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1 1 ù Ã�

Ã�£½Ã¡¤3êÆ¥åX­��^. g,êS��Ã�5´�{ü~f, ��½

²¡þ¤k:�8Ü��, �Ñ´�¹Ã¡õ�é�£½¡���¤. 3êÆ¥, ·�ò

¡��þXÛ?näkÃ¡õ���8Ü, �ò¡�XÛlk�LÞ�Ã���X�¯

K.

§1.1 g,ê�Ã�5ÚêÆ8B{

g,êÒ´Ù��

N = {0, 1, 2, 3, · · · },

Ù¥� {1, 2, 3, · · · } �¡���ê. g,êúnz½Âd Peano£�æì, 1858 -1932¤

�Ñ, 3dØ��[0�. g,êÄ�5��)g,ê��âµg,ê�m\{Ú¦{,

±9\{Ú¦{¤Ñl��Æ!(ÜÆÚ©�Æ; g,ê�kS5: ?Ûü�g,ê�

m�½�3��'X; g,ê�Ã�5: g,ê´vk�¸�, ?Ûg,ê n �, ��±

�Ñe��g,ê n+ 1. g,ê�Ã�5�o(�e�8Bún:

8Búnµ� S ⊆ N, XJ S ÷v

(i) 0 ∈ S,

(ii) e n ∈ S, K n+ 1 ∈ S,

@o S = N.

d8Bún, ØJ��e���ê�n.

½n 1.1 (��ê�n) � T ´ N ��f8. K T ¥7k��g,ê.

y² �

S = {s | s ∈ N, s 6 t, é?¿ t ∈ T ¤á}.

w,, 0 ∈ S, Ïd S ��. qÏ� T ��, é t ∈ T , k t+ 1 > t, ¤± t+ 1 /∈ S, �

Ò´ S 6= N.

âdíÑ: �3 s0 ∈ S, 
 s0 + 1 /∈ S. ÄK, eù�� s0 Ø�3, Ò¿�Xé?¿

s ∈ S, Ñk s+ 1 ∈ S, �â8B�níÑ S = N, ù� S 6= N �gñ.

e s0 /∈ T , Kéu?¿ t ∈ T , Ñk s0 < t, �Ò´ s0 + 1 6 t, íÑ s0 + 1 ∈ S, ù�

s0 À�gñ. ¤± s0 ∈ T . � s0 ∈ S, Ïdé?¿ t ∈ T , k s0 6 t, = s0 ´ T ���

ê.



2 1 1 ù Ã�

5¿, ùp�/��ê�n0=´g,ê8���ê�n. ~X, ê8{
1,

1

2
,

1

3
,

1

4
, · · · , 1

n
, · · ·

}
¥Òvk��ê.

8Bún´~^�êÆ8B{Ä:. ¤¢êÆ8B{´êÆín¥Ä��ª��.

^5y²�¹Ã�S�·K�êÆ½n.

~ 1.1.1 ?¿ n+ 2 ^>àõ>/S��Ú�u180◦ � n �.

ù´��éz����ê n Ñ¤á·K. XJæ^����/�y, Ø+�y�õ

�, E,ØU`²·K�ý. 7Læ^î�êÆín�{\±y².

w,, � n = 1 �, àõ>/Ò´n�/, Ïd^ÕáuT·K�Ù§(J, �Ñn

�/S��Ú�u 180◦ .

éu n = 2 ào>/, ��^é��ro>/©¤ü�n�/,Ïd|^n�/S

��Ú�u 180◦ �(ØíÑào>/S��Ú�u 2 · 180◦ .

�Xéu n = 3 àÊ>/, r§©)¤n�/Úào>/,2|^®²y²�'u

n�/Úào>/S��Ú(Ø��àÊ>/S��Ú�u 180◦ + 2 · 180◦ = 3 · 180◦ .

ã 1.1 : n=1
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......... .
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ã 1.2 : n=2

.

........................................................................................................................................................................................................................................

.

..........................................................................................................................................................

.
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.
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......... .
......... .
......... .
......... .
......... .
......... .
......... .
......... .
......... .
......... .
......... .....

ã 1.3 : n=3

±daí, �±Ågy² n = 4, n = 5 ��/. z�ÚÑ±Ó��ªdc¡�(Ø

íÑ.

þãí�g�Äu±eü:µ

�´é n = 1 ½cA��/��(5, �ÏL�y��. 3~1.1.1¥, /ÏÙ��

n�/S��Ú�u 180◦ , �±���ycA«�/��(5.

�´�3�«���{L²µXJ·Ké n¤á,@oé n+1�¤á. 3~1.1.1¥,

ù����{Ò´r n+ 2 ^>àõ>/©)¤n�/Ú n+ 1 ^>àõ>/.

Ïd, �
y²·Ké¤k��ê n ¤á, rþã©ÛJõ�Xe½n.



1.1 g,ê�Ã�5ÚêÆ8B{ 3

½n 1.2 � An (n = 1, 2, · · · ) ��X�·K, XJ

(i) � n = 1 �, A1 ¤á¶

(ii) é?¿��ê n, d An ¤á�íÑ An+1 ¤á. ½dc n � A1, A2, · · · , An
¤á�íÑ An+1 ¤á.

@o, An é¤k n > 1 ¤á.

y² æ��y{: b�k,�·K Ar (r > 1) Ø¤á, @o, 8Ü

S = {k > 1 | Ak Ø¤á}

��£r ∈ S¤. �â��ê�n,�3��ê n ∈ S. d (i)�� 1 /∈ S,¤± n > 1. qÏ

� n ´ S ¥��ê, ¤±n− 1 /∈ S, = An−1 ¤á, d (ii) íÑ An �¤á. �´ n ∈ S
L« An Ø¤á, ÏdíÑgñ. `²b�´�Ø�, ¤± An (n > 1) Ñ¤á. �

~ 1.1.2 é?¿��ê n, ¦y f(n) = n4 + 2n3 + 2n2 + n U� 6 �Ø.

y² � n = 1 �, f(1) = 6, w,U� 6 �Ø.

b� f(n) U
� 6 �Ø, @o

f(n+ 1) =(n+ 1)4 + 2(n+ 1)3 + 2(n+ 1)2 + (n+ 1)

=(n4 + 4n3 + 6n2 + 4n+ 1)

+ 2(n3 + 3n2 + 3n+ 1) + 2(n2 + 2n+ 1) + (n+ 1)

=(n4 + 2n3 + 2n2 + n) + (4n3 + 12n2 + 14n+ 6)

=f(n) + (4n3 + 12n2 + 14n+ 6)

�â8Bb�, þªm>1��U
� 6 �Ø, 1��¥ 12n2 + 6 �U
� 6 �Ø. Ï

d��y²�{� 4n3 + 14n U
� 6 �Ø, ½�y² 2n3 + 7n U
� 3 �Ø=�.

�d, I�2g^8B{�y²: é?¿��ê n, 2n3 + 7n U
� 3 �Ø.

ù�·Ké n = 1 w,¤á. b�é�� n, 2n3 + 7n U
� 3 �Ø, @oé n+ 1,

k

2(n+ 1)3 + 7(n+ 1) = (2n3 + 7n) + 3(2n2 + 2n+ 3).

�â8Bb�, m>1��U� 3 �Ø, 
1��´ 3 ��ê, �,�U� 3 �Ø. ù

�Òy²
é?¿��ê n, 2n3 + 7n U
� 3 �Ø. Ïd�Òy²
é?¿��ê n,

f(n) = n4 + 2n3 + 2n2 + n U� 6 �Ø.

ùp2grN¦^êÆ8B{7L(�½n1.2¥^� (i) Ú (ii) ý��÷v.

~ 1.1.3 ^ max{a, b} L« a Ú b ¥�����ê. �Äe�·Kµ
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é?¿��ê n, ·K An: e a, b ´¦� max{a, b} = n ¤á�?¿ü���ê,

K a = b.

Uì8B{Ú½, ØJ�yA1 w,¤á, ù´Ï�é?¿ü�÷v max{a, b} = 1

��ê, �½k a = b = 1.

b� An ¤á, @oé An+1, � a, b ´¦� max{a, b} = n + 1 �?¿ü���ê,

-

a′ = a− 1, b′ = b− 1

K max{a′, b′} = n, Ï�®²b� An ¤á, ÏdíÑ a′ = b′, = a = b, �Ò´·Ké

n+ 1 �¤á. ù��âêÆ8B{, Òké?¿ n, ·KÑ¤á.

�´, � a = 5, b = 2, K n = max{5, 2} = 5, ·Ké n = 5 ¤á, ¿�X 5 = 2. ù

��(Øw,´�Ø�. @o¯KÑ3=pQº

3þãí�¥,d a′ = a−1, b′ = b−1ØJwÑ ,é?¿ü�÷vmax{a, b} = n+1

���ê a, b, ¿ØU�y a′, b′ E,´��ê, Ïd�ÒÃ{¦^8Bb�.

§1.2 Ã�8Ü

k����¤|¤�8Ü¡�k�8Ü. k�8Ü¥���ê´���Ä�þ, ¡

�8Ü�Äê. k�8ÜÄê�±ÏLO�8Ü¥���ê��, Ø+T8Ü���´

�o. ~X8Ü{a, b, c, d} Äê´ 4, 8Ü{2, 4, 6, 8} Äê�´ 4. �8 φ �Äê� 0. O

���k�8ÜÄê, Ù¢´ò8Ü����g,êf8 {1, 2, · · · , n} � 1-1 éA, Ù

¥� n Ò´8ÜÄê.

ü�k�8ÜÄê����±��?1'�, ~X�+�*l©°J. z��*l

=<��°J, XJ°J©1
, �k�*lvk<�, `²�*l8ÜÄê�u°J8

ÜÄê. ez��*lÑ<���, �k�{°J, `²�*l8ÜÄê�u°J8Ü

Äê. XJ�Ðz<©���°J, vk�{, `²�*l�°J8Ü�Äê��.

1◦ 8Ü� 1-1 éA

yòÏL 1-1 éA5�	k�8ÜÄê´Ä����{, í2���8Ü¥�, �

dk�ÑXe½Â.

½Â 1.3 �A,B�ü�8Ü, f ´ü�8Ü�m�N�

f : A −→ B

(i) eé A ¥?¿�� a, a′, �� a 6= a′, Òk f(a) 6= f(a′), K¡N��ü�.



1.2 Ã�8Ü 5

(ii) eé B ¥?¿�� b, ���3A ¥�� a, ¦� f(a) = b, K¡N��÷�.

(iii) eN�Q´ü�q´÷�, K¡N��1-1 N�(½¡1-1éA).

/�/`, XJr A w¤´f��8Ü, B w¤´qf�8Ü, @o

ü�L«ØÓ�f�Â¥ØÓ�qf.

÷�L«?Û��qf�����f�Â¥.

1-1 N�L«z�f�Â¥��qf, z�qf����f�Â¥.

|^ 1-1 éA, �±'�ü�8Ü�m�Äê, AO´�ÀJg,ê�f8Ü

{1, 2, · · · , n} ��IO, KÏL�	�§´Ä 1-1 éA, ½Âk�8Ü�Ã�8Ü.

½Â 1.4 � A,B �ü�8Ü.

(i) e�3A→ B � 1-1 éA, K¡A Ú B k�ÓÄê, ½ö¡üö�³.

(ii) e�3A→ B �÷�, �Ø�3A→ B �ü�£Ïd�ÒØ�3A Ú B�m

1-1 éA¤, K¡8ÜA'8ÜBäk��Äê.

(iii) e�3��ê n, ¦�A�8Ü {1, 2, · · · , n} �mk1-1 éA, K¡A�k�8

Ü, n �ÙÄê¶eù��nØ�3, K¡A�Ã�8Ü.

2◦ �ê8Ü

±e�
�B, �Ä��ê8Ü, ¿E,½Â

N = {1, 2, 3, · · · },

·�òw�, lÄê�Ýw, Ã�8Ü¥�K½O\k����ÄêØC.Ïd�¹ 0�

g,ê8Ü�Ø�¹ 0 ���ê8Ü�Äê´���.

½Â 1.5 ��ê8Ü N = {1, 2, 3, · · · } �Äê¡��ê�, N ¡��ê8Ü.

?Û� N 1-1 éA8Ü�Äê�´�ê�, ù��8ÜÚ¡��ê8Ü.

éuk�8Ü A , ê�ê A ¥���ê, Ò´r A ¥���g,êf8Ü

{1, 2, · · · , n} 1-1 éA

1 2 3 · · · n

l l l · · · l
a1 a2 a3 · · · an

½ö`Ò´� A ¥��?1�«Ø­Eü�£½?Ò¤, �,, ü��ªØ��. w,,

éuk�8Ü, �KeZ���, ½O\eZ���, ÑØ�U��8Ü 1-1 éA, �Ò

´ÄêØ�U2��.

éu�ê8Ü A, ��±ÏL� N = {1, 2, 3, · · · } � 1-1 éA?1Ø­E�ü
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�£?Ò¤:

1 2 3 · · · n · · ·
l l l · · · l · · ·
a1 a2 a3 · · · an · · ·

Ïd�ê8Ü�¡���8Ü, 8Ü����±ü��:

A = {a1, a2, · · · , an, · · · }.

�´éu�ê8Ü, Ù¥Ã����|¤�f8Ü�äk�ÓÄê. ~X N ¥¤k
óê|¤f8Ü� N ´ 1-1 éA�:

1 2 3 · · · n · · ·
l l l · · · l · · ·
2 4 6 · · · 2n · · ·

Ïd¤kóê8Ü�´�ê8Ü, �,óê�´��ê¥��Ü©. Ó�, ��ê¥¤

k��²�ê8Ü {1, 4, 9, 16, 25, · · · , } �´�ê�:

1 2 3 · · · n · · ·
l l l · · · l · · ·
12 22 32 · · · n2 · · ·

��, Ã�8Üäk�
ÕA�5�.

5� 1.6 � U ´��Ã�8Ü, e�3l N = {1, 2, 3, · · · }� U�÷�

f : N −→ U,

K U´�ê8Ü. AO, N �?ÛÃ�ýf8´�ê8.

y² y²'�´ÏL÷�, �E U ¥¤k����Ø­Eü�, �Ò´ïá U �

N 1-1 éA. P j1 = 1, ¿-

a1 = f(j1) = f(1) ∈ U,

Ï�f�÷��U´Ã�8, ¤±8Ü

E1 = {n > j1 | f(n) 6= a1}

��. �â��ê�n, E1 �3��ê j2 > j1, P

a2 = f(j2) ∈ U.

� a2 6= a1. �â j2 �À�, íÑ 1, 2, · · · , j2 3 f e���U´ a1 ½ a2 :

f : {1, 2, · · · , j2} −→ {a1, a2}.
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2-

E2 = {n > j2 | f(n) 6= a1, f(n) 6= a2},

¿� E2 ���ê j3 > j2.P

a3 = f(j3),

Ïd a1, a2, a3 üüØ�, �

f : {1, 2, · · · , j2, · · · , j3} −→ {a1, a2, a3}.

b�®²�� jk > jk−1 > · · · > j1, ¦� al = f(jl), l = 1, 2, · · · , k üüpØ��, ¿�

1, 2, 3, · · · , jk 3 f e��� {a1, · · · , ak} :

f : {1, 2, · · · , jk} −→ {a1, a2, · · · , ak}.

@oP

Ek+1 = {n > jk | f(n) 6= al, l = 1, 2, · · · , k},

� Ek+1 ���ê jk+1 > jk ¿P

ak+1 = f(jk+1),

K ak+1, ak, · · · , a1 pØ��, �

f : {1, 2, 3, · · · , jk, · · · , jk+1} −→ {a1, · · · , ak, ak+1}.

du f ´÷�, ù�����î�4O���êê� j1 < j2 < j3 < · · ·Ú U¥���

��ü�

U = f(N) = {a1, a2, a3, · · · }.

Ïd U ´�ê�.

� V � N �Ã�ýf8. �½��V¥���m, ½ÂN�f : N→ VXe:

é?¿ n ∈ N, f : n 7−→ f(n) =

n, � n ∈ V

m, � n /∈ V.

w,f : N→ V´÷�. dc¡í�(J��V��ê8. �

�â5�1.6, 3 N ¥�Kk��ê, ½=¦�KÃ��ê, ���{�êE,´Ã

�8Ü, @oÄêØC. e¡5�`²3�ê8Ü¥O\k����, $�O\�ê��

�, ÄêE,ØC.

5� 1.7 k�8Ü��ê8Ü�¿8´�ê8Ü; k���ê8Ü�¿8E,´

�ê8Ü; �ê��ê8Ü�¿8�´�ê8.
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y² ùp�?Ø1n«�/. �A1, A2, · · ·��ê��ê8. P

Ak = {ak1, ak2, · · · , akn, · · · }, k = 1, 2, 3, · · · .

@o¿8
∞⋃
k=1

Akp¤k���±kXeü�:

a11 a12 a13 · · ·
a21 a22 a23 · · ·
a31 a32 a33 · · ·
· · · · · · · · · · · ·

^��^=45◦, �±rþãü�w¤���n�/G�ü�,÷X�ÞÒ���¤k�

���ü�

a11 →

→ a21 → a12 →

→ a31 → a22 → a13 →

→ · · · → · · · → · · · → · · · →

Ïd�Ñ
N�¿8��÷�, �Ø�½´ü�, Ï��� aij ¥�UÑy­E. �â5

�1.6 ��(Ø¤á. �

5¿�5�1.7 y²¥¦^�ü��{¿Ø��.

íØ 1.8 �ê8Ü

Z = {0,±1,±2,±3, · · · ,±n, · · · }

´�ê8, Ïd���ê8 N k�ÓÄê.

y² P

Z+ = N = {1, 2, 3, · · · , n, · · · },

Z− = {−1,−2,−3, · · · ,−n, · · · },

@o Z− � N 1-1 éA, Ïd´�ê8. ¤±,

Z = Z− ∪ {0} ∪ Z+

´�ê8. �

½Â 1.9 8ÜA,B��ÈA×B(½ö(k�È)½Â�

A×B = {(a, b) | a ∈ A, b ∈ B}.
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A1, A2, · · · , An��È½Â�
n∏
k=1

Ak = A1 × A2 × · · · × An = {(a1, a2, · · · , an) | ak ∈ Ak, k = 1, 2, · · · , n}.

aqu5�1.7 y², ���Xe·K

5� 1.10 k���ê8Ü��È´�ê8.

y² ùp��Äü��ê8Ü��È. �

A = {a1, a2, · · · , an, · · · }, B = {b1, b2, · · · , bn, · · · },

@o

A×B = {(ai, bj) | ai ∈ A, bj ∈ B}

P aij = (ai, bj), aq5�1.7 y², �±�Ñ N −→ A × B ���÷�, ÏdA × B ´
�ê8. �

íØ 1.11 knê8Ü´�ê8, �Ò´`knê8���ê8Äê��.

y² �knê8�

Q =

{
p

q

∣∣∣ p, q ∈ Z, q 6= 0

}
.

@o

f1 : Z× Z+ −→ Q, f1(p, q) =
p

q

�Ñ Z× Z+ −→ Q �÷�. Ï� Z× Z+ �g,ê8Ü N 1-1 éA:

f2 : N −→ Z× Z+,

¤±EÜN�

f = f1 ◦ f2 : N −→ Q

´÷�, �â5�1.6, knê8 Q ´�ê8Ü. �

Ï~rknê8üS�

Q = {r1, r2, · · · , rn, · · · }.

5P knê /́��0�, �¿Ø´`�Uì�¿�¦r§ü�å5. =¦´�Ä

[0, 1] «mþ�knê, �Ã{Uì��ò§�ü�å5.

3◦ Ø�ê8Ü

±þ´���ê8Ük�ÓÄê�ê8Ü�Ì�5�. g,�¯: ´Ä�3Äê�

u½�u�ê8ÜÄê�Ã�8Üº
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½Â 1.12 � A ´Ã�8Ü, A0 ⊂ A ´ A �f8, ½Â

A\A0 = {a | a ∈ A, a /∈ A0},

=A\A0 L«l A ¥�K A0 �{��8Ü , ¡� A0 3 A ¥�{8.

� A ´��Ã�8Ü, l A ¥�����a1, ql A\{a1} ¥�����a2, w,
a2 6= a1. e®²��pØ��� a1, a2, · · · , an,KduA´Ã�8Ü,A\{a1, a2, · · · , an}
��, ¤±l¥��±� an+1, an+1 6= ai, i = 1, 2, · · · , n. ù��ö��±��UYe

�. Ïd�� A ����ê�f8 A0 = {a1, a2, · · · , an, · · · } .

½ÂN�f : A −→ N Xeµ

f(a) =

 n, � a = an ∈ A0

1, � a ∈ A\A0

§´l A � N ���÷�. �â½Â1.4, XJ f q´ü�, @o A �Äê� N �Ó,

XJ f Ø´ü�, @o A k' N ���Äê. ¤±

½n 1.13 Ø�3Äê'�ê8ÜÄê���Ã�8Ü.

�´, %�3'�ê8ÜÄê���Ã�8Ü.

½Â 1.14 Ã�8Ü¡�Ø�ê, ´�Ø�3§�N�m�1-1 éA. �â½

n1.13, Ø�ê8Ük' N���Äê.

�
�E��Ø�ê8Ü, I�Ú\��#�Vgµ

½Â 1.15 éu��8Ü A , P 2A ´§�¤kf8�¤�8Ü

2A = {X | X ⊂ A},

¿¡� A ��8.

~X£±e φ L«�8¤, �A = {a, b} �

2A = {φ, {a}, {b}, {a, b}}.

� A = {x, y, z} �

2A = {φ, {x}, {y}, {z}, {x, y}, {x, z}, {y, z}, {x, y, z}}.

ØJwÑ, � A ¥���ê£Äê¤� 2 �, 2A ¥���ê£Äê¤� 22 = 4, � A ¥

���ê£Äê¤� 3 �, 2A ¥���ê£Äê¤� 23 = 8.

� A ´�¹ n ����k�8Ü, @o A ¥����«�U|Ü¤�¤�f8Ò

´�8 2A ¥��, Ïd 2A ¥����ê�

C0
n + C1

n + · · ·+ Cn
n = 2n.
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�È¤/Äê0, =´

2A �Äê = 2A �Äê.

,
, � A ´Ã�8Ü�, Òvk@o{ü
. e¡, ­:�Äg,ê8N ��8

2N = {X | X ⊆ N}.

