k})fA{Wt + k)

+ I{Xi = j,Xi + Zi = k}(fA(Wi + k)- fA(Wi + Ui + k))}.

The result follows since, for each i € F, j £ N and k £ N,

\fA(W + k)-fA(Wi + k)\ < WAUUXi + Zi + Ui);

|/A(Wi + fc)-/A(Wi + ̂  + fc)| < | |A/A| |^ ,

and

|E((P(Xi = j, Xi + Zi^k)- I{Xi = j,Xi + Zi = k})fA(Wt + k)) |

<\\fA\mP(Xi=j,Xi + Zi = k)--p(Xi=j,Xi + Zi = k\Wi)\. m

Example 3.7: (Independent random variables). Let {Xi]i £ T} be inde-
pendent. Choosing T"s = F^ = 0 for each i £ T in Theorem 3.6 gives

dTV(C(W),CP(n)) < H^Tr^lEiXi)2, (3.9)

where the canonical compounding measure n is

7Tfc = ] T P ( X i = jfc) VfcGN.

This can be compared with bounds obtained using other means than
Stein's method. Le Cam (1965) proved that

dTV(C(W),CP(n)) < J2F(Xi >°)2>
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which is sometimes better than (3.9) and sometimes worse, depending on vr.
In the special case when C(Xi\Xi > 0) is the same for all i 6 V, Michel
(1988) proved that

dTV(C(W), CP (TT)) < jjijj. J2 V(Xi > 0)2, (3.10)

which is better than both of the preceding bounds. However, the fol-
lowing counter-example shows that the bound (3.10) cannot be valid in
general, if the X, are allowed to have different distributions. For each
t e r = { l , . . . , n} 1 let Ppfj = 3'"1) = 1 - P(Xi = 0) = p. The
bound (3.10) is then p. However, we know from Section 3.1 that the random
variable Y = Y^i=i 3*~1^i, where {Zt; i = 1, . . . , n} are i.i.d. with distribu-
tion Po(p), has the distribution CP(TT). Moreover, C(W) is supported on
those nonnegative integers whose ternary representations contain no 2s, so
from the definition of total variation distance,

n
dTv(C(W),CP (TT)) > £P(Zi<l ) . . . ,Z i_1<l ,Z i = 2)

i=l

~ 2 h ~ 2 ^ l-(l+p)e-" )'
Applying 1'Hospital's rule twice shows that

lim ^ ( 2 =1,
Pio l - ( l + p ) e - P

and, for each fixed p > 0, limn_KX)(l +p)ne~np = 0. To see that the bound
given in (3.10) would be too small here to be true, now choose p very small
and n very large.

The next example, where the random variables are dependent, is taken
from Roos (1993); it was mentioned previously in Section 3.2. Barbour
& Chryssaphinou (2001) consider other examples of similar flavour from
reliability theory and the theory of random graphs.

Example 3.8: (Head runs). Let {77,; i 6 Z} be an i.i.d. sequence of indi-
cator variables with E(7?e) = p. Let Xi = Ifa = %_! = . . . = r]i-r+i = 1},
where for simplicity of computation we identify i + kn with i for each n e Z.
Let W = J2?=i xi- Choosing

i r = O"er ; l< | t - j |< r - l} ;
It = {jer ; r< | i - j |<2(r- l )};
17 = v \ {{i} u 17* u it},
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the canonical compounding measure vr is

V + * - l ( l - p ) 2 , if* = l , . . . , r - l ;

rnpr + f e-1(l-p)

x(2 + (2r - fc -2) ( l -p) ) , ifA = r , . . . , 2 ( r - l ) ;

n p 3 1 - 2 ^ , if Jfe = 2r — 1.

Moreover, the last term in the bound of Theorem 3.6 vanishes, so

n
drv(C(W), CP (TT)) < ^(TT) ^ ( E ^ J E ^ + Z< + E7i) + E^C/,))

i=l

= i7i(7r)(6r-5)np2r.

What are the asymptotics of this bound as n —> oo if p = pn and r = rn?
Noting that ||7r|| < E(W) = npr, we can show that: (i) if npr < C < oo,
the bound is O(rpr); (ii) if npr —> oo, r > 4 and p < p' < | , the bound is
O(rpr log(npr)); (m) if npr —» oo and p < p' < ^, the bound is 0{rpr). To
do this we use Theorem 3.5 for (i) and (ii) and Theorem 3.17 for (in).

Theorem 3.9: (The coupling approach). Let W = X)ier-^*> where the
{Xi\i € F} are nonnegative integer valued random variables with Unite
means. For each i e T, divide T \ {i} into three subsets T™, Tf, and T^. Let

Zi = Ejerr
 XJ> Wi = Ejer? XJ and U* = Ejerj xi- -°e f i f l e ^ bY (3-8)-

For each ieT, j e N aad A: G N, Jet two random variables Wf'k and W('k

such that

C{Wl'k) = C(Wi\Xi = j , Xi + Zi = k);

£(Wi'k) = £(Wi),

be defined on the same probability space. Then

drv(C(W),CP(ir)) < ^(vr) ^ E ^ E ^ + Zi + UJ +B(XiUi))

oo oo

i&r j=ik=i

where Hi(-) is as defined in (3.4).

Proof: The same as for Theorem 3.6, except that instead of the last in-
equality in that proof we use the couplings to obtain, for each i £ F, j £ N
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and k € N,

E((P(Xi = j , Xi + Zi = k)- I{Xi = j , Xi + Zi = k})fA(Wi + k))

= TP(Xi = j,Xi + Zi = k){E(fA{Wi + k))

-E(fA(Wi + k)\Xt = j , Xi+Z^k)}

= V(Xi = j , Xi + Zt = k)B(fA(Wtk + k)- fA(Wi'k + k)),

implying that

|E ( (P (X i = j , Xi + Zi = k)- I{Xi = j , Xi + Zi = k})fA(Wi + k)) |

< \\AfA\\P(Xi=j,Xi + Zi = k)E\W?'k - Wtk[ •

In the case when the random variables {Xf, i £ T} are independent, by
choosing Tf = T\ = 0 and W('k = W{'k = Wt in Theorem 3.9, for each
i £ F, we again get (3.9). We now turn to an example where the random
variables are dependent, taken from Erhardsson (1999).

Example 3.10: Let {77̂ ; i € Z} be a stationary irreducible discrete time
Markov chain on the finite state space S, with stationary distribution v.
Let W = JZr=i li1!* ^ -̂ }> where B C S. If B is a rare subset of S, meaning
that v(B) is small, we expect W to be approximately Poisson distributed.
However, conditional on {770 6 B}, the probability of returning to B after a
short time might be large, in which case visits by 77 to B would tend to occur
in clumps. As explained in Section 3.2, compound Poisson approximation
should then be preferable to Poisson approximation.

We first introduce suitable random variables {Xi\i € F}, as follows.
Choose a G Bc. For each i G Z, let r" = min{£ > i\r\t = a}, and let

Xi=I{rH=a} Y, HVjCB}.
j=i+l

In words, we consider 77 as a regenerative random sequence, the regener-
ations being the visits by 77 to the state o. Xi is the number of visits to
by 77 to B occurring during the regeneration cycle starting at time i, if a
regeneration cycle starts at time i; otherwise Xi = 0. Let W = X "̂=i Xi-
The basic coupling inequality gives

dTV{L(W),C{W')) < V{W ± W),

where the right hand side is small if B is a rare set. We next apply the
coupling approach to W. For each i £ V, choose FVS = F* — 0, so that

7rfc=nP(Xi = fc), Vfc>l.
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For each t £ T and j G N, we shall now construct a random sequence
{rjt3;t G Z} on the same probability space as 77, such that

O&i) = c(n\xi=3),

and such that the two sequences differ only in one regeneration cycle.
Formally, let the random sequence {r)t '

3'; t G Z} be independent of 77
and distributed as C(rf\Xo = j). For each i £ Z and each j G N, let
T?(rj°<j) = min{t > i\ift'

3' = a} and Tf = max{£ < i;-qt = a}. Define
{#J';*€Z}by

U'j, 0 < t < rf (JT0^);
^=<T7 t+rg , t < 0 ;

[«h-rf(?..i)+r0-, t>Tf(^°J ').

We then define, for each t £ Z, rjl'3 = 77^. It follows from the strong
Markov property that rj1'^ has the desired distribution. Let

r=k+l

where Tfffii) = mm{t > i;^ = a}, and define W( = Efcer- K'j • T h e n

C(Wj)=C(Wi\Xi=j).

Similarly, let XI'3' = Xk-i, and then define Wf = T,ker? Xk'j- Clearly,
£(W?) = C{Wi). If B is a rare set, \W3 - W3\ should be small with high
probability. From Theorem 3.9, the triangle inequality for the total variation
distance, and calculations in Erhardsson (1999) not repeated here, we get

dTV(C(W),CP(Tr))
n n 00

i = l t= l j=l

< 2H1(TT) (E(T O >O G B) - E(rS|r7o G B) + *$$hnv(B)2 + 2P(r0
B < ro

a).

As an application, consider again Example 3.8 (Head runs). We define a
stationary Markov chain C by Q = min{j > 0; 77^ = 0} A r for each i G Z,
so that C(W) = C(Y^=iI{d = r}). With B = {r} and a = 0, simple
calculations show that 7rfc = (n - r + l)pr+fe~1(l - p)2 for each k G N (see
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Erhardsson (2000)), and

dTV(£(W),CP (ir))

< HI(TT)(2r + 2 + j ^ + 73—V2)("-»• + l)p2r + (2(1 - P ) r + 2p)pp.

The asymptotics of the bound as n —> 00 are similar to those given in
Example 3.8.

Just as for Poisson approximation, the following slight extension of the
coupling approach is sometimes useful.

Theorem 3.11: (The detailed coupling approach). Let W = £)ier.X»,
where {Xi,i € F} are nonnegative integer valued random variables with
finite means. For each i e F, divide T \ {i} into three subsets 17s, Tf, and
I* Let Zi = £ j e r r Xjf Wt = Zjerf Xj and Ut = £ \ g r J X,. Define ir by
(3.8). Let a random variable Oi be defined on the same probability space
as Xi, Zi and Wiuand let, for each i G T, j € N, k e N and x e M, two
random variables WJ'h'x and W?'h'x such that

L{Wtk'x) = C{Wi\Xi = j , Xi + Zi = k, ̂  = x);

£(Wi<k'x) = C(Wi),

be defined on the same probability space. Then
n

dTV(C(W), CP (TT)) < H^ir) ^2(E(Xi)-E(Xi + Zt + Ut) + E ^ C ^ ) )
i=l

n 00 00

+ HX(-K) E E E ^ E (H*=j' Xi+zt = k}E\wi'k'* - wtk'x\x=a),
t=i j=i fc=i

where Hi(-) is as defined in (3.4).

Our third example, taken from Barbour & Mansson (2000), concerns the
number of fc-sets of random points in the unit square that can be covered
by a translate of a square with side length c. This random variable is closely
related to the scan statistic in two dimensions, which, by definition, is the
maximal number of random points that can be covered by such a translate.

Example 3.12: Let n numbered random points be uniformly and indepen-
dently distributed in the unit square A. Identify each point with its number.
Let T be the set of fc-subsets of {1 , . . . , n}, i.e., F = {i c {1 , . . . , n}; |i| = k}.
For each i € F, let Xt be the indicator that all points in i can be covered
by a translate of a square C with side length c. Let W = £ i € r Xi.
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We use Theorem 3.11. For each i GT, let Ri be the square centred at a
randomly chosen point in i, with side length 4c. Choose

I T = iJ e r \ {*}; ^ points in j lie in Rt};
rj" = {j 6 T; j n i - 0; no points in j lie in Ri};

r4
6 = r\({z}urrurn-

This means that we are using random neighborhoods instead of fixed ones,
but it is easy to see that the error estimates are still valid. For each i e f ,
let the random variable at be the number of points not in i that lie in Ri.
For each i £ F, r £ N, and s G Z+, we construct two random variables
Wi '

r's and Wi
 >r's on the same probability space, such that

C(Wl>r's) = C(Wi\Xi = l,Xi + Zi= r,Gi = s),

and C{Wl'r's) — £(W»). This is achieved as follows. Let n — k points be
independently and uniformly distributed on A \ Ri, and then sample Ni ~
Bin(n — k, 16|C|) independently of the n — k points. Now define Mi>s =
max{n — k — s,n — k — Ni} and mjiS = min{n — k — s,n — k — Ni}. Number the
fc-subsets of {1 , . . . , Mi,s} in such a way that the fc-subsets of {1 , . . . , miiS}
are given numbers from 1 to (m^3). Let Xi be the indicator that all points
in the Ith fc-subset can be covered by a translate of C. We then define

wi,r,s= j2 xi; W?'r'°= J2 *•
1=1 1=1

These random variables have the desired distributions. Hence, Theorem 3.11
gives

n
dTV(C(W),CP(w)) < HiW^fiWEiXi + Zi + UJ+EiXiUi))

»=i
n oo oo

+ / / 1 ( 7 r ) ^ ^ E F ^ = 1 '^ + Z i = r '^ = s)ElT^1'r'S-^1'r'S|-
i=l r=l s=l

After some computations, which are not repeated here, the following bound
is finally obtained:

dTV{C{W),CPM) < H,(»)Q [ie(n"ky\c\-»->

+*-ici"-'{g(*)(r_f)+»(B*>+1}
+ M t .mlk_) '- ( B .* ) (- : j )] .
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Asymptotically, as n —> oo, if C = Cn in such a way that

E(W) = (™\k2\C\k-1 < K < oo,

the bound is O(n2k~1\C\2k~2). Since •K does not satisfy (3.6), the bound
does not converge to 0 when E(W) —•> oo. However, one can use results
due to Barbour & Utev (1998, 1999), to be presented in the next section,
to prove a slightly different result: there exists a constant c > 0 so that, as
n -> oo, if n\Cn\ -> 0 and E(W) -> oo,

dTV{C{W),CV{ir)) = 0({n\Cn\)
k-1 + exp(-cE(W))).

3.5. 27ie Barbour- Utev version of Stein's method for
compound Poisson approximation

We here describe a version of Stein's method for compound Poisson approx-
imation due to Barbour & Utev (1998, 1999). Using their approach, it is
often possible to obtain much better bounds on the rate of convergence to
an approximating compound Poisson distribution than using the original
Stein's method, but the corresponding error estimates are not so well suited
for numerical evaluation.

The work of Barbour & Utev was motivated by the desire to improve
the bounds given in Theorem 3.5 (the magic factors). Unfortunately, (3.5)
cannot be much improved in general: it is not difficult to find a TT for which
the condition (3.6) fails, and for which there exists /? > 0 and C(W) so that
ffi(ir) > C(W)e^ir^. To get around this difficulty we define, for each a > 1,

# ! » = SUp SUp \fA(k + 1) - fA(k)\,
A<ZZ+ k>a

H%{K)= sup «*v\fA{k)\.
AC1.+ k>a

Theorem 3.13: Let W be a nonnegative integer valued random variable,
let n = C(W), and let /x0 = CP (TT), where vn,2 = YJ7L\ *2^« < °°- F°r each
0 < a < b < oo, let

ua,b(x) = (^—^JI(ajb](x) +I(bjOo)(x).

Then,
oo

drv(/i,Aio)< sup E(y2iinfA(W + i)uaib(W + i)-WfA{W)ua,b(W))

+ P(^<6)(i + M ^ W ) . ( 3 . n )
V o — a )
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In particular, we may choose a = c||7r||mi and b = \(\ + c)||7r||mi, where
m i = ]C~i ™i, for 0 < c < 1.

Proof: For each A C Z+ and each fc € Z+,

7A(fc)-/io(A)
OO

= «a,6(*)(X) "* /* (* + 0 ~ * / A ( * ) ) + (1 - Wa,fe(A)))(/A(fc) - /iO(A))

oo

= ^ inifA{k + i)uaib{k + i) - kfA(k)uaib(k)
i=l

oo
+ (1 - «a>6(A:))(/il(A:) - fio(A)) - ^ ^ / ^ ( A ; + i)K,b(A: + i) - ««,6(A:)).

i=l

Moreover,

|Ma,b(fc + i)-ua,b(fc)l ^minll.^-^j/jo^CfcJ/^oojCA + i). •

To bound the first term on the right hand side in (3.11) we can use
the local, coupling or detailed coupling approaches together with explicit
bounds on HQ(TT) and Hf(n), since it easily seen that

sup ||A(/^uo,6)||<^f(7r) + ^ M ;
ACZ+ o — a

sup ||yUuo,&|| < H£(ir).
ACZ+

For the second term we also need a bound on W(W < b). This can be ob-
tained in various ways, for example using Chebyshev's inequality, Janson's
inequality, included as Theorem 2.S in Barbour, Hoist & Janson (1992), or
Janson's extension of Suen's inequality; see Janson (1998).

Explicit bounds on HQ(TT) and H° (TT) are given in the following theorem
due to Barbour & Utev (1999). The very long and complicated proof is
omitted.

Theorem 3.14: Assume that the generating function <p of If has radius of
convergence R > 1, that \\ir\\ > 2, and that

minfcKC), ^ 2 ( 0 ) > 0 VO < C < 7r, (3.12)
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where
oo

pJ(O= infJl-^TffcCos^)),
- 7 r fc=l

P2(0= inf (l--Lf>7f,COs(fc0)),

and mi = J2T=i ^k- Then there exist explicit constants C0(n), CI(TT) and
C2(TT) < 1, such that, for each a > C2(7f)||7r||mi + 1,

^oaw<co(7f)ikiri/2.

Proof: [Starting points of proof.] The unique bounded solution of the Stein
equation with h(k) = zk, where z is a complex number such that \z\ < 1, is

f'(k)=eMvix) [ iufc-1e-|l ' rMio)dti> VfceN,

where tp is the generating function of W, and Fz>1 is a path in the unit disc
from z to 1. Moreover, for each A C Z+,

'*<*> = § 5 5 1 . , ' " • " ' A * ' *

= y2~ [ tk-1e^1-*>M\fH(l ~k)- Vo(l))dt, \/k G N,
^ 1 27ri •'a

where fit = CP (TT*), and TT̂ . = 7Tfc(l — tfe) for each fc G N. Using these two
representations of Z^, the bounds can be derived. •

Condition (3.12) is easily seen to be satisfied for all aperiodic n.
The explicit expressions for CO(TT), C\(W) and C2(W) are very compli-

cated, and no effort was made to optimize them, so we do not reproduce
them here. However, by examining these expressions we can find sufficient
conditions for CQ{JJ,), Ci(fi) and C2(/i) to be uniformly bounded over a set
of probability measures. For example, if TT has radius of convergence R > 1
and satisfies condition (3.12), then there exists an e > 0 such that C0(/i) and
Ci(/z) are uniformly bounded above, and C2(/i) is uniformly bounded away
from 1, over the set of probability measures {/i; supi > x R

1]^ — TFJ| < e}. In
this fashion, one can obtain results like the following, due to Barbour &
Mansson (2000).
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Theorem 3.15: Let {Wn;n > 1} be nonnegative integer valued ran-
dom variables. Assume that the sequence {irn;n > 1} of compounding
measures satisfies the following conditions: (i) lirrin^oo TT™ = TTJ for each
i > 1; (ii) supn>x J2Zi KRi < °° for s o m e R > 1i (nV infn>i ||7rn|| > 2;
(iv) infn>i 7T™ > 0. Assume also that, for each n > 1 and each bounded
J . £i+ —> K,

oo
E (E i 7 r " / (^" + 0 - Wnf(Wn)) < \\Af\\Bn.

Then there exist positive constants K < oo and c2 < 1 such that, for any
c<2 < c < 1 and any n such that E(Wn) > (c — C2)""1,

dTv{C(Wn), CP (TT")) < i ( y ^ + F(Wn < i(l + c)E(Wn))).

3.6. Stein's method and Kolmogorov distance

So fax, we have constructed bounds for the total variation distance between
a distribution /x and a compound Poisson distribution fio, using the chain
of equalities

drv{l*,IM)) = sup \n(A) - no{A)\ = sup / (TofA)d/j,
ACZ+ ACZ+ JZ+

00

= sup 1E(J2™ifA(W + i)-WfA(W))\,
ACZ+ ^ ' I

where /^ is the unique bounded solution of the Stein equation with h = IA.
However, it should be clear that we could just as well try to bound

sup / hdfi- hdfi0 = sup / (Tofh)dyL ,
h£xo'JZ+ JZ+ hexo'Jz+

where fh is the unique bounded solution of the Stein equation with h £ xo,
for any collection of bounded functions xo C x- F°r example, we could try
to bound the Kolmogorov distance, defined as

dtfCM^o) = sup \fi([k,oo)) - no([k,oo))\.
fc€Z+

The following theorem is due to Barbour & Xia (2000).

Theorem 3.16: Let f[ktoo) oe *^e unique bounded solution of the Stein
equation with h — /[fciOO)> where k £ Z+. Define

JI(TT) = sup | |A/[fc )Oo) | | , JO(TT) = sup ||/[fciO0)||.
k£Z+ fc€Z+
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If condition (3.6) holds, then

J l ( 7 r ) - ^ A ( ^ T i ) and J o ( 7 r ) - 1 A \ / J - (3'14)
Proof: [Sketch of proof.] As in the proof of (3.7), we use the probabilistic
representation of the solution of the Stein equation, and get

f[k,oo)(i + 2) -/[fc,oo)(» + l)
/•OO

= / e-2t(P(Zt
(i) > k - 2) - 2P(Z4

(i) > k - 1) + P(Zt
W > fc)) dt

Jo

= E ( /"" e-2t(7{Zt
W = jfe - 2} - J{Zt

(i) = fc - 1}) di), Vi £ Z+,

where { t̂ ; i € M+} is a batch immigration-death process with generator
^4, starting at i. Since, unless Z ^ e {k — 1, A; — 2}, the integrand assumes
the value 0, and since {Z[' ;£ € R-f.} is a strong Markov process which
makes only unit downward jumps, we can prove that

/[fc,oo)(fc + 1) - /[*,«>)(*) < /[fc,oo)(» + 2) " /[fc,oo)(t + 1)

< f[k,oo)(k) - /[*,«,)(* - 1),

and, furthermore,

0</[fc,oo)W-/[fc,oo)(fc-l)<^pY, Vfc>l;

0<-(/[fc,oo)(* + i)-/[fcl Oo)(fc))<^pY, vfc>i. •

3.7. Stein's method for translated signed discrete compound
Poisson measure approximation

We here describe Stein's method for approximation of distributions of in-
teger valued random variables with translated signed discrete compound
Poisson measures, a class of signed measures which extends the discrete
compound Poisson distributions. The results presented are due to Barbour
& Xia (1999) and Barbour & Cekanavicius (2002).

This class of signed measures is defined as follows. Let TT be a signed
measure on (Z,<Bz) such that X3iez li7r»l < °°> an<^ s u c n t n a t ^o = 0. For
each 7 G Z, the translated signed discrete compound Poisson measure /iTj7

is the signed measure on (Z, Bz) with generating function

V>Wi7(z) = ^exp(-53( l -z f c )7r f c ) . (3.15)
feez
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Note that /z,r]7(Z) = 1. We shall use these signed measures as approxi-
mations of discrete probability distributions which are close to the normal
distribution. Compared to the normal distribution and to Edgeworth signed
measures, they have the advantages of being themselves discrete and sim-
pler in structure. Also, Stein's method can be used to produce explicit error
estimates.

Let (5,5,/i) = (Z,Sz,/z), and let \ be all functions / : Z —> R. Let
F\ = {/ G x; 11/11 < °°}, and define the Stein operator T^n : T\ —> x by

(T^f)(k) = J2 **if(i + * ) - ( * - 7)/(*) VA; G Z.
iez

Theorem 3.17: Assume that

\ = J£ini>0; 9= 1 ^ ^ - 1 ) 1 ^ 1 < I . (3.16)
iez iez

Then, for each bounded h £ \ and each 7 S Z, there exists an f G T\ such
that

1. /(A) = 0 V k < 7;

2. (TWi7/)(fc) - (fc(fc) - / fcd/xw,7) < - ^ ^ KoC?)lll^ll V fc > 7 ;
^z i - M

 j<0

Proof: We first consider the case 7 = 0. Define the operator U : J-\ —* x

by

(Uf)(k) = CZV.o/X*) - A/(fc + 1) + */(*).

Direct calculation shows that

Wf\\ <^i(i- 1)N||A/| | = A(?||A/||. (3.17)
iez

In particular, C/ is a bounded operator. For each bounded / , let Sf denote
the unique bounded solution / of the equation

Xf(k + 1) - kf{k) = h(k) - (Uf)(k) - f (h - Uf) dp, k>0,

3.

4.
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for which f(k) = 0 for all k < 0, where Jl - Po(A). Now define /0 = 0,
fn = Sfn-i, and gn = /„ — fn-i- It follows that

Xgn(k + 1) - kgn(k) = ~(Ugn^)(k) + [ (Ugn^) dji V k > 0.

Theorem 2.3 and (3.17) give

| |5 n | |<2(lA-^)| |^f t l_i | |<2Ae(lA-^)| |Af l n_1| |

<2(20)"-1(lA-^)||/l | |.