= N ¤kf8|¤�8Ü.

½n 1.16 ( Cantor x÷, 1845-1918) 2N ´Ø�ê8Ü.

y² w,, N ¥ü�ê�¤��{üf8 {1}, {2}, · · · , {n}, · · · ∈ 2N, Ïd 2N ´

Ã�8Ü.

b� 2N ´�ê8, K�ò 2N ¥��?1?Ò:

2N = {U1, U2, · · · }.

5¿�z� U1, U2, · · · Ñ´ N �f8, Ïd-

V = {k ∈ N | k /∈ Uk} ⊂ N.

e V ∈ 2N, =�3,�� Un ¦� V = Un, @o� n ∈ Un �, Ò¿�X n ∈ V , ù

� V �½Âgñ; � n /∈ Un �, íÑ n /∈ V , �� V �½Âgñ.

¤± V Ø�U´ 2N = {U1, U2, · · · } ¥,��, �Ò´ V /∈ 2N.

�´ V ´N �f8Ü, �â N ��8½Âk V ∈ 2N, ¤±gñ. ù�Òy²
2N

Ø�U´�ê8. �

½n 1.17 ¢ê8ÚÃnê8£ë�1 3 ù¤́ Ø�ê8Ü.

SK 9 ¢Sþy²
¢ê��?��ê´Ø�ê�. 2dSK 8, 3¢ê¥�K�

ê�knê, �{�Ãnê�´Ø�ê�.

5P �âþã?Ø, ¢ê8äk'knê8���Äê.ùÚÑ,��¯K, ´Ä

�3��8Ü, §�Äê'knê�Äê�, �'¢ê�Äê�ºÍ¶� Cantor ëYÚ

b�@�Ø�3ù��8Ü. ù
SN®²�Ñ�;K��, Ø2?Ø.

§1.3 Ã�¦Ú

¯¤±�, k��ê�\, (J�´��ê. �´, ��ÄdÃ��ê�\£{¡Ã

�¦Ú¤, ¯KC�E,
. Äk*	±en«Ã�¦Ú¯K
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(i) 1 +
1

2
+

1

22
+ · · ·+ 1

2n
+ · · · ;

(ii) 1 + 2 + 22 + · · ·+ 2n + · · · ;

(iii) 1− 1 + 1− 1 + · · ·+ (−1)n−1 + · · · .

éu(i) , bX�\�oÚ´��ê, Ø�òTêP�

S = 1 +
1

2
+

1

22
+ · · ·+ 1

2n
+ · · · ,

UìÏ~�â$�, k

2S = 2 + S,

Ïd�� S = 2.

Ó�, éu(ii) , bX�\�oÚ´��ê, P�

S = 1 + 2 + 22 + · · ·+ 2n + · · · ,

UìO�ATk

2S = S − 1,

Ïd S = −1, =Ã���ê�\oÚ´ −1.


éu(iii) , bX�\�oÚ´��êµ

S = 1− 1 + 1− 1 + · · ·+ (−1)n−1 + · · · .

�â\{(ÜÆ, e�ü«ØÓ�(Ü�ª, �Ñ
ü�ØÓ�(J

S =

 (1− 1) + (1− 1) + · · ·+ (1− 1) + · · · = 0;

1− (1− 1)− (1− 1)− · · · − (1− 1)− · · · = 1.

��, Ã��ê�\´Ä�´��ê¿Øw,. Ïd, ·�¡�ù���¯K: XÛ

�äÃ��ê�\(JE,´��êº½ö`XÛ½ÂÃ��ê�\º

E,±þãn«�/�~, krc n �£k��¤\å5, éu (i) k

1 +
1

2
+

1

22
+ · · ·+ 1

2n
=

1− 1

2n+1

1− 1

2

= 2− 1

2n
,

�X¦Ú�ê�5�õ, �Ò´�X n �5��, (J��5��C 2.


éu(ii) , §�c n �Ú�

1 + 2 + 22 + · · ·+ 2n =
1− 2n+1

1− 2
= 2n+1 − 1,

�X�\��5�õ, (J��X n O�
�5��, \���Ø�U�u,�ê.
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éu(iii) , §�c n �Ú÷v

1− 1 + 1− 1 + · · ·+ (−1)n−1 =

 0 � n ´óê

1 � n ´Äê

zO\��, (J¬l 0 C� 1, ½l 1 C� 0, o´30 Ú 1 �m~{Ø½.

?�Ú*	 (i) . Pc n �Ú�

Sn = 1 +
1

2
+

1

22
+ · · ·+ 1

2n
,

ØJuy Sn � 2 �Ø�÷v

|Sn − 2| = 1

2n
.

�X¦Ú��5�õ, �Ò´ n �5��, Sn � 2 �Ø��5��. ~X�� Sn � 2

Ø��u
1

10
, ��¦Ú�ê�L 4 Òv

:

|Sn − 2| = 1

2n
<

1

10
� n > 4.

�� Sn � 2 Ø��u
1

100
, ��¦Ú�ê�L 7 Òv

:

|Sn − 2| = 1

2n
<

1

100
� n > 7.

o�, ÃØ�¦Ø�XÛ�, ��¦Ú��ê�L,���ê, Ù(J� 2 �Ø���

�¦. 'X�¦Ø��u?¿���ê ε, ��¦Ú�ê n ´÷v n >
∣∣∣ ln ε
ln 2

∣∣∣ ���ê
=�:

|Sn − 2| = 1

2n
< ε, � n >

∣∣∣ ln ε
ln 2

∣∣∣.
Ïd, knd�&, Ã�õ�ê 1,

1

2
,

1

22
, · · · , 1

2n
, · · · �\oÚAT´2.

1◦ þc�5K

�
òþã©Û�\O(/Lã, ùp£�'u �¡þc£{¡/?¿0¤� �3

þc£{¡/�30¤�¦^5K.

��¹k�¡þc�·K¡��¡·K , Ï~Lã�

é?¿ x ∈ U , A(x) ¤á.

ùp A(x)´��¹Cþ x �·K. ¿g´ /̀é¤kU¥� x, A(x) Ñ¤á0, U ´�

½�8Ü£��¤, Ïd/?¿0́ 3�½��S�/?¿0. ~X:/n�/�n^p�

u�:0. ùp/?¿0���=�un�/.
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aq/, �3·KLã�µ

�3 x ∈ U , A(x) ¤á .

Ò´`/��k�� U¥�� x ¦� A(x) ¤á0. Ïd/�30�´3�½��S

�/�30. ~X:/� a2 − 4b > 0 �, �Ô� y = x2 + ax + b þ��k�: u x ¶

e�0. ùp/�30���´�Ô�þ�:.

���·K¥Ñyü�±þþc, k
�¹'�{ü. ~X:/é?¿�ê x, é?

¿�ê y, x+y = y+x0. w,ùpü��¡þc/?¿–?¿0�^SÃ'�Û,Ïd�

±r·K{��:/é?¿�ê x Ú y, x+ y = y + x0. Ó�, ü�±þ�3þc��Ñ

y, §��^S�Ø�;. ~Xµ/�3�ê x,�3�ê y ,¦� x+ y = 2, x+ 2y = 30.

�±Lã�/�3�ê x Ú y, ¦� x+ y = 2, x+ 2y = 30. Ïd, �Óa.þc�±�

�gS½öÜ¿.

�´éuØÓa.þc5`, ù^5KØ¤á.

~ 1.3.1 é?¿��ê a, �3�ê b, ÷vb = a+ 1.

ù´��/?¿-�30·K, XJUC?¿Ú�3�^S, K�·KÒ¬C¤/�3

�ê b, é?¿��ê a, ÷v b = a+ 1”. w,´���Ø·K.

Ä½���¡·K�I�é����~,=�¡·K/é?¿x ∈ U , A(x) ¤á0�

Ä½, �du�3·K/�3 x ∈ U , A(x) Ø¤á0.

Ä½���3·KKI�`²¤k�/ÑØ¤á,=�3·K/�3 x ∈ U , A(x)¤

á0�Ä½��¡·K/é?¿ x ∈ U , A(x) Ø¤á0.

é��¹kØÓa.þc�·K5`,§�Ä·K�±ÏLUCþc^S£½ö`

´UCþca.¤¢y.

~ 1.3.2 ê8 E = {a1, a2, · · · , an, · · · } k..

^þc�±Lã�: �3��¢ê M , ¦�é?¿��ê n, k

|an| 6M.

§�Ä·K�: ê8 E = {a1, a2, · · · , an, · · · } Ã., =é?¿�ê M , �3����ê

n ¦� |an| > M . Ïd, ê8 E k.�/�3–?¿0±9���ã/ |an| 6M0·K�

Ä·KC¤
/?¿–�30¿� /̂ |an| > M0Ä½·K����ã.

±þ'u�¡þcÚ�3þc±9§�¦^5K�{ü£�, é^5LãÃ�¦Ú

®²v

.

2◦ Ã¡?êÚÃ¡ê�ÂñÚuÑ
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�kÃ�õ�£�ê�¤ê a1, a2, · · · , an, · · · , r§�/ªþ�\¡�Ã¡?ê, ½

{¡�?ê, P�
∞∑
n=1

an = a1 + a2 + · · ·+ an + · · ·

?ê�c n �£k��¤�\´��(��ê, ¡�?ê�Ü©Ú, P�

Sn =
n∑
k=1

an = a1 + a2 + · · ·+ an.

½Â 1.18 éu?ê
∞∑
n=1

an Ú��ê a, XJ

é?¿�ê ε, �3����ê N , ¦�é?¿�u N ��ê n£k�Lã�/�

n > N �0¤, e�Ø�ª¤á

|Sn − a| =
∣∣∣ n∑
k=1

ak − a
∣∣∣ < ε.

@o¡?êoÚ� a, P

a =
∞∑
n=1

an = a1 + a2 + · · ·+ an + · · · ,

½ö`?êÂñu a. ØÂñu?Ûê�?ê¡�´uÑ�.

�âþã½Â, 1 + 2 + 22 + · · ·+ 2n + · · · ´uÑ�, �,�ÒØU^��ê5L«

oÚ. Ï�é?Ûê a, ��� ε = 1, @oé?¿��ê N , Ñ�3 n > N , ¦�

|Sn − a| = |2n+1 − 1− a| > 1.

~ 1.3.3 ?Ø?ê
∞∑
n=1

1

n(n+ 1)
=

1

1 · 2
+

1

2 · 3
+ · · ·+ 1

n(n+ 1)
+ · · · ñÑ5.

) Ï�?êc n �Ü©Ú�

Sn =
1

1 · 2
+

1

2 · 3
+ · · ·+ 1

n(n+ 1)

=1− 1

2
+

1

2
− 1

3
+ · · ·+ 1

n
− 1

n+ 1

=1− 1

n+ 1

Ïd, é?¿�ê ε, ��� N ´÷v N >
1

ε
− 1 ���ê£L² N ´�3�¤, @o

� n > N �, Òk

|Sn − 1| = 1

n+ 1
<

1

N + 1
< ε.

�Ò´?êÂñu 1.

~ 1.3.4 � |q| < 1, ?ØAÛ?ê
∞∑
n=1

qn = 1 + q + q2 + · · · �ñÑ5.
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) Ï�?êc n �Ü©Ú�

Sn = 1 + q + q2 + · · ·+ qn−1 =
1− qn

1− q
,

¤±é?¿�ê ε, ��� N ´÷v N >
∣∣∣ ln ε(1− q)

ln |q|

∣∣∣ �����ê, @o� n > N

�, Òk ∣∣∣Sn − 1

1− q

∣∣∣ =
|q|n

1− q
<
|q|N

1− q
< ε,

¤±éuú' |q| < 1 �AÛ?êÂñ

1 + q + q2 + · · ·+ qn + · · · = 1

1− q
, |q| < 1.

~X, �ú' q =
1

2
, Òk

1 +
1

2
+

1

22
+ · · ·+ 1

2n
+ · · · = 2.

�ú' q =
1

3
, Òk

1 +
1

3
+

1

32
+ · · ·+ 1

3n
+ · · · = 3

2
.

l?êÂñ½Â¥ØJwÑ, ?êc n �Ü©Ú£n = 1, 2, · · ·¤¢Sþ/¤
��
Ã¡ê�

{S1, S2, S3, · · · , Sn, · · · },

��/, ¡ê8 {x1, x2, · · · , xn, · · · } �Ã¡ê�, {¡�ê�, P� {xn}, Ù¥ xn ¡�

ê��Ï�. Ïd'uÃ¡?êÂñ5½Â, ��±Õá/^5½Âê��Âñ5.

½Â 1.19 � {xn} ´��ê�, XJk��ê x, ¦�e�·K¤á:

é?¿ ε > 0 �ê, �3����ê N , ¦�é?¿ n > N , e�Ø�ª¤á

|xn − x| < ε,

@o¡ê� {xn} Âñu x, P�

lim
n→+∞

xn = x.

½¡ê��Âñê�, ØÂñu?Ûê�ê� {xn} ¡� uÑê�.

Ïd, ?ê
∞∑
n=1

an Âñu a ��=�?êÜ©Ú�¤�ê� {Sn} Âñu a.

~ 1.3.5 ~ê� {xn}, xn = x, ´Âñ�.

~ 1.3.6 � |q| < 1, ?Øê� {qn} = {1, q, q2, · · · , qn, · · · } �ñÑ5.
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) é?¿��ê ε, Ø�� 0 < ε < 1, ��� N ´÷v N >
ln ε

ln |q|
���ê, @

o� n > N �, Òk

|qn| = |q|n < |q|N < ε,

Ïd

lim
n→+∞

qn = 0.

ùp, �� ε����¿Ø���5, Ï�� ε > 1�, w, |q|n < 1 6 εé?¿ n¤á.

~ 1.3.7 lim
n→+∞

n
√
n = 1.

y² - n
√
n = 1 + λn, n = 1, 2, · · · , K λn > 0 (n > 1), ¿�

n = (1 + λn)n = 1 + nλn +
n(n− 1)

2
λ2n + · · · ,

Ïd

n > 1 +
n(n− 1)

2
λ2n,

dd)�

λn <

√
2

n
,

�k

0 < n
√
n− 1 = λn <

√
2

n
,

¤±, é?¿ ε > 0, ���ê N >
2

ε2
, K� n > N �, Òk

0 < n
√
n− 1 <

√
2

n
< ε, ½ | n

√
n− 1| < ε.

Ïdê� { n
√
n} Âñu 1.

~ 1.3.8 � xn = (−1)n−1 (n = 1, 2, · · · ), Kê� {xn} uÑ.

y² é?Ûê x, |x− 1| > 1 ½ |x + 1| > 1, Ïd��� ε0 =
1

2
, @oé?¿��

ê N , 7kÛê 2n+ 1 > N Úóê 2n > N , x2n+1 = 1, x2n = −1. Ïd

|x2n+1 − x| > ε0, ½ |x2n − x| > ε0,

¤±ê� {(−1)n−1 uÑ.

3◦ Ã¡?ê�Âñ5

l#£�Ã¡?ê.
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½n 1.20 XJ?ê
∞∑
n=1

an Âñ, @oÏ��¤�ê�{an} Âñu 0µ

lim
n→+∞

an = 0.

y² Ø��?êÂñu a. é?¿�ê ε,
ε

2
�´�ê, Ïd�3��ê N , ¦�

� n > N£�,�k n+ 1 > N¤�,k

|Sn − a| <
ε

2
, |Sn+1 − a| <

ε

2
,

ddíÑ

|an+1| = |Sn+1 − Sn| 6 |Sn+1 − a|+ |Sn − a| < ε

é n > N ¤á, �âê�4�½Â, = lim
n→+∞

an = 0. �

�âþã½n, ØJ��?ê
∞∑
n=1

(−1)n−1 uÑ, Ï� an = (−1)n−1 uÑ.

ÖöØJuy, |^½Â`²?êÂñ, 7L¯k��Âñ��. g,�¯, ´Ä�

3�
�{, ���ä?ê´ÄÂñ, 
ÃI¯k��Âñ�. ù�¯K3�Æ5êÆ©

Û6¥ò¬k²(Ú´L��Y, ùp�Xe©Û.

b�?ê
∞∑
n=1

an Âñu a, @oé?¿�ê ε, �,
ε

2
�´�ê, Ïd�3��ê

N , ¦�� n > N �, k

|Sn − a| <
ε

2
.

,�?¿��ê p > 0, n+ p > N , Ïd�k

|Sn+p − a| <
ε

2
.

ù�Òí�

|Sn+p − Sn| 6 |Sn+p − a|+ |Sn − a| < ε,

þªÒ´

|an+1 + an+2 + · · ·+ an+p| = |Sn+p − Sn| < ε.

Ù¥ |an+1 + an+2 + · · · + an+p| L«?ê¦Ú¥l1 n + 1£n > N¤�m©?¿k�

ã£l1 n + 1 �, � n + p �¤Úª�ýé�. Ïd, ?ê
∞∑
n=1

an Âñ�7�^�´é

?ê¥¿©���!?¿k��Ý��ãÚª7L�u ε. e¡�½n`², þã©Û�

L5�´é�.

½n 1.21 (Cauchy£�Ü, 1789-1857¤ÂñOK ) ?ê
∞∑
n=1

an Âñ�¿©7�

^�´: u?¿�ê ε, �3����ê N , ¦�Ø�ª

|an+1 + an+2 + · · ·+ an+p| = |Sn+p − Sn| < ε,

é?¿÷v n > N ���ê n Ú?¿��ê p ¤á.
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þã©Û¢Sþ®²�Ñ½n�7�5�y², 
¿©5�y²I�^�¢ê��

�5, 3dØ�?�Ú?Ø.

T½n�Ä�5Ny3�Ñ���½Â�d·K, ­�5Ny3��wéu¿©�

�£dn > N �x¤!¿�?¿k��Ý£d p �?¿5�x¤�ãÚª¿©�, ÒUä

½?ê´Âñ�, 
ÃI¯k��?ê�Âñ�.

~ 1.3.9 ^ Cauchy ÂñOKy²?ê
∞∑
n=1

1

n
uÑ.

y² � ε0 =
1

2
£L«�3�ê ε0¤, ¦�é?¿��ê N , ��� n = p > N£L

«�3�u N � n±9 p¤, Òk∣∣∣ 1

n+ 1
+ · · ·+ 1

n+ p

∣∣∣ =
1

n+ 1
+ · · ·+ 1

n+ n
>

n

2n
= ε0,

�Ò´�3ù���ê ε0, ¦�?ê
∞∑
n=1

1

n
Ø÷v Cauchy ÂñOK, ÏduÑ. �

þã~f`², �,
∞∑
n=1

1

n
¥Ï� an =

1

n
÷v

lim
n→∞

an = lim
n→∞

1

n
= 0,

��ØU�y?êÂñ, �Ò´½n1.20�_·KØ¤á.

~ 1.3.10 �äe�?ê�Âñ5.

∞∑
n=0

1

n!
= 1 +

1

1!
+

1

2!
+

1

3!
+ · · ·+ 1

n!
+ · · · .

) ·�Ã{ßÿT?êäNÂñ�, Ïd�ÒÃ{�y§´Ä÷vÂñ½Â, �

´k
Cauchy ÂñOK, éu?¿�ê ε, � N ´÷v N >
2

ε
���ê, éu÷v

n > N ���ê n Ú?¿��ê p, k∣∣∣ 1

(n+ 1)!
+

1

(n+ 2)!
+ · · ·+ 1

(n+ p)!

∣∣∣
<
∣∣∣ 1

n(n+ 1)
+

1

(n+ 1)(n+ 2)
+ · · ·+ 1

(n+ p− 1)(n+ p)

∣∣∣
=
∣∣∣ 1
n
− 1

n+ 1
+

1

n+ 1
− 1

n+ 2
+ · · ·+ 1

n+ p− 1
− 1

n+ p

∣∣∣
=
∣∣∣ 1
n
− 1

n+ p

∣∣∣ < 2

n
<

2

N
< ε,

Ïd, ¿ØI�¯k��?êÂñ�, �âCauchy ÂñOKÒU�äÑT?ê�½Âñ

u��ê. Pù�ê� e:

e =
∞∑
n=0

1

n!
= 1 +

1

1!
+

1

2!
+

1

3!
+ · · ·+ 1

n!
+ · · · .



20 1 1 ù Ã�

¿¡�g,~ê. éuê e, ØJuy e > 2, Ó�k

e = 1 +
1

1!
+

1

2!
+ · · ·+ 1

n!
+ · · · < 1 + 1 +

1

2
+ · · · 1

2n−1
+ · · · = 3,

�Ò´`, ê e ÷v 2 < e < 3. Ø=Xd, ��±y²

½n 1.22 g,~ê e ´��Ãnê.

y² Ï� 2 < e < 3, ¤± e Ø´�ê, b� e =
p

q
´knê, Ù¥ p, q ´��ê,

@o q 7,÷v q > 2. ù�Òk

q!e = (q − 1)!p =

[
q! + q! +

q!

2!
+ · · · q!

(q − 1)!
+ 1

]
+

1

q + 1
+

1

(q + 2)(q + 1)
+

1

(q + 3)(q + 2)(q + 1)
+ · · · .

5¿�þª�>Úm>�)ÒSÑ´�ê, 
m>�{�Ü©÷v

0 <
1

q + 1
+

1

(q + 2)(q + 1)
+

1

(q + 3)(q + 2)(q + 1)
+ · · ·

<
1

3

(
1 +

1

3
+

1

32
+

1

33
+ · · ·

)
=

1

2
.

Ïdgñ. `² e �U´Ãnê. �

�[��, k��knê�\, ÙoÚ�´knê. �´þã~f%L², Ã��k

nê�\, =¦´Âñ�, ÙoÚ�UØ2´knê. ù«y�3�?��ê¥�k¤

Ny. �

a = a0.a1a2a3 · · · ,

´��Ã¡�ê, ��±ò§L«���Ã¡?ê

a = a0 +
a1
10

+
a2
102

+
a3
103

+ · · ·

Ù¥ a0 ´�ê, a1, a2, a3, · · · ´��u{0, 1, 2, · · · , 9} ��ê.

�âCauchyÂñOK, é?¿ ε > 0 (Ø�� ε < 1), ��� N > lg
1

ε
, � n > N

�, é?¿��ê p, k∣∣∣ an+1

10n+1
+ · · ·+ an+p

10n+p

∣∣∣ 6 9

10n+1

(
1 +

1

10
+ · · ·+ 1

10n+p−1

)

=
9

10n+1

1− 1

10n+p

1− 1

10

 <
1

10n
< ε

Ïd, ?Ûù��?ê�½Âñ.