Hence, the /„ converge uniformly as n —» oo to a bounded function / .
Moreover,

oo 0 1

H/ll ̂  E Wl = 1 ^ ( 1 A ̂ ) INI;

iiA/H < f; IIA ÎI = ^ ( 1 ^ ) ^ 1 1 .
7 1 = 1

Finally, from the fact that

(Uf)(k)-\f(k + i) + kf(k) = (rw,0/)(fc)

= ft(Jfc)- / (h-Uf)dJi, Vfc>0,
7z+

and since ^{TirflftdpLTcfl = 0, which can be seen by differentiating (3.15)
with respect to z and equating coefficients, we get

(Tvfif)(k) - (h(k) - f hdy^ja) = fhdfj^fl- ! (h-Uf)dJl

< £ K , o ( i ) | f ||ft|| + / \h-uf\dji + \\uf\\]

< 2^2\to,oU)\(\\h\\ + \\Uf\\) < YZYQ El/^.o(i)lll^ll-
j<0 j<0

The case 7 ^ 0 can be reduced to the first case by defining the function
h = h(- + 7), denoting by / the function corresponding to h defined above,
and letting / = /(•— 7). •

We remark that if n is a nonnegative measure supported on the pos-
itive integers, so that /i^o is a compound Poisson distribution, then, for
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7 = 0, the function / in Theorem 3.17 is the unique bounded solution
of the Stein equation in Theorem 3.3, and the bounds on ||A/|| and ||/||
given in Theorem 3.17 can be used as an alternative to the bounds in The-
orem 3.5, provided that condition (3.16) is satisfied. This can sometimes be
a considerable improvement.

Theorem 3.18: Let W be an integer valued random variable, let n be
a signed measure satisfying the conditions of Theorem 3.17, let h e x De

bounded, and let f be the function corresponding to h defined in Theo-
rem 3.17. Then

E(h(W))- fhdfi^ < \B(T^f(W))\
Jz

+ d ^ { £ Ko(j)Pii + ( i+E KO(J)I) \m nw < 7)},
j<0 j<0

where 9 is as defined in (3.16).

Proof: Theorem 3.17 gives

E{ (h{W) - Jh <K7) (I{W > 7} + I{W < 7})}

< |E(TWi7/(W))| + - i - £ K,o(j)|||/*||
j<0

+ (1 + ||^,o||)||/i||F(W < 7) + MT^f(W)I{W < 7})|.
To complete the proof, we use the fact that Tvnf(k) = Uf(k) for each
k < 7, and also that

IK,o|| < Y^re J2 KOCOI +1 + j^ofl.
j<0

which follows from the last part of the proof of Theorem 3.17. •

The next theorem gives a bound for the total variation norm of the
difference between the distribution C(W) of a sum of independent integer
valued random variables and a centered Poisson distribution, by which we
mean an integrally translated Poisson distribution with mean E(W) and
variance as close as possible to Var (W). Recall that the total variation norm
is defined for all finite signed measures on Z, and that for the difference
i/i — Vi between two probability measures v\ and v<i, it is given by

J|î i — ẑ211 = sup / hdv\- I hdvi = 2dry(1/1,1/2)•
\\h\\<l JZ JZ
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Theorem 3.19: Let W = X^er-X^, where {Xi;i € T} are independent
integer valued random variables such that E(X») = ft, Var (Xi) — of and
E|Xf | < oo, for each i £ F. Define TTI — 0 for i ̂  l} and

Vl=a2 + 5; 7 = [ / 3 - a 2 J ,

where p = E(W), a2 = Var (W), and 5 = (/? - a2) - [/3 - a 2 j . For each
i G T, Jet Wi = W - Z i ;

Vi = min {|, 1 - cW(£(**)>£(** + 1))} a n d

A = <Tfc{Xi(Xi - 1)) + \pt - <T*\H(Xi - l)(Xt - 2))

+ E\Xi(Xi-l)(Xi-2)\.

Then,

\\C(W) - /iWi71| < ± (d J2 ^ + 2<*) + 2 F ( ^ < 7 ) ,
ier

where

d = 2maxdTy(£(Wi), C(Wt + 1)) < — -—.

Proof: Let ft. € x be bounded, and let / be the function corresponding to
h defined in Theorem 3.17. Then

B(T^7f(W)) = Efaf(W + 1)-(W- 7)f(W)) (3.18)
n

= J2{°mf(W + 1)) + {Pi - *?)E(/(W0) - nXif(W))} + SE(Af(W)).

Newton's expansion gives

f(Wi + I) - f(Wi + l) + (l- l)Af(Wi + 1)

( E i = i ( ' - l - * ) A 2 / W + «), / > 3 ;
+ < 0, 1 < / < 2;

l E ; i o H - * + i)A2/(Wi-«), ' < o ,
from which we get

| E ( / ( W i + I)) - E ( / ( W i + 1)) -{I- 1 )E (A/ (W^ + 1))|

<±(i-i)(i-2)d\\Af\\, Vier,

since, for each I £ Z,

\n&2f(Wi + l))\<2\\Af\\dTV(C(Wi),£(Wi + l)).
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Hence,

E(/(w +1)) = £>(** = iMfW+j +1))

= E(f(Wi + l))+0iE(Af(Wi + l))+ri<1, V Z G T ,

where 1^,^ < ^ E ^ p ^ - l))d||A/||. The other terms in (3.18) can be
treated similarly. Application of Theorems 3.17 and 3.18 completes the
proof, except for the bound on d, which is Proposition 4.6 in Barbour k,
Xia (1999). •

Example 3.20: Let {X^; i — 1,..., n} be independent integer valued ran-
dom variables satisfying the conditions of Theorem 3.19. If, for n > 2 and
i = 1,... ,n, a? > a > 0, i>i > b > Q, and ipi/af < c < oo, then

, r d n - ^ , f i - * _ + ?a±fi. (3,9)
y/{n - 1)6 na

If Xi ~ Be(p) with p < \, then we may take a — p(l — p), b = p, and
c = 2p, which gives

\\£(W) - fi* ~\\ < 4 | ^ — ^ + ̂ ? r r | - (3-20)

Recall that Stein's method for Poisson approximation in this case yields the
total variation distance bound p, which is of the right order. If np2 —> oo
as n —> oo, the rate of convergence to 0 for the bound in (3.20) is faster
than p. On the other hand, if np2 < 1, since F(W < 7) = 0, the second
term in (3.19) can be replaced by

25 _ 2np2 _ 2p
na na 1 — p'

hence, if also np is bounded away from 0, the rate of convergence to 0 for
the error bound in (3.20) is the same as for the Poisson approximation.

In Barbour & Cekanavicius (2002), Theorems 3.17-3.18 are also used
to obtain error estimates in approximations of £(W) with more complex
translated signed discrete compound Poisson measures, as well as with the
signed measures ur, r > 1, defined by

-/3m / 3(r-l)Al \
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where (3 = E(W),
oo r+1 j

Kj is the jth factorial cumulant of W, and C3 (/3, i) is the sth order Charlier
polynomial; see (2.7).

3.8. Compound Poisson approximation via Poisson process
approximation

We here describe a completely different way in which Stein's method can
be used to obtain error estimates in compound Poisson approximation.
The Stein operator (3.2) is not used; instead an error estimate is obtained
as a by-product from Stein's method for Poisson process approximation,
which is described in detail in Chapter 3. This "indirect" approach, which
is older than the Stein operator for the compound Poisson distribution, was
developed in Barbour (1988), Arratia, Goldstein k Gordon (1989,1990) and
Barbour & Brown (1992a).

In order to briefly describe the approach, let {Xi; i £ F} be nonnegative
integer valued random variables with finite means on a finite set F, and let
W = Z^ier %%• Now define the indicator random variables Yij := I[Xi — j],
(i,j) e F x N, noting that

where /iy = E(Yij) = P[Xj = j]. Then W can formally be expressed as an
integral with respect to a point process H on F x R+:

W= [ yZ(dx,dy),

where the expectation measure fi of S is concentrated on F x N, with
M { ( M ) } = Mij> (hJ) € F x N. A natural approximating distribution
for C(W) is thus £ ( / r x K y'E0(dx,dy)), where S° is a Poisson point pro-
cess on F x M+ with the same expectation measure /x; it is easy to see that
£ ( / rx8 + y&(.dx,dy)) = CP(TT), where n{j} = £i6r/*{(>,.?)}• By defini-
tion, since / r x R y S(dx, dy) is a measurable function on the space of locally
finite counting measures on F x R+,

drvUif yS(dx,dy)),c( f y E°(dx,dy))) < dTV (C(E), C(E0)).
v vrxR+ ' vrxM+ ''

(3.21)
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Using Stein's method for Poisson process approximation, the right hand
side can be bounded, if the random variables Xi have suitable structure:
see Arratia, Goldstein & Gordon (1989, 1990) and Chapter 3, Section 5.3.
However, no "magic factors" as good as those in Theorem 2.3 are known.
If the total variation distance is replaced by the Wasserstein (^-metric on
the right hand side, good "magic factors" can be reintroduced, but then
the inequality in (3.21) no longer holds, so this is of no use for compound
Poisson approximation.

A recently proposed way to circumvent these difficulties is to use Stein's
method for compound Poisson process approximation. One observes that
C(W) = £(£(F)), where S is a point process on F which is no longer simple:
£{i} = Xi. A natural approximating distribution for C(W) is £(£°(F)),
where !E° is a suitably chosen compound Poisson point process on F; clearly,
£(H°(F)) is a compound Poisson distribution. Moreover,

dTV(£(~(r)),£(Z°(r))) < d2(£(E),C(E0)).

It is shown in Barbour & Mansson (2002) how Stein's method can be used
to bound the right hand side.

3.9. Compound Poisson approximation on groups

In the last section we describe an alternative to the Stein operator (3.2),
proposed in Chen (1998).

Once again recall the general setting in Section 1. Let (S,S) be a mea-
surable abelian group, i.e., an abelian group such that the group operation
is a measurable mapping from S2 to S. Let fiQ = CP (ir), where ir is a finite
measure on (S, S) with no mass on the identity element. This means that
/io = £(]Ci=1Ti), where all random variables are independent, C(Ti) = TT
for each i > 1, and C(U) = Po(||7r||). For some suitable FQ C L2(5,/x0),
define a Stein operator To : Fo —> L2(S, fi0) by

(Tof)(x) = J f(x + t)dn(t)--E(u\ j^Ti^x] /(*), V x e S.

This Stein operator To can be obtained through Chen's L2 approach, de-
scribed in Section 1. If the linear operator A : Fo —> L2(S, /io) is defined by
(Af){x) = Js f(x +1) dn(t), its adjoint A* satisfies

{A*f)(x)=-Eluf\TiTA | S T ' = 4 ' yxeS>
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so we can define TQ = A — (A* 1)1. As Chen points out, it is most natural

to use To when there exists a subgroup /Co of S and a coset K.\ of /Co, such

that K\ is of infinite order in the quotient group S/KQ, and such that TT

is supported on K\. If this is the case, then U = ip (X3j=i^) f°r some

function rp : S —> Z+. For example, if S is the additive group Zd, we might

take ACi = {(an,... ,xd) € Zd; £ t i a* - 1}.

The properties of the solutions of the corresponding Stein equation still

need to be investigated.
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The chapter begins with an introduction to Poisson processes on the
real line and then to Poisson point processes on a locally compact com-
plete separable metric space. The focus is on the characterization of
Poisson point processes. The next section reviews the basics of Markov
immigration-death processes, and then of Markov immigration-death
point processes. We explain how a Markov immigration-death point pro-
cess evolves, establish its generator and find its equilibrium distribution.
We then discuss our choice of metrics for Poisson process approxima-
tion, and illustrate their use in the context of stochastic calculus bounds
for the accuracy of Poisson process approximation to a point process on
the real line. These considerations are combined in constructing Stein's
method for Poisson process approximation. Some of the key estimates
given here are sharper than those found elsewhere in the literature, and
have simpler proofs. In the final part, we show how to apply the bounds
in various examples, from the easiest Bernoulli process to more compli-
cated networks of queues.
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1. Introduction

The law of rare events asserts that if certain events may occur in time or
space with small probability and short range of dependence, then the total
number of events that take place in each subinterval or subspace should
approximately follow the Poisson distribution. This universal law makes
the Poisson behaviour very pervasive in natural phenomena and the Poisson
process is often regarded as a cornerstone of stochastic modelling.

A large number of intractable problems in probability can be considered
as point processes of rare events, such as incoming calls in telecommuni-
cations, or clusters of palindromes in a family of herpes virus genomes in
DNA sequence analysis, with each event being associated with a random
set, in the line, on the plane, or in a Euclidean space; for many examples,
see Aldous (1989). These problems appear in a large number of fields of
science and engineering as well as in many of the major areas of probabil-
ity theory, including Markov processes and diffusion, stationary processes,
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combinatorics, extreme value theory, stochastic geometry, random fields and
queueing. The resulting point processes often permit Poisson process ap-
proximate solutions which may be sufficiently good for practical purposes.
For example, in queueing or telecommunication networks, particularly in
large systems with diverse routing, flows of customers or calls along links
in the network may approximately follow a Poisson process [see Barbour
& Brown (1996)]. If these approximations are to be used in any particular
case, it is essential to have some idea of the errors involved; in intractable
problems, the best that can be done is to estimate the errors in these ap-
proximations. If the approximation is precise enough, it can be used in place
of the original process. Its behaviour can be analyzed in a simple fashion
using standard and well-developed methods, and it can then be applied in
statistics, as in Andersen, Borgan, Gill & Keiding (1993).

We begin with an introduction to Poisson processes on the real line and
then to Poisson point processes on a locally compact complete separable
metric space. The focus is on the characterization of Poisson point processes.
The next section reviews the basics of Markov immigration-death processes,
and then of Markov immigration-death point processes. We explain how a
Markov immigration-death point process evolves, establish its generator
and find its equilibrium distribution. We then discuss our choice of metrics
for Poisson process approximation, and illustrate their use in the context of
stochastic calculus bounds for the accuracy of Poisson process approxima-
tion to a point process on the real line. These considerations are combined
in constructing Stein's method for Poisson process approximation. Some of
the key estimates given here are sharper than those found elsewhere in the
literature, and have simpler proofs. In the final part, we show how to apply
the bounds jn various examples, from the easiest Bernoulli process to more
complicated networks of queues.

2. Poisson point processes

In this section, we briefly review the basic knowledge of Poisson processes
on the real line and on a general metric space. For more details, interested
readers could refer to [Kingman (1993), Daley & Vere-Jones (1988) and
Kallenberg (1976)].

2.1. Poisson processes on the real line

Suppose that, at time t = 0, we start recording the random times of occur-
rence 0 < Ti < T2 < • • • < Tn < • • • of a sequence of events, e.g. customers
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who join a queue or the sales of an item. Let Nt = #{i : Ti < t} be the
number of events that have occurred in time interval [0,t]; then {Nt}t>o
is called a counting process. The number of events that have occurred in a
time interval (s,i\ can be written as Nt — Ns, and the latter is called the
increment of the counting process over the interval (s,t\.

Definition 2.1: The stationary Poisson process {Nt}t>o is defined as a
counting process which has independent increments on disjoint time inter-
vals and such that, for each t > 0, Nt follows a Poisson distribution with
parameter Xt, denoted as Po(At).

There are a few equivalent ways to view a stationary Poisson process.

Proposition 2.2: A counting process {Nt : t > 0} is a stationary Poisson
process if and only if

(a) No = 0,
(b) the process has stationary, independent increments,
(c) P(iVt > 2) = o(t) as * -> 0,
(d) TP(Nt = 1) = Xt + o(t) as t -> 0, for some constant X.

Proposition 2.3: A counting process {Nt}t>o is a stationary Poisson pro-
cess with rate X if and only if

(a) for each fixed t, Nt follows the Poisson distribution with parameter Xt;
(b) given that Nt = n, the n arrival times Tj, T2, . . . , Tn have the same

joint distribution as the order statistics of n independent uniformly
distributed random variables on [0,t].

Remark 2.4: If the arrival times are ordered as T\ < T% < • • • < Tn, then,
given that n arrivals occurred in [0, t], the unordered arrival times (a ran-
dom permutation of Ti, T2,..., Tn) look like n independent uniformly
distributed random variables on [0, t].

2.2. Poisson point processes

Let F be a locally compact complete separable metric space with the Borel
algebra B and the ring Bb consisting of all bounded (note that a set is
bounded if its closure is compact) Borel sets. Such a space is necessarily
cr—compact. A measure /x on (F, B) is called locally finite if n(B) < 00
for all B £ Bb. A locally finite measure £ is then called a point measure if
£{B) e Z+ := {0,1,2, • • • } for all B £ Bb.
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For each x £ F, let 6X be the Dirac measure at x, namely

f l . i f a r eB ;
4 ( j B ) = \O , i f :E££ .

Since F is <r—compact and a point measure £ must be locally finite, it is
possible to write £ = X)"=i ^ ' w n e r e n < oo orn = oo. We use H to stand
for the space of all point measures on (F, Bb):

H= l^2^i '• i < oo or n = oo and #{rEi : xt e B} < oo for all 5 G Sfc > .

U=i J
For each measure /z on F and set B £ B, we use /it, |/x| or /x(F) to stand
for the total measure of /x and /I\B to represent the restriction of /Lt to 5 :
H\B{C) = /it(5 n C) for all C e S&.

For a sequence {£n}n>i C H, we say that £„ converges to £ £ W vaguely
^ /r f(x)^n(dx) —» Jr f(x)£(dx) for all continuous functions on F with com-
pact support. The following two Propositions can be found in Kallenberg
[1976, pp. 94-95].

Proposition 2.5: The following statements are equivalent:

(i) £„ converges to £ vaguely;
(ii) £n(B) -> £(B) for all B € Bb whose boundary dB satisfies £(dB) = 0;
(Hi) limsupn^oo £n(F) < £(F) and liminfn^oo £n(G) > £(G) for all closed

F £Bb and open G £ Bb.

Proposition 2.6: The space H is Polish in the vague topology.

In other words, there exists some separable and complete metric in H
generating the vague topology. We use B(H) to stand for the Borel <r-algebra
generated by the vague topology.

Definition 2.7: [Kallenberg (1976), p. 5] A point process 2 is a measurable
mapping from a probability space (Q,^,P) to {H,B{H)). The measure A
denned by \(B) = EE(B), B € Bb, is called the mean measure of 2.

We now can generalize the Poisson process concept from the real line
to the carrier space F.

Definition 2.8: A point process 2 with locally finite mean measure A is
a Poisson process, denoted as Po(A), if

(PI) for any bounded Borel set B, the random variable 2(5) is Poisson
distributed with mean A(S);
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(P2) for any k € N := {1,2, • • • } , and disjoint sets Blt ••• , Bk, the
random variables E(B{), • • • , E(Bk) are independent.

The following Proposition is a generalization of Proposition 2.3.

Proposition 2.9: A point process E is a Poisson process with mean mea-
sure A if and only if, for each bounded Borel set B, E{B) ~ Po(A(J3))
and

(P3) given E(B) = k, E\B has the same distribution as Xk = Yli=i $8i>
where Oi, 1 < i < k, are independent and identically distributed B-
valued random elements with the common distribution A|s/A(5).

Proof: Assume that S is a Poisson point process; then, for every bounded
Borel set B and every partition of B consisting (bounded) Borel sets B\,
••• , Bm, a n d it-\ h im = k,

P ( n - , {E(Bj) = ij}\E(B) = k)= V l ^ } ^k)
 3i)

Conversely, assume that (P3) holds. Then, for any m e N and bounded
Borel sets B\, • • • , Bm, the set B := U^Bi is also bounded, and, writing
k = ii H h im, we have

P ( n £ x {E(Bj) = ii}) = P ( n - 1 {E(Bj) = i,-}| E(B) = k) P(H(5) = k)

k\ \(Bi)^ • • • X(Bmy- e~XW\(B)k

~ *l-'---*m! " MB)k JfcJ
fV e - A ( B ^ A ( B , ) ^

= 11 . , . •
3 = 1 J

Thus, to construct a Poisson point process on F, since F is a—compact,
one can partition the space V into at most countably many bounded subsets
Ti satisfying 0 < A(Fi) < oo. For each i, one can then independently define
a Poisson process using Proposition 2.9, and the union of these independent
Poisson processes is the desired Poisson process [see Reiss (1993), p. 46].

2.3. Characterization of Poisson point processes

From the structure and properties of Poisson processes, it is possible to
find many ways to characterize a Poisson process on a Polish space. If the
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process is simple, i.e., P(2{z} = 0 or 1, for all x) = 1, we can even use
the avoidance function or one-dimensional distribution only [Renyi (1967),
Brown & Xia (2002)]. However, we will concentrate on the following three
tools: Palm distributions, Janossy densities and compensators.

2.3.1. Palm theory

For a non-negative integer-valued random variable X, X ~ Po(A) if and
only if

B9iXJX = Eg(f)X = Bg(X + 1) for all bounded function g on Z+.
(2.1)

Equation (2.1) completely characterizes the Poisson distribution and is the
starting point for Stein's identity. Its counterpart for the Poisson point
process is based on Palm theory, which was developed from the work of
Palm (1943), see Daley & Vere-Jones (1988), p. 13, for a brief history.

Heuristically, since a Poisson process is a point process with indepen-
dent increments and its one dimensional distributions are Poisson, we may
imagine that a Poisson process is pieced together by lots of independent
"Poisson components" (if the location is an atom, the "component" will be
a Poisson random variable, but if the location is diffuse, then the "com-
ponent" is either 0 or 1). Hence, to specify a Poisson process, one needs
to check that "each component" is Poisson, by virtue of (2.1), and also
independent of the rest. Intuitively, this can be done by checking that

Eg(g)B(da)
EE(rfa) =Vg{- + *a), (2-2)

for all bounded function gonH and all a € F. For example, 2 is a stationary
Poisson process on M+ := [0, oo) if and only if, for each s € R+ and bounded
function j o n H ,

lim E{g(2)|S[s, s + As) > 0} = Es(2 + SS).
As—>0

To make the argument rigorous, one needs the tools of Campbell measures
and Radon-Nikodym derivatives [Kallenberg (1976), p. 69].

In general, for each point process 2 with locally finite mean measure A,
we may define probability measures {Pa, a € F}, called Palm distributions,
on B(H) [Kallenberg (1976), p. 69] satisfying

Pa(B) = E ftiyBl^)], a € F A - almost surely, B e B(H).
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A point process Ea on F is called a Palm process of H at location a if
it has the Palm distribution P a of S at a. Since the Palm process of a
Poisson process has the same distribution as the original process, except
for the one additional point added at a, it is more convenient to work with
H a - J a , which is called the reduced Palm process [Kallenberg (1976), p. 70].
Moreover, for any measurable function / : F x H —> R+,

E ^j f(a,E)E(da)\ = ^(J/(<*,3«)A(da)) (2.3)

E Qf f(a,E ~ 6a)E(da)\ = E (J /(a,Ea - 5a)X(da)\ (2.4)

for all Borel set B C F.
Palm distributions are a powerful tool in point process theory [Pranken,

Konig, Arndt & Schmidt (1982), Kallenberg (1976), Karr (1986) and Daley
& Vere-Jones (1988)]. One can even use the equation (2.3) to establish the
Stein identity for Poisson process approximation [Chen & Xia (2004)]. For
a characterization of Poisson processes, we summarize the heuristic analysis
in the following theorem.

Theorem 2.10: [cf Kallenberg (1976), Theorem 11.5, p. 82] A point pro-
cess E with locally finite mean measure A is a Poisson process if and only if
its reduced Palm processes have the same distribution as that of the original
process.

2.3.2. Janossy densities

For E a Poisson process on F with a finite mean measure A, let v(da) =
X(da)/X. Then, by Proposition 2.9, for each bounded measurable function
/onH,

E/(S) = f ; ^ j ^ / f\J2^)^(d^r--,dan), (2.5)

n times

where Fn :=F x • • • x F. There is a similar expression for general point
processes, and the expression is in terms of the so-called Janossy densities,
named after their first introduction in Janossy (1950) in the context of
particle showers [see Daley &; Vere-Jones (1988), p. 122].

To introduce the Janossy density, it is necessary to make a few assump-
tions:
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(JAl) the point process S is finite with distribution Rn = P( |2 | = n),
V*°° z? — 1

(JA2) Given the total number of points equals n > 1, there is a probability
distribution !!„(•) on Tn which determines the joint distribution of the
positions of the points of the point process S.

From these assumptions, we can see that

oo

E/(~) = £flJE[/(H)||E|=n]
n=0

As we are working with general point processes, there is no preferred order
of the points, so we may replace Hn by its symmetrized version

Tls
n(dai,--- ,dan) = — ^ I I n (da w ( i ) , • • • ,daw(n)),

and then write

Jn(dai, • • • ,dan) = Rn ^ n n ( d a 7 r ( 1 ) , • • • ,da^n))

where the sums range over all permutations TT of (1, • • • ,n). The measures
{Jn} are called Janossy measures. If further we can find a reference mea-
sure fi such that Jn is absolutely continuous with respect to the product
measure /xn on Fn, we denote its Radon-Nikodym derivative by j n ; then,
for any measurable function / : H —> R+,

E(/(S)) = X ) i / / ( l > < ) Jn(»l."- ,On)A»n(dai,-" .dOn).
n>0 ' • / r " \i=l /

(2.6)
The derivatives {in} are called Janossy densities. One may compare (2.5)
and (2.6) to reach the following conclusion.

Theorem 2.11: H is a Poisson point process with Unite mean measure X
if and only if, with respect to A, its Janossy densities j n are constant and
equal to e~^ for all n € Z+.
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Using the Janossy densities, we can express the density of the mean
measure A of the point process E with respect to /x as

0(a) = Z ! / (n-TVn+ifoai , -" ,an)/zn(dai,--- ,dan). (2.7)
n>oJrn

In fact, by (2.6), for each B G Bb,

A(B) = E£(B) = ^ f •^]^5a 4(B)jn (a1 . - . . ,an)Mn(dai . - - - ,dan)

= 5Z / / 7 ^TJn(ai,--- ,an)/in(dai,--- ,do;n)

which implies (2.7).
The Janossy densities can also be used to describe the density of a

point being at a, given the configuration Ha of E outside Na 6 B with
a e Na. To achieve this, let m 6 N be fixed and B\, • • •, Bm be bounded
Borel subsets of N£, the complement of iVa. Write xn = (x\, • • • ,xn) and
Vm = (j/i,--- .2/m)- Set

B = {5ym : ym G Bx x • • • x Bm}

and

Be = {<5xn+<5ym : xneN^,n>0; ym G Bi x • • • x Bm) ,

where 5Xn := £?=i <J*4 and 5ym := £™ x <JW. Then

F (S|(Na)c G B) =El B e (S ) = V / -^lBe(5xJifc(3;fc)Mfe(^fe)

= / E / -iJm+n{ym,Xn)»n{dxn)tX
m{dym),

so for ym € (N^)m, the density of E\(Nay at 5ym is

X) / jm+,(ym,xs)(s!)-V(da5«)-

Similarly, the density of S|(i/vn)cU{a} at 5a + &ym is

Y\ / ji+m+r(a,ym,xr)(r!)-Vr(rfa;r),
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so the conditional density of a point being at a given H|(jvQ)c = Sy is

. . Er>o/jV"Jl+'«+'-(Q:'ym>a3r)(r-!)-Vr(^r)
9{a,ym) == — F ^ 7-— , ValWiWrfa; ^ ' ( ^

where the term with r = 0 is interpreted as j m + i ( a , ym) and the term with
s = 0 similarly.

2.3.3. Compensator

When a point process is defined on the time axis, R+, its properties are
most often expressed in terms of its evolution over time with respect to
a right-continuous nitration T = (!Fs)s>o, its counting process {Ns}s>0

being taken to be T—adapted and right continuous. The point process
(N, J-) is then called simple if the jumps ANS := AT, — Ns- can take only
the values 0 or 1, Vs > 0 almost surely. The compensator A of (N, J-) is the
unique previsible right-continuous increasing process such that N — A is an
(•?rs)s>o local martingale [Jacod & Shiryaev (1987), p. 32 or Dellacherie &
Meyer (1982)].

Note that the Janossy densities and the Palm distributions involve the
joint distribution of the process outside and inside an interval, and hence
require knowledge of the conditional evolution backwards in time as well
as forwards, something not easy to deduce from martingale characteris-
tics, while the compensator needs only the forward conditional evolution
in time. A well-known fact is that the compensator of a Poisson process
with respect to its intrinsic filtration is a deterministic function, and in this
case the Poisson process is simple if and only if its compensator is contin-
uous. It is also well-known that any simple point process with continuous
compensator is locally Poisson in character, in the sense that there exists a
time transformation that converts the process into a Poisson process. More
precisely, the transformation is given by the inverse of the compensator A
of the simple point process {Nt}t>o-

a(t) := inf{s : As > t}.

The continuity of A ensures that a(t) is an (!Ft)f>o stopping time, and
in the case where liniffoo At = oo almost surely, the transformed process
Nt := Na(t-) is a Poisson process with unit rate with respect to filtration
(Ft)t>o, where ft = Ta{t) [see Liptser & Shiryaev (1978), Theorem 18.10].
Thus, if M is a Poisson process with compensator Bt = t, 0 < t < oo, then
(N, N) is a natural coupling of the distributions of M and N.



126 Aihua Xia

3. Immigration-death point processes

3.1. Immigration-death processes

Consider a process whose state Xt at time t is the number of objects in a
system at that time. Suppose that arrivals and departures occur indepen-
dently of one another, but at rates depending on the state of the process.
Thus, when there are n objects in the system, new arrivals enter accord-
ing to a Poisson process of rate A > 0, and each of the n objects in the
system departs after spending a lifetime having negative exponential dis-
tribution NE (1) with mean 1 and independent of the others: we call this
departure behaviour unit per capita death rate. Hence, when there are n
objects in the system, the time to the next arrival or departure is negative
exponentially distributed with mean 1/(A + n), the probability of its be-
ing an arrival being A/(A + n), and of a departure n/(A + n). The process
{Xt;t > 0} is called an immigration-death process, and the parameters A
and {n} are the arrival (or immigration) rates and departure (or death)
rates. It is a continuous time Markov chain with state space Z _̂, and in
which a transition from state n can only be to one of its adjoining states
n + 1 or n — 1. It is well-known that this Markov chain is ergodic, and that
its equilibrium distribution is a Poisson distribution with mean A:

The idea of using Markov immigration-death processes to interpret the
Stein-Chen method was initiated by Barbour (1988). Brown & Xia (2001)
extended the idea to start with an approximating distribution and then
search for an immigration-death process with the approximating distribu-
tion as equilibrium distribution to establish a Stein identity.

For each i G Z+, let Zi be a copy of {Xt;t > 0} with initial state i.
There are two methods to couple Zi and Zj with i ^ j . The first is based
on coupling by the states: let (Zi(t), Zj(t)) run in certain way, for instance
independently, until they meet, at which point they are coupled, and have
identical paths thereafter. The other method is to couple by the time: let
Zi run until the first time T̂ - that it hits j , then make it follow the Zj-path.
thereafter, so that Zifcj +1) = Zj(t) for all t > 0. The latter approach
was first used by Xia (1999) to estimate Stein's factors for Poisson ran-
dom variable approximation, and was fully exploited for a large class of
approximating distributions, named polynomial birth-death distributions,
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in Brown k Xia (2001). We use the notation of Brown & Xia (2001), setting

nj = inf{t: Zi{t) = j}, r+ = rjtj+i, TJ = Tjtj-U (3.1)

for i, j € Z+, and

^ : = E ( T + ) ; ^ r = E(r i - ) .

Lemma 3.1: For j G Z+,

where

i=0 i=j

Proof: [cf Keilson (1979), p. 61 and Wang & Yang (1992)] We prove (3.2)
by conditioning on the time of the first jump after leaving the initial state,
and producing a recurrence relation using the fact that the time of transition
between states which are two apart is the sum of the times of transition
between two pairs of adjoining states. More precisely, defining the first jump
time Li := inf{i : Zi(t) ^ i}, we have

^ = E(L,-) + E(r+ - Li\Zi(Li) = i - l)P(Zi(Li) = i - 1)

+E(r+ - LilZiiLi) = i + l)V(Zi(Li) = i + 1)

where the second equation is due to the strong Markov property and the
last equation is due to the fact that Tj-i^+i = T^_1 +TJ+- This implies that

\7+ = i + i^Tv (3.3)

Multiplying both sides of (3.3) by TTJ and using the fact that J'TTJ = ATTJ_I,

it follows that

A7TJT+ - XiTi-iT^ ~ -Ki,

which yields XTTJT^ — Yjl=o *% an<^ s o Tt = T ^ 1

(3.2)
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Similarly, using the fact that Ti+\ti-i = T~+1 + T~ , we have

7f = E(Li) + E ( r - - Li\Zi(Li) = i - l J P ^ L , ) = i - 1)

+ E ( r - - Li\Zi(Li) = t + l)W(Zi(Li) = i + 1)

= A^ + E ^ A T 7

= AT7 + ( ^ + ^ ) A T ?
hence

fcf = 1 + A ^ . (3.4)

We now multiply both sides of (3.4) by TTJ and replace ATTJ by (i + l)7ri+i,
then sum up for i from j to oo, the claim for rj follows. •

Lemma 3.2: T* is increasing' in j and T~ is decreasing in j .

Proof: The claims are intuitively obvious, as the immigration-death pro-
cess has constant birth rate and unit per capita death rate, and so the time
Z needs to move from state i +1 to state i should be shorter than the time
it takes to move from state i to state i — 1 and the time for Z to move
from i — 1 to i should be less than the time from i to i + 1. To make the
argument mathematically rigorous, noting that

B. < f l±i f0r ^i i < jt a n d that -^- > ^ ± 1 for all i > j ,

we have
FU) < vr1 + .. . + 7rj+1 < Fjj + 1) ( 3 g )

ITj TTj+i lTj+i

and
F(j) = TTj + 7Tj + 1 + • • • ^ 7Tj+i + 7Tj+2 + • • • = F(j + 1)

7 I " j - l T T j - 1 TTj TTj

hence the claims follow from Lemma 3.1. •

Lemma 3.3: With the above setup, we have

Zn(t) = Dn(t) + Z0(t),

where Dn(t) is a pure death process with unit per capita death rate and
independent of Z0(t). Moreover, for each t > 0, Dn(t) ~ B(n, e~*) and
Z0(t) ~ Po (At) with At := A(l - e"*).
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The lemma is quoted from [Theorem 2, Wang & Yang (1992), page
190]. The proof utilizes the Kolmogrov's forward equations and works on
the probability generating function of Zn(t) to conclude that it is the same
as the probability generating function of the sum of independent binomial
random variable having distribution B(n, e~*) and Poisson random variable
having distribution Po (At). It is a special case of Proposition 3.5 when the
carrier space V in the spatial immigration-death process consists of only
one point, so we omit the proof.

3.2. Spatial immigration-death processes

The structure of the immigration-death process enables us to represent the
Stein's equation in probabilistic terms. This idea has been used in study-
ing Poisson random variable approximation since Barbour (1988). It en-
ables probabilistic formulae for the solutions to the Stein equation to be
derived, and these in turn can be used to determine Stein's factors. The
immigration-death process is chosen to have the distribution being used
as approximation, here Po(A), as the equilibrium distribution, and solu-
tions to the Stein equation can then be written in terms of differences of
expectations under different initial conditions. This enables techniques of
stochastic processes, such as coupling, to be exploited.

To study Poisson process approximation, we need not only the total
number of events occurring, but also the locations at which they occur.
This leads to an immigration-death process with birth and death rates
depending on the positions of the individuals in the carrier space. Such
a process is necessary W-valued instead of integer-valued and we call it a
spatial immigration-death process [Preston (1975)]. If we consider the total
number of individuals only, a spatial immigration-death process is reduced
to an integer-valued immigration-death process.

There is also some connection between the Markov chain Monte Carlo
approach and Stein's method with the Markov process interpretation.
Monte Carlo methods introduce random samples as a computational tool
when certain characteristics of the problem under study are intractable.
Such procedures are used in a wide range of problems, such as the evalua-
tion of intractable integrals, optimization problems, statistical inference and
statistical mechanics [see Fishman (1996), Sokal (1989) and Tierney (1994)
and the references therein]. In the study of statistical inference problems
in Markov point processes, including Poisson point processes, binomial
point processes and hard core processes, one of the popular techniques
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for simulating the process is to run a spatial immigration-death process
[see Lieshout (2000), pp. 85-89 for more details]. Stein's method with a
Markov process interpretation, on the other hand, utilizes coupling prop-
erties of the immigration-death process as a tool in bounding the errors of
approximation.

To avoid technical difficulties, taking a subspace if necessary, we assume
from now on that F is a compact metric space. We assume A to be a finite
measure on F, the mean measure of the approximating Poisson process.
There are infinitely many spatial immigration-death processes with equi-
librium distribution Po(A). The one we use is as follows. Given that the
process takes a configuration £ £ H, the process stays in state £ for a neg-
ative exponentially distributed random sojourn time with mean 1/(|£| + A)
with A = A(F); then, with probability A/(|£| + A), a new point is added
to the existing configuration, its position in F chosen from the distribu-
tion A/A, independently of the existing configuration; and with probability
l£l/(|£| + A), a point is chosen uniformly at random from the existing config-
uration £, and is deleted from the system. This is equivalent to say that each
point in £ has an independent, negative exponentially distributed lifetime
with mean 1, again referred to as unit per capita death rate. Such a spatial
immigration-death process, denoted by Zj(£), can also be constructed as
follows. First, define the transition kernel (j, •.% x B(H.) —-> ]R+ as

/xfo, B) = —^ ( jf lB(r, + Sx)X(dx) + jf 1B(V ~ SxMdxf) ,

and construct an H-valued Markov chain {lfe}fe>o with initial distribution £
and transition kernel fi(r), B). Next, construct £», i > 0, as independent and
identically distributed negative exponential random variables with mean 1
such that {Ci}i>o i*3 independent of {Yit}fc>o- Set

Zdt)-{n,ES^y-{<t<EU^k' kGN>
[Ethier & Kurtz (1986), pp. 162-163 and Problem 5, page 262]. The spatial
immigration-death process has generator A specified by

Ah(0 = J [fc(£ + 5a) - h(£)}\(da) + J [h(£ - Sa) - h(O}Z(da), V£ € H
r r (3-6)

for suitable functions h on %. To prove that the spatial immigration-death
process constructed is the unique spatial Markov process determined by
the generator, let Qt{£,B) = P(Zf(i) G B). Then it is possible to check
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that the transition semigroup Qt is the unique solution of the Kolmogorov
backward equations [Proposition 5.1, Preston (1975)]:

^Qt(£, B) = -(A + |£|)Qt(£, B) + (A + |£|) y Qtfo, B)n(£, drf) (3.7)

with initial conditions

Qo&B) = lB(i). (3.8)

The corresponding Kolmogorov forward equations are

§-Qt(£, B) = - f (A + \v\)Qt(S,<fy) + / (A + M)/ifo, £)Qt(£,dq) (3.9)
Ci 7s JH

with the same initial conditions (3.8) [Preston (1975), p. 374]. The right
hand side of (3.9) is seen, after some reorganization, to be E^4.1a(Z^(t)).

If E is a Poisson process with mean measure A, then it follows from
(2.4) and Theorem 2.10 that for every bounded function h on H,

E / [h(E - Sa) - h(E)}E(da) = E / [h(E) - h(S + 6a)]X(da),
Jr Jr

which in turn implies that

EAh{E) = 0. (3.10)

This fact, together with [Theorem 7.1, Preston (1975)] gives the following
Proposition.

Proposition 3.4: Tiie spatial immigration-death process has a unique
equilibrium distribution Po (A) to which it converges in distribution from
any initial state.

Moreover, one may argue that H is a Poisson process with mean mea-
sure A if and only if (3.10) holds for a sufficiently rich class of bounded
functions h.

We now state another important property of the spatial immigration-
death process which will be needed when we estimate Stein's factors for
Poisson process approximation.

Proposition 3.5: Let £ = £)i=i SZi, and let Ci, C2, • • • ,C|£| be indepen-
dent negative exponentially distributed random variables with mean 1, also
independent of Zo. Then

Z((t) =d De(t) + Z0(t), (3.H)

where Dj(t) = J2i=i ^zi^d>t is a pure death process. Note that Zo(£) is a
Poisson process with mean measure (1 — e~')A.
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Proof: Define Qt(f, h) := E/i(D€(£) + Z0(t)). As the solution to the Kol-
mogorov backward equations (3.7) is unique, it suffices to show that, for
every bounded function h on H,

§iQt(t,h) = -(\+\t\)Qt(th) + (\+\£\)J Qt(ri,h)n(£,dV). (3.12)

Let r := mi{t : Z^(t) ^ £} be the time of the first jump of Z€. Then it
follows that r ~ NE (A+|£|), where NE (/i) denotes the negative exponential
distribution with mean l//x, and, conditioning on the time and outcome of
the first jump, we obtain

/•OO

= ê +KD* / (A + |£|)E (/i(Df (t) + Z0(t)) I r = s) e'^+^'ds
Jo

= h($) + e<A+l«l>* / (A + |£|)E (Qt_s(Z€(T), /i) | r = s) e-(
A+l«D'ds

= / J ( 0 + / (A + |£|)E (a,(Z€(T), A) | T = s) e<A+l€l)»dt;

, t f , ICI ]

Hence Qt(£, h) is differentiable in terms of t, and we differentiate on both
sides and cancel the exponential factor, giving

a r m

(X + \$\)Qt(Z,h) + -Qt(S,h)= / Qt(Z + 5x,h)\(dx) + J2Qt(ti-5Zi,h),

which is the same as (3.12). •

4. Poisson process approximation by coupling

4.1. Metrics for quantifying the weak topology in 7i

Since we assume T is compact, the vague topology is the same as the weak
topology defined as follows. We say a sequence {£n} C "H converges to
( e H weakly if J r f(x)£n(dx) —> / r f(x)£(dx) for all bounded continuous
functions on T.

There are a few metrics to quantify the weak topology. The one we shall
use is a type of Wasserstein metric on H introduced in Barbour & Brown
(1992a). Assume F is equipped with a metric do < 1. Let K. stand for the
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set of functions k : F —> [0,1] such that

y i ^e r do(j/i,2/2)

and define

di(6,6)
fi, if6(r)^6(r),

= i ^SnP\frk(x)^(dx)-frk(xMdx)\, ifei(r) = 6(r) = m>o.

By the Kantorovich-Rubinstein duality theorem [Rachev (1991), Theorem
8.1.1, p. 168], if £x = ZZi Sw, 6 = E S i **, ^en di(£i,£2) can be inter-
preted as the average distance between a best coupling of the points of £x
and £2:

m

di(£i,£2) = "i~1min^d0(yi,^(i))»
4 = 1

where TT ranges over all permutations of (1, • • • , m).
To state the errors of Poisson process approximation, we need a metric

corresponding to di but without the average feature. For £1 = Y^Li $xi
and £ = Yl7=i ^Vi with ITI > n, the metric is defined by

n

d'i(£i,£>) = (ro-n) +mmY^do(xir{i),yi)
»=i

for 7T ranging over all permutations of (1, • • • ,m) [Brown & Xia (1995a)].
As the elements of H are (point) measures on F, one may immediately

think of the well-known Prohorov (1956) metric to quantify the weak topol-
ogy, as conventionally used in probability theory [see Billingsley (1968)]. In
our context, with the above setup, the Prohorov metric is defined by

Pi(£i 6 ) = I 1 ' if n ^ m ,
\mmiTmax.i<i<ndo(yi,zn(i)), ifn = m>0.

The fact that the maximum appears here makes the Prohorov metric behave
in a similar fashion to the total variation metric PTV(£I,&) = 1?X̂ C2> a s

studied in Xia (1994), and is thus also typically too strong to use [see
Section 4.2 and Remark 5.13].

Example 4.1: Take F to be the interval [0,1] with metric do(x, y) = \x—y\.
If £1 = EILi K with 0 < tj < • • • < in < 1 and £2 = E"=i K with
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0 < s i < ••• <sn < 1, then

n n

X>i-Si|<£>i-M*)l (4-1)

for all permutations TT of (1, • • • , n), and hence

di (6,6) = -£><-*!•

The following proof is taken from Xia (1994).

Proof: We use mathematical induction to prove the claim. Take first
the case where n = 2. Without loss of generality, we may assume that we
have t\ = min{ii,*2J SI,S2}. Then it suffices to consider the following three
cases.

(i) If *2 > s2, then

1*1 - «l | + |*2 ~ S2| = Si-ti+t2-S2< |*1 - S2| + |*2 - Si •

(ii) If si < *2 < s2, then

1*1 - *l| + |*2 - S2| = Si-ti + S2-t2< 1*1 - S2\ + 1*2 - Si .

(iii) If *2 < si, then

|*i - s i | + |*2 - s 2 | = si-ti +s2-t2 = |*i - s 2 | + |t2 - s i | .

Now, suppose (4.1) holds for n < k with k > 2, we shall prove it holds
for n — k + 1 and all permutations TT of (1, • • • , k +1). As a matter of fact,
the claim is obvious if n(k + 1) = k + 1. Assume n(k + 1) ^ k + 1, then it
follows that

fc+i

i=l
= X ! |*t-Sff(i)| +[|*fc+l -S,r(fc+l)| + |t,r-l(fc+l) -Sfc+i|]

i?4fe+l,i#7r-1(fc+l)

- X I 1̂  ~sir(i)\ + \tn~Hk+l) -Sir(fc+l)| + |*fc+l ~ «fc+l|
t^fe+l.i^Tr-iffc+l)

fc

> ^2 \U - Si\ + |tfe+i - Sfc+i|,
i=l

where the inequalities are due to the induction assumptions. •

Now we show that both px and d\ generate the weak topology.
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Proposition 4.2: If F is compact, the following statements are equivalent:

(i) €n converges to £ vaguely;
(ii) £n(B) -> £(B) for all sets B £ Bb whose boundary dB satisfies £{dB) =

0;
(Hi) limsupn^oo £n(F) < £(F) and liminfn-^ £n(G) > £(G) for all closed

F &Bb and open G G Bb;
(iv) £„ converges to £ weakly;

Mdi(£n,0-0;
(vi)pi(Zn,O-*0-

Proof: The equivalence of (i)-(iv) is well-known and can be found in
Kallenberg (1976), pp. 94-95, and (vi) is equivalent to (v) due to the fact
that if £(F) ^ 0,

dite.,0 < PiiUO < ^T)d!(UO-
Hence it suffices to show that (iv) is equivalent to (v). Assume first that
^i(fn) 0 ~> 0, then there exists an no such that £n(r) = £(F) for all n > TIQ.
For any bounded continuous function / , as F is compact, / is uniformly
continuous and for n > no,

/ f(x)Udx) - I f{x)H{dx) < \i\ sup |/(a;) - f(y)\ -+ 0.

Conversely, choose / = 1, we have ^n(F) —> ̂ (F) := m, so when
n is sufficiently large, say, n > mo, £n(F) = £(F). We use the basic
fact that <ii(£n>£) —> 0 if and only if for every sequence {n/t} C N,
there exists a subsequence {n^} c {̂ fc} such that di(^nfc.,0 —̂  0 to
prove the claim. Let £ = Yl^Li &zn an(^ relabel if necessary, for n > mo,
we may write £„ = YZLisv? s o t n a t di(£n,£) = Eilirfo(yl",Zi)]/m.
Since F is compact, for any sequence {n^} C N, there exists a subse-
quence {rikj} and zt such that do(j/j 3 ,zi) —» 0 for all i = 1, • • • ,m. Set
£ = YliLi5in t n e n Irf(

x)£nk.(dx) -> frf(x)i(dx) and by the assump-
tion, Jrf(x)£nkj(dx) -> / r / ( ^V(^) , so Jrf(x)i(dx) = Jrf(x)€(dx) for
all bounded functions / , which implies £ = £ and

£ d o ^ . ^) < E ^(^^ , «i) - 0,
i=l i=l

since (yi ' , z^), z = 1, • • • , m, is a best matching. Hence di(£nrf) —> 0. •
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Proposition 4.3: (H, d\) is a locally compact separable metric space.

Proof: By Proposition 2.6, it suffices to show H is locally compact. In fact,
define Hk = {£ G H : £(F) = Jb}, H = U£lo?4 and for each jfe, Hk is a
compact, open and as well as closed set. •

4.2. The metrics for point process approximation

For any two probability measures Qi and Q2 on the same domain, the total
variation distance, dxv, between Qi and Q2 is defined as

dTv(Qi, Q2) = sup IQ^D) - Q2(D)|,

where the supremum is taken over all sets D in the common domain. Thus,
if Xi and X2 are two non-negative integer-valued random variables, then
they induce two probability measures, C{X{) and £(X2), on the domain
consisting of all subsets of Z+ and

dTV(C(X1),C(X2)) = sup |P(Xi eA)- P(X2 € A)\
ACZ+

= l f ; iP (x 1 = t)-p(x2 = i)i
1 i=0

= in fP (X( /X 2 ) ,

where the last equality is due to the duality theorem [see Rachev (1991),
p. 168] and the infimum is taken over all couplings of (X^X'^) such that
C(X!j) = C(Xi), i = 1,2. Likewise, two point processes Hi and S2 denned
on F generate two probability measures, denoted by £(Ei) and £(£2), on
the domain B(7i), and the total variation distance between the distributions
of the two point processes is

dTV(C(S1),C(S2))= sup \P(S1€D)--P(S2€D)\
D€B(H)

= infP(2/
1^32)>

where, again, the last equality is from the duality theorem and the infimum
ranges over all couplings of (S^H^) such that £(SJ) = £(Sj), i = 1, 2.

The major advantage of using the total variation metric for the distri-
butions of point processes is that, if the distributions of two processes are
sufficiently close with respect to the total variation distance, the same accu-
racy is also valid for the total variation distance between the distributions
of any functional of the two processes. However, although the total varia-
tion metric for random variable approximation is very successful, the total
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variation metric for point processes turns out to be too strong to use in
practical problems. For example, if the two point processes have the same
numbers of points, but distributed in slightly different locations, they would
be at total variation distance 1 from one another. This inspired people to
look for weaker metrics which would be small in such situations. The met-
ric d\ defined in Section 4.1 and the metric d,2 derived from di serve the
purpose very well.

To define cfo, let ̂  denote the sets of functions / : H t-» [0,1] such that

sup ffiL4&21£1. («,

Then the second Wasserstein metric c?2 between probability measures
Qi and Q2 over B(H) with respect to d\ is defined as [Barbour &
Brown (1992a)]

^2(Q1,Q2)-sup [fdQ1-[fdQ2

= infEdi(Ei,E2)

= inf{P( |31 |^ |H2 |) + Edi (S l l 3 3 ) l [ | S l N S a | ] } (4.3)

where, again, the infimum is taken over all couplings of (Hi,H2) with
£(Hi) = Qi and £(£2) = Q2 and the second equality of (4.3) is due
to the duality theorem [Rachev (1991), p. 168]. The last equality of (4.3)
offers a nice interpretation of d2 metric. That is, it is the total variation
distance between the distributions of the total numbers of points of the two
point processes, and given the two distributions have the same number of
points, it then measures the average distance of the matched pairs under
the best matching. It is also clear that for two point processes on F,

dTV(C(E1),C(E2)) > d2(£(S1),£(S2)) > drvOCflSxI^aSjl)),

hence, when we bound the errors of point process approximation in terms
of the metric d2, the best possible order we can hope for is the same as that
for one dimensional total variation metric.

4.3. Poisson process approximation using stochastic
calculus

Before Stein's method was introduced into the area of Poisson process
approximation, the errors of process approximation were mainly esti-
mated using coupling methods [e.g., Freedman (1974), Serfling (1975) and
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Brown (1983)]. From the duality theorem, any coupling will give an upper
bound for the distance under study and the effort is in finding those which
give upper bounds as close to the true distance as possible. A good cou-
pling often requires very sophisticated skills and knowledge of probability
theory and, unlike the universality of Stein's method, it is usually found in
an ad hoc way. In some special cases where a near perfect coupling can be
constructed, an estimate using coupling may be better than one derived by
Stein's method; however, when the complexity of the structure of the point
processes is beyond our comprehension, Stein's method usually performs
better than our manipulation of coupling skills.