��êÜ©k��, =l,�m© ak = 0, k > k0, a w,´knê. ��êÜ©Ñ

yÃ�Ì��, E,´��knê. ~X�

a3k+1 = a1, a3k+2 = a2, a3k+3 = a3, k = 1, 2, · · ·
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�, TêL«�

a = a0 + 0.ȧ1ȧ2ȧ3

Ù¥�êÜ©÷v

103(0.ȧ1ȧ2ȧ3) = a1a2a3 + 0.ȧ1ȧ2ȧ3,

Ïd

a = a0 + 0.ȧ1ȧ2ȧ3 = a0 +
a1a2a3

999
.

��, ?Ûknêþ�L«�k�½Ã�Ì��ê£�1 3 ù§3.5¤.

��êÜ©ÑyÃ�ØÌ��, ?êE,Âñu��ê, ù�êØ2´knê, ¡�

Ãnê.

5P ¢ênØÚ4�nØ´êÆÄ:5SN. ùp, �,^�
k'4��£, =

=´^5?ØÃ�¦ÚÂñ5¥�
{ü¯K. 'u4�SN, 3�Æ?Û��5êÆ

©Û6½5�È©6�§¥�¬�[0�.

'u¢ê, cÙ´Ãnê, �ÏL�?��ê�E, ��/ÏCauchyÂñOKg

�, ÏL½Â�«/knê Cauchyê�05�E, ��±ÏL¤¢Dedekind£��7,

1831-1916¤©�5�E. k'Dedekind ��{ò31 3 ù¥0�.

§1.4 Ã��:∗

�!òlAÛ�Ý?Ø/Ã�0̄ K

1◦ �KC�e�Ã��:

ü���m��K � l Ú l′ ´²¡þü^����, ?�ü��	�: Q, @o

ë� Q � l þ?¿: P ��� QP , ��� l′ u P ′ :. ���elQ uÑ�1, r l

þ: P Ý�� l′ þ, Ïd P ′ Ò´ P 3 l′ þKf, � P 3 l þ£Ä�, KfP ′ 3l′ þ

���£Ä£ã1.4¤. ù«éA¡�ßÀ ½ö¡��K, Q ¡��K¥%.

5¿�3 l þk��:'�AÏ. � R ´ l þ�:, ¦��� QR � l′ ²1. � P

÷X l l�>�5��C R �, §�Kf P ′ 3 l′ þ�m£Ä�5��. � P �� R

�, §�Kf��3 l′ m>¦Þ. � P �L R ?3 R m>�, §�Kf£�Ò´��

QP � l′ ��:¤%Ñy3 l′ ��>, 
� P lm>�5��C R �, Kf P ′ Ò3 l′

��>�5���?, ����3�>¦Þ (ã1.1) .
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Q

l
l′

P ′

P

R

S

P

P ′

O

ã 1.4

Ïd, �±��ü^²1� QR � l′ 3��b��:: Ã��:£½¡�n�:¤

��, @o R �KfÒ´@�Ã��:, 
�l′ þm��Ã��:Ú���Ã��:A

T´Ó��:, Ï�§�´Ó��: R �Kf, �Ò´ÏL�KéAÓ��: R.

Ø�Xd, ?Û� l′ ²1��, §��Ã��:�´ R �Kf. Ïd, ?Ûü^²

1�k�Ó�Ã��:, ½ö`²1�3Ã��:��.

Ó�, 3 l′ þ�k��AÏ:. � S ´ l′ þ�:, ¦��� QS � l ²1. � P ÷l

���r���, P ′ Òl S �m>�5��C S, � P ÷l �m�r���, P ′ Òl S

��>�5��C S. aq/, 3 l þÚ?Ã��:, ¦§�KféA l′ þ�: S .

ù�, �kÚ?���Ã��:��, l Q :��� l Ú l′ ��KéA, âU¦ l

þz�:ÑU� l′ þz�:éA. AO l þ�: R éA l′ þÃ��:, 
 l þÃ��

:éA l′ þ: S.

y5½: 3z�^��þØ
ÊÏ:�	, 2\þ��/n�:0, �Ò /́Ã��

:0. �p²1���äk�Ó�/Ã��:0, �pØ²1���kØÓ�Ã��:.

2rÃ��:��Nw��^Ã����, ù��¤�²¡¡� �K²¡.

5� 1.23 3�K²¡þ, ?Ûü^��Ñk����:.

(i) XJü^��ÑØ´Ã����, qØ²1, @o�:Ò´k�?�:.

(ii) XJü^��ÑØ´Ã����, ��p²1, @o�:Ò´¤�k�Ã��

:.

(iii) XJÙ¥�^��´Ã����, ,�^��´�Ã����, @o�:Ò´

@^�Ã�����Ã��:.

ü²¡�m��K 3²¡þÚ?Ã��:±9Ã�����, 25w�w��²
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¡�,��²¡ßÀ¯K.

�kü��²¡ Π Ú Π′ ±9ü²¡	�: Q. éu²¡ Π þ?¿�: P , ��

QP �Π′ u P ′, �Ò´` P ′ ´ P 3Π′ þ�Kf. � P 3Π þ�^��þ£Ä�, §

�Kf P ′ �3 Π′ ��^��þ£Ä. Π þ:Ú���Ý�� Π′ þ:Ú��.

�´�k~	: ��� QP ²1u Π′ �, P 3Π′ þvkÊÏ:��éA. Π þù


AÏ:�¤�^²1u Π′ ��� l. ù^��3 Π′ þvkÊÏ����éA. XJ

5½ù��: P éA QP þÃ��:, @o�� l ÒéA Π′ þÃ���� (ã1.5) .
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Π

Π′

l

l′

Q

P

P ′

•

•

•

ã 1.5

Ó�, Π′ þ�k�^�� l′, T��²1u Π, ���þ?Û�: P ′ ´ QP ′ þÃ

��:�Kf, Ïd����´ Π Ã�����éA.

�KC� ÏLÚ?Ã��:£½Ã���¤, ü��K²¡þ�:3��¥%�K

e(á
��1-1 éA, 
�vk~	. ²¡þ�AÛã/, �¬Ý��,�Ü²¡, ~

X²¡þ��, �Ý�¤��ý�. r��AÛã/²LÝ�C¤,��AÛã/¡�

�KC�. dd�)��Æ�¡��KAÛ, ÙÌ�SNÒ´�ïÄ3k�g�KC�

e, =
AÛ5�´ØC�.

I�5¿�´, �!?Ø�K´±�: Q �¥%�¥%�K, Ø
¥%�K, ��

ïá¤¢�²1�K, XÓl��þì��/¥²¡þ��1��. �,, Ú?
Ã�

�±�, ��±r²1�Kw¤´¥%3Ã��:�¥%�K.

±e¤ /̀:0½/��0,Ñ�)Ã��:½Ã����.AO, /̂ÊÏ:0½/Ê

Ï��0L«@
Ø´Ã��:½Ã�����:½��.

5� 1.24 3�KC�e�±ØC�
{ü5�Xeµ
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(i) ��þ?¿�:Ñ�±ÏL,��K, éA�Ã��:; ²¡þ?¿�^��

Ñ�±ÏL,��KéA�Ã����, ÏdT��þ¤k:ÑéA�Ã��:.

(ii) XJ²¡þn�:, ½ö�õ:3�^��þ, @oÏL�K�éA:E,3

�^��þ.

(iii) ²¡þn�½�õ���u�:, @oÏL�K�éA��E,�u�:.

�âþã5�, n�/3�KC�eE,´n�/. �´ÃX��ã��Ý, ü�

�Y���, 3�KC�e��´¬UC�, �X<�Kf�ÝØ�u�p��. ��

n�/½�>n�/�±�K¤���>Ø��n�/.

�!8�Ø´�¡0��KAÛ, �ØÐm?Ø�KC�eØC�AÛ5�. =Ï

Le�~f5aÉÚ?Ã��:�éy²e�½n�5�B|.

2◦ Desargues ½n

Desargues£(â�, 1591-1661¤½n´�KAÛ¥�@uy(J��, T½näN

£ãXe:

½n 1.25 (Desargues ) � 4ABC Ú 4A′B′C ′ ´²¡þü�n�/. XJë�

§�éAº:�� AA′, BB′, CC ′ �u�:, @oéA>ò���n��:3�^�

�þ.

y² Ï�Ú?
Ã��:ÚÃ����, �â5�1.23, éA>ò�� BC Ú

B′C ′ , AB Ú A′B′, AC Ú A′C ′ ©OÑk�: , ��:©O� P,Q,R.

�y² P,Q,R 3�^��þ, ë� Q,R, ¿���KC�, ¦ Q,R ¤3��ÝK

�Ã����£�Ò´ò Q,R ÝK�Ã��:¤. ÝK�n�/�´n�/, �´ÝK

�ü�n�/�ü|éA> AB Ú A′B′, ±9 BC Ú B′C ′ ©O�uÃ��:, Ïdk

AB ‖ A′B′; AC ‖ A′C ′.

ù�, ��y²ÝK�1n|éA> BC Ú B′C ′ ò���:�3Ã��:, ½ö`�

� BC ‖ B′C ′, @oÝK�n��:Ñ3Ã����þ. �â5�1.24, Ò����5�

n��:�½�3�^��þ.

�âþã©Û,y3�Iy²�n�/4ABC Ú4A′B′C ′ü^éA> AB ‖ A′B′,
AC ‖ A′C ′ �, d½n¥ë�éAº:���u�:�^�, íÑ BC ‖ B′C ′ =�.
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•
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• •

C′

A′

B′

C

A

B
O

s

r

y

x

v u

ã 1.6

�éAº:ë��u O, X£ã1.6¤¤«

AB ‖ A′B′ íÑ u

v
=
r

s
,

AC ‖ A′C ′ íÑ x

y
=
r

s
,

Ïd
u

v
=
x

y
,

= BC ‖ B′C ′. ù�Ò�¤
½ny². �

3◦ àg�I

�[��, Ú?�IX�, ²¡þ: P Ò���ê|1-1 éA, 3���IXe, ù

�ê|P� (x, y), ¡� P �I. k
�IX, ²¡þ�^�� l þ:��I (x, y) ÷v

���5�§

l : ax+ by + c = 0,

ùp, a, b, c ´~ê, §(½
��� �Ú��. ~X

� c = 0, L«��L�: O(0, 0);

� a = 0, b = 1, c = 0, éA���§´ y = 0, =´²¡þ� x ¶;

� a = 1, b = −1, c = 0, (½���� x = y, §L«LO :¿²©x ¶Ú y ¶��

�mY�.

Ó�, ���I÷v��g�§Ò(½
���g­�, ~X�!ý�!�Ô�ÚV

­���. .

��, �|ê| (x, y)q�/AÛz0, ¿¡���/:0, (x, y) ¤÷v��§¡�

� /̂­�0, AO�T�§´�5�§�, Ò¡�/��0.
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²¡Xd, �m�´Xd, ü�ê�ê|Xd, n�ê, D�õ�ê�ê|�´X

d£���1 5 ù¤.

¯K´, 3V\
Ã��:���ÚV\
Ã����²¡þ, Ã��:��I´

�oºÃ������§´�oºXJE,r)ÛAÛ�{A^��KAÛ¥�, ÒI

�ïá��QU�)ÊÏ:qU�)Ã��:��IX. ±e±²¡�~ (ã1.7) .
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x

y

z

X

Y

Π

O

O′(0, 0, 1)

P (X,Y, 1)

•

•

•

•Q(x, y, z)
(x = tX, y = tY, z = t)

OP

•Q
′(x, y, 0)

l

ã 1.7

�²¡ Π þ����IX� O′XY , r Π ����äkn����IX��m

Oxyz ¥,¦� Π��: u Oxyz ¥� (0, 0, 1):,¿�¦� Π²1u Oxyz ¥� Oxy

²¡. ù� Π þ?Û�: P (X, Y ) 3 Oxyz �mÒk
��n���I P (X, Y, 1).

� O ��K¥%:, @o Π þz�: P �LT:Ú O ��� OP 1-1 éA. T�

�þ?¿��Éu O �: Q Ñ´P :�Kf, 
 Π þÃ��:K�L O :¿� Π ²

1���1-1 éA.

Äk�Ä P ´Π þ�ÊÏ:, @o OPþ?ÛÉu O �: Q ��I Q(x, y, z) ¡

� P �àg�I, AO, P ����I (X, Y, 1) �´ P ���àg�I. Ù§àg�

I£=�� OP þÙ§:��I¤ (x, y, z) ÷v

x = tX, y = tY, z = t, t 6= 0.

Ïd P �àg�IL«� (tX, tY, t).

é²¡ Π þ��ÊÏ: P Ú?�àg�I, I�^n�ê�ê|
Ø´·�ÙG

�ü�ê�ê|, ¿�Ø´���, §�k��?¿�"Ïf t.

�´é Π þ�Ã��:
ó, §éA�´L O � Π ²1���£�Ò´�m
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¥Oxy ²¡þ���¤, ù^��þ?¿Éu O ��:��I� Q′(x, y, 0), ¤±½Â

(x, y, 0) � Π þÃ��:�àg�I.

ù�Òr�¹Π Ú Π �Ã��:3S��K²¡þ?Û�:�àg�I^n�ê

�ê| (x, y, z) L«, Ù¥� z 6= 0 �, L«ÊÏ: (X, Y, 1) =
(x
z
,
y

z
, 1
)
�àg�I,

z = 0 �L«Ã��:�àg�I.

y3�Ä²¡Π þ�� l ��§

l : aX + bY + c = 0.

Ù¥ a, b, c �Ø��"�~ê. Ïd l þ:�àg�I÷v��§£{¡���àg�

I�§¤�

l : ax+ by + cz = 0,

AO, Π þÃ���� l∞ �àg�I�§Xe

l∞ : z = 0.

ØJwÑ, �Ñ���àg�I�§�, Ã������§ØL´��A~
®.

ln��m Oxyz þw, ²¡ Π þ�� l �àg�I�§ ax + by + cz = 0 Ò´

Oxyz �m¥L�� l Ú��	�: O£�:¤�²¡�§, ù�²¡´l O :uÑ�

1ò l Ý���m�Kf, Kf²¡þ?¿:��I, Ñ´�� l þ,�:�àg�I.


Ã�����Kf²¡�´�m¥� Oxy ²¡, §��§´ z = 0, ?Û:��I�

´Ã����þ:�àg�I£'u�m²¡�§, ë�1 5 ù¤.

¡n�ê| (a, b, c) ���£�)Ã����¤ l �àg�I. é?¿� t 6= 0,

(ta, tb, tc) �´Ó����àg�I.

ØJuy, �x²¡þ��£¹Ã����¤�§¥, :Ú��´��é¡�, =3

ax+ by + cz = 0

¥, n�àg�I (x, y, z) L«:, 
n�àg�I (a, b, c) L«��.

4◦ �üC�e�Ã��:

�üC� �½²¡þ�: O, ¡��ü¥%, ±9~ê k, ¡��ü�£ùp©ª

� k > 0¤. éu²¡þ?ÛÉu O �: P , ��� OP , 3��þ��: P ′ ¦� OP

��ÝÚ OP ′ ��Ý÷v (ã1.8)

|OP | · |OP ′| = k2,
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O •
P

•
P ′

ã 1.8

ù�Ò½Â
²¡þØ O :�	?¿�: P � P ′ ���C�, ¡�± O ��ü

¥%!± k ��ü���üC�. ½{¡��ü. P ′ ¡� P ��ü:.

5� 1.26 é�½��ü¥%Ú�ü�, k

(i) XJ P ′ ´ P ��ü:, @o P ´ P ′ ��ü:.

(ii) � C ´±�ü¥% O ��%, k ��»��, ¿¡��üÄ�. @o� P ´

�S�:�, P ′ ´�	�:, ��XJ P 3�	, @o P ′ Ò3�S. � P 3�þ�,

P ′ = P .

(iii) � P ÷X�½���5��C O �, �ü:÷XÓ���������r�

�. �� P Ú O ¿©�C, P ′ � O ålÒ?¿�.

Ã��:Ú*¿²¡ Uì½Â, 3²¡þ�k�:~	, =�ü¥% O vkéA

��ü:, �vk?Û�:± O ���ü:.

�d, aqu3�KC���{, Ú?��/n�:0, ¡�Ã��:, P� ∞, ¦§

� O p��ü:. �´, ��KC��/«O3u, Ï� O �k��:, Ïd3ØÓ�

��þ���Ã��:�U@�´��:. ù�, ·�3�Ä�üC��, 3²¡þV

\Ã��: ∞, 
��UV\��Ã��:, ¦�²¡þ?Û�:£�) O Ú ∞¤Ñ
k�ü:��éA.

XJr²¡w¤´E²¡ C, ¿��ü¥%�� z0, @o�üC�Ò=z�Eê

z → z′ �C�

z 7−→ z′ = z0 +
k2

z − z0
= z0 +

k2

|z − z0|2
(z − z0),

AO, � z0 = 0, k

z 7−→ z′ =
k2

z
=

k2

|z|2
z,

ùpz = x− iy � z = x+ iy �E�Ý. V\Ã��:�, P

C∞ = C ∪ {∞},

¿¡�*¿E²¡.
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éu�üC��Xe(Ø.

½n 1.27 � O ´�ü¥%, k > 0 ´�ü�. C ´±O ��%, ± k ��»�

Ä�, K3�üC�e

(i) L O ���C¤L O ���;

(ii) L O ��C¤�^ØL O ���;

(iii) ØL O ���C¤L O :��;

(iv) ØL O ��C¤ØL O :��.

�Ú?Ã��:±�, ?Û���±w¤´2Â��. Ïdþã(ØV)å5Ò

´µ�üC�r�C¤�.

y² (i) ´w,�, Ï�L O �?Û��þ:��ü:E,3ù^��þ.
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.

..........................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

...........
...........
...........
...........
...........

O

P

B B′

P ′

A

K

ã 1.9

'u (ii)�æ�Ð��{,Xã1.9,� K ´L O �?¿���,�%3 A:, OAB

�� K ��^�». P � K þ?¿��Ä:. ¿P ∠POA = θ (−�2 < θ < �
2 ).

� B ��ü:� B′, @o |OB| · |OB′| = k2,

� P ′ ´ P ��ü:, @o |OP | · |OP ′| = k2.

3��n�/ 4OPB ¥,

|OP | = |OB| cos θ.

Ïd

|OB′| = k2

|OB|
= |OP ′| cos θ,
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ù�ÒíÑ ∠OB′P ′ ���. �Ò´� K þ?Û�: P 'u� C ��ü:Ñ3R�

OB′, Rv3 B′ ���þ, u´ (ii) �y.

(iii) ´5�1.26Ú (ii) ���íØ.

�
y² (iv) , r�üC�=z¤EêC�. �E²¡�:��ü¥% O, k > 0 �

�ü�, Ïd�üC��

z 7−→ z′ =
k2

z
.

� K ´��ØL O!± z1 ��%!± a ��»��, Ïd��§�

|z − z1|2 = (z − z1)(z − z1) = a2.

Ï� K ØL O :£= z = 0 Ø÷v���§¤, ¤±

|z1|2 6= a2,

r z =
k2

z′
�\� (

k2

z′
− z1

)(
k2

z′
− z1

)
= a2,

�n�

k4 + |z1|2|z′|2 − k2(z1z′ + z1z
′) = a2|z′|2,

½

|z′|2 − k2

|z1|2 − a2
(z1z′ + z1z

′) +
k4

|z1|2 − a2
= 0

-

z2 =
k2z1

|z1|2 − a2
, b =

k2a

||z1|2 − a2|
,

@o z′ ÷v

K ′ : (z′ − z2)(z′ − z2) = b2

ù´± z2 ��%!±b ��», �ØL O£|z2|2 6= b2 ¤��, ¤± (iv) ¤á. �

5◦ ¥4ÝK

�
?�Ún)*¿E²¡, Ú?Xe¥4ÝK£ã1.10¤: 3n��I�m Ouvw

¥, ���± (0, 0, r) ��%, r ��»�¥

u2 + v2 + (w − r)2 = r2,

¥þ�: N(0, 0, 2r) ¡�/�4:0, S(0, 0, 0) ¡�/H4:0. r²¡ Ouv w¤´E

²¡, ÏdE²¡��:�¥�H4:­Ü.
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N

S

P (z)

z

x

y

ã 1.10

^��ãò¥¡��4: N �E²¡þ?¿:z �ë, d�ã�¥¡uP (z) :,

ÒïáE²¡þ:�¥¡þ: 1-1 éA, z 7−→ P (z) �k�4:~	 . ¡ù«éA�¥

4ÝK.�·�3E²¡þÚ?Ã��: ∞ �§5½ ∞ éA¥¡þ��4:, Ïd, V

\
Ã��:�*ÜE²¡ C∞ = C ∪ {∞} ÏL¥4ÝKÒ�¥¡´1-1 éA�. ¡ù

��¥¡� E¥¡.

�
?�Ú?Ø¥4ÝK)ÛL�ª, Ø��¥��»�
1

2
, Ïd¥%�m�I�(

0, 0,
1

2

)
, �4:�I� (0, 0, 1).

�¥¡þ� z = x+ iy éA: P (z) ��m�I� (u, v, w), Ïd

u2 + v2 +

(
w − 1

2

)2

=
1

4
, ½ u2 + v2 = w(1− w).

Ï� z ��m�I� (x, y, 0), �â¥4ÝK, (0, 0, 1), (u, v, w) Ú (x, y, 0) 3�^��

þ,

u− 0

x− 0
=
v − 0

y − 0
=
w − 1

0− 1
,

dd�

x =
u

1− w
, y =

v

1− w
, = z =

u+ iv

1− w
.

lþª±9u2 + v2 = w(1− w) ØJ��

x2 + y2 = |z|2 =
u2 + v2

(1− w)2
=

w

1− w
,
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)Ñ w ¿��

u =
x

x2 + y2 + 1
=

z + z

2(|z|2 + 1)
,

v =
y

x2 + y2 + 1
=

z − z
2i(|z|2 + 1)

,

w =
x2 + y2

x2 + y2 + 1
=
|z|2

|z|2 + 1
.