In this section, we quote two results of Poisson process approximation
using coupling [see Section 2.3.3] and stochastic calculus, one in terms of
the total variation metric and the other for the d<t distance. We omit the
proofs, as the proofs require advanced knowledge in stochastic calculus,
which is not a necessity for understanding Stein's method.

Theorem 4.4: [Brown (1983)] If (M,T) is a simple point process with
compensator A, \i is a measure on [0, oo) and t > 0 is non-random, then

<W(£(M<), Po (jS)) < E\A - M|t + E I £(AA(s))2 1 , (4.4)

where £(M*) is the distribution of M confined to [0,t], Po(fit) is the
distribution of a Poisson process on [0,i\ with mean measure /i|[o,tj and
\A - /x|t is the pathwise variation of the signed measure of A — y, on [0,t],
i.e.\A-n\t = fQ\A{ds)-iiL{ds)\.

This result is optimal in the sense that we can find examples with total
variation distance having the same order as the bounds derived from the
result.

Example 4.5: (Poisson process approximation to a Bernoulli process). Let
Ii, • • • , In be independent indicators with

P(7i = l) = l - P ( / i = 0 )= P i > i = l ,--- ,n.

Let F = [0,1], S = J27-1 Irfi/n a nd A = Y^i-iPi^i/n be the mean measure
of S. With respect to its intrinsic nitration T = {J~s)s>o, where J-s is just
<7{S[0,r] : r < s}, E has compensator A(s) — J2i<nsPi = ^[0>s]- Using
(4.4), we have

n

<W(£(S),Po(A))<2>t
2.

*=i
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The bound is in the right order. To see this, let

B = {£ : there is an i such that £{i/n} > 2};

then P(E £B) = 0, while Po(A)(£) = O (Ztirf)-

We now state the estimate in terms of the c^-metric.

Theorem 4.6: [Xia (2000)] Suppose (M, T) is a simple point process with
compensator A, and B is a non-random continuous increasing function with
B(0) = 0. Let p,q € [1, oo] satisfying 1/p + 1/q = 1. Then, for any fixed
5 > 0 and T > 0, we have

d2(£(MT), Po (BT)) < Cq(X)\\(B, A)\\p + E{6 A \A(T~) - B(T)\}

+ P(|A(T-) - B(T)\ >S) + EAA(T) + E I ^(AA(s))2 1 , (4.5)
[s<T J

where A = B(T), Cq(\) = [ E S 0 ( W ^ ] ^ '

r r/• r i 1 / p

UB,A)\\P = \E / lAds^o^j-tivifl^o^r)-*!)^*) \ ,

and the quantity ||(B, A)||oo is understood to be an essential supremum [see
Shiryaev (1984), p. 259].

Remark 4.7: In calculating the upper bound of (4.5), the values of p
and q are chosen according to the randomness of A. Usually, we choose
p = q = 2, while sometimes other choices are also possible. In particular, if
A is non-random, then we can choose p = oo and q — 1 [see example 4.11].

The following proposition is useful in applications.

Proposition 4.8: The values ofC\ and Ci are given by

(>) C,(A) _ ^ = j ^ i

and C2(A) ~ I/A as A —> oo.

Proof: The proof of (i) is straightforward. Apropos of (ii), we have

^ ( i + l ) ^ ] - X 2 - i + i ( i + i ) ! - A Jo x dX-
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Since ^— is an increasing function of x, it follows that

—— / dx < — —A < 1.
A Jo X A A

On the other hand,

e~x y , i \i+i e-A " 2 Xi+1 2_

A ^ * + l ( » + l ) ! ~ A 2 - j + 2 ( t + l ) ! - A2" •

Remark 4.9: Although we omitted the proofs, a simple comparison of
the bounds (4.4) and (4.5) would reveal that the coupling idea works well
for the continuous part of the compensator but does not handle the jumps
of the compensator efficiently [see Kabanov, Liptser & Shiryaev (1983),
Lemma 3.2].

Example 4.10: If M is a simple point process with continuous compen-
sator A satisfying A(T) = B(T),a.s., then applying (4.5) gives

d2{C(MT),Vo{BT))<Cq{\)\\{B,A)\\p.

This upper bound is of a kind similar to the upper bound on the total
variation distance between a mixed Poisson random variable and a Poisson
random variable established in Pfeifer (1987) [see also Barbour, Hoist &
Janson (1992), p. 12].

Note that, if A{T) = B(T) a.s., M(T) has distribution Po(5(T)), but
it is not necessarily true that M is a Poisson process.

Example 4.11: If T = 1, B(t) = at,A(t) = bt with a > b > 0, and
p = oo, q = 1, then (4.5) implies that

d2(Po (AT), Po (BT)) < Ci(a) t ^ - + \b - a\ x \b - a\. (4.6)
ZiCL

On the other hand, the result in Barbour, Brown & Xia (1998), who com-
bined stochastic calculus with Stein's method, gives

d2{Vo (AT), Po (BT)) < (1 A 1.656~*)|6 - a\,

which is significantly better than (4.6) if b is large.
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5. Poisson process approximation via Stein's method

5.1. Stein's equation and Stein's factors

As shown in the previous section, the coupling idea applied directly can
solve the problem of Poisson process approximation with a certain degree
of success, but with little hope of further improvement. We need a mecha-
nism for quantifying Poisson process approximation which is more routinely
applicable, and Stein's method provides the right answer. The foundation
of Stein's method for Poisson process approximation was established by
Barbour (1988), adapted from the Stein-Chen method in Chen (1975) for
Poisson random variable approximation, and was further refined in Barbour
& Brown (1992a). There it is shown, in particular, how Stein's method can
be combined with standard tools of point process theory such as Palm distri-
butions and Janossy densities. They used an auxiliary spatial immigration-
death process, as in Section 3.2, to investigate the approximation of a point
process by a Poisson process. Recalling that the generator A of the spa-
tial immigration-death process is given in (3.6) and a point process S is
a Poisson process with mean measure A if and only if TEAf(E) = 0 for a
sufficiently rich class of functions / on H, we conclude that £(H) is close to
Po (A) if and only if E.4/(E) « 0 for this class of functions / . On the other
hand, to evaluate the distance between £(S) and Po(A), we need to work
on the functional form E(/i(£)) — Po(A)(/i) for the test functions h which
define the metric of our interest; hence we look for a function / satisfying

Af(Z) = / [/(£ + 8c.) ~ /(01 A(da) + J [/(£ - Sa) - fm(da)

= fc(0-Po(A)(fc), r (5.1)

called the Stein equation, and if such an / can be found, we can estimate
the quantity \E(h(S))-Po (A)(A)| by investigating |E.4/(H)|. The estimate
of the approximation error is then just the supremum of |E.4/(H)|, taken
over all the solutions / corresponding to the test functions h of interest [see
Theorem 5.3].
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Example 5.1: (Poisson process approximation to a Bernoulli process).
With the setup of Example 4.5, we have

Eh(a) -Po(\)(h) =EAf(E)

= E / [/(E + Sa) - f(E)}X(da) + E [ [f(E - Sa) - f(E)]S(da)
Jo Jo

n

= £ > { [ / ( S + 5i/n) - /(E)] + [/(E4) - /(E< + «Ji/n)]}p«

= £ E[/(3* + 2Si/n) - 2/(Si + Vn) + f&M,
» = 1

where H* = S — IiSi/n.

To find the solution to (5.1), recall that the resolvent of A at p > 0 is
given by

/»OO

(P-A)-Ig(t)= e-<*Eg(Zt(t))dt (5.2)
JO

[Ethier & Kurtz (1986), p. 10]. What we need to do is to argue that when
p = 0 the equation (5.2) still holds for suitable functions g and we sum-
marize the results in the following lemma [cf Barbour & Brown (1992a)].

Lemma 5.2: For any bounded function h, the integral

rVEh(Zt(t))-Po(\)(h))dt (5.3)
Jo

is well-defined and the solution to (5.1) is

fiO - - [°°\Eh(Zt(t)) - Po (X)(h)] dt. (5.4)
Jo

Proof: Set |£| = n,

r n 0 = i n f { t : Dc(t) = 0} = inf{t: |D*(t)| = 0},

and

TP0 = inf{£: BP{t) = 0} = inf{* : |DP(i) | = 0},

where Dp is a pure death process with initial distribution the same as
Po (A). Then, in view of Proposition 3.5, we can construct a pair of processes
ZP(t) = DP(t) + Z0{t) and Z£(t) = D€(«) + Zo(«) such that Z P is in
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equilibrium and Zj is an immigration-death process starting in £, which
satisfy Zp(t) = Zj(t) for t > max{rn0,Tp0}- This implies that

/ |E/i(Z€(t)) - Po (A)(/i)|dt = / |EJi(Z€(i)) - Eft(ZP(t))|di

<E(TBO + Tpo)| | / | |<(n + A)||/||.

Since the integral (5.3) is absolutely convergent, we may split it at the
first time of leaving the initial state r = inf{£ : Z^(i) ^ £}:

/(0
= A T ^ {[/l(e)"" P ° ( A ) ( / l ) ] + (A + ")E jTlMZ^t)) - Po (A)(fc)]dt j

= A T ^ {t'1^) - Po (A)^)l" I HZ + ^)A(d") - jv HZ ~ s<*)t(da)}.

where the last equation is because of the strong Markov property. Now,
some reorganization leads to equation (5.1). •

Assume that, for each a, there is a Borel set i a c r such that a £ Aa

and that the mapping

rx«-rxW:(a,£)~(a,£Ue)

is product measurable. This is true so long as A — {(x,y) : y £ Ax,x e F}
is measurable in T2 [see Chen & Xia (2004)].

Now,

E f[f(E-5a)-f(E)}E(da)
Jr

= E / {[/(2 - 8a) - /(H)] - [/(SU=) - /(S|A« + Sa)]}E(da)
Jr

+E /[/(SUc) - /(SUS + *a)][H(da) - A(da)]

+E /{[/(SUS) - /(SU= + <U] - [/(S) - /(S + Sa)]}X(da)
Jr

+-E f[f(E)-f(E + 5a)}X(da),
Jr
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which gives

Eft(3)-Po(A)(/i) = EU/(S)

= E /{[/(S - 6a) - /(S)] - [/(S|A£) - /(SUc + <5a)]}S(da)

+E /[/(SUc) - /(S|Ac +SQ)][2(da) - A(da)]
./r

+E /{[/(SUc) - /(S|A= + Ja)] - [/(£) - /(S + *Q)]}A(da). (5.5)
Jr

Example 5.1 and (5.5) tell us that, in order to implement Stein's method,
it is essential to have good estimates of

A2/(£; a, (3) = /(£ + Sa + 6p) - /(£ + Sa) - /(£ + Sp) + f(0,

A/(O = sup|/(f + ^ ) - / ( O | ,

A 2 / (0= ^ p |A2/(r/;x,y)|.
•n-t&H,x,y£T

With these quantities, if £i e W and ^2 = £i + J2i=i ^xt,
 we can define

T]j = £i + Si=i ^ i ' 8O t n a t t n e n W = ̂ i, Vk = 6 and

|[/(6) - /(& + «»)] - [/(6) - /Kl + <Ja)]| (5-6)

= i2{\f(Vi)-f(Vi+Sa)]-[f(Vi-i)-f(Vi-i+Sa)]} <fcA2/(6),

giving

E /{[/(S - 5a) - /(S)] - [/(SU£) - /(SUc + <Sa)]}S(A*)

< E / A2f(Z\AcJ(Z(Aa)-l)E(da), (5.7)

and

E /{[/(SUc) - /(S|Ac + 5Q)] - [/(S) - /(S + Sa))}X(da)
Jr

< E / A2/(SUS)A(da)S(Aa). (5.8)
./aer
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For the second term of (5.5), we have

E /[/(3US) -f{E\Ac + Sa)][E(da) - \(da)}
Jr

= E /[/(3Uc)-/(SU« +6a)Ma,S\A.J-<Ka)]vL(da) (5.9)

= Ejf{[/(SaUs)-/(SQUc+O]
-[f(Z\K) - /(SU= + *«)]}A(da), (5.10)

where ^>(a) and g are denned in (2.7) and (2.8). The estimates (5.7)-(5.10)
are summarized in the following theorem.

Theorem 5.3: [Chen & Xia (2004)] For each bounded measurable function
h on 7i,

\Eh(3)-Po(\)(h)\

< E / A2f(Z\Aca)(Z(Aa)-l)Z(da)+mm{e1(h,E),e2(h,Z)}
Ja€T

+E f A2f(E\A%)X(da)E(Aa),

where

ei( / i ,S)=E f Af(E\AcJ\g(a,E\Aca)-4>(a)Mda)

which is valid if E is a simple point process, and

e2(h,E) = E / |[/(SUc)-/(S|Ac+5a)]-[/(SaU=)-/(3aU=+Ja)]|A(da).

Remark 5.4: How judiciously the (^aja € F) are chosen is reflected in
the upper bound.

The bounds on A/(£) and A2/(£) depend on the metrics we use for
measuring the accuracy of Poisson process approximation and will be dealt
with in terms of three metrics: one dimensional total variation metric, the
total variation metric for the distributions of point processes and the d®
metric. The bounds can be summarized in the following table:
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| A/(Q 1 A2/(Q

drv'- one dimensional 1 A J-^ (Prop. 5.7) ^~— (Prop. 5.6)

dfy\ process distributions 1 (Prop. 5.12) 1 (Prop. 5.12)
d2 (uniform) 1 A ^ f (Prop. 5.16) 1A [|i (l + 21n+ (f*))]

(Prop. 5.17)

d2 (non-uniform) ^r + ]jjjl (ProP- 5.21)

5.2. One dimensional Poisson process approximation

In this section, we focus on the distribution of H(B), the total number of
points in a Borel set B of a point process S, approximated by a Poisson
distribution: see also the discussion in Chapter 2, Section 2.5. For simplic-
ity, we only consider the test functions /i(£) = l>i(|£|) with A C Z+; one
can adapt to functions of the form 1^(^(5)) by changing A to \{B) appro-
priately. The corresponding solution to the Stein equation (5.1) is denoted
by IA(-) and we write fj for / ^ } . Noting that, when we consider only the
total number of points, the spatial immigration-death process is reduced
to an immigration-death process as in Section 3.1, we simply write |Zf(i)|
as Z|£|(£). For each fixed j , if i < j , it follows from (5.4) and the strong
Markov property that

rTti r°°
fj(i - 1) = - E / [lwiZi-dt)) - Wjjdt - E / {l{j}(Zi^(t)) - nj]dt

Jo JT+_1

giving

/ ; ( i ) - / i ( i - l ) = - 7 r ^ . (5.11)

Similarly, for i > j ' + 1,

[l{j}(Zi(i)) - *j]dt - E / [l{i}(Z4(t)) - *j]dt

= ^iTr + /?•(*-!)>

which implies that

/i(0-/i(*-l) = ̂ 'T- (5.12)

Combining (5.11), (5.12) and Lemma 3.2, we reach the following lemma.

Lemma 5.5: For each j G Z+, fj(i + 1) - 2/,(i) + /,(i - 1) is negative for

all i save i — j .
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As a matter of fact, the claim in Lemma 5.5 is valid for a large class
of approximating distributions including Poisson [Chen (1975), Barbour
& Eagleson (1983)], binomial [Ehm (1991)], negative binomial [Brown
& Phillips (1999)] and many other polynomial birth-death distributions
[Brown & Xia (2001)].

The following estimates of the Stein factors were first achieved by Bar-
bour & Eagleson (1983) using an analytical method, and were revisited by
Xia (1999) using a probabilistic method; see also Chapter 2, Theorem 2.3.

Proposition 5.6: We have

A2/A(£)<MA):= j i ^ j .

Proof: [Barbour & Eagleson (1983), Xia (1999).] It is immediate that
/z+ (i + 1) — 2/z+ (i) + fz+ (i — 1) = 0, so it suffices to show that

fA(i + 1) - 2fA(i) + fA(i - 1) < ^ - j — ,

for all 4 c Z + and all i e Z+. To this end, using Lemma 5.5 and (3.5), we
have

fA(i + l)-2fA(i) + fA(i-l)

< fi(i + 1) - 2fi(i) + fi(i - 1) = 7n pj tT + ^ )

= ZEi (F^" V + iiLtll) < Hi (*i + --- + *i + F(J + i ) \

_ 1 - 7 T 0

completing the proof. •

Proposition 5.7: We have

A/^(0<MA):=|lAyA|.

Proof: It follows from (5.11) and (5.12) that

/A(* + 1 ) - / A ( » ) < /[o,<](t + l)-/[o,.i(t)

= - E / [ l [ O i i ] (Z i + 1(*))- lM(^(t))]dt = / e-t-p(Zi(t)=i)dt < 1.
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Also,

f°° r°° f 1 \
/ e"* maxF(Z0(t) = j)dt < e~* (1 A - = = dt

Jo i Jo \ v2eAt/

= / fiA-^LJjds = f^ds+ f -^ds
Jo \ V2e\sJ Jo J^ V2eAs

* V ^ T 2^' (5-13)

where the first inequality is taken from Barbour, Hoist & Janson (1992), p.
262. •

In view of Proposition 5.6 and Proposition 5.7, the following theorem is
an obvious corollary of Theorem 5.3.

Theorem 5.8: IfE is a point process on T with mean measure A, then for
every bounded Borel set B,

dTV(C(E(B)), Po (X(B))) < fc2(A(B))E / (E(B n Aa) - l)S(do)
Ja€B

+ mm{e1,e2} + k2(X(B)) f X(da)X(B n Aa), (5.14)
Ja€B

where

ci = fci(A(B))E / |ff(a, S|Ac) - ^(a)|/*(da)
VaGB

wiiicii is valid if S is a simple point process, and

e2 - fc2(A(5))E / |3(B n Ac
a) - Ea(B n 4;)l A(da).

Remark 5.9: Consider Aa = {a} with e2, then Theorem 5.8 is reduced to

dTV(C(E(B)),-Po(X(B)))

< k2(X(B)) ( E / \E(B\{a}) - Ea(B\{a})\ X(da) + £ (A{a})2 1 ,

which is slightly different from Theorem 3.1 of Barbour <fe Brown (1992b).

If the approximating Poisson random variable has a different mean,
then the following theorem together with the triangle inequality would be
sufficient [Pfeifer (1987) or Barbour, Hoist & Janson (1992), p. 12].
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Theorem 5.10: If v^ and v^ are two positive real numbers with V\ > v-2,,
then

drv(Po(i/i),Po(i/2)) < fci(i/i VJ/2)(I/I -V2).

Remark 5.11: Yannaros (1991), Theorem 2.1, gives an estimate which is
typically sharper:

drvCPo (vi), Po (i/2)) < (fi - 1/2) min \ 1, —— \ .
L \ M + V ̂ 2 J

5.3. Poisson process approximation in total variation

The following estimates were first obtained by Barbour & Brown (1992a).

Proposition 5.12: If h = 1A with A € B(7i), and /A is the solution to
the Stein equation (5.1), then

(0 A/A(0 < 1 for all £;

(«) A 2 / A ( 0 < 1 foraJie

Proof: We use Proposition 3.5 to prove the claims. Let r, T\ and T2 be inde-
pendent negative exponentially distributed random variables with mean 1.
For (i), we have

|/A(£ + Sa) - fA(Z)\ = E f°[U(Z£(t) + <5Qlr>t) - lA(Zz(t))}dt
Jo

= E / e-t[U(Zc(t) + 5a) - lA(Z€(t))]d«
Jo

/•OO

< / e~tdt = l.
Jo

Apropos of (ii), note that

A2fA(Z;x,y) = - E / [lA(Z((t) + SxlTl>t + SylT2>t) - lA(Z((t) + SxlTl>t)
Jo
- U(Zf(t) + SylT2>t) + lA(Z((t))]dt

= - E j " e-*[lA{Ze(t) +5X+ 5y) - lA{Zz{t) + Sx)
Jo
- lA(Zt(t) + Sy) + lA(Z£(t))]dt, (5.15)
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where the last equation follows because if either rj < t or r2 < t occurs,
then the integrand is 0. Thus

/•OO

\A2fA(£;x,y)\ < E / e -2 t |U(Ze(i) + 5X + 5y) - lA(Z€(t) + 5X)
Jo

-lA(Zs(t) + 6y) + lA(Zs(t))\dt
/•OO

< 2 / e~2tdt = 1. •

Remark 5.13: If we consider the Prohorov metric for Poisson process
approximation, the Stein factors will be the same as those for the total
variation metric [see Xia (1994)].

Theorem 5.3, together with Proposition 5.12, gives the following bounds
for Poisson process approximation in terms of the total variation distance.

Theorem 5.14: We have

dTV(C(E), Po (A)) < E f (E(Aa) - l)S(da)

+ min{e1,e2}+ / X(Aa)\(da), (5.16)

where

C l = / E|p(a,2Uc)-0(a)|/*(do)
Jaer

which is valid if S is a simple point process, and

e 2 = E / ||3Uc-HaUc||A(da),

with ||^i — £2!) := /p \Ci(d^) — £2(^)1, the variation distance between £1
and £2-

5.4. Poisson process approximation in the d-^-metric

In the one-dimensional approximation of H(5), a change in the location of a
point makes no difference to E(B) as long as the old and new locations of the
point are either both in B or both outside it. However, when considering the
total variation metric for the distributions of point processes, even a small
shift in the locations of points will result in a totally different configuration,
at distance 1 from the original. The metric d% lies somewhere between the
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two extremes. Prom our experience in the preceding two sections, if we are to
apply Stein's method successfully for the d2-rnetric, the first thing that we
must do is to "squeeze out" the best Stein's factors for A/(£) and A2/(£),
when / is the solution to the Stein Equation (5.1) for any test function
h € \I>, where \I>, denned in (4.2), is the set of test functions relevant to
the ^-metric. The proofs in this section will be lengthy, but nevertheless,
the final result in Theorem 5.27 is widely applicable; see, for example, the
beautiful conclusion in Theorem 6.8.

Naturally, the first aim is to find uniform bounds for A/(£) and A2/(£),
as considered in Barbour &: Brown (1992a) and in Barbour, Hoist & Jan-
son (1992), pp. 217-225. The first lemma investigates how much change
results from changing the location of a single point.

Lemma 5.15: If h e *, then

\[f(S + ** + &«) ~ fit + <U1 - [f(Z + &x + h) ~ fit + Sp)]\

< do(a, (3) min j 1, j (j + 2 ln+ \\\ .

This lemma is used in establishing the following three propositions,
which are central to the proof of the main theorem. Note that two new
Stein factors, appropriate to c^-approximation, emerge:

(5.17)

Proposition 5.16: Ifhe^f, then

A/(0<c1(A)foraIJ^eW.

Proposition 5.17: If h e *, then

A2/(£) < c2(A) for all $eH.

Proposition 5.18: IfhG^, then

|[/« + <U " /(£)] - [f(v + Sa) - f(v)}\ < ^(AK^ry).

The proofs of all four results make use of Proposition 3.5. Let r, rj
and T2 be independent negative exponentially distributed random variables
with mean 1, and let U, Ui, f/2, • • • be independent T-valued random ele-
ments having distribution A/A; assume that the E/'s, r's, Dj and Zo are all
independent as well. As before, we write

n := |£|, Zn(t) := |Zc(t)|, Z0(t) := |Z0(t)| and At = A(l - e"*). (5.18)
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Proof: [Lemma 5.15]. We have

\lfit + 6X + Sa) - f(t + SQ)] - [f(t + SX+ Sp) - fit + Sp)]\

< [ |E[fc(Zc(t) + JxlT,> t + da lT S > t ) -h(Z€( t) + JQlTi>t)Jo
- h (Z€(t) + ^ l T l > t + ^lT2>t) + h (ZC(t) + Splr^dt
rOO

= / e-2t\lE{h(Z^t) + 8x + 6a)-hiZiit) + 6a)
Jo
- h (Zc(t) + 5x + Sp) + h (Z€(t) + J/j)]!A

< do(a,)8)E f0 2C * dt < do(a,/3).
JO ^n(*j + 1

On the other hand,

/•oo e - 2 t /-oo _2t

Jo M Jo As

for all A > 1, completing the proof. •

Proof: [Proposition 5.16]. The proof is essentially the same as that in Bar-
bour & Brown (1992a), with minor modification to simplify the reasoning.
The bound of 1 is obvious as the test functions in ^ are also test functions
of the total variation metric. For a A-dependent bound, we have

\m+sa)-m)\
= E /°V(ZaO + <Ur><) - hiZ(it))]dt

Jo
/•oo

= / e-*E[/i(Z€(t) + <U - hiZzit))]dt
Jo

< r e-*{l A |E[fc(Z£(t) + Sa) - /i(Zc(t))]|}dt
Jo

/-oo

< / e-t{lA{|E[MZ€(t)+Ja)-MZc(«) + M]l
Jo

+ |E[ft(Z?(t) + <5c/) - h(Z€(t))]|}R (5.19)
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Next,

|E[h(z€(t) + aa)-Mzc(t) + %)]l < B{Zn(t) + i}

= I* •EzZ'Mdz = f1 (1 - e-'il - z))ne-x^-zUz
Jo Jo

< / e-{ne~'+Xt}{1-z)dz = / e-{ne't+Xt}zdz (5.20)
Jo Jo
1 — e ~ A t

< ^ — , (5.21)
At

where we take n = 0 for the last inequality, and, since

E[/i(Ze(t) + <fo)|£b(*) = *] = E[A(Zc(t))|2b(0 - *+l] • - afc+i(*), (5-22)

we have

|E[A(Ze(*)+^)-MZc(*)]l
oo

= ^{E[/i(Z£(t) + ^)|Zo(t) = fc] - E[A(Z£(t))|Zo(t) = *]}P(Z0(t) = k)
fc=0

oo

= 5]a*(t)[P(^o(*) = * - 1) -P(2b(t) = A:)]
fc=O

= maxF(Z0(t) = fc) < - i = , (5.23)
fc v2eAi

where the last inequality is again from Barbour, Hoist & Janson (1992),
p. 262. Finally, combining (5.19), (5.21) and (5.23) gives

i/«=+<y-/(oi

/•i r f l - e - A s 1 1 1 , 1 f1 [ l - e - A 1 "I _,
< / 1A + . M> ds < - + / — + . ds

-i[I+(I-.-^+^-I,]f i^,
where the last inequality is from direct calculation. •

Proof: [Proposition 5.17]. Replacing h by 1 — h if necessary, it suffices to
show that

fit + 6a + S0) - /(£ + Sa) - /(£ + 5P) + f{t) < c2(A).
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Since h G $ is also a test function for the total variation metric, the bound 1
is obvious. We now establish the A-dependent uniform bound. To this end,
by the same reasoning as for (5.15), we have

/(£ + Sa + 80) - f{£ + Sa) - /(£ + Sp) + f(0
/•OO

= - / e-2tE[/i(Zc(t) + 6a + Sp) - h(Ze(t) + Sa)
Jo

-h(Zt(t) + 5p) + h(Zt(t))]dt.