ù�Ò��
 z = x+ iy ÚéA: P (z) = (u, v, w) �m�C�'X.

k
¥4ÝK¥Eê z �¥¡þ: P (z) éA'X, ØJwÑ

5� 1.28 �¥%�I�

(
0, 0,

1

2

)
, �»�

1

2
. @o3¥4ÝKe

(i) ¥¡þ��ÝK�E²¡þ± O ��%��, AO, ¥¡þ»�ÝK�E²¡

þ± O ��%�ü �.

(ii) ¥¡þ²�ÝK�E²¡þL O ���.

¤¢¥¡þ��=´¥¡þ÷v

w = c (0 6 c < 1 ´~ê), u2 + v2 = c(1− c)

�:�¤��, ��þ:éA� z ÷v

|z|2 =
c

1− c
,

§L«E²¡þ± O ��%!±
√

c

1− c
��»��. ¥¡þ»�éA c =

1

2
, Ïd§3

E²¡þÝK´ü � |z|2 = 1 . 
¥¡þ²�´d÷v

v

u
= c£~ê¤

�: (u, v, w) �¤, éAE²¡þ´LO ¤k÷vÌ��~ê
y

x
= tan θ = c �Eê,

Ïd´L O ��.

XJ�ÄE²¡þ± O ��ü¥%, 1 ��ü��üC�, @o z Ú�ü: z′ 3

Ó�^��þ, ¿©O3ü ��üý. éA�¥¡þ, P (z) Ú P (z′) Ñ3Ó�^²�

þ, ¿�©O3H�ü��¥. 
 O ÚÙ�ü: ∞ éA¥¡þ�H4:Ú�4:. ù

�*¿E²¡ C∞ þ��üC�, éA�E¥¡þ, =´H��¥þ?3Ó�²�þ�

:�m�C�, Ù¥ C∞ þ�: O ÚÃ��: ∞ �m��üC�, 3¥¡þÃ�´H

4:Ú�4:�m�C�
®.
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1 1 ùSK

1. y²: é?¿��ê n, k

13 + 23 + 33 + · · ·+ n3 =

[
n(n+ 1)

2

]2
.

2. y²: é?¿��ê n, k

1 +
1√
2

+
1√
3

+ · · ·+ 1√
n
< 2
√
n.

3. y²: é?¿�K�ê n, 32n + 7 U� 8 �Ø.

4. y²: é?¿��ê n Ú p > −1, k

(1 + p)n > 1 + np.

5.£²þØ�ª¤ � a1, a2, · · · , an ´ n ��¢ê, Kk

n
1
a1

+ 1
a2

+ · · ·+ 1
an

6 n
√
a1a2 · · · an 6

a1 + a2 + · · ·+ an
n

.

6. Á^8B{y²
n∑
r=1

1

2r
tan

(
θ

2r

)
=

1

2n
cot

(
θ

2n

)
− cot θ.

J«: |^��Ú{����úª

tanφ = cot−1 φ =
2 tan φ

2

1− tan2 φ
2

.

7. � f1 : E1 −→ E2, f1 : E2 −→ E3 ©O´÷�, y² f2 ◦ f1 : E1 −→ E3 �´÷�.

8. Ø�ê8Ü¥�K���ê8Ü�{8£½Â1.12¤E,´Ø�ê�.

9. � Ai = {0, 1} i = 1, 2, · · ·£z� Ai�¹ü���0Ú 1¤. y²: �ê� A1, A2, · · ·
��È

E = A1 × A2 × · · · = {x = (a1, a2, · · · ) | ai = 0 ½ 1}

´Ø�ê8Ü.

J«: æ��y{, b� E �ê, K E ¥���ü�Xe:

E = {x1, x2, · · · }

-

x = (a1, a2, · · · ), ai =

1, xi ¥1i �©þ = 0

0, xi ¥1i �©þ = 1,
i = 1, 2, · · · ,
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e x = xn, íÑgñ, ¤± E Ø�ê.

E ¥���x ¢SþéA���?��ê£ë�§3.5 �5P¤:

x = (a1, a2, · · · ) −→ 0.a1a2 · · · =
a1
2

+
a2
22

+ · · · , ai = 0 ½ 1.

Ïd�K|^�?�, ¢Sþy²
¢ê8Ü´Ø�ê8Ü.

10. � a ´��ê, Á^þcLãê� {xn} Âñu a �Ä·K.

11. ^½Ây²:
∞∑
n=1

1

(2n− 1)(2n+ 1)
=

1

2
.

12. �kü�?ê
∞∑
n=1

an Ú
∞∑
n=1

bn , Áy²: XJ |an| 6 bn, n = 1, 2, · · · , @o?ê
∞∑
n=1

bn ÂñÒíÑ?ê
∞∑
n=1

an Âñ.

J«: |^Cauchy ÂñOK.

13. y²: Âñê��½´k.ê�.

14. y²: eê� {xn} Âñu x, {yn} Âñu y, Kê� {xn + yn} Âñu x+ y. Ïd

�Ñü�Âñ?ê��±�\, �

∞∑
n=1

an +
∞∑
n=1

bn =
∞∑
n=1

(an + bn).

15. y²: eê� {xn} Âñu x, {yn} Âñu y, Kê� {xnyn} Âñu xy.

J«: |^Âñê�7k.�(J.

16. y²: eê� {xn} Ú {x′n} ÓÂñu x, �

xn < yn < x′n, n = 1, 2, · · · ,

Kê� {yn} �Âñu x.

17. � a > 0, ¦y lim
n→+∞

n
√
a = 1.

J«: é a > 1, a = 1, 0 < a < 1 ©O�Ä. Ù¥é a > 1 �/, �æ�aq

~1.3.7 ��{.

18. 3²¡���IX¥, � Q(0, 1) ��K¥%:, ¦�� y = x− 1 þ?Û�: P 3

x ¶þ�ÝK P ′ ��I.

J«: ò�� y = x − 1 þ� P ��I^ëêL«: (λ, λ − 1), �ÑL Q(0, 1) Ú

P (λ, λ− 1) :����§, ¿¦Ù��� y = 0£x ¶¤��:.
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19. � A,B,C,D ´�� l þo�kS:, ½Â§���' �

(ABCD) =
CA

CB

/DA
DB

.

y²: 3¥%�Ke, �'ØC. =£Xã¤�� l þo�kS: A,B,C,D ��'

�u�� l′ þ��ÝKéA�o�kS: A′, B′, C ′, D′ ��'��.

•.
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. ..........................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

.

............................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

• • • •
A′ B′ C′ D′

l′

A B
C

D l

O

5P 3o�kS: A,B,C,D ��'¥, XJ: D ª�Ã��:£P� ∞¤, @
o

DA

DB
ªu1, Ïd½Â�¹Ã��: ∞ ��'�

(ABC∞) =
CA

CB
.
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ê´êÆ�Ä:, �
�Ð/n)êX, Äk�Äg,ê. g,ê3êX¥, D�

3��êÆ¥�ü�Ä:5�Ú, ¦� Kronecker£�ÛS� 1823-1891¤uÑù�a

qµ/þ2ME
g,ê§Ù{�Ñ´<�ó�0.

§2.1 ��ê��ê

Pg,ê8ÜXe,

N = {0, 1, 2, 3, · · · },

3ù�8Ü¥k�Ä���â, �â�Ä:3u��ê\{Ú¦{Ñl,
5K. yò

\{Ú¦{$��5KÛ�Xe.

\{$�µé?¿ a, b ∈ N, k��(½��ê, ¡� a � b �Ú, P� a + b. \

{$�÷ve�5K

£1¤��Æ a+ b = b+ a.

£2¤(ÜÆ (a+ b) + c = a+ (b+ c).

£3¤0 � a+ 0 = 0 + a = a.

¦{$�µé?¿ a, b ∈ N, k��(½��ê, ¡� a � b �È, P� a · b ½ ab.

¦{$�÷ve�5K

£4¤��Æ ab = ba.

£5¤(ÜÆ (ab)c = a(bc).

£6¤©�Æ a(b+ c) = ab+ ac.

£7¤ü � 1 · a = a · 1 = a.

£8¤0� 0 · a = a · 0 = 0.

^S'Xµé?¿ a, b ∈ N, XJ�3 c ∈ N ¦� a = b+ c, KP� a > b ½ b < a.

�±y², e�n�'X

£9¤a < b, a = b, a > b k�=k��¤á.
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^S'X÷v

£10¤d a < b, b < c íÑ a < c.

£11¤d a < b íÑ a+ c < b+ c é?Û c ∈ N ¤á.

£12¤da < b íÑ ac < bc é?Û c ∈ N c 6= 0 ¤á.

g,ê�­�, ����5�´8Bún, 31 1 ù®²�
0�, ¿d8Bún

Ñu, ?Ø
��ê�nÚêÆ8B{. I�Ö¿�´, Ø
��ê�n	, ��±��

¤¢��ê�n. �
�±��5, yò§�Û�Xeµ

8Búnµ� S ⊆ N, XJ S ÷v (a) 0 ∈ S, (b) e n ∈ S í� n + 1 ∈ S, @o
S = N.

½n 2.1 (��ê�n) � S ´ N ��f8. K S ¥7k��ê.

½Â 2.2 � S ´ N ���f8. ¡ S kþ., ´��3 m ∈ N, ¦�é?¿�
s ∈ S, ks 6 m.

½n 2.3 (��ê�n) � S ´ N ��f8, ¿kþ., K S ¥7k��ê.

ÏLÚ?Kê: −a, a ∈ N, yòg,ê*Ð��ê

Z = {0,±1,±2,±3, · · · }.

§�¹ 0, ��ê Z+ = {1, 2, 3, · · · } ÚK�ê Z− = {−1,−2,−3, · · · }. �ê Z ¥�½
Â\{, §·^\{$�£1¤!£2¤Ú£3¤, ¿�éz� a ∈ Z k��� x ∈ Z, ¦�

a+ x = 0.

ò xP� −a, u´é?¿ a, b ∈ Z, �§

a+ x = b

3 Z ¥k��) x = b− a. ù� Z ¥�±�\{_$�, ¡�~{. 3�êÆ¥, ò�

�\!~{$�¿·Üþã$�5K�8Ü¡�\{+, Ïd Z ´��\{+.

�ê Z ¥¦{·Ü$�5Æ£4¤,£5¤,£6¤,£7¤,£8¤. éQU�\{!~$�, q

U�¦{$��8Ü, ¡�£��¤�. 5¿, é¦{, k

ab = 0 ��=� a = 0 ½ b = 0.

äkù«5���¡�Ã"Ïf�. Ïd, Z ´Ã"Ïf�, l
¦{��Ç¤á, =é

?Û b 6= 0,

ab = cb íÑ a = c.

�ê Z ¥�k^SVg, §·Ü5Æ£9¤,£10¤,£11¤,£12¤�´35Æ£12¤AO

\^� c > 0, =?U¤
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(12’) d a < b í� ac < bc, Ù¥ c > 0.

Ù¦aq N �5��k

~ 2.1.1 é�ê8 Z ¥��f8 E, e E ke£½þ¤., =e�3 m ∈ Z, ¦

�é?¿� n ∈ E, k n > m£½ n 6 m¤, K E ¥7k��£½�¤�ê.

y² � E�e.� l ∈ Z,Ké?¿ n ∈ E, n−l > 0,¿� E′ = {n−l | n ∈ E} ⊂ N
´��f8, Ïd E′ k��ê m > 0, ù� n = m+ l Ò´ E ����ê. �

�ê Z ¥��±½Âýé�µ

|a| =


a, a ∈ Z+

0, a = 0

−a, −a ∈ Z−

Ïd |a| ´�K�ê. ýé�dXe5�µ

£13¤ |ab| = |a||b|.

£14¤£n�Ø�ª¤|a+ b| 6 |a|+ |b|.

±þÒ´g,ê8Ü N ��ê8Ü Z ��
Ä�~£.

§2.2 ê��Ø5

�ê8Ü Z Ø
\{Ú¦{	, ��±�~{, =\{_$�. �´��ØU�Ø

{, �Ò´`éü��ê a, b, b 6= 0,
a

b
Ø�½´�ê, ½ö`Ø�½�3�ê c, ¦�

a = bc, ddÚÑ�ê1��Ä�Vg: ê��Ø5.

½Â 2.4 � a, b ´ü��ê, b 6= 0. XJ�3���ê c ¦� a = bc, K¡ b �

Ø a, ^ b | a L«, ¿¡ b ´ a ����ê£½Ïf¤, 
 a � b ��ê. XJØ�3

þã�ê c, K¡ b Ø�Ø a, ^ b - a L«.

þã½Â���Ñe�Ä�5�.

½n 2.5 � a, b, c ´�ê.

(i) e b | a, � c 6= 0, K bc | ac, ��½,, AO/ b | a �du (±b) | (±a).

(ii) e b | c, � c | a, K b | a.

(iii) e b | a, �b | c, K b | (xa+ yc), Ù¥ x, y ∈ Z.

(iv) e b | a, � a 6= 0, K |b| 6 |a|; u´e b | a, � a | b, K |a| = |b|.

lT½nÑu, ���e�½n
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½n 2.6 (�{Ø{) � a, b ��ê b 6= 0, K�3����é�ê q, r, ¦�

a = bq + r, 0 6 r < |b|,

�ê q ¡� a � b Ø�û, r ¡� a � b Ø�{ê. .

y² � b | a �, � r = 0 Ú�ê q =
a

b
. � b - a �, �

E = {a− bk | k ∈ Z}

´� E ∩ Z+ ��£~X� k = −nb, ¤±a− bk = a+ nb2, � n ´v
���ê�, U

�y a− bk > 0, �Ò´ E ¥k��ê¤, �â��ê�n, E ∩ Z+ k����ê, ��

r = a− bq > 0, q ∈ Z.

e r = |b|, K a = b(q ± 1), ù� b - a gñ.

e r > |b|, P r′ = r − |b| > 0, K r′ = r − (±b) = a− b(q ± 1) ∈ E, 
�r > r′ > 0,

ù� r ´ E ∩ Z+ ¥�����ê�gñ. ¤± r < |b|.

�y²��5, �b�e,k�é�ê q1, r1 ÷v

a = bq1 + r1, 0 6 r1 < |b|,

K

b(q − q1) + (r − r1) = 0,

íÑ b | (r − r1). �´ 0 6 |r − r1| < |b|, ¤±�k r − r1 = 0, l
 q − q1 = 0. �

�{Ø{�{ü~f´ b = 2 ��/, d�, �ê� 2 Ø�{ê�kü«�U, 0 ½

1, Ù¥{ê� 0£=U�2 �Ø¤��ê�óê, {ê� 1 ��ê�Ûê, óêÚÛê�

��L�ª�

2k, 2k + 1, k ∈ Z.

aq/�Ä� 3 Ø��ê, Ù{ê�Uk0, 1, 2 n«�U. Ïd� 3 Ø��ê©�

na, ©O´

3k; 3k + 1; 3k + 2, k ∈ Z.

ê��Ø5ÚÑ,��­�Vg, =

½Â 2.7 � a, b ´Ø��"�ê. XJ�ê d ÷vµ

(i) d ´ a Ú b �ú��ê£{¡ú�ê½úÏf¤, = d | a, d | b.

(ii) d ´ a Ú b �ú�ê¥���, =XJ,k��ú�ê d′, K d′ 6 d.

@o¡ d ´a, b ���ú�ê£½��úÏf¤ .P a Ú b ���ú�ê�

d = (a, b).
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XJü��ê a Ú b ���ú�ê (a, b) = 1, @o¡ a Ú b p�.

5¿, XJ d ´ a Ú b �ú�ê, @o −d �´ú�ê, Ïd��ú�ê�½´�

�ê. ~X (4, 6) = 2, (6, 9) = 3, (10, 9) = 1.

ùp��Äü�ê���ú�ê, é�¹ü�±þê|���ú�êP�

d = (a1, a2, · · · , an)

AO� (a1, a2, · · · , an) = 1 �, ¡ê| a1, a2, · · · , an p�.

XJê| a1, a2, · · · , an ¥?¿ü�êp�: (ai, aj) = 1, i 6= j, @o¡ê|

a1, a2, · · · , an üüp�. é²w, üüp�ê|�½´p��. ��|p�ê|�7ü

üp�, ~X (2, 3, 4) = 1, �Ù¥� 2 Ú 4 Ø´p��.

§2.3 Euclid Î=�Ø{

y3�¯K´XÛ¦ü�ê���ú�ê. �
)ûù�¯K, Äk�â�{Ø{,

�Ñe¡Ún.

Ún 2.8 é?¿ü��ê a Ú b , d�{Ø{��

a = bq + r.

@o

(a, b) = (b, r)

�Ò´` a Ú b ���ú�ê´ a � b Ø�{ê r � b ���ú�ê.

y² � u ´ a Ú b �ú�ê, K�3�ê s, t ¦�

a = su, b = tu,

íÑ

r = a− bq = su− tuq = (s− tq)u,

¤± u �U�Ø r , Ïd a Ú b �?Ûú�ê�´ b Ú r �ú�ê. ��, XJ���

êU
�Ø b Ú r , �,�U�Ø a = bq + r Ú b.

o�, a, b Ú b, r �ú�ê´���, �,Òk (a, b) = (b, r). AO� r = 0 �£=

a U� b �Ø¤, w,k (a, b) = (b, 0) = b. �

e¡�ÑÍ¶�Euclid£îAp�, �ú�c330 - ú�c275 ¤Î=�Ø{.
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é?¿ü��ê a Ú b, Ø�� b > 0, �E|^�{Ø{,

^ b Ø a: a = bq0 + r0, 0 < r0 < b,

^ r0 Ø b: b = r0q1 + r1, 0 < r1 < r0,

^ r1 Ø r0: r0 = r1q2 + r2, 0 < r2 < r1,

^ r2 Ø r1: r1 = r2q3 + r3, 0 < r3 < r2,

...
...

...

^ rn−1 Ø rn−2: rn−2 = rn−1qn + rn, 0 < rn < rn−1,

^ rn Ø rn−1: rn−1 = rnqn+1 + 0.

��{ê r1, r2, · · · ØÑy 0, Ò���e�. Ï�

b > r1 > r2 > r3 > · · · > 0

¤±Î=�Ø�L§Ø¬Ã��UYe�, �õk�Ú£ n 6 b¤Ò(å
, �Òk

rn−1 = rnqn+1 + 0.

|^Ún2.8, k

(a, b) = (b, r0) = (r0, r1) = · · · (rn−1, rn) = (rn, 0) = rn

Ïd, ÏL/Î=�Ø0, ������Ø�"�{êÒ´ a Ú b ���ú�ê.

~X� a = 325, b = 208, K 208 Ø 325 {117; 117 Ø 208 {91; 91 Ø 117 { 26;

26 Ø 91 { 13; 13 Ø 26 { 0. ¤± (325, 208) = 13.

Î=�Ø{�������k¿g(J.

lÎ=�Ø1���§�� r0 = a− bq0, Ïd r0 L«� a Ú b �Xê�5|Ü:

r0 = k0a+ l0b,

ùp k0 = 1, l0 = −q0 Ñ´�ê. �\e���§k

r1 = b− r0q1 = b− (k0a+ l0b)q1 = k1a+ l1b

Ù¥ k1, l1 �´�ê. ­EþãL§, ��k

rn = (a, b) = ka+ lb.

Ù¥ k, l ��ê. ù�Î=�Ø{Ø�¦Ñ?¿ü��ê a Ú b ���ú�ê (a, b), �

���§ ka+ lb = (a, b) �é�ê)k, l , �Ò´��e�(Øµ

½n 2.9 (Bezout �Þ, 1730 -1783) é?¿ü��ê a Ú b, �3�é�ê k, l

¦� a Ú b ���ú�êL«� a Ú b ��Xê�5|Ü

ka+ lb = (a, b)
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þª¡� Bezout úª . AO a Ú b p���=�e��§k�ê)

ka+ lb = 1.

^B�Ñ, Bezout úª�±ÕáuÎ=�Ø{\±y², ±B�õ�ê�ê|í2.

ùp�
{z, ré�¹ü�ê�ê|� Bezout úªw�´Î=�Ø{�íØ.

|^Bezout úª, �±��e�(J.

íØ 2.10 � a Ú b ´?¿ü��ê,

(i) e�ê d ÷v d | a, d | b, K d | (a, b).

(ii) é?¿��ê m, k (ma,mb) = m(a, b).

y² � d ´ a Ú b ú�ê, = d | a, d | b, Ïd d �U�Ø ka + lb, �âBezout

úª�, d U
�Ø (a, b).

�
y² (ii) , � d = (a, b), e = (ma,mb). Ï� md | ma, md | mb, ¤±d (i) �

� md | (ma,mb), = md | e.

,��¡, d Bezout úª, �3�ê k, l, ¦� d = ka+ lb. ddí�

md = mka+mlb = k(ma) + l(mb)

¤±e | md, nþ� e = md. �

§2.4 �êÚ�ê��Ïf©)

½Â 2.11 éu?Û�u 1 ���ê p, XJ p vkýÏf, = p ���ê�k

1 Ú p g�, K¡ p ��ê£½�ê¤, ÄK¡�Üê.

u´, ����ê�©�na: ê 1 ��üÕ�a, ü	�k�êaÚÜêa.

�êkéõ, ~X

2, 3, 5, 7, 11, 13, 17, 19, 23, 29, 31, · · ·

'u�ê�²;���(J´

½n 2.12 �êkÃ¡õ�.

½n�y²@3ú�c 3 ­V, ÒdEuclid �Ñ, y²��{�8E´êÆín�

��;�, =/�y{0. T�{3d�c®²�E¦^L.

y² b��ê��ê�kk��, Ïd^ p1, p2, · · · , pn 5L«�Ük���ê.
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�Ä�ê

N = p1p2 · · · pn + 1

du N > 1 � N 6= pj , j = 1, · · · , n, Ïd N ´Üê, �k�Ïf£��ê¤p,

du®²b�¤k�êÑ3ùp, p 7,�u p1, · · · , pn ¥,��, Ï
 p U�Ø

N − p1p2 · · · pn = 1, �Ò´ p U�Ø 1. ùw,´���¸(Ø. ��Ñy�¸(Ø�

�Ï`²b�´�Ø�, Ï
§��¡7,´�(�. �

�ê�­�53uù���¯¢: ?Û�u1 ���êÑUL«��ê�¦È. ù

´Ï�éu�u1 ��ê a, XJ§´ÜêÒ�½k�²��êa = p1p2, XJ p1 Ú p2

üö��k��´Üê, K�UY©). ù��©)�kk�Ú, ��©)�ØU©)

��.

����ê�©)¤�ê¦È�, �â�ê¦{��5, ù
�Ïf¦ÈgSÃ'

;�. @o3ØOgS�, ���ê��Ïf©)´���.

½n 2.13 (�âÄ�½n) z��u 1 ���êþ�©)¤k���ê¦È, X

JØO�Ïf3¦È¥gS, @o©)´���.

E,æ� Euclid �y²�{, �d��
O�.

Ún 2.14 � p ´�ê, a Ú b ´ü��ê. XJ p U�Ø ab, @op ��U


�Ø a Ú b ¥,��.

í
2�, � p ´�ê, a1, a2, · · · , an ´ n ��ê. XJ p U�Øù
ê�¦È

a1a2 · · · an, @op ��U
�Ø a1, a2, · · · , an ¥,��.

Ún�y² Ï��ê p �k1 Úg� p ´§��ê. XJ p ØU�Ø a, @oü

ö�½p�(a, p) = 1, �â Bezout úª, �3�ê k, l ¦�

1 = ka+ lp.

ü>¦± b, ��

b = kab+ lpb.

Ï� p �Ø ab, ¤±kab = pr, ù�

b = kpr + lpb = p(kr + lb)

�Ò´ p U�Ø b. ù�Òy²
XJ p ØU�Ø a, @o�½U
�Ø b, �Ò´ p �

�U
�Ø a Ú b ¥,��.

'u1��äó�y², æ^8B��{.

� n = 2 �, =ü�ê��/e, y²®²�Ñ.

b� p U�Ø a1 · · · an−1, íÑ p U�Ø a1, · · · , an−1 ¥��,��.
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@o� p U�Ø a1 · · · an−1an = (a1 · · · an−1)an �. �â n = 2 �/�� p U

�Ø a1 · · · an−1 Ú an ¥,��. XJ p U�Ø an, K(Ø�y, XJ p U�Ø

a1 · · · an−1 , �â8Bb�, p U�Ø a1, · · · , an−1 ¥,��. ÃØ=«�/, p �½U�

Ø a1, · · · , an−1, an ¥,��. �

�âÄ�½n�y² b���ê a kü«�Ïf©)

a = p1 · · · pr = q1 · · · qs,

ùp p1, · · · , pr Ú q1, · · · , qs Ñ´�ê. w, p1 U�Øþª�>, �,�U�Øþªm

>, = p1 U�Ø q1 · · · qs. �âÚn p1 �½U�Ø q1, · · · , qs ��,��, Ø�� p1 U

�Ø qk, du qk ´�ê, ¤± qk = p1, |^��{ü>��ù��Ó�Ïf, 3�{�

Ü©UYþãL§, ���� p1, · · · , pr �½´ q1, · · · , qs ¥��Ü©.

þã�{���é¡/é q1, · · · , qs ¢�, Ïd�� q1, · · · , qs ´ p1, · · · , pr ��Ü
©. nþ©Û {p1, · · · , pr} � {q1, · · · , qs} ��­Ü. �

�âÄ�½n�,�é��ê, �ØJí2�¤k�ê, XJ2r�Ïf¥���

ÏfÜ¿, ��k

½n 2.15 (IO©)) � n ´?¿�ê, K n ���©)�

n = εpα1
1 p

α2
2 · · · p

αk
k

ùp ε = ±1 , p1, · · · , pk ´üüØÓ��ê, α1, · · · , αk ´��ê. �¡ αj ´©)¥�

Ïf pj �­ê, j = 1, · · · , k.

±þ?Ø`², �ê´�¤�ê�Ä�ü�, XÓ�¤Ô��Ä�âf, ½�<

a/ÄÏ0. g,�¯, XÛ3¯õ��ê¥çÀÑ¤k�êº½UÄÏL��L�ª�

)�êº3����ê¥kvk�ê©Ù�/ãÌ0º

ÄkwwXÛ3��ê¥çÀÑ�ê. �«�PÚ{ü��{, ´éu�½��

ê n, Uì 1, 2, 3, · · · , n ü�, ,�Å�yK¤k 2 ��ê@
ê£Ø¹ 2 ��¤, 2

Å�yK 3 ��ê£Ø¹3 ��¤, Xde�3e�Ò´ n ±S�ê. ù�L§¡

�/Eratosthems£O.úl0, �ú�c274-194¤ç{0.

,�«�Ä´ïÄ�)�ê�úª. Fermat£¤ê, 1601-1665¤Q�Ñe�úª

F (n) = 22
n

+ 1

Ï~¡dþª�Ñ�ê�Fermatê. �±�yé n = 1, 2, 3, 4, Fermat ê´�ê, �´é

n = 5, Fermat ê´Üê

22
5

+ 1 = 641 · 6700417

é@
´�ê�Fermatê, Ò¡�Fermat�ê.



2.5 Euler ¼ê 45

�kÙ§�
U
�)�ê�{'úª, ~X

f(n) = n2 − n+ 41,

� n = 1, 2, · · · , 40, f(n) Ñ´�ê, �´ f(41) = 412 Ø2´�ê. úª

f(n) = n2 − 79n+ 1601

l n = 1 �� n = 79, Ñ´�ê, �´� n = 80 �ÒØ2´�ê
.

�,<�vkÏé�¦Ñ�ê5Æ5úª, �uy3 n ±S�ê�/�Ý0£½ö

/̀©Ù0¤%k�½�5Æ.

� An L« n ±S�ê��ê, K An/n Cqu 1/ lnn, 
��X n O�, ù«C

q�5�°(. [!ÒØ2?Ø
.

§2.5 Euler ¼ê

Euler£î., 1707-1783¤ïÄ
,	��¯K, =?¿��ê n ±S� n p���

�ê�ê¯K. �d Euler ½Â
Xe¼ê:

½Â 2.16 é?¿��ê n, ^ ϕ(n) L« n ±S£=l 1 � n¤�� n p���

ê��ê. ¡�Euler ¼ê.

~X ϕ(1) = 1, 
 ϕ(14) = 6, Ï�3Ø�L 14 ���ê¥, �k 1, 3, 5, 9, 11, 13

� 6 �ê� 14 p�. �
?�ÚïÄ Euler ¼ê, Äkk

Ún 2.17 é?¿���ê p ±9 pα£α ´��ê¤, k

ϕ(p) = p− 1,

ϕ(pα) = pα − pα−1 = pα
(

1− 1

p

)
.

y² ϕ(p) = p− 1 ´w,�, Ï�31 � p �ê¥, Ø
 p g�, Ù§ p− 1 �êÑ

� p p�.

���ê α > 1, K3 1 � pα ¥´ p �ê�ê�

p, 2p, 3p, · · · , pα−1p,

�k pα−1 �, 3 1 � pα ¥ØKù
ê, �{�Ñ� pα p�,Ïd� pα p��ê�k

pα − pα−1 �, ù�Òy²
1���ª. �

e�½nL², é����ê n, ϕ(n) ��±î�O�.



46 1 2 ù �ê

½n 2.18 (Euler ½n) é?¿���ê n, � n �Ïf©)�

n = pα1
1 p

α2
2 · · · p

αk
k ,

Ù¥, p1, p2, · · · , pk ´n �pØ���Ïf, αj ´�Ïf pj �­ê, j = 1, · · · , k, @
o Euler ¼ê3 n ����

ϕ(n) = n

(
1− 1

p1

)(
1− 1

p2

)
· · ·
(

1− 1

pk

)
.

y² y²©±eÚ½.

1�Ú: 3 1 � n ¥´ p1 �ê�ê©O´

p1, 2p1, 3p1, · · · ,
n

p1
p1,

�k
n

p1
= pα1−1

1 pα2
2 · · · p

αk
k �, üØù
p1 �ê�ê, Ò��3 1 � n ¥� p1 p��ê

��ê

n− n

p1
= n

(
1− 1

p1

)
.

1�Ú: Ón, 3 1 � n ¥´ p2 �ê�ê�

p2, 2p2, 3p2, · · · ,
n

p2
p2,

�k
n

p2
�. �´, Ù¥k
ê�´ p1 ��ê, Ï� p1 � p2 p�, ù
´ p1 �ê�ê

Ñy3

1, 2, 3, · · · , n

p2

�¥.3ù
n

p2
�ê¥, Ø�ù
­E�ê, �{�Ò´@
´ p2 �ê�´� p1 p��

ê, �â1�Ú�(J, §���ê�
n

p2

(
1− 1

p1

)
.

Ïd, 3 1 � n � p1 p��ê¥, 2üØ@
´ p2 �ê�ê, Ò��� p1 Ú p2

Ñp��ê, §���ê�

n− n

p1
− n

p2

(
1− 1

p1

)
= n

(
1− 1

p1

)(
1− 1

p2

)
.

1nÚ: 1� n ¥, ´ p3 ��ê�ê�k
n

p3
�:

p3, 2p3, 3p3, · · · ,
n

p3
p3,

Ù¥k
ê�´ p1 ½ p2 ��ê, ¿31�ÚÚ1�Ú¥®²üØL. Ó�Ï� p1, p2

� p3 p�, ¤±ù
êÑy3

1, 2, 3, · · · , n

p3
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¥, ÏdØ�ù
­EüØ�ê, �{�ê�´1 �
n

p3
¥� p1 Ú p2 p��@
ê, §

���êd1�Ú��´
n

p3

(
1− 1

p1

)(
1− 1

p2

)
. Ïd31 � n ¥� p1, p2, p3 Ñp

��ê��ê�

n

(
1− 1

p1

)(
1− 1

p2

)
− n

p3

(
1− 1

p1

)(
1− 1

p2

)
= n

(
1− 1

p1

)(
1− 1

p2

)(
1− 1

p3

)
.

UÓ��§S4íe�, Ò��½n¥�(J. �

dEuler ½n, ���Ñ�¡� Euler ¼ê�È5�5�:

íØ 2.19 é?¿ü���ê m,n, e (m,n) = 1, K

ϕ(mn) = ϕ(m)ϕ(n).

y²´w,�, � m = pα1
1 p

α2
2 · · · p

αk
k , n = qβ11 q

β2
2 · · · q

βl
l . Ï� (m,n) = 1, ¤±ü�

��ê��êÏfØ­E, |^ Euler ½nÒ� ϕ(mn) = ϕ(m)ϕ(n).

§2.6 Ó{

éu���½���ê m, �â�{Ø{, ?Û� m Ø��ê, {ê��U´

0, 1, · · · ,m− 1 ¥,��. Ïd, �±�âØ m �{ê´Ä��, ò�ê?1©a.

1◦ Ó{ª

½Â 2.20 XJü��ê a Ú b Ó� m Øk�Ó�{ê£/Ó{0¤, �Ò´

m | (a− b). K¡ a Ú b � m Ó{, ½ a � m Ó{u b, m ¡��. P�

a ≡ b (mod m)

¿¡�£� m �¤Ó{ª. XJ m - (a− b), K¡a Ú b � m ØÓ{.

ü�êÓ{�Ï~ü�ê��kNõaq5�, òù
5�Û�Xe

5� 2.21

(i) £g�5¤ a ≡ a (mod m);

(ii) £é¡5¤ a ≡ b (mod m), K b ≡ a (mod m);

(iii) £D45¤ a ≡ b (mod m), b ≡ c (mod m), K a ≡ c (mod m).
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XJ a ≡ a′ (mod m), b ≡ b′ (mod m), @o

(iv) a± b ≡ a′ ± b′ (mod m);

(v) ab ≡ a′b′ (mod m).

(vi) � m ��ê�, k

a ≡ 0 (mod m) ½ b ≡ 0 (mod m), ��=� ab ≡ 0 (mod m).

y² é (i), (ii), (iii) ���â½Â�y,

éu(iv) Ú (v), Ï� m | (a − a′) �du�3�ê r ¦� a = a′ + rm. Ón

m | (b− b′) �du�3�ê s ¦� b = b′ + sm, ddíÑ

a± b = a′ ± b′ + (r ± s)m

ab = a′b′ + (srm± a′s± b′r)m

¤± a± b � a′ ± b′ � m Ó{, ab � a′b′ � m Ó{.

éu(vi) : e m | a ½ m | b, K m | ab, ��, e m | ab, K m ��U�Ø a, b ¥,

��£Ún 2.14¤. �

e¡´eZ'uÓ{�{ü¢^�½n.

½n 2.22

(i) e ac ≡ bc (mod m), K

ac ≡ bc

(
mod

m

(c,m)

)
.

AO� (c,m) = 1 �, k a ≡ b (mod m).

(ii) e a ≡ b (mod m), d | m, K a ≡ b (mod d).

y² P

m1 = (c,m), m2 =
m

(c,m)
,

Ïd m = m1m2, c = km1, d®�^��

m | (a− b)c, ½ m1m2 | (a− b)km1,

¤±m2 | (a− b)k, Ïd
m2 | (a− b)c.

AO� m1 = (c,m) = 1 �, m = m2 ØU�Ø c, �U�Ø a− b.

e d | m, P m = dm1. XJ m | (a− b), =�3�ê k, ¦� a− b = mk = dm1k,

í� d | (a− b). �
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2◦ Ó{a

½Â 2.23 �8Ü E ¥����m�3�«'XP� a ∼ b, a, b ∈ E. XJù«
'X÷v

g�5: a ∼ a, a ∈ E;

é¡5: e a ∼ b, K b ∼ a;

D45: e a ∼ b, b ∼ c, K a ∼ c.

@o¡��d'X. ü���äk�d'X a ∼ b �¡� a Ú b *d�d.

~X, ²¡þn�/�m�q´�«�d'X, ü�ê���,´�d'X. 
5

�2.21 ¥� (i)!(ii) Ú (iii) L²�ê�m� m �Ó{'X�´�«�d'X.

��5`, ?Û�d'X ∼ ò8Ü E ¥��U*d�d8��a, ¡�'X ∼ �
�da. ØÓ�a¥��*dØ�d.

Ó�, Ó{'X��ò�êU� m ´ÄÓ{©�eZ�üüØ���a, ¦�Ó�

�a¥?¿ü��ê� m Ó{, ØÓa¥?¿ü��ê� m ØÓ{. z��ù��a

¡� � m Ó{a.

äN5ùé���ê a, ò a ¤á�Ó{aP�[a](mod m) ½{P� [a], ù�a�

¹¤k� m � a Ó{��ê

[a] = {x | x ∈ Z, x ≡ a (mod m)}

a ´ù�a��L�.

XJ a ≡ b (mod m), `² a Ú b áuÓ�a, ¤± [a] = [b], ÄK [a] Ú [b] �� a

Ú b ��L�ü�a´Ø���.

�â�{Ø{, ?Û�ê7� 0, 1, 2, · · · ,m − 1 ¥,��� m Ó{, 
ê|

0, 1, 2, · · · ,m − 1 S?Ûü�ê*d� m ØÓ{, Ïd� m TÐk m �Ó{a, §�

©O±{ê 0, 1, 2, · · · ,m− 1 ��L�. Pù
Ó{a/¤�8Ü�

Zm = {[0], [1], [2], · · · , [m− 1]}.

ù´��±/a0����8Ü, 8Ü�����ê� m �.

~X, � m = 2, K� 2 Ó{a�kü�, ��´� 2 { 0 Ó{a [0], �Ò´¤k

óê�N. ,��´� 2 { 1 Ó{a [1], =¤kÛê�N, 8Ü

Z2 = {[0], [1]}

�kü���, ��´óê8Ü, ,��´Ûê8Ü.
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AÛþw, �ê Z éA¢ê¶þ¤k�ê:, �Ò´±�Ý� 1 ��©:£ã2.1¤.

ã 2.1


 Zm éA�´�þ m ��©:, ~X¨Lþ� 12 ��Ý, Ò´ Z12 ¥��éA

�:. zL 12���, ����Ó�� �. ~X 3 ��, 15 ��, 27 ����, Ñ��

[3] � �, Ï� 3, 15, 27, · · · , � 12 Ó{, áu�12 �Ó{a [3]£ã2.2¤.

ã 2.2

3◦ Ó{a�$�

5�2.21 ¥� (iv) Ú (v) �`², éu� m �Ó{'XXÓ��'X���ka

q�/\{0!/~{0Ú/¦{0. éu��'X, ke�(J

ab = 0, ��=� a = 0 ½ b = 0.

�´éuÓ{'X, 7Lé� m \±��. XJ� m Ø´�ê, 5�2.21 ¥� (vi) Ø

¤á. ~X

8 ≡ 2 (mod 6), 9 ≡ 3 (mod 6), �´, 72 ≡ 0 (mod 6).

�â5�2.21 , e¡½Â8Ü Zm ¥���\{!~{Ú¦{$�.

Ó{a\~{ � [a], [b] ∈ Zm,Kò� mÓ{a [a± b]½Â� [a]� [b]�Ú£�¤

[a]± [b] = [a± b].

Äk��yù�½Â�Ün5, =Ø+À��o���L�, ü�a�m�\~

´��(½�: bX3 [a] Ú [b] ¥©O,�ü��L� a′ ∈ [a], b′ ∈ [b], = a ≡
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a′ (mod m), b ≡ b′ (mod m), l
dÓ{5�2.21 ¥� (iv) �

a± b ≡ a′ ± b′ (mod m)

�Ò´a′ ± b′ � a± b áuÓ�a, ¤±[a′ ± b′] = [a± b].

Ó{a¦{ Ón, �±½Â [a] Ú [b] �¦ÈXe:

[a][b] = [ab],

�â5�2.21 ¥� (v), ù��½Â�a�m�¦È��L��À�Ã'.

Ó{a¥"�Úü � ¡Ó{a [0] Ú [1] � Zm ¥�"�Úü � , §�÷v:

[a] + [0] = [0] + [a] = [a], [1][a] = [a][1] = [a].

N´�yþã½Â�Ó{a�m�\{Ú¦{÷v

(i) ��Æ: [a] + [b] = [b] + [a]; [a][b] = [b][a],

(ii) (ÜÆ: ([a] + [b]) + [c] = [a] + ([b] + [c]); ([a][b])[c] = [a]([b][c]),

(iii) ©�Æ: [a]([b] + [c]) = [a][b] + [a][b].

�, Zm �kk����, �´ Zm ��ê8Ü Z kÓ��$�5Æ, ¤±�´\

{+Ú���, ¡�� m �Ó{a�.

e¡± Z5 = {[0], [1], [2], [3], [4]} �~, ©O�Ñ���m�\{Ú¦{.

\{ [0] [1] [2] [3] [4]

[0] [0] [1] [2] [3] [4]

[1] [1] [2] [3] [4] [0]

[2] [2] [3] [4] [0] [1]

[3] [3] [4] [0] [1] [2]

[4] [4] [0] [1] [2] [3]

¦{ [0] [1] [2] [3] [4]

[0] [0] [0] 0] [0] [0]

[1] [0] [1] [2] [3] [4]

[2] [0] [2] [4] [1] [3]

[3] [0] [3] [1] [4] [2]

[4] [0] [4] [3] [2] [1]
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Ó{a�_ 'u Zm ¥��3¦{$�e´Ä�_¯K, I�?�Ú?Ø.

£��e3knê Q ¥, ���"knê α �¤¢_�, ´��§ αx = 1 3 Q ¥
k��). ù�) x Ò¡�knê α �_, P� x = α−1 ∈ Q.

�´3 Zm ¥,¿�é¤k�"�� [a],�§ [a][x] = [ax] = [1]3 Zm ¥Ñk),�

Ò´ [a]3 Zm ¥Ø�½Ñk_. ~Xé Z6 ¥� [2],ÒØ�3 [x],¦� [2][x] = [2x] = 1

k), Ï�Ø¬�3�ê x ¦� 2x ≡ 1 (mod 6).

,	, é Z6 ¥ü��"�� [2] Ú [3], k [2][3] = [0], ù�`² Z6 ¥� [2] Ú [3]

Ø�Uk_.

,
, XJ�Ä Zm �f8Ü

Z∗m = {[a] | [a] ∈ Zm, (a,m) = 1},

K Z∗m ¥���%k_, �Ò´`, �k� (a,m) = 1 �, [a] �_� [a]−1 ∈ Z∗m.

½n 2.24 8Ü Z∗m ¥��÷v

(i) [1] ∈ Z∗m.

(ii) e [a], [b] ∈ Z∗m, K [a][b] ∈ Z∗m.

(iii) e [a] ∈ Z∗m, K�§ [a][x] = [1] 3 Z∗m ¥k��), P� [x] = [a]−1.

?Û÷vþãn^�8Ü¡�¦{+, Ïd Z∗m £́����¤¦{+, �����

ê� 1, 2, · · · ,m ¥� m p���ê�ê, = ϕ(m)£½Â2.16 ¥�Euler ¼ê¤.

y² (i) ´w,�, Ï� (1,m) = 1.

éu (ii), ��^�e (a,m) = 1, (b,m) = 1 Òk (ab,m) = 1 ù�{ü¯¢Òk

[a], [b] ∈ Z∗m, íÑ [a][b] ∈ Z∗m.

éu(iii) �y²Xe:

é?¿� [a] ∈ Z∗m, Ï�(a,m) = 1, ¤±

0a− 1, a− 1, 2a− 1, · · · , (m− 1)a− 1

ù m �êüüpØÓ{, ÄKe j > i, ¦� ia− 1 � ja− 1 Ó{, Ò�� m | (j − i)a,

� (a,m) = 1, Ïd�U m | (j − i), 0 < j − i < m, ùw,´Ø�U�.

Ïd, ù m �ê¤3�Ó{a� m �, � Zm ��:

{[0a− 1], [a− 1], [2a− 1], · · · , [(m− 1)a− 1]} = Zm,

ù�Ò¿�X, 7�3��� k, ¦� [ka − 1] = [0], =�3��� k, ¦� ka ≡
1 (mod m), ¤± [x] = [k] ´�§ [a][x] = [1] ���).
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Ï m | ka− 1, ¤±�3�ê b, ¦� ka− 1 = mb, ½ ka+mb = 1. �âBezout ½

n2.9, (k,m) = 1, ùÒí�) [x] = [k] ∈ Z∗m. �

~ 2.6.1 � m = 5, k

Z∗5 = {[1], [2], [3], [4]},

��_©O�

[1]−1 = [1], [2]−1 = [3], [3]−1 = [2], [4]−1 = [4].

� m = 12, k

Z∗12 = {[1], [5], [7], [11]},

��_©O�

[1]−1 = [1], [5]−1 = [5], [7]−1 = [7], [11]−1 = [11], .