Next, for k > 0, let

bk(t) = l<Vh (l>e(t) + 5a+Y,5u)+]Eh (Dc(t) + 60 + ^60)1,

and define &-i(£) = E/i(D^(i)); then we have

E/l(Z£(t) + 5a + «/9)
00 / fc \

= J 3 Efc D€(t) + «Q + ^ + ^ ^ P(Z0(t) = k)
k=0 V i=l /

f
= ^ P ( Z 0 ( 0 = A;) 6 f c + i ( i )

A:=0 I

+ E/i(D€(t)+aa + fy + 5 3 ^ ) -6fc+i(t) >

^ E {E (1DIW1W2) + 6 * + l ( t ) } P W ) = fc)

= E {zJ)+~2 } + E6*+i(*)P(^(*) = *), (5-24)

and

00

E[h(Z£(t) + Sa) + h(Zt(t) + 5p)\ = 2 J ] 6fc(t)P(Z0(t) = k), (5.25)
fc=0
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and finally

oo

E/i(Zc(t)) = 53 p ( z o(*) = Jfe)
fe=0

x J 6fe_i(t) + E / I / D ^ O O + X ^ ) -&k-i(«) |

^EE{inm[ + fc)F(Zo(t) = fc) + f>- iW F W) = *)fc=i ^ I e w i ••" J fc=0

= E ( % ^ } + f>_i(i)P(Zo(i) = *)- (5-26)
I AiW J fe=0

Combining (5.24), (5.25) and (5.26) gives

E[h(Z€(t) + <5« + 5/3) - fe(Z£(t) + Sa) - h(Z€(t) + 5P) + /i(Z€(t))]

< IF / 1 1 i IF f ^ " W ^ 1 !

oo

fc=0

oo

+ ^ 6fc(t)[P(Zo(*) = A: - 1) - 2P(Z0(«) = fc) + P(Zo(«) = * + 1)].
fe=-i

Since 0 < bk(t) < 1, we have

oo

5 ] 6fc(t)pP(Z0(t) = fc - 1) - 2P(Z0(t) = fc) + P(^o(*) = k + l)\
fc=-i

= f;6fc(t)p(2b(o = * + i ) f f^- iy-7-y
*;=-i L v * ^ (At*

< f; p^ t ) = * +1) (*±1 - iV = i
fc=-i v * / A*

and, by (5.21),

Ff 1 I I F I ' ^ ' I < V ( 1 \ < 8 / 3

*i\Zn(t) + 2 / + I Zn(t) / " S ^ l ^ W + lJ ~ IT'
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Hence,

E[/i(Z€(t) +Sa + Sp) - h(Zt(t) + Sa) - h(Zs(t) + 6P) + h(Z^(t))]

and

jr^(-T)--»jf"->(-^)*

for all A > 11/6. •

Proof: [Proposition 5.18]. Write f = ^ " = 1 £,.. and r/ = ̂ ^ i Syi. Without
loss of generality, we assume that m > n and that

n

d'ii^v) =^do(ii,yi) + (m-n).
»=i

Define ^ ' = ̂ = 1 ̂ ; t h e n

\[f(t + Sa)-f(£)]-lf(v + 8a)-f(v)]\
< \[f(t + Sa) ~ fit)] ~ [/«' + So) ~ /(Oil

+ |[/(£' + <U -/(£')] - [/(*? + *«) - / W ] | .

It follows from (5.6) that

\[f(? + Sa) - fit')] - [f(v + Sa) - f(v)]\ < c2(A)(m - n).

Next, set Vj = J?i=1 5Xi + Z"=j+i SVi,0<j<n. Then

![/(£ + <*«)-/(£)]-[/(£' + *»)- / (Oi l

so applying Lemma 5.15 with the fact that

min|l,^Q+21n+A^|<C2(A),

we have
n

|[/K + y-/(0]-l/(f + y-/(O]l<^)E^'»)' •
t = l



Poisson process approximation 157

With these estimates of Stein's factors, we are now ready to state our
first main result in terms of the <i2 metric.

Theorem 5.19: IfE, is a point process on T with mean measure X, then

d2(£(~),Po(X))

< c2(A)E / (3(4.) - l)3(da) + minfa, e2} + c2(A) f X(da)X(Aa),

where

Cl = Cl (A)E / \g(a, E\A*) - # a ) \n{da)

which is valid if 3 is a simple point process, and

e2 = c2(A)E/ d/
1(3|A=,3a|Ae)A(do).

Jaer

Remark 5.20: The bound c2(A) is of the right order and the factor
ln+ (|y) in Proposition 5.17 cannot be removed.

To see this, we use an example from Brown & Xia (1995b). Suppose
that (S,d) is a metric space, and that a,b $ S are two isolated points; that
is, that d(a,b) = 1, and that d(a,x) = 1 and d(b,x) — 1 for all x e S. Let
F = 5U {a,b}. For n > 1, x\,- • • ,xn € S and two integers m ^ n ^ > 0,
define a test function

( n \ ( i .» A

> 5Xi + TUxSa + m26b) = < "+2> .
r ^ y 10, otherwise.

Then, by direct verification, h is in the set * of c?2-test functions (4.2).
Furthermore, if supp(X) c S, then Z0(t) satisfies Z0(t)({a, b}) = 0, a.s.
Note that ZQ{t) ~ Po (Xt), and that

z . (t + 2),! j/2 z . , , yo V2 jo z.,-!

= —T / sesds = 5 .
^2 Jo v1
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Hence we have

\f(Sa + Sb)-f(6a)~f(Sb) + f(0)\

= f e-2t-E{h(Zo(t) + 6a + Sb)-h(Zo(t) + 6a)Jo
- h(Z0(t) + Sb) + h(Z0(t))}dt

1 [xr-l + e-r, 1 fx
r-l+e-r

J In A
- -r o dr ~~ \2 / dr x ~J~> as A —> oo.

A Jo r2 A2 Jo r A
If one takes off the assumption of supp(X) c S, but supposes that
limA^^ \({a, b}) = 0, then A2/ still has the order ^A.

On the other hand, the example also tells us that the problem caus-
ing the trouble is that the number of points in the initial state is small
and when we consider Poisson process approximation, one can expect that
with more than 95% chance the number of points of E, the process being
approximated, is within 3\/A of A. Hence, Brown, Weinberg 8z Xia (2000)
proposed a non-uniform bound for the second difference of / , allowing the
bound depend on the configurations involved. The bound in Brown, Wein-
berg & Xia (2000) is rather complicated and it contains 4 terms, leading
to unnecessary complication in applications. Brown & Xia (2001) simpli-
fied the estimate, and we now follow their ideas to establish a non-uniform
bound.
Proposition 5.21: For each h € *, x,y £ T and £ e H with |£| = n, the
solution f of (5.1) satisfies

\A2mx,y)\<™ + ̂ -1. (5.27)

This estimate is often used together with the following lemma to extract
a Stein factor of order I/A.

Lemma 5.22: [Brown, Weinberg & Xia (2000), Lemma 3.1] For a random
variable X > 1,

where K=^ff.

(5.28)
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Proof: Observe that by Jensen's inequality, E ( ^ ) > EDO- ^ o w define
A := E (Y) ~ Wx)- Then, by an application of the Cauchy-Schwarz in-
equality, and because, if X > 1 a.s., then E(l /X2) < E(l /X) , it follows
that

" ^ K ^ ^ y i S f + i S (5-29)
The bound (5.28) follows by squaring (5.29) and solving for A. •

To prove Proposition 5.21, we need a few technical lemmas. We continue
to use the notation in Sections 3.1 and 3.2 with relation (5.18). Let us first
consider the change of / when we shift the location of one point.

Lemma 5.23: If h G \I> and |£| = n, then

\m+sa)-m+Sfi)\

[ 2 \X nj 2X n + 1 A J

Proof: [cf Lemma 2.2 of Brown, Weinberg & Xia (2000)] Clearly,

\m+sa)-m+5p)\

< rc-* |E[/i(Zc(t) + 5a) - h(Zz(t) + 8(,)]\dt
Jo

<doM)fe-^{^±TY}dt<do(a,(3),
and, by (5.20), for n > 1,

< f e~l \ [ e-^e~t+^zdz] dt= ( [ e-W—l+^'dzda (5.30)
Jo Uo J Jo Jo

f1 1 1 f1 / 1 1 \
~ Jo n(l -s) + \s ~ 2 Jo \ns + A(l - s) + n{\ - s) + Xs J

~ 2\X + n) ~ 2A + n + l '

where the penultimate inequality is due to the fact that, when n ^ X, the
function

I + I
ns + A(l — s) n( l — s) + Xs
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attains its maximum ~ + j at s — 0, 1 and its minimum at s = 0.5. If
n = 0, the claim is obvious.

For the uniform bound, if A < 1, the claim is obvious; for A > 1, taking
the worst case of n = 0 in (5.30), we get

f f e-H^)+^d2ds < ( f^ + f \ l^ds < lnA + 1 u
Jo Jo \Jo Ji/xJ As A

Remzirk 5.24: It might be true that

Lemma 5.25: Let e+ = Eexp(—r+) and e~ = TEexp(—r~); then
XF(") n F ( n - l )

e " ~ ( n + l)F(n + l ) ' C " - 1 + A F(n) ' ( 5 ' 3 1 )

Proof: By conditioning on the time of the first jump after leaving the
initial state, we can produce recurrence relations for e+ and e~:

A + n + 1 — ne^_j A + 1

e- = ^ - f ^ , n>2, (5.33)

[see Wang <fe Yang (1992), pp 154-156 and pp 174-176]. However, it is rather
difficult to get e]~ and we quote it from [Wang & Yang (1992), pp 174-176]:

_ _ A + 1 1
61 ~ ~^~ ~ A/o°°pooWe-^'

where pOo(t) = P(|Z0(£)| = 0). Now, the claim for e+ follows from (5.32)
and mathematical induction. For the other claim, since |Zo(£)| ~ Po (At),
we get

A + l 1

Using mathematical induction in (5.33) gives the claim for e~. •

Proof: [Proposition 5.21]. Write £ = Yl^i^i- By conditioning on the
first jump time after leaving state £ + 5X, it follows from (5.4) that

f(e + X\ -M + Sx)-Po(X)(h)} A

/« + *•) = ^TT~x + ^ T T T A E / ( ^ + Sx + 5u)

+ E ^TTTA / ( ^^-^ '
OC€{ZI,-- ,zn,x)

(5.32)
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where U ~ A/A. Rearranging the equation gives

J^/(? + °x + Ou) - J

+ n + l±Xm + 5x) _ 1 ^ /« + «,-««).

This in turn yields

A2/(£z,2/)

= [/K + 5X + 5y) - E / K + <5, + ̂ ) ] + [/« + Sx) - m + o~y)}

a€{zi,--- ,2n}

+ n+1~x m+sx)--!-T E /K+*--«a) -(5-34)
A 71+1

Swap x and y to get

A2/(S;*,y)

- [/(^ + ̂  + <Jy) - E/tf + Jy + %)] + [/(^ + *„) - /(^ + Sx)\

a€{«i,-,«n}

+ n + !~A /K + O - r l r E /(^ + «v-O -(5-35)
ae{zi,---,zn,y}

Adding up (5.34) and (5.35) and then dividing by 2, we obtain

|A2/(£;z,y)|

< max \f{Z + 8x + 8y)-'Ef(Z + 8z+5u)\
z€{x,y)

+ 2̂ TT) 51 E !/«)-/«+ *.-*-)!
V 7 z€{i,y}ae{zi,-,Zn}

m a x ^ + ^)-Po(A)W
z € {x,y} A V

+ max n + \~X m + S,)--^r E M + Sz-Sc,) •
«e{x,j/} A n + 1 *—'

|_ Q £ { Z I , ••• ,zn,z}

Now, we estimate the four terms in (5.36) individually. First, using the fact
that 0 < h < 1, the third term is clearly bounded by I/A. Next, we apply
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Lemma 5.23 to conclude that the first term is dominated by | (^zj + j)
and the second term is controlled by

2(n+l) f- /-- I n + 2\) < ^+1 + 2A'

Finally, we show that, for z = x or y,

ag{zi,--- ,zn,z} J
(5.37)

so that (5.27) follows from collecting the bounds for the terms in (5.36).
To prove (5.37), it is enough to consider the following two cases with

A > 3.5 since, if A < 3.5, the bound is at least 1, which is obviously correct.

Case (I): n + 1 > A.
Since T~+1 = inf{i : |Zj+^(^)| = n}, the strong Markov property gives

/(£ + Sz) = - E f "+1 [h(Zt+s. (t)) - Po (X)(h)]dt + E/(T,),
Jo

where 77 = Z^+SZ{T~+1). Consequently,

n+l"X\m + 5z)-^Tl ^ f(Z + S,-6a)\ (5.38)
t ae{z1,-..,zn,z} J

[ L a£{2i,-,«„,«} J J

However, by (3.2) and Proposition A.2.3 of Barbour, Hoist & Janson (1992),

n + l - A _ _ (n+l-\)F(n + l) (n + l -A) (n + 2) 1.
A J b j T«+i- A(n + l)Po(A){n + l} ~ A(n + l)(n + 2 - A) ~ A"

(5.39)
To deal with the second term of (5.38), recall the decomposition (3.11), set
D'(£) := £ + Sz — D^+^ (t), which records the individuals who died in [0, t],
we can write

Z€+4,(i) = £ + Jz + Zo(t)-D'(t) .

By the time T~+1, at least one of z\, • • • , zn, z has died, so |D'(T^"+ 1) | > 1.
Noting that the deaths happen to z\, • • • ,zn,z with equal chance, we obtain

E/fo) = - ^ T E ' E ^ U + Sz ~ Sa + ZO(T"+1) - [D'(r-+1) - 5a]} ,
a
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where Yl'a denotes the sum over all a € {z\, • • • ,zn,z} which have died;
this, together with Lemma 5.23, yields

E/(7?)~^TT £ m + Sz-6a)
a€{zi,--- ,zn,z}

<E[|D'(r-+1,|-l](i; + ^ )

<E[|D'(T-+1)|-l](i; + - i T ) , (5.40)

where the last inequality is due to the assumption that n > A — 1 > 2.5, so
that n > 3. On the other hand,

E [ | D ' ( T - + 1 ) | - 1] = n - E | D £ + 4 . ( T - + 1 ) | =n-(n + l ) P ( d > r"+ 1) ,

[see Proposition 3.5]. Noting that Ci > T~+1 is equivalent to

(• n+1 >j

Ci > inf It : |Zo(<)| + J2 XCi>* =n-l\:= f~,

with Ci independent of f~ and £(T~) = £(T~), we have from (5.31) that

E [|D'(r"+1)| - 1] = n - (n + l)Eexp(-r~)

Now, we claim that

2±^E[|D'(r-+1)|-l]<l. (5.42)

In fact, by (5.41), (5.42) is equivalent to

(n + 1 - A) [\F(n - 1) - nF(n)} ~XF{n)<0. (5.43)

Expanding the formula into a power series of A, the left hand side of (5.43)
becomes

2nAF(n) - \2F(n - 1) - (n + l)nF(n + 1)

= e~X 12 7r—rr^n + l-i~(n + l)n/i],
i=n+l ^ >'

which is obviously negative.

(5.41)
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Thus, it follows from (5.40) and (5.42) that the second term of (5.38) is
estimated by

(«6{«l,-,2»,z} J
(5.44)

Combining (5.39) and (5.44) yields (5.37).

Case (II): n + 1 < A.
Likewise, since T+ = inf{t: \Zt+s,-sa{t)\ = n + 1}, the strong Markov

property ensures that

r-
/(£ + Sz-Sa) = -TE [h(Zs+Sz-Sa (t) - Po (X)(h)]dt + E/(s),

where ? = Z£+(5i_(5e>(T+). Hence
n + ^ ~ A [fit + *z) - f(£ + «» " <M ]

< ^ ± i l E T n + + ^ ± i l [ E / ( 0 - /(* + *,)]• (5-45)

Using (3.2) and Proposition A.2.3 of Barbour, Hoist & Janson (1992) again,
we have

A - ( n + l) + _ (A-(n + l))F(n) (A - (n + 1))A 1
A " A2Po(A){n} - A2(A-n) ~ A" [ '

To estimate the second term of (5.45), without loss of generality, we may
assume a = z and realize

Ze(t) = Zo(«) + D€(t),

so that

E/(?) - f(t + Sz) = E[/(Z0(r+) + De(r+)) - /(f + 8Z)\

< E(n + 1 - |D€(r+)|) ( ^ + ^ y ) . (5.47)

But

E(n + 1 - |D € (T+) | ) = n + 1 - nP(& > T+).

Since ^ > r+ is equivalent to

Ci > inf J t: |Z0(t)| + fl XC*>* = n | : = f n - i .
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with Ci independent of f^_x and C(jn-i) = £(Trt-i)> w e Set fr°m (5-3l)
that

E(n + 1 - |D«(r+)|) = n + 1 - «Eexp(-r+_1) = 1 + ^ ^ .

(5.48)
We now show that

A ~ ( ^ + 1 )E(n + 1 - |D£(r+)|) < 1. (5.49)

Using (5.48), (5.49) can be rewritten as

(A - (n + l))[nF{n) - XF{n - 1)] - (n + 1)F(n) < 0. (5.50)

The left hand side of (5.50) can be expanded into the power series of A as

XnF{n) - (n + l)nF(n) - A2F(n - 1) + (n + l)AF(n - 1) - (n + l)F(n)

= e~A E 77TT)![(i + 1)n ~(n + 1)n ~(i + 1}i + {n + 1){i +1}"(n +1)]

i=0 * '̂
- ( n + l)2e-A

i=0 ^ '

It now follows from (5.47) and (5.49), that

A 2A n + 1

which, together with (5.45) and (5.46), gives (5.37). •

Lemma 5.26: For f, 77 e H and x&T,

){f(Z + 6a)-f(O}-lf(r) + 6a)-f(r))}\

Proof: Using the setup of the proof of Proposition 5.18, we have from (5.6)
and Proposition 5.21 that

|[/(C + *«) - /(^)] - lf(v + sa) - /fo)]I < ( x + ^ r i ) ^m - n)-
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For the remaining part, let 77J = Yn=i 5Xi + YA=J+2 SVi, and let TX and r2

be independent negative exponential random variables with mean 1 and
independent of Z,/; then

< f |E[/i(Z^.(t) + SalTl>t + 6yj+llT2>t) - hiZr,, (t) + SVj+1 lT2>t)
<J 0

- Kz^t) + saiTl>t + sXj+1iT2>t) + h{zv,.{t) + sXj+1iT2>t)]\dt

= J™ e-2t|E[/i(Z,j(t) +8a + 5yj+l) - h{Zv, (t) + SVJ+1)

- h(Zn, (t) + Sa + SXj+1) + h{Zn,.(t) + 5Xj+1]\dt

<doiXj+1,yj+l)jo e-^-^^2+Y-^—yt

= do(xj+1,yj+1) J°° e-2t ffi J (1 + 2 ) z z - ' W j dt

= do(xj+1,yj+1) J™ e~2t \J {l + z)(l-e-t + e-tz)n-1e-x^1-^dz]dt

< 2do(xj+1,yj+1) f°° e~2t \J (1 - e-* + e^zf'1 dz\ dt

= 2do(
xj+uyj+i)

n+1
and so

\im + sa) - /(Ol - W + 6») - /(Oil < ^ Y E*(^.i/0;

the proof is completed by applying the triangle inequality. •

The estimates in Propositions 5.16, 5.21 and Lemma 5.26 allow us to
modify Theorem 5.3, to give another theorem for measuring the errors of
Poisson process approximation in terms of d2 distance. This result is the
same as Theorem 3.4 in Chen &; Xia (2004), except for smaller constants.

Theorem 5.27: We have

d2(£(3),Po(A))

^ E / (¥ + ^ T T T ) ( H ^« ) - 1)3(da) + min(£i>e2}

Jeer V A ^\Aoc) + lJ
+EL(T + W^)^E(A.), (5.51)
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where

ei = ci(A)E / \g(a, E\A%) - ^(a)|/x(da)
Jaer

which is valid if S is a simple point process, and

6. Applications

6.1. Bernoulli process

The simplest example of Poisson random variable approximation is the
sum of independent indicator random variables [Barbour, Hoist & Jan-
son (1992), Chapter 1]. Correspondingly, for Poisson process approxima-
tion, a prototypical example is the Bernoulli process defined in Example 4.5.
In terms of the di metric, the example was first discussed in Barbour &
Brown (1992a) with a logarithmic factor, and, in Xia (1997a), a bound
without the logarithmic factor was obtained for the case with all pj's are
equal; the general case was considered in Xia (1997b). Using Theorems 5.8,
5.14 and 5.27, we can obtain the following estimates.

Theorem 6.1: For the Bernoulli process S on T = [0,1] with mean mea-
sure A,

drv(£(|S|),Po(A)) <l-Z£lf^pl (6.!)

n

<W(£(E),Po(A))<5>?, (6.2)
i=i

d2(£(S),Po(A)) < 6- JTPI (6-3)
A -maxi<i<npi £-;'

Remark 6.2: It is worth pointing out that (6.3) slightly improves the
bound in Brown, Weinberg & Xia (2000). However, when A is large, the
estimate in Xia (1997b) is asymptotically better than (6.3) and if all p^s
are equal, the bound in Xia (1997a) is the best, as there is some symmetric
structure to be exploited in this case.

Proof: Taking Aa = {a} and £2 in Theorems 5.8, 5.14 and 5.27, we find
that the first terms of (5.14), (5.16) and (5.51) are equal to 0. We now set
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2 a = Yli<i<n,i/n^a ^i/n + $a, so that the second terms of (5.14), (5.16)
and (5.51) are also 0. The last term of (5.14) then gives (6.1), the last term
of (5.16) yields (6.2), while (6.3) is ensured by the last term of (5.51):

A /3.5 2.5 \ 2 6 ^ 2

M A Si<><n^i/i + VP< ~ A - m a x ^ ^ ^

since

E J — — - I = E /" z'Evum.ititidz

= T n [zpj+ii-pjWz < f1 n e-w -̂̂ dz
° l<J<n,j?4t • / 0 l<j<n,jjii

= f e-&-n)U-')dz < - J—. •

6.2. 2-runs

The independent increment structure in the Bernoulli process makes life
easier when we apply Theorem 5.27. Now, we consider a process with de-
pendence.

Suppose Ji, I2, • • •, / n are independent and identically distributed in-
dicators with

P( / i = l) = l - P ( / < = 0 ) = p .

To avoid edge effects, we write In+i = I\- Let Jj = Iili+i for 1 < i < n
and define

n

Then S is a point process on F with mean measure A = ^ " = 1 p 2 ^ / n -

Theorem 6.3: With the above assumptions, we have

<W(£(H),Po(A)) < np3(2-p), (6.4)

da(/:(3),Po(A))<p(12-p). (6.5)

Remark 6.4: The bounds are of the right order. In fact, the bound (6.5)
is of the same order as that for the one dimensional Poisson approximation
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to the number of 2-runs [see Baxbour, Hoist & Janson (1992), p. 163]. For
(6.4), we take

B^{ieH: 3* £ {1, • • • , n - 1} such that £{i/n} = £{(t + l)/n} = 1},

then P(S € J3) = O(np3) while Po (A)(5) = O(np4).

Remark 6.5: It might be possible to reduce the constant in (6.5) by
as much as 10 if one exploits the symmetric structure in H, as done in
Xia (1997a).

Proof: In view of Theorems 5.14 and 5.27, we let Aj/n = {j/n} and realize
the Palm processes as

S J /" = 2w JiSi/n + Sj/n + Ij-l6(j-i)/n + Ij+26(j+l)/n-

Then the first terms of (5.16) and (5.51) vanish. Noting that

||SUJ/n - 3i/nUj/n| | = / i - l ( l - Ii) + W l - Ij + l),

we see that the second term of (5.16) with 62 becomes 2np3(l — p) while
the last term of (5.16) equals np4, hence (6.4).

Apropos of (6.5), since

di(SU5/n,2j/nU=/n) < W^U-^-^j/nU^J = / j - l ( l - / j )+ / j + 2 ( l - / , -+ l ) ,

and E(A^n) < 3j/n(A^n), in the second term of (5.51) with e2, the inte-
grand is bounded by

E { ( ¥ + = 0 ^ ) ft-l{1 ~!>)+'»* ~ 7>«>i}

= M ^ + 5p(l-p)E{= ' 1. (6.6)

Now, instead of using Lemma 5.22, we explain another technique for ex-
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tracting Stein's factors:

1 - E S(^U 1 | E r - i j ^ 1 )
= p2^E\J:^k-i,k,k+iJi+i+h-i+h+2J ( 6 J )

> np2E = * , , , , /2 = 0 P(/2 = 0)

> np2v\- ) , , , T W 2 = 0 ) ,

which implies that

E{E^_1,o,1^ + i+/-i}-^(r^)- (6-8)

Therefore, it follows from (6.6) and (6.8) that the second term of (5.51) is
bounded by

7p( l -p) + 5p = p(12-7p).