� m = 14, k

Z∗14 = {[1], [3], [5], [9], [11], [13]},

��_©O�

[1]−1 = [1], [3]−1 = [5], [5]−1 = [3], [9]−1 = [11], [11]−1 = [9], [13]−1 = [13].

Ïd�¦�Zm ¥Ø [0] 	z���Ñ�_, �k� m = p ´�ê. Ï�d�Ø 0

±	, 1, 2, · · · , p− 1 Ñ�p p�, �ÒkZp = {[0]} ∪ Z∗p.

½n 2.25 � p ´?¿�ê, K Zp ¥��÷v

(i) é?¿� [a], [b] ∈ Zp, k

[a]± [b] = [a± b] ∈ Zp, [a][b] ∈ Zp;

(ii) Zp ¥k 0 � [0] Úü � [1], =é?¿� [a] ∈ Zp, k

[a] + [0] = [a], [a][1] = [a];

(iii) é Zp ¥?Û�"� [a], �3_� [x] = [a]−1 ∈ Zp, ¦�

[a][a]−1 = [a]−1[a] = [1].

?Û÷vþãn^�8Ü¡��, Ïdé�ê p, Zp ´���. Ï� Zp ¥�k p �Ó

{a, Ïd¡�k��.

o(�e, ÏLé�êÚÓ{a�?Ø, ·��>�ù�A�êÆVg:

�µ÷v\{!¦{±9��Æ!(ÜÆ!©�Æ, ¿k 0 �Úü �8Ü¡�£�

�¤�. ~X�ê8Ü Z ÚÓ{a8Ü Zm.



54 1 2 ù �ê

+µ÷v¦{ÚØ{£¦{�_$�¤9��Æ!(ÜÆ¿kü �8Ü, ¡�£¦

{¤+. ~X Z∗m£½n2.24¤.

�µQ´���q´¦{+£Ø{Ø 0 ��	¤8Ü, ¡��. ~Xnê8Ü Q ±
9 Zp£p ��ê¤, Ù¥ Zp ¥����ê´k��, Ïd´k��.

~ 2.6.2 �?�L«���ê n = an10n + an−110n−1 + · · ·+ a0 U� 3 �Ø�¿

©7�^�´ an + an−1 + · · ·+ a0 U� 3 �Ø.ùp 0 6 an, an−1, · · · a0 6 9.

y² 3Z3 ¥, ØJ�y [10k] = [1], ¤±

[n] = [an][10n] + [an−1][10n−1] + · · ·+ [a0][1]

= [an][1] + [an−1][1] + · · ·+ [a0][1]

= ([an] + [an−1] + · · ·+ [a0])[1]

= [an + an−1 + · · ·+ a0][1]

= [an + an−1 + · · ·+ a0]

Ïd [n] = [0] �du [an + an−1 + · · · + a0] = [0], �Ò´ n U� 3 �Ø�duan +

an−1 + · · ·+ a0 U� 3 �Ø.

4◦ Fermat-Euler ½n

���Ñ��­��½n.

½n 2.26 (Fermat ½n) � a ´�ê, p ´�ê.

(i) ep - a, K ap−1 ≡ 1 (mod p).

(ii) ep | a, K ap ≡ a (mod p).

y² � p - a �, �Ä±e p− 1 � a ��ê:

m1 = a, m2 = 2a, · · · , mp−1 = (p− 1)a.

3p - a cJe, ù
êkXeA::

é mr = ra (1 < r < p) : Ï p - r, íÑ p - mr .

é ms −mr = (s− r)a (1 6 r < s 6 p− 1) : Ï p - (s− r), íÑ p - (mr −ms).

Ïd m1,m2, · · · ,mp−1 � p �Ø�{êüüØ��Ø�u 0, ¤k� p− 1 �{ê

�U´ 1, 2, · · · , p− 1. �,k�UØ¬UgSéA, ��âÓ{5�2.21 ¥� (v), k

m1m2 · · ·mp−1 ≡ 1 · 2 · · · (p− 1) (mod p).

,��¡, 5¿�

m1m2 · · ·mp−1 = 1 · 2 · · · (p− 1)ap−1 = (p− 1)!ap−1,
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dþãüª�

(p− 1)!
(
ap−1 − 1

)
≡ 0 (mod p),

�´ p ØU�Ø (p− 1)!, ù�d5�2.21 ¥� (vi) �, p �U�Ø ap−1 − 1.

� p | a �, (ii) �(Ø´w,�. �

½n 2.27 (Euler½n) � m ���ê, a ��ê, � (a,m) = 1, K

aϕ(m) ≡ 1 (mod m).

T½n´Fermat ½n�í2, d?Ø2y².

§2.7 Ó{�§£|¤

�½��ê m, ±9 n g�Xêõ�ª

f(x) = anx
n + an−1x

n−1 + · · ·+ a0 (an, an−1, · · · , a0 ∈ Z),

e��§

f(x) ≡ 0 (mod m)

¡�� m � n gÓ{�§. �;K�?Ø�gÓ{�§£|¤�¦)¯K.

�½��ê m, �gÓ{�§��L«�

ax ≡ b (mod m) (a, b ∈ Z).

XJ x = x0 ∈ Z´�§���): m | (ax0−b),@oé?¿� x ∈ [x0] ,k x = x0+km,

Ù¥ k ´�ê,íÑ (ax− b) = (ax0 − b) + kam, ¤± m | (ax− b), = x �´�§�).

ÏdòáuÓ�Ó{a¥�)À��Ó�, �k@
� m ØÓ{�)âÀ�ØÓ�).

�gÓ{�§|Ò´eZ��gÓ{�§�éá�§|

a1x ≡ b1 (mod m1), · · · , asx ≡ bs (mod ms).

1◦ �gÓ{�§

½n 2.28 � (a,m) = d, K�gÓ{�§

ax ≡ b (mod m).

k)�¿©7�^�´ d | b. �d^�¤á�, �k d �). e (a,m) = 1, K)��.
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y² ��§k) x, Ï d | m, d m | (ax− b) íÑ d | (ax− b). � d | a, ¤± d | b.

��, e d | b, dBezout ½n2.9�, �3�ê k, l ¦�

ka+ lm = (a,m) = d,

Ï
b

d
´�ê, Ó¦±þªü>, �

ak
b

d
+ml

b

d
= b,

dd��ê x0 = k
b

d
÷v m | (ax0 − b), Ïd´�§���). -

xr = x0 + r
m

d
, r = 0, 1, · · · , d− 1,

íÑ

axr − b = ax− b+ rm
a

d
,

Ù¥
a

d
´�ê, ¤± m | (axr − b), = xr, r = 0, 1, · · · , d− 1 ÷v�§. ,��¡

xr − xs = (r − s)m
d
, r 6= s,

Ï r − s < d, ¤± m - (xr − xs). = xr, r = 0, 1, · · · , d− 1 pØÓ{, Ïd´ d �). �

½n 2.29 � d = (a,m), d | b, KÓ{�§

ax ≡ b (mod m) (1)

�due�/ª

x ≡ b′ (mod m′). (2)

Ù¥ b′ =
b

d
c, m′ =

m

d
, c ´Ó{�§

a

d
x ≡ 1 (mod m′) �).

5¿, �,£1¤k d �), 
£2¤�)��, ���y²£1¤Ú£2¤kÓ)=�. Ø

��Ó)� x0. £2¤�Ù§)ÑáuÓ��� m′ �Ó{a: [x0](mod m′), Ù¥�ê

x0 + rm′ = x0 + r
m

d
, r = 0, 1, 2, · · · , d− 1 ÷v£1¤, �üü� m pØÓ{, Ïd £́1¤

� d �). ��,£1¤� d �)� m′ ´Ó{�, Ïd�Ñ£2¤���).

y² �
{zy², Ø��d = 1, ¤±b′ = bc, m′ = m, ac ≡ 1 (mod m), ½

ac = 1 + km. ddíÑ m - c, @o m | (ax− b) �0u m | (acx− bc), r ac = 1 + km

�\�, Ò�du m | (x− bc). �

½n 2.30 � (a,m) = 1, e m = m1m2, � (m1,m2) = 1, KÓ{�§ ax ≡
b (mod m) �due�Ó{�§|

ax ≡ b (mod m1), ax ≡ b (mod m2).
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y² (a,m) = 1 �du (a,m1) = (a,m2) = 1, � m | (ax − b) ��=� m1 |
(ax− b), m2 | (ax− b)£SK6¤. �

2◦ �gÓ{�§|

�â½n2.29, ±e��Äe�/ª�Ó{�§|.

x ≡ b1 (mod m1), · · · , x ≡ bs (mod ms).

éu�gÓ{�§|, Ø�½ok), =¦Ù¥�z��Ó{�§Ñk).

~ 2.7.1 3�gÓ{�§|

x ≡ 0 (mod 2), x ≡ 1 (mod 4)

¥, z�Ó{�§Ñk), �vkéá).

g,�¯, �o^�U�y�|Ó{�§k)ºe�Í¶�¥I�{½n�Ñ
Ó

{�§|kéá)��{£�, �Ò´��z�Ó{�§��üüp�, K�§|�½

k). T½n��Ñ
¦)�äN�{. ùp=±n��gÓ{�§éá��§|5)

ºT½n, �(ØØJí2��¹ n ��gÓ{�§|�/.

½n 2.31 (¥I�{½n) � m1,m2,m3 ´üüp����ê, Ké?¿�ê

b1, b2, b3, e�'u x �Ó{�§|7k).

x ≡ b1 (mod m1), x ≡ b2 (mod m2), x ≡ b3 (mod m3). (3)


��Ü)áu� m1m2m3 �Ó��Ó{a.

y² rÓ{�§|£3¤©)�n|Ó{�§|

x1 ≡ 1 (mod m1), x1 ≡ 0 (mod m2), x1 ≡ 0 (mod m3); (4)

x2 ≡ 0 (mod m1), x2 ≡ 1 (mod m2), x2 ≡ 0 (mod m3); (5)

x3 ≡ 0 (mod m1), x3 ≡ 0 (mod m2), x3 ≡ 1 (mod m3); (6)

XJùn|Ó{�§|£4¤-£6¤©Ok) x1, x2, x3, @o£3¤�)Ò�

x = b1x1 + b2x2 + b3x3.

Ïd, y²8(�©O¦)£4¤-£6¤.

'u£4¤, d^��� (m2m3, m1) = 1, �â Bezout úª, �3�ê k1, l1, ¦�

k1(m2m3) + l1m1 = 1 (7)
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íÑ k1(m2m3) ≡ 1 (mod m1), � x1 = k1m2m3, K x1 ÷v£4¤¥1���§, ¿g,

÷v£4¤¥1��!1n��§. ¤± x1 = k1m2m3 £́4¤���).

Ón, Ï (m1m3,m2) = 1 Ú (m1m2,m3) = 1 , ©O�3�ê k2, l2 Ú k3, l3 ¦�

k2(m1m3) + l2m2 = 1, (8)

k3(m1m3) + l3m3 = 1. (9)

�Ò��£5¤Ú£6¤�):

x2 = k2(m1m3), x3 = k3(m1m2),

ù��§|£3¤���)�

x = k1b1m2m3 + k2b2m1m3 + k3b3m1m2.

Ù¥ k1, k2, k3 ´ln� Bezout úª¥)Ñ��ê. Ïd)Ó{�§|£3¤�ª=z�

|^ Euclid Î=�Ø{¦Ñ Bezout úª£7¤-£9¤¥��ê .

e x′ £́3¤�,��), K mi | (x− x′), i = 1, 2, 3, Ï m1,m2,m3 üüp�, í�

m1m2m3 | (x− x′)£SK 6¤, �Ò´ x ≡ x′ (mod m1m2m3), áuÓ��Ó{a. �

~ 2.7.2 (�f¯K) 8kÔØ�Ùê, nnê�{�, ÊÊê�{n, ÔÔê�ê

{�, ¯TÔAÛº

) �TÔ�k N �, @oþã¯K¢Sþ´�)e�Ó{�§|

N ≡ 2 (mod 3), N ≡ 3 (mod 5), N ≡ 2 (mod 7).

�â¥I�{½n, ©O� m1 = 3,m2 = 5,m3 = 7 ±9b1 = 2, b2 = 3, b3 = 2, Ïd

�¦ x1, k) 35k1 + 3l1 = 1 � k1 = 2, l1 = −23, ¤±x1 = 70.

�¦ x2, k) 21k2 + 5l2 = 1 � k2 = 1, l2 = −4, ¤± x2 = 21.

�¦ x3, k) 15k3 + 7l3 = 1 � k3 = 1, l2 = −2, ¤± x3 = 15.

�ª�f¯K�)�

x = 2 · 70 + 3 · 21 + 2 · 15 = 233.

~� 3 · 5 · 7 = 105 ��êÒ��Ó�Ó{a¥�����ê) x = 23.

5P ~2.7.2 ¥��f¯K
u�ú�400c�êÆÍ�5�f�²6£�öØ�¤.

ù´{¤þÄgJ�
�gÓ{�§|¯K±9äN){.

Hy�Ï�êÆ[�Êè£1202-1261¤3¦�Í�5êÖÊÙ6£¤Öu1247c¤¥

éda¯K�){�
��XÚ�Øã, ¿r¦)�gÓ{�§|���Ú½¡�/�

û¦�â0. �±`�Êè´ïÄ�gÓ{�§|8�¤ö.
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²�êÆ[§� £1533-1606¤ò�f¯K�)�?¤
5�fyü6:

”n<Ó1Ô�D,Êärsö�{, Ôfì
���,Øz"ÊB��.”

yü¥cné¥�/n<0!/Êä0Ú/Ôf0©O�n�� 3, 5, 7. 
/Ô�

D0!/ö�{0Ú/���0´¦Ñ�n�) x1 = 70, x2 = 21, x3 = 15. ���é

¥/z"Ê0́ �n���¦È 3 · 5 · 7 = 105. ¿`²
XÛ������ê).

�´¥I���Æ[éÓ{�§|XÚïÄ, �)
Þ­ú@�/¥I�{½n0.

íØ 2.32 ���ê m1,m2,m3 üüp�, eÓ{�§|

a1x ≡ b1 (mod m1), a2x ≡ b2 (mod m2), a3x ≡ b3 (mod m3) (10)

¥z��§Ñk), K�½kéá).

ùpE,��n��§�~, Ù(ØØJí2��¹ n ��§�/..

y² �â½n2.28, z��§k)¿�X di | bi, di = (ai,mi) (i = 1, 2, 3). 2�â

½n2.29, �§�du

x ≡ b′1 (mod m′1), x ≡ b′2 (mod m′2), x ≡ b′3 (mod m′3), (11)

Ù¥ m′i =
mi

di
, i = 1, 2, 3. w, m1,m2,m3 üüp�íÑ m′1,m

′
2,m

′
3 üüp�, �â¥

I�{½n, �§£11¤k), íÑ�§£10¤k). �

~ 2.7.3 ¦)Ó{�§|

5x ≡ 7 (mod 12), 7x ≡ 1 (mod 10).

) w,, 12 Ú 10 Øp�, ¤±ØU��A^½n. �â½n2.30, 31���§

¥, 12 = 3 · 4, Ïd�du

5x ≡ 7 (mod 3), 5x ≡ 7 (mod 4),

¿UY{z�

x ≡ 2 (mod 3), x ≡ 3 (mod 4),

Ón, 31���§¥, 10 = 2 · 5, |^½n2.30¿UY{z�e��d/ª

x ≡ 1 (mod 2), x ≡ 3 (mod 5).

5¿� x ≡ 3 (mod 4) Ú x ≡ 1 (mod 2) �0u x ≡ 3 (mod 4). ¤±�KÓ{�§

|�0ue��^¥I�{½n¦)�Ó{�§|

x ≡ 2 (mod 3), x ≡ 3 (mod 4), x ≡ 3 (mod 5).
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§2.8 õ�ª

3�;K���, {�0�k'õ�ª�Ä�SN, ù´Ï�õ�ª��êkéõ

�q�?. ¤¢õ�ª´�

f(x) = anx
n + an−1x

n−1 + · · ·+ a0 (an 6= 0),

ùp, n ´�K�ê, ¡�õ�ª gê, P� degf(x) = n. gê� 0 õ�ª¡�²�õ

�ª, gê�u 0 õ�ª¡��²�õ�ª.Ä�£�pgê�¤Xê� 1 õ�ª, ¡�

Ä�õ�ª.

õ�ªXê an, an−1, · · · , a0 �±áu�ê Z, ��±áuknê� Q!¢ê� R!
Eê� C ½Ù¦�£~X½n2.25¥½Â�k�� Zp, p ´�ê¤. ¡Xêáu�ê Z,

½,�� F �õ�ª�/Z þõ�ª0, ½/� F þõ�ª0, P�ê Z, ½� F þõ�
ª��N� Z[x], ½ F[x] . Z ½ F þü�õ�ª

f(x) = anx
n + an−1x

n−1 + · · ·+ a0 (an 6= 0),

g(x) = bmx
m + bm−1x

m−1 + · · ·+ b0 (bm 6= 0)

�m�±?1\{Ú¦{$�, Ù(J�´ Z ½ F þõ�ª, ¿�k

deg(f + g) 6 max{degf, degg},

deg(fg) = degf + degg.

1◦ õ�ª�{Ø{Ú��úÏª

� F ´�½�, f(x), g(x) ∈ F[x], g(x) 6= 0, XJ�3 h(x) ∈ F[x], ¦�

f(x) = g(x)h(x),

@o¡ g(x) 3 F[x] ¥�Ø f(x), P� g(x) | f(x), ¿¡ g(x) ´f(x) ���Ïª, f(x)

´ g(x) ����ª. éuü�õ�ª f(x), g(x), XJ h(x) | f(x), h(x) | g(x), @o¡

h(x) ´ f(x), g(x) �úÏª.

½n 2.33 (�{Ø{) � F ´�½�, f(x), g(x) ∈ F[x], g(x) 6= 0, @o�3��

��|õ�ª q(x), r(x) ∈ F[x], ¦�

f(x) = q(x)g(x) + r(x),

Ù¥r(x) ½ö� 0, ½ö degr(x) < degg(x).

½n¥ q(x) � r(x) ©O¡� f(x) � g(x) �Ø�ûªÚ{ª.
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y² XJ degf(x) < degg(x), @o� q(x) = 0, r(x) = f(x), XJ g(x) = c 6= 0

£~ê¤, @o� q(x) =
1

c
f(x), r(x) = 0, ¤±Ø��

degf(x) > degg(x) > 0,

P n = degf(x), m = degg(x), f(x) Ú g(x) �Ä�Xê©O� an, bm. -

q1(x) =
an
bm
xn−m,

@o

f1(x) = f(x)− q1(x)g(x)

�gê÷v degf1(x) < degf(x). XJ degf1(x) > degg(x), @oé f1(x) ­EþãL§,

Ò����õ�ª f0(x) = f(x), f1(x), f2(x), · · · , Ú q1(x), q2(x), · · · , ¦�

fi+1(x) = fi(x)− qi+1(x)g(x), i = 0, 1, 2, · · · .


�

degf(x) > degf1(x) > degf2(x) > · · · ,

ù��L§k�Ú�7,¬Ê�, =�3 l, ¦� fl(x) = 0 ½ degfl(x) < degg(x). u´

q(x) = q1(x) + · · ·+ ql(x), r(x) = fl(x)

B�Ñ½n¥�L«. bXkü|L«

f(x) = q1(x)g(x) + r1(x), f(x) = q2(x)g(x) + r2(x),

@oíÑ (q1(x)− q2(x))g(x) = r1(x)− r2(x), '�ü>gêÒ���

q1(x) = q2(x), r1(x) = r2(x),

Ïd��5�y. �

5P du�êØ�±�Ø{, ¤±�{Ø{é�Xêõ�ªØ·^. �´é

f(x), g(x) ∈ Z[x], g(x) 6= 0 , XJ�� g(x) �Ä�Xê� 1, @oþãy²L§Ú(Ø

Ñ·^u�Xêõ�ª.

½Â 2.34 � f(x), g(x) ∈ F[x], f(x) � g(x) ���úÏª´�÷vXe^�Ä

�õ�ªd(x) ∈ F[x]:

(i) d(x) ´ f(x) � g(x) úÏª, = d(x) | f(x), d(x) | g(x);.

(ii) e d1(x) ´ f(x) � g(x) úÏª, K degd1(x) 6 degd(x).

P d(x) = (f(x), g(x)). e d(x) = 1, K¡ f(x) Ú g(x)p�.
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�â�{Ø{, é f(x) = q(x)g(x) + r(x), aq�ê�/, k

(f(x), g(x)) = (g(x), r(x)).

Ó�aq�ê�/, f(x) Ú g(x) ��úÏª�ÏLõ�ª� Euclid Î=�Ø{�

Ñ, äN�{Xe:

�½Ø��"� f(x), g(x) ∈ F[x], XJ g(x) = 0, @o

(f(x), g(x)) = αf(x),

Ù¥ α ∈ F ´~ê¦� αf(x) �Ä�õ�ª. XJ f(x) Ú g(x) ÑØ�", Ø��

degf(x) > degg(x). �UO�Xe�{Ø{

f(x) = q0(x)g(x) + r0(x), (degr0(x) < degg(x))

g(x) = q1(x)r0(x) + r1(x), (degr1(x) < degr0(x))

r0(x) = q2(x)r1(x) + r2(x), (degr2(x) < degr1(x))

· · · · · ·

rn−2(x) = qn(x)rn−1(x) + rn(x), (degrn(x) < degrn−1(x))

rn−1(x) = qn+1rn(x) + 0

��Ñy{ª�". Ï� r0(x), r1(x), · · · , �gê�gü$, ù��Ú½�½k�. ¤±

(f(x), g(x)) = (g(x), r0(x)) = (r0(x), r1(x)) · · · = (rn(x), 0) = αrn(x),

Ù¥α ∈ F ¦� αrn(x) �Ä�õ�ª.

lõ�ªÎ=�Ø�1���§�� r0(x) = f(x) − q0(x)g(x), Ïd r0(x) UL«

� f(x) Ú g(x) ��5|Ü

r0(x) = α0(x)f(x) + β0(x)g(x),

ùp α0(x) = 1, β0(x) = −q0(x) Ñ´F[x] ¥õ�ª. �\e���§k

r1(x) = g(x)− r0(x)q1(x) = g(x)− (α0(x)f(x) + β0(x)g(x))q1(x)

= α1(x)f(x) + β1(x)g(x),

Ù¥ α0(x), β0(x) ∈ F[x]. ­EþãL§, ��k

rn = αn(x)f(x) + βn(x)g(x).