The last term of (5.51), using (6.7), is controlled by

E 4 / 3.5 2.5 \ 2

completing the proof. •

6.3. Matern hard core process

Hard core processes were first introduced in statistical mechanics to model
the distribution of particles with repulsive interactions [see Ruelle (1969),
p. 6]. Hard core processes can be obtained by deleting certain points in a
Poisson point process; hence, when the number of points deleted is rela-
tively small, the hard core process should be close to a Poisson process.
Barbour & Brown (1992a) investigated how well a particular type of hard
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core process is approximated by a Poisson process with the same mean
measure, a corrected estimate being given in Brown & Greig (1994).

Here, we consider the Matern hard core process that was studied in
Chen & Xia (2004). This Matern hard core process is a particular example
of a distance model [see Matern (1986), p. 37] and is also a model for
underdispersion [see Daley & Vere-Jones (1988), p. 366].

To start with, let Z be a homogeneous Poisson process on F, where F
is a compact subset of Rd with volume V(F) ^ 0. Such a process can be
represented as

N

1 = 1

where X\, X2, • • • are independent uniform random variables on F, and N ~
Po(/z) is independent of {X^i > 1}. Let B(x,r) be the r-neighborhood
of x, B(x,r) = {y £ F : 0 < do(y,x) < r), where do(x,y) = \x - y\ A 1.
The Matern hard core process S is produced by deleting any point within
distance r of another point, irrespective of whether the latter point has
itself already been deleted [see Cox & Isham (1980), page 170]:

N
E = 'Yll

5xA{Z(B(Xur))=O}-
t = l

In other words, if {a'n} is a realization of points of the Poisson process,
then the points deleted are

{"«} = {x e {««} : \x~y\ <r for some y ̂  x,y G {a'n}}

and {an} := {o:'n}\{a'^} constitutes a realization of the Matern hard core
process E [see Daley & Vere-Jones (1988)]. Also,

JV

E(da) =Y25Xi(da)1{Z(B(Xi,r))=O} = ^{Z(B{a,r))=0}Z(da).
i=l

Let Kd be the volume of the unit ball in Rd.

Theorem 6.6: The mean measure of S is given by

X(da) = e-^^^^fiViT^da,

and

dTV(C(S),Po(\)) < 2tfA, (6.9)

d2OC(S),Po(A)) < 7i9 + 5tf{3 + (l-e-2~d<>)i9]/(l + (l-2i9)/A), (6.10)

where V(a,r) is the volume of B(a,r) and •d = HKd(2r)d/V(T).
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Proof: [See Chen & Xia (2004)] We prove (6.10) first. The Poisson prop-
erty of Z implies that the counts of points in disjoint sets are independent.
So

\{da) = E(S(da)) = El{z(B(Q,r ) )=0}EZ(da) = e - ^ ^ ^ ^ ^ T ^ d a .

Also, whether a point outside B(a, 2r)U{a} is deleted or not is independent
of the behavior of Z in B(a, r) U {a}. Hence we choose Aa — B{a, 2r) U {a}
so that, for any a and /?, we have

where Tap =T\ (Aa U Ap). Applying Theorem 5.27 gives

d2(£(S),Po(A))

* f [ ( T + E { - f r 2 ' l i l ) E 5 W 5 W

+ / / f ^ + E J 2^ })A(rfa)A(̂ ). (6.11)

Now,

ES(ra/3) = / e - « v ( ' V ,

where /i r = /x/y(F). On the other hand,

{
e-w(V(a,r)+v(/J,r))/i2dad/?) i f | a - /3| > 2r,

e-/ir(V(a,r)+V^,r)-V(a./J,r))^dQd/3f jf r < |Q - ^| < 2r,
0, i f O < | a - / ? | < r ,

where V(a, (3, r) is the volume of B(a, r) n £(/?, r). Hence,
E[S(rQ^)2] = E / / E(dx)E(dy)

J Jx,y€Ta0

= f e-'"-v(x>r)/ irda.

+ / / e-^
V^+v(y'r))4dxdy

J Jx,y€Taff,}x-y\>2r

+ f f e-W(K(I,r)+^(v,r)-K(x,y,r))M2W^
J Jx,y€rap,r<\x-y\<2r
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Writing

[ES(ra/3)]2 = / / e-^v^+v^r»ti2
rdxdy,

J Jx,yerap
we have

Var(S(rQ/3))

= f e-TV^iJLrdx
Jrag

J Jx,y£Taf3,r<\x-y\<2r

- [ [ e-^v^+V(y'r»n2
rdxdy

J Jx,y€rap,\x-y\<2r

< f e-^v{-x'T^Tdx

+ J f e-MrV .̂r)^ _ e-^
v{-y^\tidxdy

J Jx,y£rafi,\x-y\<2r

< {1 + (1 - e-^Kdrd)^TKd{2r)d) f e-"rV<*'rVr<fa:.
Jral3

Thus,

K " E(S(rQ/3) + l) - E(S(Ta/,)) ^ 1 + ^ - e )/*r«-(2r),

which, together with Lemma 5.22, yields

\ ~(Taf}) + 1 / " / r a f l e - M r ^ ^ l ^ d , + l

A + 1 - 2jurKd(2r)d

Finally,

/ / EH(da)3(d )̂ < / / e-^v^r^ldad(3

< nrKd(2r)d\, (6.12)

and

/ / \(da)\(dp) < nrKd{2r)d\. (6.13)

Applying these inequalities to the relevant terms in (6.11) gives (6.10).
To prove (6.9), we use (5.16) with £2, then the second term is 0 and the

remaining two terms are estimated by (6.12) and (6.13). •
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6.4. Networks of queues

Melamed (1979) proved that for an open migration process, a necessary and
sufficient condition for the equilibrium flow along a link to be Poisson is the
absence of loops: no customer can travel along the link more than once. Bar-
bour & Brown (1996) quantified the statement by allowing the customers
a small probability of travelling along the link more than once and proved
Poisson process approximation theorems analogous to Melamed's theorem.
The d,2 bound was later improved by Brown, Weinberg & Xia (2000) and
the following context is taken from Brown, Fackrell & Xia (2005).

We generally use the same notation as in Barbour & Brown (1996),
with adjustment to fit our presentation, and the argument is adapted from
Brown, Weinberg & Xia (2000). We consider an open migration process
consisting of a system of J queues, in which individuals are allowed to move
from one queue to another, and to enter or exit the system from any queue,
with the following specifications. Arrivals at each of the queues are assumed
to be independent Poisson streams with rates i/j, for 1 < j < J. Service
requirements are assumed to be independent negative exponential random
variables with mean 1. The total service effort at queue j is specified by a
service function (pj(m), where m is the number of customers in the queue.
We assume that 4>j(0) = 0, that 4>j(l) > 0 and that the service functions are
non-decreasing. We also assume that the individuals in the same queue all
receive the same service effort. Let Xjk be the probability that an individual
moves to queue k on leaving queue j , and let [ij be the exit probability from
queue j ; then the sum of all transition probabilities from any state in the
system equals one: fij + £]fc=i -\)fc = 1 for all 1 < j < J . The process
{N(t) : t € R } of the numbers of customers in line at various queues at
time t is a pure jump Markov process on {0,1, • • • } J with transition rate Vj
from state n = (r^, • • • ,nj) to n + ej, and, if rij > 1, the process has
transition rate Xjk4>j{nj) from n to n — e^•, + ek and rate ^j<f>j{rij) from n
to n — ej, where ej is the j th coordinate vector in {0,1, • • • } J .

For each 1 < j , k < J we define a point process Ejh counting the num-
ber of transitions from queue j to queue k, and set H = {BPk, 0 < j,k < J},
where departures are interpreted as transitions to 0, and arrivals as tran-
sitions from 0. Let <S = {(j, k)\0 < j,k < J} be the set of all possible
direct links, and let C be a subset of S. Fix any t > 0, and take as the
carrier space F = [0, t] x C. Thus an element of T is of the form (s, (j, k)),
representing a transition from queue j to queue k at time s, with (s, (0, k))
representing an arrival to queue k at time s, and (s, (j, 0)) representing an
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exit from queue j at time s. Let d0 be the metric on T defined by

dO((si, (j, k)), (S2, (I, m))) = %,fc),4(I,m)] + (I-Sl ~ S2| A l)%,fc) = (J,m)],

for si,S2 £ [0, t] and links (j, k), (I, m) G C. Let Sc be the restricted process
{Zik\(j,k) e C} and define Sc'* to be the restriction of Hc to [0,i\. The
mean measure of the process SC'* is A '*, where A '* denotes the restriction
to [0,t] of Ac, defined by

Xc(ds, (j, k)) := ( PjkdS' S 7 °' °''k) G °' (6.14)
v K " \ 0 , otherwise, v ;

where pjk is the steady state flow along the link (J, k). A simple calculation
gives

\XC't\=t £ Pjk=:t1lc. (6.15)
(j,fe)ec

The path that a customer takes through the network is tracked by
a forward customer chain X, which is a Markov chain with state space
{0,1, . . . , J}, where state 0 represents the point of arrival and departure of
an individual into and from the system, and the other states represent the
queues. This chain has nonzero transition probabilities pjk given by

Pok = z^j , PJO = H' a n d Pjk = Ajk,

where 1 < j,k < J. We assume that the parameters Xjk, Hj and Vj allow an
individual to have positive probability of reaching any queue from outside
the system and of leaving the system from any queue. Since the state space
is finite, the forward chain X is irreducible and every state is persistent.

We now summarise a few facts about the forward customer chain. In-
terested readers should refer to Barbour & Brown (1996) for more details.
First, the expected number of visits to queue j between returns to 0 in the
forward chain is given by ctj/Y^k^k, with {otj, 1 < j < J} the unique
solution to the equations

j

i=l

In terms of the quantity Oj, we have pjk = \jk<Xj-
Provided that

0 0 a7?

Yl FT" \ t \ < °° fOT a11 •?'



176 Aihua Xia

then N has a unique stationary distribution, under which, for each t > 0,
^Yj(*)i 3' — 1>'"' > J a r e independent with

^"=oi lI"=i*jWJ
Also of use is the backward customer chain X*, which is the forward

customer chain for the time-reversal of the above queueing network. The key
point is that these chains allow us to define the following random variables,
which essentially control the approximations.

Let X^ be a realization of X started in state k, and let X*^ be a
realization of X* started in state j . We define

oo oo

o£ :=£/[(*«,*$) e<7| and & := £/[(X^U^) e C\.
i=0 i=0

Observe that a£. is the number of transitions along links in C yet to be made
by a customer currently in state k, while (3°c is the number of transitions
along links in C already made by a customer currently in state j . Let
6J

C := E(a£ + 03
C), which can be interpreted as the expected number of

past and future transitions along links in C, for an individual currently
moving from queue j to queue k. Then define

W,fc)€C 2 ^ Pi'*
(j',k')ec

the average extra number of visits to links in C of a customer who is on a
link in C, the average being weighted by the steady state traffic flow along
the link.

Theorem 6.7: [Barbour <fe Brown (1996)] With the above setup and
(6.14), we have

ihk)€G

They also show that, in the stationary state,

d2(£(Ec'*),P°(AClt)) < 2.5 ( l + 21og+ ( ^ ) ) 6c (6.16)

where TZC is as defined in (6.15).

This bound is small if 9c is small, but the logarithmic factor causes the
bound to increase with time. Brown, Weinberg & Xia (2000) removed the
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logarithmic factor and, by directly applying Theorem 5.27, we can obtain
a sharper estimate as follows.

Theorem 6.8: [Brown, Fackrell & Xia (2005)] With the above setup and
(6.14), we have

d2(£(HC'*),Po (Ac'4)) < (11 + 5ec)ec,

for t > l/nc and 6C < 1/11.

The bound of Theorem 6.8 is small if 6c is small, and it does not increase
with time t. It is smaller than the bound given in Theorem 6.7 for large
values of t. It is also more natural than (6.16) because it is small when 9c
is small, however large the value of t.

To prove the claim, we need the following lemma.

Lemma 6.9: [Barbour & Brown (1996), Lemma 1] For the open queueing
network, the reduced Palm distribution for the network given a transition
from queue j to queue k at time 0(1 < j,k < J) is the same as that for
the original network, save that the network on (0, oo) behaves as if there
were an extra individual at queue k at time 0 and the network on (—oo, 0)
behaves as if there were an extra individual in queue j at time 0.

Proof: [Theorem 6.8]. Lemma 6.9 implies that

I- I A l(~ )<x -da\ = |a ' | ,

because the reduced Palm process is statistically equivalent to the pro-
cess S*7'* with the addition of extra individuals. Furthermore, these in-
dividuals are independent of the original process, and so the difference
[(Sc '% - <M - S0-* is independent of |EC-*|.

By applying the bound of Theorem 5.27 with Aa = {a} and e2, the first
and last terms of (5.51) vanish, so we can reduce the bound to the following
integral:

E / r (]**[ + ^ T T ) "KEC>t)« " *J " S^IIA0'*^).

By an application of the properties of the process Hc>t and its reduced Palm
process,

E / T^ l l l ( S C ' t ) a - Sa] ~ S^H^C^) = 3-5^- (6.17)
Jr |A |
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Next, by applying (5.28),

E / r y^+l] Wi^^-^-^WX^da)

< 2.5 ( l + 1 + ^ / 7 Q + l ) ) ~$c < (5 + 2.57)0C, (6.18)

where 7 = 1+ 29C [see Brown, Weinberg & Xia (2000), p. 163].
The proof is completed by adding the estimates of (6.17) and (6.18). •

7. Further developments

Research on Poisson process approximation is far from over. First of all,
in some applications, the bounds obtained are still too large to justify the
use of the Poisson process approximation [see Leung et al. (2004)]. It may
well be that the factor in Proposition 5.21 could be reduced to A + ^ - j - ,
which would be of some help. The class of di-Lipschitz functions of config-
urations also needs to be more fully investigated, and related to the kinds
of information required in applications.

A particular case of Poisson process approximation is multivariate Pois-
son approximation, as studied in Barbour (1988). Here, it is usually more
appropriate to use the total variation metric instead of the d^ metric.
Roos (1999) proved the optimal bound for the total variation distance be-
tween the distribution of the sum of independent non-identically distributed
Bernoulli random vectors and a multivariate Poisson distribution. The main
idea is an adaptation of a method originally used by Kerstan (1964) in the
univariate case, which is based on an appropriate expansion of the differ-
ence of the probability generating functions. This means that it may prove
difficult to generalize the method beyond the sum of independent random
vectors. On the other hand, Stein's method has already been shown to be
very versatile in handling dependence, and it is a tantalizing problem to
use Stein's method to prove the optimal bounds in this setting.

The extension to compound Poisson process approximation was initi-
ated in Barbour & Mansson (2002). However, even for compound Poisson
random variable approximation, there are severe technical difficulties in-
volved in the direct approach using Stein's method, and the optimal gen-
eral results have not yet been found. New ideas are needed to make further
progress even in compound Poisson random variable approximation, let
alone process approximation. Thus, the paper of Barbour & Mansson (2002)
is just a beginning in this area.
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Stein's method is in no way restricted to the particular settings discussed
in the previous chapters: normal, Poisson and compound Poisson approx-
imation for random variables, and Poisson point process approximation.
This chapter is intended to illustrate that the method can be very gen-
erally exploited, and that one can set up and apply Stein's method in a
wide variety of contexts. Three main approaches for achieving this are
described: the generator method, density equations and coupling equa-
tions. These are applied to chi-squared approximation, to weak laws of
large numbers in general spaces, including spaces of measures, and to dis-
crete Gibbs distributions. The S-I-R epidemic model, which is discussed
in some detail, serves to illustrate the extent of the possibilities.
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1. Introduction

The goal of this chapter is to illustrate how Stein's method can be applied
to a variety of distributions. We shall employ three different approaches,
namely the generator method (see also Chapter 2, Section 2.2), density
equations, and coupling equations. Two main examples to bear in mind are

(1) The standard normal distribution 7V(0,1): Let N denote the expec-
tation under 7V(0,1). The Stein characterization for 7V(0,1) is that
X ~ Af(0,1) if and only if for all continuous and piecewise continu-
ously differentiable functions / : R —> R with N(\f'\) < oo, we have

Mf(X) - EXf(X) = 0.

See Stein (1986) and Chapter 1 for a thorough treatment.
(2) The Poisson distribution with mean A, Po(A), with the corresponding

Stein characterization that X ~ Po (A) if and only if for all real-valued
functions / for which both sides of the equation exist we have that

XEf(X + 1) - EXf(X) = 0.

For a detailed treatment, see for example Chen (1975), Arratia, Gold-
stein & Gordon (1989), Barbour, Hoist k, Janson (1992), and Chapter 2,
Section 2.

Stein's method for a general target distribution fi can be sketched as
follows.

(1) Find a suitable characterization, namely an operator A such that X ~ fj,
if and only if for all smooth functions / , "EAf(X) = 0 holds.

(2) For each smooth function h find a solution / = A of the Stein equation

h(x)- ihd(i = Af(x). (1.1)

(3) Then for any variable W, it follows that

Bh(W)- fhdfx = -EAf(W),

where / is the solution of the Stein equation for h.
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Usually, in order to yield useful results, it is necessary to bound / , / ' or,
for discrete distributions, A / = supx \f(x + 1) — f(x)\. In what follows,
we shall always assume that the test function h is smooth; for nonsmooth
functions, the reader is referred to the techniques used in Chapter 1, by
Rinott & Rotar (1996), and by Gotze (1991).

In Section 2, the generator approach is briefly described. The flexibility
of this approach is illustrated by the applications to chi-squared approxi-
mations in Section 3, to laws of large numbers for empirical measures in
Section 4, and to Gibbs measures in Section 5. In Section 6, we give a
more involved example, the mean-field behaviour of the general stochastic
epidemic. Section 7 explains the density approach, and in Section 8 the ap-
proach via coupling equations, viewed as distributional transformations, is
given. The powerful approach of exchangeable pairs is described in detail in
Stein (1986); for reasons of space, it is omitted here. This chapter is meant
as an accessible overview; essentially none of the results given here are new,
but rather it is hoped that this compilation will draw the reader to see the
variety of possible approaches currently used in Stein's method.

2. The generator approach

The generator approach was introduced in Barbour (1988,1990), and was
also developed in Gotze (1991). The basic idea is to choose the oper-
ator A to be the generator of a Markov process with stationary dis-
tribution /u. That is, for a homogeneous Markov process (Xt)t>o, put
Ttf(x) = E(/(Xt)|X(0) = x). The generator of the Markov process is de-
fined as Af(x) = lirtitjo \ {Ttf(x) — /(#)) • Standard results for generators
(Ethier & Kurtz (1986) pp. 9-10, Proposition 1.5) yield

(1) If n is the stationary distribution of the Markov process then X ~ /i if
and only if ^Af(X) = 0 for all real-valued functions / for which Af
is defined.

(2) Tth — h = A (Jo Tuhdu] , and, formally taking limits,

hdn-h = A( / Tuhdu ,
J \Jo J

if the right-hand side exists.

Thus the generator approach gives both a Stein equation and a candidate
for its solution. One could hence view this approach as a Markov process
perturbation technique.
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Example 2.1: The operator

Ah(x)=h"(x)-xh'(x) (2.1)

is the generator of the Ornstein-Uhlenbeck process with stationary distri-
bution A/"(0,1). Putting f = h' gives the classical Stein characterization for
Af(0,1).

Example 2.2: The operator Ah(x) = X(h(x+l)-h(x))+x(h(x-l)-h(x))
or, for f(x) = h(x + 1) - h(x),

Af(x) = Xf(x + l)-xf(x), (2.2)

is the generator of an immigration-death process with immigration rate A
and unit per capita death rate. Its stationary distribution is Po (A) (see
Chapter 2, Section 2.2 and Chapter 3, Section 3). Again it yields the clas-
sical Stein characterization of the Poisson distribution.

A main advantage of the generator approach is that it easily generalizes
to multivariate distributions and to distributions on more complex spaces,
such as the distributions of path-valued random elements, or of measure-
valued elements. However, the generator approach is not always easily set
up; see the problems associated with the compound Poisson distribution as
described in Chapter 2, Section 3. Also note that there is no unique choice
of generator for any given target distribution — just as there is no unique
choice of Stein equation for a given target distribution.

In some instances there is a useful heuristic for finding a suitable genera-
tor. Let us assume that the target distribution is based on the distributional
limit of some function $n(Xi,..., Xn) as n —> oo, where Xi,..., Xn are
independent and identically distributed; furthermore, assume that EX* = 0
and EX? = 1 for all i. Using ideas from the method of exchangeable pairs,
we can construct a reversible Markov chain as follows.

(1) Start with Zn(0) = (Xu .. .,Xn).
(2) Pick an index / e { l , . . . , n} independently uniformly at random; if

/ = i, replace Xi by an independent copy X*.
(3) PntZn(l) = (X1,...,XI_uXf,XI+1,... Xn).
(4) Draw another index uniformly at random, throw out the corresponding

random variable and replace it by an independent copy.
(5) Repeat the procedure.
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This Markov chain is then converted into a continuous-time Markov process
by letting N(t), t > 0, be a Poisson process with rate 1, and setting

Wn(t) = Zn(N(t)).

The generator An for Markov process is given by the expression

A,/(*n(x)) = ~TEf(^n(Xl, . . .,Xi^,X*,Xi+1, . . . Xn)) - /(<Dn(x)),
7 1 i=l

where x = (x\,... xn), and / is a smooth function. Taylor's expansion then
yields

A,/(*n(x)) « ^ E ( J ' -X, - ) / ' ($ n (x) )A$ n ( x )

+ ̂ E E W - ^ |/"(*n(x)) (^T^W)2 +/'(*n(x))^$n(x)|

Letting n —> oo, with a suitable scaling, would then give a generator for the
target distribution.

Example 2.3: Suppose that we are interested in a central limit theo-
rem, with target distribution ^(0,1), the standard normal distribution.
In the above setting, put $n(x) = -T= YH=I

 Xi- Then gf-4>n(x) = -4j and
^ r * n ( x ) = 0; hence

A,/(*n(x)) * - - ^ ^ ^ / ' ( ^ ( x ^ + ^ ^ a + ^ r ^ ^ x ) )

= -l*n(x)/'(*n(x)) + ^/"(*n(x)) (l + I J2Xi)

«i{/"($n(x))-*B(x)/'(*n(x))},
where we have applied the law of large numbers for the last approximation.
If we choose a Poisson process with rate n instead of rate 1, then the factor •!•
vanishes, and we obtain as limiting generator Af(x) — f"(x) — xf'(x), the
operator from (2.1).
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3. Chi-squared distributions

Following the heuristic, we first find a generator for the chi-squared dis-
tribution with p degrees of freedom. Let X i , . . . ,XP be independent and
identically distributed random vectors, where X; = (Xiti,.. .XitTl); the
components Xij are again assumed to be independent and identically dis-
tributed, having zero means, unit variances, and finite fourth moments. We
then set

Choose an index uniformly from {l,...,p} x { l , . . . , n } . We have

4j*»(x) = I ELi *i,k and 4-$«(x) = I giving

A,/(*n(x)) « - J-/'($"W) E E ^ ^ f>,fc
p i = l j = l fc=l

i=l j = l

« -^-/'(^..(x))^^) + ±/"(*n(x))*n(x) + ̂ /'(*n(x));

for the last approximation, we have again applied the law of large numbers.
This suggests as generator

Af(x) = ±xf"(x) + 2(l-^f'{x).

It is more convenient to choose

Af{x) = xf"{x) + ±(p-x)f'(x) (3.1)

as generator for Xp', this is just a rescaling.
Luk (1994) chooses as Stein operator for the Gamma distribution

Ga (r, A) the operator

Af(x) = xf"(x) + (r- Xx)f'(x). (3.2)

As Xp = Ga(d/2,1/2), this agrees with our generator. Luk showed that,
for Xp, A is the generator of a Markov process given by the solution of the
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stochastic differential equation

Xt = x+\ [ (p- Xs)ds + f ^/WldBs,
*• Jo Jo

where Bs is standard Brownian motion. Luk also found the transition semi-
group, which can be used to solve the Stein equation

H*) - X2
p(h) = xf"(x) + i(p - x)f'(x), (3.3)

where XpC1) is the expectation of h under the Xp-distribution. His bound
has recently been improved as follows.

Lemma 3.1: [Pickett 2002]. Suppose that h : R -> R is absolutely
bounded, with \h(x)\ < ceax for some c > 0 and a e R, and that the
first k derivatives of h axe bounded. Then the equation (3.3) has a solution
f = fh such that

ll/0)ll</f WhU-vi
with h^ = h.

(Note the improvement over Luk (1994), in gaming the factor -j=). To put
this approach into use, we consider a basic example.

Example 3.2: (The squared sum of i.i.d. random variables).
Let Xi,i = l,...,n,be independent and identically distributed, with mean
zero, variance one, and with finite 8th moment. Define

s-jst*« »- = *'•
To show that C(W) is close to x?, we bound the quantity

2EAf(W) = 2BWf"{W) +E(1 - W)f'(W),

where A is the generator given in (3.1) with p = l. The full argument is to
be found in Pickett & Reinert (2004); we give an indication of the salient
features.