Ù¥ αn(x), βn(x) ∈ F[x]. ¦±��~ê α, ¦� αrn(x) �Ä�õ�ª. nþ¤ã, k
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½n 2.35 (õ�ª�Bezout úª) � f(x), g(x) ∈ F[x] �Ø��".

(i) �3 α(x), β(x) ∈ F[x], ¦�

α(x)f(x) + β(x)g(x) = (f(x), g(x)),

(ii) f(x), g(x) p���=��3 α(x), β(x) ∈ F[x], ¦�

α(x)f(x) + β(x)g(x) = 1.

dõ�ª� Bezout úª, �����e�(J:

½n 2.36 � f(x), g(x), h(x) ∈ F[x] .

(i) e d̃(x) | f(x), d̃(x) | g(x), K d̃(x) | (f(x), g(x));

(ii) e (f(x), g(x)) = 1, (f(x), h(x)) = 1, K (f(x), g(x)h(x)) = 1.

y² Ï (f(x), g(x)) = α(x)f(x) + β(x)g(x), ¤±(i) ¤á. éu (ii), d^��3

α1(x), β1(x), α2(x), β2(x) ∈ F[x], ¦�

α1(x)f(x) + β1(x)g(x) = 1,

α2(x)f(x) + β2(x)h(x) = 1,

K

(α1α2f + α1β2h+ α2β1g)f(x) + β1β2gh = 1,

¤±(ii) ¤á. �

2◦ õ�ª���5ÚÏª©)

½Â 2.37 ��Xêáu� F �õ�ª p(x) ∈ F[x], XJU
©)¤ü�Xêá

uÓ�� F �²�õ�ªp1(x), p2(x) �¦È£Ïª©)¤µ

p(x) = p1(x)p2(x),

@oÒ¡ p(x) ´� F þ��õ�ª, ÄK¡�� F þØ��õ�ª.

~ 2.8.1 5¿�, ��½Ø���õ�ªXê¤3����'. ~Xµ

x2 − 4 3 Q þ´���:x2 − 4 = (x− 2)(x+ 2) .

x2 − 2 3 Q þØ��, �3 R þ��: x2 − 2 = (x−
√

2)(x+
√

2) .

x2 + 1 3 R þØ��, �3 C þ��: x2 + 1 = (x− i)(x+ i)

�XXê¤3���*�

Z ⊂ Q ⊂ R ⊂ C,

��5�3u)Cz. F þØ��õ�ª3 F[x] ¥��^��ê3 Z ��^�q.
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Ún 2.38 (Euclid Ún) � f(x), g(x) ∈ F[x] , p(x) ´ F þØ��õ�ª,

p(x) | f(x)g(x), K p(x) | f(x) ½ p(x) | g(x).

y² e p(x) - f(x), p(x) - g(x), K (p(x), f(x)) = 1, (p(x), g(x)) = 1. �â½

n2.36, k (p(x), f(x)g(x)) = 1, gñ. �

XÓ�ê�±©)��ê�¦È��, F[x] ¥?Û��õ�ª�±©)� F þØ
��õ�ª�¦È.

½n 2.39 � F ´���, K

(i) F[x] ¥kÃ¡õ�Ä�Xê� 1 �Ø��õ�ª.

(ii) F[x] ¥?Ûõ�ª f(x) ���©)�Ø��õ�ª�¦È:

f(x) = αpm1
1 (x) · · · pmr

r (x),

ùp α ∈ F, p1(x), · · · , pr(x) ´ F[x] ¥Ä�Xê� 1 �Ø��õ�ª, m1, · · · ,mr L

«­ê.

'u(i), é�¹Ã¡õ�ê�� F �/, X Q,R,C �, ´�~{ü/, Ï�é?¿

� a ∈ F , �gª x− a ∈ F[x] Ñ´Ø���, ÏdkÃ¡õ�. �´é�kk����

��, X Zp (p ´�ê), �¹Ò'�E,, 3dÒØ?Ø
.

'u(ii), ��ì�ê��Ïf©)��5�y², lõ�ª� Bezout úª, �Ñõ

�ª��úÏª�Ä�5�=�y�.

3◦ õ�ª��

�!�I^�\~Ú¦{$�, ØI��Ø{, Ïd^ D L«Z ½� Q, R 9 C.

½Â 2.40 � f(x) ∈ D[x], e��a ∈ D ÷v f(a) = 0, K¡ a ´ f(x)£3 D
þ¤��½":. k��¡ a ��§ f(x) = 0 33 D þ��.

½n 2.41 � f(x) ∈ D[x], K

(i) a ∈ D ´ f(x) ����=� (x− a) | f(x).

(ii) a1, a2, · · · , am ´ f(x) ØÓ����=� (x− a1) · · · (x− am) | f(x).

y² (i): �âõ�ª�{Ø{, ± x− a Ø f(x), �

f(x) = q(x)(x− a) + r(x),

ùp q(x), r(x) ∈ D[x], 
 degr(x) < deg(x− a) = 1, Ïd r(x) = r . ò x = a �\þª

� r = f(a) ±9

f(x) = q(x)(x− a) + f(a).
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ù�½n¥ü��¡Ñ��y².

(ii): � a1, a2, · · · , am ´ f(x) ØÓ��, � m = 1 =´(i) ��/¶b�(Øé

m− 1 ®²¤á, Kk

f(x) = (x− a1) · · · (x− am−1)q(x),

Ù¥ q(x) ∈ D[x], 3þª¥�\ x = am, �

(am − a1) · · · (am − am−1)q(am) = 0,

Ï� am − ai 6= 0, i = 1, · · · ,m− 1, ¤± q(am) = 0, �Ò´ am ´õ�ª q(x) ��, �

â(i), k q(x) = (x− am)h(x), Ù¥ h(x) ∈ D[x], u´Òk

f(x) = (x− a1) · · · (x− am−1)(x− am)h(x).

��w,. �

íØ 2.42 � F ´�, f(x) ∈ F[x] ´Ø��õ�ª��=� f(x)3 F þvk�.

íØ 2.43 D[x] ¥ n gõ�ª�õ�k n �ØÓ��¶e��k n + 1 �ØÓ

�, KTõ�ª�½´"õ�ª.

e¡?Ø­�¯K.

½Â 2.44 � f(x) ∈ D[x], a ∈ D ´ f(x) ����, XJ f(x) U� (x − a)r �

Ø, �ØU� (x− a)r+1 �Ø, K¡��ê r �� a �­ê, � r = 1 �, ¡ a � f(x)

�ü�¶� r > 1 �, ¡ a � f(x) � r ­­�.

½n 2.45 � f(x) ∈ D[x], degf(x) = n,

(i) e a ´f(x) � r ­�, K�3 q(x) ∈ D[x], ¦�

f(x) = (x− a)rq(x), q(a) 6= 0.

(ii) e f(x) k s �ØÓ�� a1, a2, · · · , as, ­ê©O´ r1, r2, · · · , rs, � r1 + r2 +

· · ·+ rs = n,K

f(x) = α(x− a1)r1(x− a2)r2 · · · (x− as)rs .

Ù¥ α ∈ D.

y² (i) ¥ f(x) = (x− a)rq(x) ´w,�. e q(a) = 0, K q(x) = (x− a)q1(x), Ï

d f(x) = (x− a)r+1q1(x), ù� a ´ f(x) � r ­�gñ.

'u(ii) �y²Xe. Äkd(i) �

f(x) = (x− a1)r1q(x), q(a1) 6= 0.

Ó�5¿� f(x) �Ù§��´ q(x) ��, Ïd8B=���(Ø. �



66 1 2 ù �ê

1 2 ùSK

1. � n > 1 ��ê, XJéu?Û�ê m, ½ö n|m, ½ö (n,m) = 1, @o n 7½´

�ê.

2. � n ���ê, � n > 2. XJé?ÛØ�L
√
n ��êÑØU�Ø n, @o n �

½´�ê.

3. (1) e�ê a � 6 �Ø�{ê´r, 0 6 r < 6. K a3 � 6 �Ø�{ê�´ r.

(2) � a1, a2, · · · , an ´�ê. e a1 +a2 + · · ·+an U� 6�Ø,K a31 +a32 + · · ·+a3n

�U� 6 �Ø.

4. ���ê n > 2, y²: 3 n Ú n! �m�½�3�ê.

5. ¦��ê n, ¦� 2n + 16 ���²�ê.

6. � m = m1m2, (m1,m2) = 1, Ù¥m1,m2 ´��ê. y²

m | n ��=� m1 | n, m2 | n.

e (m1,m2) > 1, ÁÞ~`²(ØØ¤á.

7. �Ä��ê��ÏfIO©)

n = pα1
1 p

α2
2 · · · p

αk
k

ùp p1, · · · , pk ´üüØÓ��ê, α1, · · · , αk ´éA�Ïf�­ê.

y²: n �¤kÏf£=U�Ø n �ê, �) n Ú 1¤́ ù��ê

m = pβ11 p
β2
2 · · · p

βk
k

Ù¥ 0 6 βi 6 αi, i = 1, 2, · · · , k. 
�n ¤kØÓÏf£�) n Ú 1¤��ê�

(α1 + 1)(α2 + 1) · · · (αk + 1).

~X

144 = 2432,

�¤kÏf� 5 · 3 �, äN�

1, 2, 4, 8, 16, 3, 6, 12, 24, 48, 9, 18, 36, 72, 144

8. XJrg,êw¤´�����£Ã¡¤ê�, @o½n2.12L², Tê�¥kÃ¡

õ��ê. Áy²e���ê�

4n+ 3, n = 1, 2, 3, · · · ,
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¥�kÃ¡õ��ê.

J«: ?Û�u 2 ��ê�½´Ûê, Ï
�½´ 4n + 1 ½ 4n + 3 ù«/ª. b

��kk�� 4n+ 3 /ª��ê p1, p2, · · · , pr, �Ä

N = 4(p1p2 · · · pr)− 1 = 4(p1p2 · · · pr − 1) + 3.

aq½n2.12�y², ±9|^ü� 4n + 1 /ª�ê�¦�´ 4n + 1 /ª�ê�

(ØíÑb�´�Ø�.

9. ép��ü�ê 15, 7, ¦Ñ�ê k, l ¦� 15k + 7l = 1.

10. ¦ a = 11 · · · 1︸ ︷︷ ︸
50

� 7�Ø�{ê.

J«: |^ b = 111111 U� 7 �Ø�(J.

11. ¦ 20142015 � 13 �Ø�{ê.

12. y²: 30 | (n19 − n7) , Ù¥ n ´?¿��ê.

13. ���ê n = an10n + an−110n−1 + · · ·+ a0 (0 6 an, an−1, · · · , a0 6 9), y²: 11 | n
��=� 11 | ((−1)nan + (−1)n−1an−1 + · · ·+ (−1)a1 + a0)

J«: ØJuy: � 11 k

[102k] = [(99 + 1)k] = [1], [102k+1] = [102k][10] = [1][10] = [10],

,��¡, |^Ó{a\{k

[10] + [1] = [0].

14. � p, q ´ü�ØÓ��ê, a ´���ê, �

ap−1 ≡ 1 (mod q), aq−1 ≡ 1 (mod p),

y²: apq ≡ a (mod pq)

15. ¦)Ó{�§|

x ≡ 1 (mod 4), x ≡ 2 (mod 5), x ≡ 4 (mod 7).

16. ¦knXêõ�ª α(x), β(x), ¦�

x3α(x) + (1− x)2β(x) = 1.

17. (1) Áy²: Ä���Xê�ê�§

xn + an−1x
n−1 + · · ·+ a1x+ a0 = 0 (an−1, · · · , a1, a0 ∈ N)



68 1 2 ù �ê

��XJ´knê, K�U´�ê.

(2) Á¦ x4 + 5x3 + 2x2 − 10x+ 6 = 0 ��ê�.

J«: �y{, ekn�� x =
p

q
, q 6= 1, íÑ −p

n

q
��ê, gñ. Ùgy²�§

��ê��½U
�Ø a0, ÏdéäN�§, ��ò"g�Xê a0 ?1�Ïf©

), �Ñ�U��ê�, ¿Å��y=��� (2) ¥�§��ê�.

18. � m,n´��ê, y² F[x]þõ�ª xm− 1� xn− 1���úÏª� x(m,n)− 1.

=

(xm − 1, xn − 1) = x(m,n) − 1.

J«: Ø�� m > n, |^�ê m Ú n ��{Ø{ m = qn+ r, 0 6 r < n, k

xm − 1 = xqn+r − xr + xr − 1 = xr(xnq − 1) + (xr − 1).

Ï� xn − 1|xnq − 1, ¤±��õ�ª xm − 1 Ú xn − 1 éA��{Ø{

xm − 1 = q(x)(xn − 1) + (xr − 1).

2|^ m Ú n � Euclid Î=�Ø{±9éA xm − 1 Ú xn − 1 �õ�ª�Î=

�Ø{=�y�.
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é¢ê�@£, $��)Ãnê, �Jã��F1��, �ý�r¢êX�ïå5�

´�Ê­V�¯�. �X�È©Æ�î�z, 4�nØÅÚïá, �¦�¢ênØF�

�õ. Ì�± Weierstrass£��dA.d, 1815 - 1897¤,Cantor£xÿ, 1845 -1918¤Ú

Dedekind£��7, 1831-1916¤�ó��ä�L5. �;K�0� Dedekind ��{, Ù

§�{�EÑ�¢êX� Dedekind �{�E�¢êX��þ´�d�.

§3.1 knê�

g,ê´lO�8Ü£X�+�,�;°J¤���êL§¥Ä�Ñ5�. 3¢S)

¹¥, Ø=�Oê�I�?1X�Ý!¡È!�m!­þ�Ýþ.�
rÝþ¯KC�O

ê¯K, Äk�ÀJ��Ýþü , �Ò´ÝþIO, Xúº!/!��!6��, ,�w

�Ýþ�þ�¹õ��ü .'X�ãål�Ð´15�úº, @où�ålÒ´15úº.

�´,   Ñyù���¹,O��ãål�ü �ê�7T�Ð?,�U¬Ñ

y15�úº�õ�:,16�úºqØ
�¹. @o�kr�kü ©¤ n �©,Ú?#�

��ü UYÝþ,~X 1 úº©� 100f�,1 /©�10©,1��©�60©¨, �k·I

��r16©� 16ü��. UYàþ�(JÒ´1úº39f�,1��18©¨,1/�£5©¤

½��� 1 6 12 ü��.

XJr�ü (½� 1, @o2�©Ò´
1

n
, XJ��þ�Ð�u�ü 

1

n
� m

�,@o§�Ýþ^
m

n
L«. w, n �

1

n
Ò´ 1.

ù
þ�m��±�\{, E±�Ý�~,r�Ýü ©¤ 3 ©,�ãål��Ý�

Ð�u2�
1

3
, =

2

3
. er�Ýü ©¤ 4 ©, ,��ål�Ð� 3�

1

4
, �
rü�ål

�\,·�r�Ýü ©¤ 12 ©£3 Ú4 ��ê,��ur
1

3
©¤ 4©,r

1

4
©¤3©¤,@

o1�ãålÒ´8�
1

12
,
1�ãålÒ´9 �

1

12
,üö�\Ò´ 17�

1

12
,Ï�12�

1

12
�u��ü ,¤±oål� 1 �ü q 5 �

1

12
.^êÆªfL«Ò´

2

3
+

3

4
=

8 + 9

12
=

17

12
= 1 +

5

12
.

rù
þÄ�Ñ5£�Ò´�múº!/!��!6�äNÝþ,XÓ3Oê��m

´��´°J��¤,Ò�)
ü���ê�',�Ò´©ê
m

n
, Ù¥ m,n ´��ê£m

�±´ 0, � n 6= 0, Ï�r��ü ©¤ 0 �©´vk¿Â�¤.
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rþãl¢SÝþ¥Ä�Ñ5���ê�'*��¤k�ê�'�Ò�)
d©

êL«�knê, P�

Q =
{m
n

∣∣∣ m,n ∈ Z, n 6= 0
}
.

ùp Z L«¤k�ê8Ü£�12ù¤w,,§�¹
¤k�ê£=n = 1 �©ê¤.

1◦ knê��â

½Âknê�m�\{Ú~{µ

m

n
± m′

n′
=
mn′ ± nm′

nn′
,

±9¦{µ
m

n
· m
′

n′
=
mm′

nn′
,

ØJ�yù
$�XÓ�ê��÷v��Æ!(ÜÆ±9¦{é\{�©�Æ. �

�êØÓ�´,knê�m�±�Ø{,½ö`?Û���"�knê
m

n
∈ Q, m 6= 0, �

½k_� (m
n

)−1
=

n

m
∈ Q, ÷v m

n
· n
m

= 1,

ù�ü�knê�Ø{�

m

n
÷ m′

n′
=
m

n
·
(
m′

n′

)−1
=
mn′

nm′
∈ Q.

2◦ knê�S

�â�ê�S, �UXe�ª½Âknê�mS£½��¤

m

n
− m′

n′
=
mn′ − nm′

nn′


> 0, � mn′ − nm′ � nn′ ÓÒ,

= 0, � mn′ − nm′ = 0,

< 0, � mn′ − nm′ � nn′ ÉÒ.

ù�, é?¿ü�knê a, b ∈ Q, n«�¹: a < b, a = b, a > b k�=k�«¤á, 


�e a < b, b < c, K a < c.

knê�S�knê�\{Ú¦{´�N�, �Ò´e a < b, @o a+ c < b+ c é

?Û c ∈ Q ¤á, e a > 0, b > 0, K ab > 0.

3◦ knê�AÛ)º

3�� L þ?��:��: O, 2ò?¿�:�� 1£S.þ�3 O �m>¤, ±

ü:�mål�Ýþ�ºÝ½ü £ù�Òk
ê¶¤,XJl�:m©, �ü �Ý 
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��Ågàþ, Ò��g,ê3ê¶þéA: ,Ón �:�ý�àþ��K�êéA

:.

-

.
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......... .
......... .
......... .
......... .
.........

........... .
.......... .
.......... .
.......... .
.......... .
.......... .
.......... .
.......... .
...........

•
O

•
A

•
A′

•
B′

•
B1

n

1

n

•
m
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ã 3.1

�£ãknêéA�:, Ò�rü ?1�°, AÛþ�±ùo�: �ê¶þ 1 é

A�:� A, L�:��^Éuê¶�� L′, é?¿g,ê n > 1,3 L′ þ�: A′, B′

÷v OA′ = n, OB′ = 1,L: B′ ��ã AA′ ²1�, �ê¶u B :,K OB =
1

n
. |

^ OB ��#�ºÝÅgàþ m g, Ò��
m

n
. Ïd�±3ê¶þLÑ¤kknê

(ã3.1) . rknêéAê¶þ�:¡�kn:,¿Ø2«©knê�´kn:.

4◦ knê�È�5

knê /́??È�0�, =?Ûü�knê a Ú b �m7,�3Ã¡õ�knê.

Ø�� a < b, w,knê c =
a+ b

2
÷v a < c < b, é a, c Ú c, b Øä­Eù�L

§Ò¬uy a Ú b �mkÃ¡õ�knê.

o�,Ú?knê±�,3¢S¯K¥¦�Ýþ�Ý!¡È!�m!­þ��C��

\°[.

lêÆþw, knêØ��±
�ê¤k�â5�,é\{Ú¦{÷v���Æ!(

ÜÆÚ©�Æ, Ó��äk¦{�_$�£½ö`?Û�"�knêÑk_�¤, ÷vù


5Æ�8Ü¡��.

�3�F1��,<�Ò®²Ýº
knê�ù
5�. ±Pythagoras£.�x.

d, �ú�c580 -�c500¤��L�Æ�@�, ê£Ò´�êÚ�ê�',�Ò´kn

ê¤Ø�^5Oê!àþ,$�¤k�Ñ�Ñ�±^ê5L«.¦�$�rêþ,�óÆ

�¡, JÑ/ê´�Ô�
0,/ê´�Ô���0,¿D�
ÃX 1, 2, 3, · · · �ê±/(
50.
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§3.2 �úÝ�Ø�úÝ

�kü��ã a Ú b, XJ b ��Ý´ a �Ý���ê m �,@o�±^ a �� b

�Ýþ, = b = ma. � b Ø�u a ��ê��, XJ�3��ê n, ¦� a ©� n �©

�, b TÐ´�©�Ý
a

n
� m �, @o

b =
m

n
a.

Ïd a Ú b �Ý�'´��knê. ½ö` a Ú b k��ú�Ýþ
a

n
, §� n ��u

a, 
§� m ��u b, ¡ a Ú b ´�úÝ�,½�Ï��, ÄK¡�Ø�úÝ�½Ø�

Ï��.

w,, �úÝ5äkD45: e a Ú b �úÝ, b Ú c �úÝ, K a Ú c �úÝ.

XJÀ a �ü �ã (a = 1), K���úÝ�

�ãéAê¶þ�kn:.

��, <�Òuy
�ü �ãØ�úÝ��ã

(ã3.2), ùÒ´>������/£¡�/ü ��

/0¤�é��. �ü ��/é���Ý� x, K�

â��½n

x2 = 12 + 12 = 2.
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1

1

•√
2

ã 3.2

½n 3.1 ü ��/é���ã�ü �ãØ�úÝ, �Ò´Ø�3knê÷v

x2 = 2.

y² æ^�y{. bX�3ü���ê m,n, ¦�

x =
m

n
, (m,n) = 1.

Ïd

2 = x2 =
m2

n2
,

ddíÑ m2 = 2n2, = m2 ´óê, ¤±m g��´óê m = 2k, �\� 4k2 = 2n2, q

� n2 ´óê, U
 n ´óê. ù� (m,n) = 1 �gñ. �

¤±ü ��/é���Ý� 1 �'Ø2´ü��ê�', =Ø2´knê. ù�

¦��5wq�{Ã×!�L�Ô!äk(5�knê[x¥â,L?
��/ <0.

<�r@
� 1 Ø�úÝ£�,�¤kknê�Ø�úÝ¤�ê¡�Ãnê.

^B`�é,/knê0�=©�c� /́ratio0, = /́'~0¿g, ��F1<½

Â´�Ó�, �5Ñy
/rational number0ù�c, ¥©�È�/knê0, rØ´kn
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ê£ØUL«��ê�'¤�ê/irrational number0Zy�È¤
/Ãnê0, Ù¢�¿

�/kn0� /́Ãn0ÎÃ'X.