Denning g(s) = sf'(s2), it follows that

5'(S)=/V) + 2s2/V)
and that

2EWf"(W) + E(l - W)f'(W) = TEg'{S) - Mf'{W) + E(l - W)f'(W)

= T£g'(S)--ESg(S).
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Now proceed as for standard normal approximation. Set

and observe that

ES5(S) = -Ll>Xiff(S)
vn

i=1

= ̂  I > « S 0 + ^ EE^5'(50 + ill,

where

i i \ V /

by Taylor's expansion, for some 0 < 8X = 9i(Si,Xi) < 1. Prom indepen-
dence, it follows that

MSg(S) = - V E s ' t o ) +i2i = Efl'(5) + i?i + i?2,
n i=i

where

i i \ v /

again by Taylor's expansion, for some 0 < ^2 = ̂ (Si, Xi) < 1.
To bound i?i and i?2, we calculate

g"(s) = 6sf"(s2) + 4s3fW(s2)

and

5
(3)(s) = 24s2/(3)(*2) + 6/"(s2) + 8s4/(4)(*2)-

With A = EXj, we hence obtain

^ii^»(i+*)+yii^»^»(6+*+4+6^+§)



Three general approaches 191

where c is a constant depending on / and on the distribution of the Xi, but
not upon n; it can be calculated explicitly. Similarly, we can obtain a bound
of order 1/n for ^ £ i EXf \gW(Si + *i^£)| , where we now use /%.

For the expression 7̂ 72 HjEXf <?"(Si), we use an antisymmetry argu-
ment. We have, for some constant c(/),

^ J E ^ V W = ̂ /33E5"(5) +c(/)i
i *

and

E5"(S) = 6ES/"(S2) + 4ES3/(3 )(S2).

Here we have again used Taylor's expansion. Note that g" is antisymmetric,
g"(-s) = -g"{s), so that for Z ~ 7V(0,1) we have E5"(Z) = 0. Thus
\Eg"{S) - ~Eg"(Z)\ - |E5"(5)|, and it is (almost) routine now to apply
Stein's method for normal approximation to show that |Eg"(5) | < c(f)/y/n
for some constant c(f) that depends on / and on the distribution of the Xi,
but not on n.

Combining these bounds shows that the bound on the distance to x\
for smooth test functions is of order ^. This result can also be extended to
Xp-approximations; see Pickett & Reinert (2004).

4. The weak law of large numbers

Using the generator method and the above heuristic, it is straightforward
to find a generator for the target distribution #0, point mass at 0, namely,

Af(x) = -xf'(x),

and the corresponding transition semigroup is given by

Tth(x) = h (xe-*) ;

see Reinert (1994). A Stein equation for point mass at 0 is hence given by

h(x) - h(0) = -xf'(x). (4.1)

Details of the treatment of the weak law of large numbers as presented here
can be found in Reinert (1994).

Lemma 4.1: [Reinert (1994)]. If h £ C£(R), then the Stein equation (4.1)
has a solution f = fh € Cjj satisfying

H/'ll < Hfc'U, and ||/"|| < 11*1.
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Proof: The proof illustrates briefly how to bound solutions of the Stein
equation using the generator method. First note that we may assume that
h(0) = 0. The generator method gives as candidate solution

f(x)=- r h (xe-*) <tt=- r y&dt,
Jo Jo t

so, for i / O , we have

\n*)\ = ^ < \\h%

and for x = 0 we have /'(0) = — h'(0), giving the first assertion. For the
second assertion, for x ^ 0,

!/"(*)! = | ^ - ^ | < l i n ,

and for x = 0 we have /"(0) = —/i"(0). This completes the proof. •

Example 4.2: (Weak law of large numbers).
Suppose that Xi ,•••, Xn are (dependent) random variables having zero
mean and finite variance, and put

Then, by Taylor's expansion, for some 0 < 0 = 0(W) < 1, we have

EAf(W) = -BWf'(W) = -EWf'{0) + EW2f"(9W) = EW2f"(6W),

and

|EA/W|< | | / " | |Va r (W) .

In particular, if Var (Wn) —> 0 as n —> oo, then the weak law of large
numbers holds. This argument can easily be generalized to point mass at /i,
with generator Af(x) = (fi—x)f'(x). Note that the above bound is explicit;
there is no need for n —> oo.

The above argument for the weak law of large numbers could, of course,
be replaced by a simple use of Chebyshev's inequality. However, its gen-
eralization to measure-valued random elements yields effective bounds on
approximations for empirical measures.
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4.1. Empirical measures

First we need the set-up for empirical measures; this is slightly technical.
Denote by E a locally compact Hausdorff space with countable basis, for
example, E = R, Rd or R+. Thus we can define a metric on E, and it makes
sense to talk about the Borel sets B of E. For a signed measure JJ, on E,
that is, a measure that would be allowed to take on negative values, define
the norm

|HI = sup \n(A)\.

Then the space of all bounded signed measures

Mb(E) = {/*: | H < 00}

is a linear space. We equip this space with the vague topology, which is
denned as follows. Put

CC(E) = {/ : E —» R continuous with compact support}.

For {yn)n>i and v in Mb(E), we say that vn converges to v vaguely,

vn 4> v <^4- for all / e CC{E) : f fdun -* j fdv.

Note the difference to weak convergence, the latter being defined via contin-
uous bounded test functions. For example, the set of point masses 5n =4> 0
for n —> 00, but it does not converge weakly.

For Stein's method, we would prefer a class of test functions from CC(E)
that allows for Taylor expansion. It suffices to find a suitable convergence-
determining subclass of CC{E). We consider functions of the type

F(v)=f(Jcf>idv,i = l,...,m\ (4.2)

for some m, / e C£°(Rm) and <fc,..., cf>m 6 CC{E), and we define

f = { F e CC(E) : F satisfies (4.2)}.

Using the Stone-Weierstrass Theorem, the following lemma is straightfor-
ward.

Lemma 4.3: T is convergence-determining for vague convergence. So is
the restricted class TQ of functions such that \\f\\ < 1, ||/"|| < 1, ||^i|| < 1
for i = 1, . . . , m. Also, if E = Rd or some connected open or closed subset
of M.d, instead of CC(E) we could use C%°(E), the space of all bounded
continuous functions on E that are infinitely often boundedly differentiate.

Here, we use the notation ||/'|| = JT=i ll/(j)IU where fj = £-f.
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4.2. Weak law of large numbers for empirical measures

The above framework now allows us to formulate and prove a weak law of
large numbers for empirical measures. Let X\,..., Xn be random elements
taking values in E, and let fa be the law of Xi. Put

1 "

and define the empirical measure

where 5a denotes the point mass at a. Then, for all smooth functions / , we
have

Suppose that we would like to bound the distance between £(£n) and
some 5M, say, where typically /x should be close to p.. As in the real-valued
case, for F of the form (4.2), the generator for point mass at fi is

AF(v) = f^ fU) (J<l>idv,i = l,...,m\U 4>j d/t- J <j>j d v \ .

We could also describe this generator in terms of a Gateaux derivative,
AF{v) = F'{v)[ii — v\. With a proof very similar to the real-valued case,
it is easy to show that the following bounds on the solution of the Stein
equations hold.

Lemma 4.4: For every H of the form

H{v) = h(f^idv,i = l,...,m\ (4.3)

for some m>l,he C£°(Rm) and fa,..., </>m £ CC(E), the solution F = FH

of the Stein equation is of the form (4.2), with the same 4>% 's. Furthermore,
II/'H < Hfc'H and ||/"|| < \\h"\\.

This immediately leads to the following theorem.
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Theorem 4.5: (Weak law of large numbers for empirical measures). For
all H £ T, we have

\EH(in)-H{n)\ < JZWhwW^Jhdfi-Jhdp

+ E II h(m || | ^ax^ U h dfi-J 4>j d/i] + Var f i £ *i (X*) ) | •

If p, = fi, then we recover the usual variance bound. This result is very gen-
eral; we shall now consider some typical situations where it can be applied.

4.3. Mixing random elements

Let X\,..., Xn be random elements taking values in E. Set

Bij ={A,BeB: P(X( € A) ̂  0,TP{Xj £B)^0}

and

Pn = - E SUP lCOTr TO G ^) ' X(^' e 5 ) ) l

Then, if ||^i|| < 1 for i = 1 , . . . , m, it is easy to see that

Var f^0i(^i)j <4pn.

Thus the bound in Theorem 4.5 can be expressed in terms of this mixing
coefficient. A similar approach is possible for other definitions of mixing.

4.4. Locally dependent random elements

Assume that for all i € I = { 1 , . . . , n} there is a set I \ C / not containing i
such that Xi is independent of (X,-,j 0 ]?»). Then, if \[<f>j\\ < 1 for each
i = 1, . . . , m, we have as bound on the variance in Theorem 4.5

v«(±£^w)<U£x;ir,|. (4.4)
The approach could also be extended to the more general case in which
there is a relatively small neighbourhood of strong dependence, whereas
the dependence outside this small neighbourhood is weak. To illustrate this
approach, we consider the following example.
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Example 4.6: (Dissociated families). Let (yi)ieN be a family of indepen-
dent and identically distributed random elements on a space X, let k £ N
be fixed, and define the set of multi-indices

r ( n ) = {(ji,..., jfc) € r : j l t . . . , jk G {1, • • • ,n}, j r # j . for r ^ s}.

Let V be a measurable function Xk —> E, and, for ( j i , . . . , jk) 6 F ^ , put

Then (•Xji,...jfc)(j1)...,jfc)£r(") ^s a dissociated family of identically dis-
tributed elements. Define fi := iAjlt...,jk := ^(^i,...,jfc)) m view of the con-
struction, this measure does not depend on the chosen multi-index. Note
that, if J e r ' n) and K E T^ are disjoint multi-indices, then Xj and XK

are independent. Fix any enumeration of the r(n) := n(n — 1) • • • (n — k +1)
elements of the set T^n\ Then our empirical measure of interest can be
written as

1 r(n)

We now derive the following result.

Theorem 4.7: For the above dissociated family, we have

9I4.1

^H^-H^^M^kTi)

for each H € J-Q-

Proof: For a multi-index J € 1^"', we set

r( J) := {L € T(n) : J + L,Lr\J + 0};

then F(J) is the dependence neighbourhood for Xj, with

for k > 2, and | r(J) | = 0 for fc = 1, and thus

r ( n ) 2 2^ lL{J)l<-K n\(n-k + l ) \ n(n-k + l)'
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With (4.4), this yields as bound for the variance in Theorem 4.5

,, / 1 ^ ' ^ A ^ 1 2k
Var \^) LMXi)j < n ( n _ i ) . . . ( n _ f c + i) + n(n_jfe + i)

2fc + l
~ n(n-fc + l) '

As the Xjlt...jk 's are identically distributed, we have /2 = fi, so the variance
term is the only contribution to the bound in Theorem 4.5. This finishes
the proof. •

The above result can be extended to cover any family of functions
(V'ji,...,jfc)(j1 .ik)€r(")i in which the functions at each multi-index may be
different.

4.5. The size-bias coupling

As often in the context of Stein's method, couplings can be very useful for
weak laws of large numbers for empirical measures. For a better under-
standing of the Palm-measure related coupling that we introduce, we first
recall the size-bias coupling for real-valued random variables.

Let W > 0 be a nonnegative real-valued random variable and assume
that 1EW > 0. Then a random variable W* is said to have the W-size-biased
distribution if the equation

EWg(W) = EWEg(W*) (4.5)

is satisfied for all g for which both sides of the equation exist. This implicit
characterization is equivalent to requiring that the ratio of the densities
of C(W*) and C(W) at x is proportional to x. In many examples, the
distribution of W* is particularly easy to determine.

Example 4.8: If W ~ Be(p) is a Bernoulli random variable with pa-
rameter 0 < p < 1, then we have ~EWg{W) — pg(l) for all functions g.
Since EW = p, it follows that W* = 1 a.s.; that is, W* is deterministic and
takes the value 1. As this conclusion does not depend on the value of p, it
also follows that the size-bias transformation is not one-to-one.

Example 4.9: If W ~ Po (A) has the Poisson distribution with mean
A > 0, then EW = A, and it follows from the Stein-Chen equation that
1EWg(W) = XEg(W + 1) for all functions g for which both sides of the
equation exist. From this we see that W* = W +1 in distribution; in other
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words, W* has the distribution of a Poisson random variable with mean A,
which is shifted by 1.

In the weak law of large numbers setting, the size-bias coupling leads to
the equation

~RAf(W) = E(EW - W)f'(W) = TEWQBf'iW) - E/'(W*)),

where W* has the W-size-biased distribution. Here we assume that W > 0
with ~EW > 0. Thus the distance between the distribution of W and of W*
gives a measure for the distance between the distribution of W and point
mass at EW.

For W a sum of random variables, Goldstein & Rinott (1996) give the
following construction of W*. Suppose that W = 52™=1-X'i, with Xi > 0
real-valued random variables such that EX* > 0 for all i = 1,.. . , n. First
choose a random index V according to

that is, proportional to the mean of Xv, independently of the other random
variables. If V = v, then we replace Xv by an independent random variable
X* having the X^-size-biased distribution. Given X*, the other random
variables in the sum W are adjusted as follows. If X* = x, then choose the
random variables (Xu, u ^ v) in such a way that

C(XU, u ^ v) = C(XU, u ^ v | Xv = x)

is satisfied. Then

has the W-size-biased distribution.

Example 4.10: A classical example for this construction is the case when
W = £"= 1Xi , where Xi ~ Be(j>i) and 0 < pi < 1 for i = 1,... ,n;
the Bernoulli variables may be dependent. To construct W*, we choose an
index V as above, proportional to the means; then, if V = v, we choose
(Xu, u ^ v) in such a way that

C(Xu,u ^ v) = C{Xu,u^ v\Xv = 1).

Since X* = 1 a.s.,

W* = J2 *« + 1
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has the W-size-biased distribution. This coupling is used extensively for
Poisson approximation; see Barbour, Hoist & Janson (1992, Chapter 2).

In light of size-biasing for real-valued random variables, we can the
define a size-biased distribution for random measures. This distribution is
again denned in terms of test functions.

Definition 4.11: Let £ be a random measure on E, with mean measure
E[£] = n, and let (f> £ Ce be a nonnegative real-valued continuous function
having compact support, with J <j)d^i > 0. We say that £^ has the £ size-
biased distribution in direction <f> if

for all G for which the expectations on both sides exist.

This implicit definition is related to size-biasing the real-valued random
variables f <j> d£, but the formulation in terms of admissible test functions G
is more general than a reduction to the real-valued case.

Example 4.12: Suppose that £ = 5x with C{X) = fj,, and that <j> > 0 is a
real-valued function. Then, for any test function G for which the left-hand
side exists,

EG(0 Icj)di = TEct>(X)G(6x) = f ^ / i E G ( 4 ) .

If X > 0 and <f>{x) = x, then for G(u) = Jgdvwe obtain

EG(0 I$<% = BXg{X) = (EX)E /g{v)d{5^x)=x){v).

Using the real-valued size-bias coupling with X* having the X-size-bias
distribution, we obtain that

E j g{v) d(6x)*M=*(v) = TEg(X*),

and hence

(5X)«*)=* = 5X..

Thus real-valued size-biasing can be viewed as a special case of size-biasing
for random measures.



200 Gesine Reinert

As in the real-valued case, we can construct a size-biased empirical mea-
sure as follows. Let £n = ^ X^=i ^xt be the empirical measure of interest,
and denote its mean measure by E[£n] = p,n. Fix a non-negative real-valued
function cj>. Pick an index V £ { l , . . . ,n} proportionally to the mean of
<KXV),

independently of all other random elements. If V = v, take {5xv)^ to have
the 8xv-size-biased distribution in direction <j>. If 5X = TJ, then choose the
remaining variables {5xu;4>, u^=v) according to

£(6xai<i>,u ¥" v) = C(SXu,u^v\SXv =77).

This construction depends on the choice of <j>, but when the random vari-
ables X\,..., Xn are independent, it shows that we need to adjust only one
of the Dirac measures involved in the empirical measure. When the func-
tion 4> is an indicator function, this construction reduces to constructing a
Palm measure; see for example Kallenberg (2002), page 207, Theorem 11.5
and the preceding paragraph.

The size-bias coupling in connection with the Stein equation leads to
considering, for F of the form (4.2), the generator expression

m .

j=iJ

xEJ/y)(y&d£fM = l , . . . ,n ) - / 0 - ) (y&, den,i = l , . . . , n ) j .

Since, in the independent case, the above construction results in a change
to only one of the Dirac measures, the right-hand side should also be small
in the case of weakly dependent random elements.

Some final remarks on this approach for weak laws of large numbers.

(1) The above approach uses test functions, and hence only gives results
in terms of vague convergence (or weak convergence when all the mea-
sures involved have total mass 1). Further argument is needed to ob-
tain almost sure convergence; see, for example, Van der Vaart & Well-
ner (1996, pp. 122-126) for possible techniques.

(2) In view of the test functions used, the above could also be viewed as a
shorthand for multivariate laws of large numbers.
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(3) We could also have formulated our results in terms of a Zolotarev-type
distance,

C(/i, v) := sup gdfi- / gdv .
g£To J J

We shall see a more involved example on how to apply this technique in
Section 6.

5. Discrete distributions from a Gibbs view point

This section presents the recent work of Eichelsbacher &; Reinert (2004a,b).
Gibbs distributions provide a general framework for discrete univariate dis-
tributions. Thus a Stein approach to Gibbs measures can be applied to
any univariate discrete distribution. To start with, we review some more
examples for Stein operators for univariate discrete distributions.

Example 5.1: The Binomial(n, ̂ -distribution has Stein operator A with

Af(k) = (n - k)pf(k + 1) - k{\ - p)f{k) (5.1)

for 0 < k < n- see Ehm (1991).

Example 5.2: The hypergeometric distribution with parameters (n,a,b),
having probabilities

\k) \n-k) , r.
Pk = (a+bs » * = 0 , . . . , a ,

V n )

has Stein operator A with

Af(k) = (n - k)(a - k)f(k + l)-k(b-n + k)f(k), (5.2)

see Kiinsch (1998), Reinert & Schoutens (1998) and Schoutens (2000).

Example 5.3: The geometric distribution with parameter p, starting at 0,
having probabilities

Pk=p{l-P)k, k>0.

For functions / with /(0) = 0, a Stein operator is

Af(k) = (l-p)f(k + l)-f(k), (5.3)

for k > 0; see Pekoz (1996).
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In what follows we shall exploit the connection between discrete univari-
ate distributions and birth-death processes, as studied also by Brown &;
Xia (2001), Holmes (2004) and Weinberg (2000).

We consider discrete univariate Gibbs measures fi having support
supp(/x) = {0, . . . , N}, where iV £ Z + U {oo}. By definition, such a Gibbs
measure can be written as

^k) = ~exp(V(k))^, A: = 0 , 1 , . . . , AT, (5.4)

with Z = Z)£LoexP(^(fc))ir> where w > 0 is fixed. We shall assume that
the normalizing constant Z exists.

Note that the assignment of V and w in the representation (5.4) of a
Gibbs measure is not unique. For example, if /x denotes the Poisson distri-
bution Po (A), we could choose OJ = A, V(k) = -A for all k > 0, and Z = 1,
or V(k) = 0 for all k,w = A, and Z = e \

Conversely, for a given probability distribution (M(k))fce{o,...,./V} w e c a n
find a representation (5.4) as a Gibbs measure by choosing

V(k) = log fi(k)+logk\ + logZ - klogu, k = 0,1, . . . ;N,

with V(0) = log/u(0) + logZ. Again, we have some freedom in the choice
of w, and thus of V. Fix a representation (5.4). To each such Gibbs measure
we associate a Markovian birth-death process with unit per-capita death
rate dk = k and birth rate

bk = u;exp{V(k + 1) - V(k)} = (k + l ) ^ * * 1 * . (5-5)

for k,k + 1 G supp(^i). It is easy to see that this birth-death process has
invariant measure fi. Following the generator approach to Stein's method,
we would therefore choose as generator

(Ah)(k) = {h(k + 1) - h{k)) exp{V(k + 1) - V(k)}io + k(h(k - 1) - h(k))

or, with the simplification f(k) = h(k) — h(k — 1),

(Af)(k) = f(k + 1) exp{V(k + 1) - V{k)}uj - kf(k). (5.6)

In our approach, we typically choose unit per-capita death rates, as used for
Poisson processes, see Barbour, Hoist & Janson (1992, Chapter 10). Other
choices of birth and death rates may be advantageous in some situations,
see Brown & Xia (2001) and Holmes (2004). To illustrate the approach, we
consider some standard examples.
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Example 5.4: The Poisson distribution with mean A > 0. We use u = A,
V(k) = —A, Z = 1. The Stein operator resulting from (5.6) is the same as
the operator (2.2).

Example 5.5: The Binomial distribution with parameters 0 < p < 1
and n. We use u = £., V(k) = -log((n - Jb)!) and Z = (n!(l - p)n)~l.
The Stein operator resulting from (5.6) is

(Af)(k) = f(k + l)^^--kf(k).

This differs from the operator (5.1) only by a factor 1 — p, hence bounds
on these two operators are equivalent.

Example 5.6: The hypergeometric distribution. The Stein operator re-
sulting from (5.6) is the same as (5.2).

Example 5.7: The negative binomial or Pascal distribution with param-
eters 7 > 0 and 0 < p < 1, for which fi(k) = (A:+^~1)p7(l - p)k for
k = 0,1, We obtain the Stein operator

(Af)(k) = f(k + 1) (1 - P)(k + 7 ) - kf(k).

A special case of this is the geometric distribution with parameter p, start-
ing at 0, corresponding to taking 7 = 1 in the Pascal distribution; this gives
n(k) = p(l — p)k for k = 0,1, The Stein operator resulting from (5.6) is
now

(Af)(k) = f(k + 1) (1 - P)(k + 1) - kf(k),

which differs from (5.3).

5.1. Bounds on the solution of the Stein equation

In order to implement Stein's method in this context, we need to derive
bounds on the solutions of the Stein equation (1.1) for the birth-death
process generator (5.6). It is straightforward to verify that, for a given
function h, a solution / of the Stein equation (1.1) is given by /(0) = 0,
f(k) = 0 for k £ supp(/x), and

fc=0

k=j+l
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The following non-uniform bounds on / and A/ are derived in Eichelsbacher
6 Reinert (2004a) and also in Brown & Xia (2001), Weinberg (2000) and
Holmes (2004), using different methods.

Lemma 5.8:

(1) Put M := supo^ jv . ! max (eV(k)-V(k+i)^v(k+i)-v(k)\ and ^ ^

that M < oo. Then for every j € Z+ we have

\f(j)\ < 2 m i n | l , ^ | .

(2) Assume that the birth rates (5.5) are non-increasing, that is,

exp(V(k + 1) - V(k)) < exp(V(k) - V(k - 1)),

and that death rates are unit per capita. For every j € Z+ we then
have

1 evW

Indeed, Brown & Xia (2001) give bounds for A / for a wide class of birth-
death processes satisfying some monotonicity condition on the rates.

Example 5.4: (continued). For the Poisson distribution with mean A > 0,
the non-uniform bound gives

|A/(fc)| < ±Aj;

see also Barbour, Hoist & Janson (1992, p. 8, (1.22)). It is shown in Eichels-
bacher & Reinert (2004a) that the non-uniform bound may yield some slight
improvement on the bounds for sums of independent but not identically dis-
tributed indicator variables. The bound ||/|| < 2min (1, -4= J recovers the
bound from Barbour, Hoist & Janson (1992, Lemma 1.1.1).

Example 5.7: (continued). For the Pascal distribution with parameter
7 € {1,2,...} and 0 < p < 1, the non-uniform bounds give

leading to the uniform bound 1 A ,^_} •. ; it is not difficult to see that
M = oo, so that we do not obtain a bound for |/(i)|- In the case of a
geometric distribution starting at 0, it is however possible to obtain a bound
for |/(j) | using sightly different calculations.
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5.2. The size-bias coupling

Again we can employ the size-bias coupling to derive bounds on the distance
to Gibbs measure. Recall from (4.5) in Section 4.5 that, for W > 0 with
EW > 0, we say that W* has the W-size-biased distribution if EW#(W) =
~EWEg(W*) for all g for which both sides exist. In particular, we deduce
that

E j e x p { V ( X + 1) - V(X)} tjg(X + l)-X g(X) \

= E jexp{^(X + 1) - V(X)}cog(X + 1) - E X E S ( X * ) | .

Note that

EX=wEe v ' ( X + 1 >- v ( X ) .

This immediately leads to the following lemma, which provides a character-
ization of discrete univariate Gibbs measures on the non-negative integers
in terms of their size-biased distributions.

Lemma 5.9: Let X > 0 be such that 0 < E(X) < oo, and let p be a,
discrete univariate Gibbs measure on the non-negative integers as in (5.4).
Then X ~ fi if and only if for all bounded g we have that

wEenx+»-vix)g(X + 1)= ^ev(x+V-vWVg{X*).

Thus for any W > 0 with 0 < EW < oo we have

Bh(W) - tx{h) = uj{Bev(w+V-yWf(W + 1) - Eev^+1>-V<W>E/(W)},

where / is the solution of the Stein equation (1.1) with generator (5.6).
We can also compare two discrete Gibbs distributions by comparing

their birth rates and their death rates; a similar idea has been employed
in Holmes (2004). Let \x as in (5.4) have generator A and corresponding
(u>,V), and let \ii have generator Ai and corresponding (w2,V2). Assume
that both birth-death processes have unit per capita death rates. Then, for
X ~ /i2 and / S B, if the solution / of the Stein equation (1.1) for fi is
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such that Aif exists, we calculate

Eh(X) - n(h)

= EAf(X)

= JE{(A-A2)f(X)}

= E [f(X + 1) (uev&+i)-v{x) _ W2ev,(x+i)-v2(X)\ |

= wE (f(X + i)e^(^+i)-v2(X)eK(x+i)-V(X)-(v2(x+i)-v2(x))|

- E(X)E/(X*)
= —E(X)E //(jfje^^^-vcx'-i))-^^')-^^'-!))],

- E(X)E/(X*)

= ^^^E(X)E/(X*)
W2

+ —E(X)E/(X*) JeCfX'J -^ ' - iM-^CX' l -mjf ' - i ) ) _ ^

where X* has the X-size-biased distribution. Thus we obtain the bound

Eh(X) - f hdfi

< \\f\\E(X) / t ^ i + ^ E eW**)--^**-!))-^*-)-^*--!)) _1\\

For example, for two Poisson distributions Po(Ai) and Po(A2), this ap-
proach gives

Vh(X)-Jhdn <||/|||Ai-A2|.

In Eichelsbacher & Reinert (2004a), the approach is employed to bound
the distance of summary statistics in an example from statistical physics.
In Eichelsbacher & Reinert (2004b), it is generalized to point processes,
with the aim of applying it to interacting particle systems.

Note that the normalising constant Z in the Gibbs distribution, which
is often difficult to calculate, is nowhere explicitly needed above. This is
one of the main advantages of this approach using Stein's method.

6. Example: an S-I-R epidemic

The general stochastic epidemic (GSE) was introduced in Bartlett (1949)
in its most basic form; see also Bailey (1975) for a thorough description.
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We shall employ a construction suggested in Sellke (1983). The results
presented here are from Reinert (1995,2001).

This model presupposes a population of total size K at time t = 0. At
any time t > 0, an individual in the population may be susceptible (S) to
a certain disease, infected (I) by the disease, or removed (R). We assume
that an individual is infectious when infected, that any individual can be
infected only once, and we ignore births and deaths due to other causes. We
suppose that at time t = 0 the population consists of aK infected and bK
susceptible individuals, with a + b = 1.

To construct the GSE, let (/i,r,)ieN be positive i. i. d. random vectors,
and let (rj)i6N be positive i. i. d. random variables, independent of (lit ri)i£j^.
The r»'s and the r^'s give the length of the infectious period, as follows. An
individual i, if already infected at time 0, stays infected for a period of
length fi, and is then removed. If the individual i is susceptible at time 0,
then it becomes infected at time Af = F^ik), stays infected for a period
of length rj, and is then removed. Here, k can be viewed as individual i's
resistance to infection; more precisely, if Z^(i) denotes the proportion of
infectives present in the population at time t, and if X(t, (x(s))s<t) de-
notes the current force of infection, taken with considerable generality to
be a function acting on a one-dimensional parameter (time) and on right-
continuous functions (the proportions of infected individuals at all times in
the past), then the accumulated pressure of infection is given by

FK(t)= I \(s,ZK)ds.

The time at which individual i becomes infected is then assumed to be
given by

f r )
A? = inf it G K + : / X(s, ZK) ds = u\;

[ J(o,t] )

that is, the first time that the accumulated pressure of infection in the
population exceeds the individual's resistance.

This formulation includes the classical case of Bartlett's (1949) GSE,
where \(t,x) = x(t), the resistances U are assumed to be i.i.d. negative
exponentially NE(1) distributed with mean 1, and r̂  and f% are assumed
to be i.i.d. negative exponential with the same mean 1/p, independent of
the k. This results in a Markovian model, where standard Markov tech-
niques can be applied. A generalization was studied by Wang (1975,1977),
with force of infection X(t, x) = X(x(t)), the resistances k again being i. i. d.
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NE (l)-distributed, and for each i, the random variables li and r, are in-
dependent. This still results in some Markovian structure. Also, classically,
only the vector of the proportions of susceptibles, infected and removed
individuals over time was considered. In contrast, we study the empirical
measure

1 aK 1 bK

& = K E «W) + Jl E SlA?,AK+r,)-
i=l i=l

Note that
. «K 1 bK

&•([<), t] X (t, OO)) = ~^2 V 4 ) (0 + Jl E WA*+r0W
i=l i=l

gives the proportion of infected individuals at time t, and we recover the
proportions of susceptibles and removed individuals at time t in similar
fashion. Moreover,

6 c ( [ 0 , s ] x ( £ , o o ] ) , t>s,

gives the proportion of individuals that were infected before time s, but not
removed before time t. This quantity, not covered by the classical approach,
is of particular interest if public health policy has changed during the course
of the epidemic, for example in reaction to the discovery of the epidemic.

We are interested in the limiting behaviour of the empirical measure as
K —> oo; in the context of statistical physics this is often called a mean-field
approximation. First we have to make some assumptions. Let D+ denote
the space of all functions x : M+ —> [—1,1] that are right-continuous with
left-hand limits.

(1) Assume that A : R+ x D+ —> R+ is uniformly bounded by a constant 7,
and is Lipschitz in re € D+ with Lipschitz constant a. Assume also
that A non-anticipating, in the sense that X(t, x) depends on the func-
tion x only through (xs)o<s<t, and assume also that, for all t G R+,

\(t,x) = 0 <̂ => x(t) = 0.

(2) Assume that there is a constant /? > 0 such that, for each x G M.+ , the
conditional cumulative distribution function $x(t) :— P[Zi < 11 n — x]
has a density ipx (t) that is uniformly bounded from above by /?;

ipx(t) < 0 for all x G R+ and all t G R+.

(3) Assume that the /» have a distribution function \& which possesses a
density ip.
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(4) Assume that ti and fj have distribution function $ such that $(0) = 0,
so that infected individuals are not immediately removed.

To determine the limiting mean measure for the empirical measure,
consider the following heuristic. As FK(t) = /0 A(s, ZK) ds, the expression

. aK 1 bK
ZK^ = KT, W* >f) + ^ E ^K\h) < t < FK%) + rj)

i=l j=l

gives the proportion of infected at time t. For / G C(R+, R), £ G R+, define
the operators

Zf(t) = a(l - $(i)) + &P(/(t - ri) < h < f{t))

and

Lf(t)= f \(s,Zf)ds.
J(O,t]

Due to the law of large numbers, ZK ~ ZFK, and thus

FK » LF^.

Thus i7^ is close to being a fixed point of L. It turns out that this fixed
point exists and is unique on every finite time interval, and hence can be
used to describe the limiting mean measure.

We restrict all quantities to a finite time interval [0,T], where T > 0 is
arbitrary. These restrictions are denoted by a superscript T or a subscript T.
The following theorem confirms the heuristics.

Theorem 6.1: For T £ R+, the operator L is a contraction on [0,T], and
the equation

f(t) = f \{s,Zf)ds, 0<t<T, (6.1)
J(o,t]

has a unique solution G?-

For T e R+, let GT be the solution of (6.1), and let fiT be given by

£T([0,r] x [0,s]) = P T [ ^ < GT(r),h < GT(s - n ) ] , r,s£ (0,T].

Put

f- = a(S0 x d$f + bf.

This gives our limiting mean measure. Indeed the following theorem gives
a bound on the mean-field approximation for the empirical measure, using
Stein's method.
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Theorem 6.2: For all H € TQ of the form (4.3) and for all T € R+, we
have

|Eff(£(£)-Etf(V)l

< ^ ^ + a W T + 2)exp(6r2a/3Tl){i^ + A } .

Here, [re] is the smallest integer larger than x.

The proof of this theorem is rather involved, and can be found in Rein-
ert (2001), so it is only sketched here. The main arguments used are the
Glivenko-Cantelli theorem, to justify the law of large numbers argument,
the Banach contraction theorem for Theorem 6.1, and a coupling argument
to disentangle the dependence between the infection times. Note that FR
and l\ are not independent, but if FK,I denotes the same infection time
as FK, except that individual 1 from the susceptible population is left out,
then FK,I and l\ are independent.

Proof: (Sketch of the proof of Theorem 6.2).
We assume that Theorem 6.1 is proved already. We abbreviate

x bK

i=l

this is the part of £K that contains much dependence. We use the notation
(4>, i>) = f 4>dv. For F of the form (4.2), we bound ~EAF, where A is the
operator associated with the Dirac measure at p?'. Then we have

m

X)E{/(j)(«A-r,0ib>,A; = l , . . . ,m)(Mr-^r ,^>}
j=i

c
= «5]E ^ ( ( ^ . W , fe = l,...,m)

/ (*oXM)T-^ |>fo,n) .^ \} (6-2)
771

+ bY,®fuMKT,<t>k),k=l,...,m)(fiT-(Z,<t>j). (6.3)

For the first summand (6.2), we employ the Cauchy-Schwarz inequality and
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the bounds on the functions involved in the form (4.2), to obtain
m / .. aK \

aJ2Ef{j}((tK
T,4>k), k = l , . . . , m ) l(80 x £ ) T - — J ^ ^ . , , ^ )

j = l \ i=l /

< a^||/0)||E —^.(O.ry-E^O.rO)

I / , aK \"
< «EH/O)II\ Var —^(^(CrO-E^^f , ) )

< ̂ /°L

Similarly, for the second summand (6.3), we obtain
m

b'£iEfu)«tKT,4>k), k = l,..., m)(jiT - &,4>j)
j = l

m

= bJ2^f(j)((a(So x (if + b{%,<j>k), k = 1,.. . ,m)(jiT - ££,</>;) + Ri,

where, by Taylor's expansion, \R\\ < ib^fajK. It thus remains to bound
m

6 ^ E / O ) ( ( a ( 5 o x (t)T+b(T,<t>k), k = 1,... ,m)<Ar - CK,<l>i)
3 = 1

m

m

3 = 1

To tackle the problem that Ffc and Zi are dependent, we couple the
process to the same process with susceptible individual 1 omitted; denote
by FK,I the accumulated pressure of infection in this new process. Then
FK1(h)=F^1(l1) and

^\^r1(li)-Gr1(li)\=^\(^,i)-1(h)-Gr1(li)\.
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In order to describe the new process, for h € D([0,T]), the space of right-
continuous functions [0,T] —> [-1,1] with left-hand limits, we define the
operators

aK bK

ZK,ih(t) = xJ2 W* > *) + K ̂  W - r>) < ^ ^ AW)
i=l j=2

and

LK,ih(t)= [ X(s,ZKtlh)ds.
J(O,t]

Note that F^1(Zi) = i^^C^i) by construction, and, for all t < T, that

\\FK,i - GT\\t = \\LkilFKil - LGT\\t

< sup ||Lfcilft - Lh\\t + \\LFK,i - LGT\\t.
h

For each h £ D([0, T}), we have

\\LKtlh - Lh\\T <a sup \ZK>1h(s) - Zh(s)\ ds
JO 5<X

< a T a R i + 2 b R 2 + — ) ,
V KJ

where

i?i:=sup —Y^l(ti<8)-*(s)
s aJX i=i

and

^2 := sup ^ - y ^ l(ii < s) - *(s) .

Results from Massart (1990) enable us to derive the bounds Ei?i < - T =

and Ei?2 < -7?s f°r these remainder terms. Thus
VbK

Esap\\LK,1h-Lh\\T<ca'l(l+b)-j= + l\=:S(K).

To bound EUL-Ffc-,! — LGr||t we use again a contraction argument. We
have

\LFKii(t) - LGT{t)\ < abp f \\FK,i - GT\\X(1 + $(a:)) dx
Jo
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and hence

E||Li^,i - LGT\\t < S(K) + ab/3 [ \\FK,i - GT|U(1 + $(i)) dx.
Jo

Fix some c > b and put 77 = l/(2ca/3); then

EULFK.I-LGTH^^-^K) .
c — 0

By induction we can show that

EHLFjf.i-LGrlU, < ( - ^ J .$(#)•

As we consider the process only restricted to [0, T], the largest k we have
to take into account is k = [~̂ ~|, yielding

Ell iJ^,! - LGrllfc, < exp([2ca/3Tl)(logc - log(c - 6))5(X).

Letting c —> oo gives the assertion. •

Some concluding remarks:

(1) The bound derived is the first known bound on the distance, and fur-
thermore it is explicit. Unfortunately, we do not obtain an almost sure
result, and we assume smoothness for our test functions. Also, for pa-
rameter estimation, it turns out that the bounds are not very useful;
instead, a Gaussian approximation would be needed.

(2) The model used here is more realistic than the Markovian model, and
the results are more informative, from using the empirical measure. To
make the model even more realistic, we could assume for the initially
infected that the r̂  are not identically distributed; this does not entail
much further complication.

(3) The factor —i== in the bounds seems to be optimal. This suggests the
validity of a Gaussian approximation. For the vector of susceptibles,
infected and removed in the Markovian setting, such an approximation
was derived by Barbour (1974).

(4) In Barbour (1975), it is shown that the waiting time until the epidemic
dies out is, very roughly, of order log K, in the Markovian model. This
indicates that a deterministic approximation may not be good for the
whole time course of the epidemic. Much of the fluctuation is due to the
initial variation in the epidemic process, which is quite similar to that
of a branching process when only few infected and many susceptible
individuals are present. When restricting to a time interval in which
the proportion of infectives present is always substantial, the bound on
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the approximation is much improved, growing only linearly in time; see
Reinert (2001).

(5) It would be interesting to investigate how the model would behave in
a spatial setting, where we do not assume homogeneous mixing.

7. The density approach

This approach was first suggested by Stein (2004); it provides an alterna-
tive to the generator method, in particular when a generator is not easily
available. Suppose that we are in the following situation. Let p be a strictly
positive density on the whole real line, having a derivative p' in the sense
that, for all x,

p{x) = / p'(y)dy = - / p'(y)dy,
J — oo Jx

and assume that
/•OO

/ \p'{y)\dy < oo.

Let

Proposition 7.1: In order that a random variable Z be distributed accord-
ing to the density p, it is necessary and sufficient that, for all functions f
that have a derivative / ' and such that

f°° \f'(z)\p{z)dz<oo,
J — oo

we have

E(/'(Z) + ^(Z) / (Z))=0.

Example 7.2: The standard normal distribution Af(0,1). Here, we have
ip(x) = —x, and the above conditions are satisfied. The characterization
results in the classical Stein equation.

Example 7.3: The Gamma distribution Ga(a, A), with density given on
x > 0 by p\,a(x) = \ae~Xxxa~1/T(a). Although the density is not positive
on the whole real line, Proposition 7.1 gives an indication of how to obtain
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a Stein characterization. Here, tp(x) = x-1{a - 1 - Xx}, for a; > 0. This
would yield a characterization of type

E {f\X) + X-^a - 1 - XX}f(X)} = 0.

Comparing this with the characterization (3.2) we see that the two charac-
terizations are equivalent, by putting g(x) = xf(x).

For convenience, write (f)(x) = —ip(x). Then the following Stein theorem
is derived in Stein (2004).

Theorem 7.4: Suppose that Z has probability density function p satisfy-
ing the assumptions of the above proposition. Let (W, W) be an exchange-
able pair such that TE(4>(W))2 — a2 < oo, and let

A ~ 2 ^ •

Then, for all piecewise continuous functions h : M. —» R that satisfy
~E\h(Z)\ < oo, we have

Eh(W) - Eh(Z)

= M{Vh){W) - J - ^ E {(HW) - 4>(W))((Uh)(W) - (Uh)(W))}

where Uh and Vh are defined by

/-oo (h^) - /!°oc Hy)p(y)dy)p(x) dx
(Uh)M = ^

and

(Vh)(w) = (Uh)'(w);

we use E to denote expectation conditional on W.

Theorem 7.4 can be employed to assess the error in a normal approximation
via simulations, replacing the expectations by sample means.

8. Distributional transformations

This is joint work with Larry Goldstein and can be found in Goldstein
& Reinert (2005). We have already seen, in connection with Gibbs mea-
sures, how the size-biased distribution can be used to characterize a target
distribution. The work presented here takes this idea further.
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First, the size-biased distribution is defined only for non-negative ran-
dom variables. For random variables with zero mean, we instead define the
zero bias distributional transformation as follows (see Goldstein & Rein-
ert 1997).

Definition 8.1: Let X be a mean zero random variable with finite, nonzero
variance a2. We say that X* has the X-zero biased distribution if for all
differentiable / for which EXf(X) exists,

EXf(X) = o2Ef'(X*).

The zero bias distribution X* exists for all X that have mean zero and
finite variance. In Goldstein & Reinert (1997), this coupling is used to
obtain bounds of order 1/n for smooth test functions, under symmetry
assumptions on the underlying distribution. The following theorem shows
that it is indeed possible to define much more general functional biasing.

Theorem 8.2: Let X be a random variable, m £ {0,1,2,...} and let P
be a function on the support of X such that P has exactly m sign changes,
is positive on its rightmost interval and is such that

^-EXjP(X) = aSj,m j = 0,...,m,
ml

for some a > 0. Then there exists a unique distribution for a random
variable X^ such that

EP(X)G(X) = aEG^(X^)

for all m times differentiable functions G for which ~EP{X)G{X) exists.

The X(m"> distribution is named the X-P biased distribution.
For example, with P(x) = x, we obtain that for any random variable

X such that EX = 0 and a2 = 1EX2 < oo, there exists a random variable
XW such that, for all smooth G, we have EXG{X) = a2EG'(X^). Thus
we recover the zero bias distribution.

Theorem 8.2 allows us to define much more general distributional trans-
formations. To illustrate this, consider infinitely divisible random variables
{•2"A}A>O with moments of all orders. Assume that there is a collection
{P^}m>i of monic polynomials, where P^ has m distinct roots, is positive
on its rightmost interval, and the collection is orthogonal with respect to
the law of Z\. Define

ax
m = ±KZ?P^(ZX)
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and the set

MT = {X : EX2m < oo, BXj =BZ{, 0 < j < 2m}.

For every X € A4™, for j = 0 , . . . , ra, we then have

±EX*I»(X) = ~BZ{P^(ZX) = a^k.

Theorem 8.2 yields that for all X e M™ there exists a random variable X^
such that

EI»{X)G(X) = c&EGlmHxZl).

As with the size-biased distributon, there is a construction for sums of
independent random variables available. Let TO G {0,1,...}. Let X\, • • • , Xn

be independent random variables with

Xi€M%

for some Ai , . . . , An, and

W = ±Xi.
t=i

For the transformation we shall bias different summands to different de-
grees; hence we introduce the multi-index m = (mi,. . . ,mn), and let

n

m = |m| = y^rrtj.
i=i

Furthermore, for A = (Ai,..., An) and x = (xi,...,xn), let

*=1 i=l

Assume that {i:>jn(2;)}m>o satisfies the conditions of Theorem 8.2, and let
A = Ai + • • • + An. In this setting, Goldstein & Reinert (2005) derive the
following result.

Theorem 8.3: Suppose that for some weights cm, the family of orthogonal
polynomials {P^(a;)}m>o satisfies the identity

^ A » = £C-PAm(x),
m

with w = xi + • • • + xn, where Ylm denotes the sum over all m such that
|m| = m. Then

(m) _ > p (m)
a\ — 2^i CmOiA '

m

and
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and we may consider the variable I, independent of all other variables, with
distribution

(m)
F ( ! = m ) = CJ"%- (8-1)

Furthermore, the variable

i = l

has the W-P^ distribution.

Example 8.4: (Hermite biasing). For a2 = A > 0, define the collection of
Hermite polynomials {H^}n>0 through the generating function

n=0 n -

In this case a^ = Am, and the index I in (8.1) is chosen according to the
multinomial distribution Mult (m, A). Denoting the Hermite polynomials
for A = 1 by H^ = Hm, we obtain as Stein-type equations for the standard
normal distribution

h(x)-Mh = tfWHm-iix) - Hm{x)cj>{x)

and

h{x) - Mh = (f>(m\x) - Hm(x)(f>(x).

The standard normal distribution is the unique fixed point of the Hermite-
bias transformation of any order, hence this gives an infinite number of
Stein characterisations for the standard normal distribution.

Example 8.5: (Charlier biasing). The Charlier polynomials correspond to
the Poisson distribution with mean A; here again we obtain a^ = Am, and
I ~ Mult (m, A). As the Poisson distribution can be shown to be the fixed
point of the Charlier-bias transformation for any order, again we obtain an
infinite number of characterizations for the Poisson distribution.

Example 8.6: (Lague'rre biasing). The monic Laguerre polynomials are
orthogonal for the Gamma distribution. However, the Gamma distribution
with fixed parameter is not a fixed point of the Laguerre-bias transforma-
tion.
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Connections between distributions and orthogonal polynomials in the
context of Stein's method were also studied by Diaconis & Zabell (1991);
there one can also find more examples of orthogonal polynomials.

Note that there are many other applications of Stein's method to other
distributions; see for example the work on Markov chain Monte Carlo meth-
ods in Diaconis (2004), and on the uniform distribution in Diaconis (1989).
The above tutorial lectures are merely an introduction to a very rich field
with many open problems.

Acknowledgement: The author would like to thank the organizers of this
excellent workshop.
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approximation Campbell measure, 121
compound Poisson, 84-111 centered Poisson distribution, 106

on groups, 110-111 central limit theorem, 5, 187
signed measure, 103-109 combinatorial, 8

compound Poisson process, 178 Lindeberg, 15-16
normal, 2-57 Charlier polynomial, 80-81, 109, 218

local dependence, 17-19, Chen-Stein method, 65, 141
48-53 chi-squared distribution, 188-191

smooth functions, 13-23 clumping, 84-85
point process, 136-137 coin tossing, 93-94, 96, 168-170
Poisson 64-83 compensator, 79, 125, 138-140

unbounded functions, 82-83 compound Poisson
Poisson process, 149-167 approximation, 84-111
Poisson-Charlier, 80-82 o n SrouPs- U 0 " 1 1 !

associated random variables, 77 s i S n e d ™*™™, 103-109
negatively associated, 78 distribution, 84

Stein equation, 85-90, 101, 102,
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backward customer chain, 176
balls in boxes, 73 compound Poisson process
„ ., TT „.,. . ... ._ approximation, 178
Bennett-Hoeffding inequality, 40 r

concentration inequality, 7, 31-35, 51,
Bernoulli process, 138, 142, 167-168 __
Berry-Esseen theorem, 6, 7 non-uniform, 39-43, 51

bounded summands, 23-31 randomized, 7
independent summands, 31-39 c o u n t i n g process, 118, 125
local dependence, 48-53 coupling, 126, 129, 138-140, 197-201,
lower bound, 35-39 205 216
non-uniform monotone, 75-79

independent summands, 39-48 coupling approach, 73-79, 94-99
local dependence, 48-53 detailed, 75, 97

binary expansion, 7, 28-31 customer chain
binomial distribution, 147, 201, 203 backward, 176
birth-death process, 202-205 forward, 175
birthday problem, 72
bounded Wasserstein distance, 3 d2 distance, 80, 110, 137, 150-167
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density method, 214-215 Gibbs distributions, 201-206
dependency graph, 19
dissociated random variables, 72, 196 hard core process, 170-173
distance head runs, 93-94, 96, 168-170

d2, 80, 110, 137, 150-167 Hermite polynomials, 218
bounded Wasserstein, 3 hypergeometric distribution, 201, 203
Kolmogorov, 3, 13, 102-103
Prohorov, 133, 150 immigration-death process, 67, 68,
total variation, 3, 70-75, 80, 90, 96, 89, 103, 126-129, 146, 186

108, 110, 133, 136-138, 145, point process, 129-132, 141, 143,
149-150 149, 151, 162

Wasserstein, 3, 13, 132
distribution Janossy density, 122-125, 141

binomial, 147, 201, 203
centered Poisson, 106 Kolmogorov distance, 3, 13, 102-103
chi-squared, 188-191
gamma, 214 L2 method, 63, 110
geometric, 201, 203, 204 Laguerre polynomials, 218
Gibbs, 201-206 law of large numbers, 191-201
hypergeometric, 201, 203 law of small numbers, 116
negative binomial, 147, 203 Le Cam's bound, 71, 92
normal, 2-57, 184, 186, 187, 214, Lindeberg

215, 218 • central limit theorem, 15-16
Pascal, 203, 204 condition, 35
Poisson, 184, 186, 197, 202-204, linear regression property, 14, 20

206, 218 local approach, 70-73, 91-94
polynomial birth-death, 147 local dependence, 195
uniform, 219 normal approximation, 48-53

distributional transformations, smooth functions, 17-19
215-219 local maxima, 19

Edgeworth expansion, 80, 104 magic factors, 66, 69, 80, 88, 99, 110,
empirical measure, 193-201, 208 141-147, 150, 151, 158, 204

size-biasing, 200 Markov chain Monte Carlo, 219
epidemic process Matern, 170

SIR, 206-214 m-dependence, 17, 50
exchangeable pair, 7, 19-23, 28, 63, Melamed's theorem, 174

67, 185, 186, 215 metric, see distance
migration process, 174

Feller condition, 35 mixed Poisson, 140
forward customer chain, 175 mixing, 195

multivariate Poisson approximation,
gamma distribution, 214 178
generator method, 67-69, 89,

185-188, 191, 194, 200, 202, 203 negative binomial distribution, 147,
geometric distribution, 201, 203, 204 203
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negatively associated random random integer, 7, 28-31
variables, 78 rare sets, 95

negatively related, 76 regenerative process, 95
normal approximation, 2-57 reliability theory, 77, 93

local dependence, 17-19, 48-53 runs, 93-94, 96, 168-170
smooth functions, 13-23

normal distribution, 2-57, 184, 186, scan statistic, 97
187, 214, 215, 218 Sellke's construction, 207

size-biasing, 7, 197-201, 205, 206, 215
occupancy problem, 73 empirical measure, 200
Ornstein-Uhlenbeck process, 186 random measure, 199
orthogonal polynomials, 217 Stein-Chen method, 64, 141

Stein equation, 63, 111, 184-186, 191,
palindromes, 116 194, 200, 205
Palm chi-squared, 189

distribution, 121, 141 compound Poisson, 85-90, 101,
reduced, 177 102, 106

measure, 197, 200 normal, 3, 10, 214
process, 79, 121-122, 169 Poisson, 64-67, 70, 79, 81, 83, 129,

reduced, 122, 177 146
Pascal distribution, 203, 204 Poisson process, 141-146
point process, 79-80, 118-120 solution, 4, 10, 142, 184, 185
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