½n3.1�L², �,knê´È��, �knê�mØ/ëY0, �Ò´knê�m

�3/�Y0. ~X, rknê Q ©¤ü|

X = {x | x ∈ Q, x < 0; ½ x2 < 2, x > 0},

Y = {y | y ∈ Q, y2 > 2, y > 0},

K, 3ü|knê�m, Ø�3knê. ?�Úuy, �, X/þ¡µº0, Y /e¡k

.0, �´

½n 3.2 éuþãü|knê, X 3 Q ¥Ã��ê, Y 3 Q ¥Ã��ê. �Ò

´` X ¥vk���knê, Y ¥vk���knê.

y² � a ∈ Q, � a > 0, -

a′ = a− a2 − 2

a+ 2
=

2a+ 2

a+ 2
,

K a′ ´knê, 
�

a′2 − 2 =
2(a2 − 2)

(a+ 2)2
.

e a ∈ X, K a2 − 2 < 0, íÑ a′ > a, � a′2 − 2 < 0, = a′ ∈ X. Ïdé?Û X ¥

�knê a > 0, 3 X ¥�½��3' a ��knê a′ ∈ X, �Ò´` X ¥Ø�3�

�knê.

e a ∈ Y , K a2 − 2 > 0, íÑ a′ < a, � a′2 − 2 > 0, = a′ ∈ Y , ¤±?Û Y ¥�k

nê a, 7�3' a ��knê a′ ∈ Y , �Ò´` Y ¥Ø�3��knê. �

knê�ØëY5½ö`knê�m�3�Yù�"Ã, �´I��Ö�, 
W÷

ù
�Y�Ò´Ãnê.�kù�âU¦�È©ïá3j¢�ê�Ä:þ. Ó��òw

�, knê�Y�/êþ0��õuknê.

§3.3 ¢ê�

XJ`l�ê*¿�knê´lÿþ��*g�Ñu, @o�òknêX*Ð�ë

Y�!vk�Y�êX, ù«�*g�ÒØ

. ,�«�{´lknêX�â$��

5KÑu, ÏLÖ¿�
�¦, ��*Ð8�.

1◦ ¢ê��½Â
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Äk, Ä�/�Ñe��X�½Â.

£1¤�

½Â 3.3 � F ´��8Ü, §äk\{Ú¦{$�, eù
$�÷ve�ún,

K¡ F ��

\{: é?¿ x, y ∈ F , �½Â x+ y ∈ F. \{$�÷v

(i) k"� 0: � x+ 0 = 0 + x = x .

(ii) kK�µéz� x ∈ F , k −x ∈ F , � x+ (−x) = −x+ x = 0.

(iii) ��Æµx+ y = y + x.

(iv) (ÜÆµx+ (y + z) = (x+ y) + z .

¦{: é?¿ x, y ∈ F , �½Â x · y ∈ F �÷v

(i) kü � 1: � 1 · x = x · 1 = x.

(ii) k_�µé?¿� x ∈ F, x 6= 0, k x−1 ∈ F , ¦� x · x−1 = x−1 · x = 1.

(iii) ��Æµx · y = y · x.

(iv) (ÜÆµx · (y · z) = (x · y) · z .

(v) ©�Æµ(x+ y) · z = x · z + y · z.

£2¤S

½Â 3.4 � S ´��8Ü , e S þ�½Â�«'X, P� <, ÷v

(i) é?¿� x, y ∈ S, k x < y, x = y, y < x k�=k�«¤á

(ii) é?¿� x, y, z ∈ S, e x < y, y < z, @o x < z, =÷vD45.

½Â
/S0�8Ü¡�kS8.

k��^ y > x �O x < y, ^ x 6 y L« x < y ½ x = y, �Ò´é y < x �Ä½.

£3¤kS�

½Â 3.5 e8Ü F Q´���, q´kS8, �÷vXe^�:

(i) � x, y, z ∈ F , � y < z �, k x+ y < x+ z;

(ii) � x, y ∈ F , � x > 0, y > 0, K xy > 0.

K¡ F ´kS�.

lkS��½Â, ���íÑ�
{ü5�, e¡�ÑÙ¥Ì��ü^:

5� 3.6 � F ´��kS�, x ∈ F,

(i) e x > 0, K x+ (−x) > 0 + (−x), � −x < 0. ��½,;
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(ii) e x 6= 0, K x2 > 0 (=?¿�"��²��½�u 0).

ØJ�yknê8 Q ÷v±þn�½Â, Ïdknê8´kS�. �X½n3.2¤�

«�@�, knê´ØëY�, �Ò´knê�m�3�Y. �
½Â��8Ü, ¦�Q

UU«knê�5�, qU´��ëY�!vk�Y�ê8, A�ÑXe�(.�n.

£4¤(.�n

ÄkékS8, Ú?¤¢/.0�Vg.

½Â 3.7 � S ´kS8, E ⊂ S,

(i) e�3 α ∈ S, ¦�é?¿ x ∈ E, k x 6 α, K¡ E kþ., α � E ���þ

.. Ón½Âe..

(ii) e α ∈ S ´ E ���þ., K¡ α � E �þ(., P� α = supE. Ón½

Âe(.β ∈ S, ¿P� β = inf E.

e¡�Ñ3½Â¢ê�¥�'�!����(.�n:

½Â 3.8 ((.�n) ékS8 S , XJé S �?¿��f8 E:

(i) �� E kþ., Ò3 S ¥kþ(., @o¡ S ÷vþ(.�n.

(ii) �� E ke., Ò3 S ¥ke(., @o¡ S ÷ve(.�n.

XJ S Ó�÷vþ!e(.�n, @o¡ S ÷v(.�n.

5¿, ùpX­rN/3 S ¥0Ò´rNþ(. supE ∈ S ½e(. inf E ∈ S.

~ 3.3.1 E,�Ä Q �ü�f8Ü

X = {x | x ∈ Q, x < 0; ½ x2 < 2, x > 0},

Y = {y | y ∈ Q, y2 > 2, y > 0},

w, Y �´X 3 Q ¥¤kþ.�8Ü, X ´ Y 3 Q ¥¤ke.�8Ü. �â½n3.2,

Y ¥vk��ê, ¤± X 3 Q ¥vk���þ., =3 Q ¥Ø�3þ(.. Ón Y 3

Q ¥vke(.. Ïdknê8 Q Ø÷v(.�n.

e�½n`²½Â3.8¥kS8 S ÷vþ(.�nÚe(.�n*d´�d�.

½n 3.9 � S ´kS8, K S ÷vþ(.�n��=� S ÷ve(.�n.

y² Ø�� S ¥kþ.�f8�½kþ(., �y² S ¥?¿ke.�f8 E,

3S ¥ke(..

� E ´S ¥?¿ke.�f8, P E ¤ke.�8Ü�

E′ = {x | x ∈ S, x ´ E �e.}

K E ¥���Ñ´ E′ �þ., Ïd E′ kþ(.: α = supE′ ∈ S, �Ò´��þ.. ¤
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±é?¿� x ∈ E, k α 6 x, ù�ÒíÑ α ´E ���e..

� β ∈ S ´ E �?¿��e., K β ∈ E′, íÑ β 6 α, ¤± α ´E ���e.,

=: α = inf E ∈ S. aq�y² S ÷ve(.�n�½�÷vþ(.�n. �

£5¤¢ê��½Â

Ï~, ò�!S!kS�Ú(.�n�½Â¡�¢êún, Ó�5¿�XJ��8Ü

´kS�, §g,k�ÚS�(�. Ïd

½Â 3.10 ÷v¢êún�8Ü, ½÷v(.�n�kS�¡�¢ê�, P� R,
Ù¥��¡�¢ê.

5P 3¢êún¥, k�^e�ëY£��¤5únO�(.�n. ¯¢þüö´

���d�. �;Kæ^(.�nÌ�´�
�Y�í��B.

¤¢ëY£��¤5ún�½ÂXe:

½Â 3.11 � S ´kS8, XJé S ¥?¿ü���f8 X Ú Y , ��÷v

x 6 y, x ∈ X, y ∈ Y,

Ò�½�3 c ∈ S, ¦�
x 6 c 6 y.

@o¡ S ÷vëY£½��¤5ún.

½n 3.12 kS8S ÷vëY5ún, ��=� S ÷v(.�n.

y² é S, eëY5ún¤á, é?Û��kþ.8Ü X ⊂ S, -

Y = {y | y ∈ S ´ X �þ.},

Ïdé?¿� x ∈ X, y ∈ Y , k x 6 y. �âëY5ún, �½�3 c ∈ S, ¦�é?¿
� x ∈ X, y ∈ Y , k x 6 c 6 y. 1��Ø�ª`² c ´X �þ., 1��Ø�ª`² c

´X ���þ., Ïd X �þ(.�3 c = supX, d½n3.9, S ÷v(.�n.

��, e S ÷v(.�n, @o?�ü���f8X Ú Y , §�÷véu?Û

x ∈ X, y ∈ Y , k x 6 y. K Y ¥�?Û��Ñ´ X �þ.. �â(.�n, X 3

S ¥kþ(., P� c = supX, c ∈ S. �� X ¥��þ., k x 6 c 6 y é?¿�

x ∈ X, y ∈ Y ¤á, Ïd S ÷vëY5ún. �

2◦ ¢ê�9Ù5�

3�Ñ
¢ê�X�Ä�½Â�, e¡�½n´�;K�Ø%, §`²÷v¢êú

n�¢ê�´�3�.
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½n 3.13 ¢ê� R£=÷v(.�n�kS�¤́ �3�. ¿�¹knê� Q
��f�.

y²L§¢Sþ´���E¢ê�L§. 3�;K���!, ò0� Dedekind �

�E�{.

~ 3.3.2 3¢ê� R ¥, �3����¢ê÷v x2 = 2. dêP� x =
√

2 .

y² � E = {x | x2 < 2, x > 0} ´ R ¥��kþ.�f8Ü, Ï� R ÷v(.
�n, Ïd E kþ(. α = supE ∈ R.

e α2 < 2, -

α′ = α− α2 − 2

α + 2
=

2α + 2

α + 2
,

u´

α′ > α, α′2 − 2 =
2(α2 − 2)

(α + 2)2
< 0.

�Ò´ α′ ∈ E, � α′ > α, ù� α = supE gñ. Ón��üØ α2 > 2, Ïd�Uk

α2 = 2. ��5K´w,�, Ï�é?¿� 0 < x1 < x2, �âSún�5�k x21 < x22,

ÏdØ�UÓ��u 2. �

¢ê� R kü�A:µ�´AÛþw, ¢ê�ê¶þ�: 1-1 éA. Ïd/¢ê0

Ú/:0Ø2«©, ½¡ê´:��I. �ê!knê!ÃnêéA�:©O¡�/�ê

:0!/kn:0Ú/Ãn:0. �´ R ±9Ãnê�8ÜÑ´Ø�ê�£�1 1 ù½

n1.17 ¤.

Ø
þãA:, ¢ê��ke�­�5�.

½n 3.14 ¢ê� R ÷v

(i) Archimedes£CÄ��, ú�c287c-ú�c212c¤5µe x, y ∈ R � x > 0,

K�½�3���ê n, ¦�

(n− 1)x 6 y < nx.

e y > 0, K n > 0. e x = 1, Ké?¿¢ê y, �½�3�ê n, ¦�

n− 1 6 y < n.

(ii) knê3¢ê¥�È�5µe x, y ∈ R � x < y, K�½�3 c ∈ Q, ¦�

x < c < y.

y² é?¿ x > 0, � E = {nx | n ∈ Z}, bX y ´ E þ., @o E 3 R ¥�½
kþ(. α = supE ∈ R. Ï� x > 0, ¤± α − x Ø´ E �þ., �Ò´�3�ê m,

¦� mx ∈ E, α− x < mx, ù�Òk α < (m+ 1)x ∈ E, ù� α ´þ(.gñ. í� y

Ø´ E �þ., íÏd�½�3 n1 ∈ Z, ¦� n1x > y.
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òþã(JA^� x > 0 Ú −y ∈ R þ, K�3 n2 ∈ Z, ¦� n2x > −y . üö(Ü

å5, Ò´�3 n1, n2 ∈ Z, ¦�

−n2x < y < n1x.

P

S = {k | k ∈ Z, kx > y},

K S �¹ n1 Ïd��, Ó�é k ∈ S, k

k >
y

x
> −n2,

= −n2 ´ S ���e., �â1 2 ù~2.1.1'uke.�ê87k��ê�(Ø, S

¥k���ê n, ¦�

(n− 1)x 6 y < nx.

'u(ii) �y²Xe, du x < y, � y − x > 0, é y − x Ú 1, �â(i), �3�ê n,

¦�

n(y − x) > 1, ½ ny > nx+ 1.

Ï y − x > 0, ¤± n > 0 ´��ê. 2é 1 Ú nx |^ (i), �3�ê m ¦�

m− 1 6 nx < m.

nÜþãØ�ª, k

nx < m 6 nx+ 1 < ny.

Ï n > 0, l


x <
m

n
< y.

�

3◦ ýé�

¢ê�ýé�½Â�, é?¿� a ∈ R,

|a| =

a � a > 0;

−a, � a < 0.

ýé�÷v

(i) �½5: |a| > 0, �Ò¤á��=� a = 0;

(ii) é¡5: |a− b| = |b− a|;

(iii) n�Ø�ª: |a+ b| 6 |a|+ |b|.
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Ïdü�ê��ýé��ÑéAê¶þ:�ål.

§3.4 �¢ê��ê�Úéê

3¢ê� R ¥, n ��Ó¢ê a �¦�´��¢ê, P� an, ��ê n ¡��ê.

�!�8�´ò�êí2���¢ê x, �Ñ ax (a > 0) ´��¢ê�(�½Â.

,��¡, é�½¢ê a > 0, a 6= 1, �Ä�§ ax = y, eé?¿¢ê y > 0, �§k

���¢ê) x, K¡ x ´ y ± a �.�éê. ù�Ò�¤
�¼ê!�ê¼êÚéê

¼ê�½Â.

1◦ �¢ê��ê�

� a > 0, e¡ò©Oé�ê x ´�ê!knêÚ¢ê�/, �g?Øê ax �(�

½Â.

(1) � x = n ��ê�, ½Â a ��êg�Xe

an =



n︷ ︸︸ ︷
a · a · · · a, n > 0;

1, n = 0;(
1

a

)−n
, n < 0.

Ïd an ∈ R. �±�y, é�ê n,m, ÃØ�K, k

anam = an+m, anbn = (ab)n, a > 0, b > 0.

(2) � x =
1

n
£n ���ê¤�, =�y²�¢ê a � n g����35.

½n 3.15 é?¿¢ê a > 0 ±9?¿�ê n > 0, �3��¢ê y > 0 ÷v

yn = a. ¡ y � a � n g��, P� y = n
√
a ½ y = a1/n.

y² e�3ù�� y, w,´���, Ï��� 0 < y1 < y2, Òk yn1 < yn2 , ¤±Ø

�UÓ��u a. e¡y²�35, �

E = {t | t ∈ R, t > 0, tn < a},

Äk, E ´��8Ü: � t0 =
a

1 + a
, K tn0 < a, Ïd t0 ∈ E.

Ùg, E kþ.: � 1 + a ∈ R, é?¿ t ∈ E, tn < a < (1 + a)n, í� t < 1 + a, ¤

± 1 + a ´ E ���þ..
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�â(.�n, E 3 R ¥�3þ(. y = supE ∈ R. �y² yn = a, ��y²Ã

Ø´ yn < a ½´ yn > a Ñ¬��gñ.

b� yn < a, �

0 < h < 1, � h <
a− yn

n(y + 1)n−1
,

K

(y + h)n − yn = h
(
(y + h)n−1 + (y + h)n−2y + · · ·+ yn−1

)
< hn(y + h)n−1 < hn(y + 1)n−1 < a− yn,

í� (y + h)n < a, ¤± y + h ∈ E. � y + h > y, ù� y ´ E �þ(.gñ.

b� yn > a, �

k =
yn − a
nyn−1

,

K 0 < k < y. é?¿� t > y − k, k

yn − tn 6 yn − (y − k)n = k
(
yn−1 + yn−2(y − k) + · · ·+ (y − k)n−1

)
< knyn−1 = yn − a,

¤± tn > a, = t /∈ E, ùÒ¿�X y − k ´ E ���þ.. � y − k < y, Ïd� y ´

E ���þ.gñ. �

íØ 3.16 �¢ê a > 0, b > 0 ½ a1 > 0, · · · , am > 0 , ±9�ê n > 0, k

(ab)
1
n = a

1
n b

1
n , (a1 · · · am)

1
n = a

1
n
1 · · · a

1
n
m.

��- α = a1/n, β = b1/n, Òk

ab = αnβn = (αβ)n,

�â½n3.15 ¥���5�� (ab)1/n = αβ = a1/nb1/n. 1���ª�^8B{y².

(3) � x =
m

n
, (m,n) = 1, n > 0 �knê�, Äk3íØ3.16 ¥, � a1 = · · · =

am = a, Òk

(am)
1
n =

(
a

1
n

)m
,

Ïd, �¢ê a �knê��ê�Xe:

ax = (am)
1
n =

(
a

1
n

)m
∈ R,

¿�y²é?¿ü�knê x, y, k

axay = ax+y, (ax)y = axy, axbx = (ab)x, a > 0, b > 0.
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(4) � x ´?¿¢ê�, e a > 1, �Ä8Ü

E(x) = {ar | r ∈ Q, r < x},

@o�� r0 > x ´knê, ar0 Ò´ E(x) �þ.. �â(.�n, E 3 R ¥�3þ(
., Ïd½Â

ax = supE(x) ∈ R.

e a = 1, K½Â ax = 1.

e 0 < a < 1, K½Â

ax =

(
1

a

)−x
.

½n 3.17 � a ´�¢ê, x, y �?¿¢ê, K

ax+y = axay.

y² Ø�� a > 1. é?¿÷v r1 < x, r2 < y�knê r1, r2,kar1 ∈ E(x), ar2 ∈
E(y). Ï�knê r = r1 + r2 < x+ y, ¤±

ar1ar2 = ar 6 supE(x+ y) = ax+y,

dr1 < x, r2 < y �?¿5, íÑ

supE(x) supE(y) 6 supE(x+ y), = axay 6 ax+y.

��, é?¿�knê r < x+ y, �âknê�È�5, �knê r1 ÷v

x > r1 > x− x+ y − r
2

,

- r2 = r − r1, Kknê r2 ÷v

r2 = r − r1 < r −
(
x− x+ y − r

2

)
=
r − x+ y

2
< y.

Ïd

ar = ar1ar2 6 supE(x) supE(y) = axay,

�â r < x+ y �?¿5� axay ´ E(x+ y) ���þ., Ïd

xx+y = supE(x+ y) 6 axay.

Ïd, ½n¥�ª¤á. �

2◦ �¢ê�éê

3½Â
¢ê a > 0 �?¿g� ax = y �, y3�Ä_¯K.
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½n 3.18 � a > 0, a 6= 1, é?¿� y > 0, �§ ax = y k��¢ê) x, P�

x = loga y. ¡ x ´ y ± a �.�éê, AO, ±g,~ê e �.�éêP� ln y.

y² �§ ax = y ek), @o��5w,, ù´Ï�e ax1 = ax2 = y, �â¢ê

��ê��5�, k ax1−x2 = 1, Ïd x1 = x2.

�
y²)��35, ©ü«�¹?Ø.

(1) � a > 1 �, Ï�é?¿ b ∈ R, ab ´��¢ê, Ïd-

A(y) = {b | b ∈ R, ab < y} ⊂ R.

1�Ú�y² A(y) ��.

e y > 1, �����ê n >
a− 1

y − 1
, KdØ�ª£��ùSK 8¤

a− 1 > n(a
1
n − 1)

í� a1/n < y, =
1

n
∈ A(y).

e 0 < y 6 1, - a = 1 + α, α > 0, �����ê n >
1− y
yα

, Òk

an = (1 + α)n > 1 + nα >
1

y
,

¤± a−n < y, �Ò´ −n ∈ A(y). ÃØ y > 1 ½ 0 < y 6 1, A(y) ��.

1�Ú�y² A(y) kþ..

Ï a = 1 + α, α > 0, ���ê n >
y − 1

α
, K an > 1 + nα > y , ¤±é?¿

b ∈ A(y), k

ab < y < an,

íÑ b < n, = n � A(y) �þ.. �â(.�n A(y) 3 R ¥kþ(., P�

x = supA(y) ∈ R.

1nÚ�y² x ÷v�§ ax = y.

�d��üØ ax < y Ú ax > y =�.

e ax < y, - y′ = ya−x > 1, �â1�Úy²(J, �3��ê n, ¦�
1

n
∈ A(y′),

�Ò´ a1/n < y′ = ya−x, í� ax+1/n < y, l
 x < x +
1

n
∈ A(y), ù� x = supA(y)

�gñ.

Ón�üØ ax > y.

ù�� a > 1 �, Òy²
�§ ax = y k���¢ê) x. �Ò´é¢ê y > 0, ½

Â
y �éê x = supA(y) = loga y.



3.5 �?��ê 83

(2) � 0 < a < 1 �,
1

a
> 1, é¢ê

1

y
, y > 0, �â (1) �y², �§(

1

a

)x
=

1

y

k), �Ò´ ax = y k). �

½n 3.19 � a > 0, é y1 > 0, y2 > 0, k

loga(y1y2) = loga y1 + loga y2.

y² - x1 = loga y1, x2 = loga y2, K ax1 = y1, a
x2 = y2, U
í�

ax1+x2 = y1y2.

�â½n3.18 ¥)��3��5, é y1y2 > 0, �3��� x ¦� ax = y1y2, =���

½n�(J. �

5P 16!17 ­V, Napier£B��, 1550 - 1617¤3ïÄU©ÆL§¥�
{zO

�
u²
éê. éê�u²�U©!Ê°±9ó§��¡?nE,O�u�
ã��

^, �¡�êÆ¤þ­�uy. Galileo£³|Ñ, 1564 - 1642¤Q�da'�: /�·�

m!�m9éê, ·Ò�±ME���».0����K���.

Napier 3u²éê�, ¿vk¿£��êÚéêp_'X, �Ï´���vk�ê

²(Vg. Ïdéê�u²@u�ê. ��18 ­V, Euler âuy
�êÚéêp_'

X, ¿Äk¦^�ê ax = y 5½Âéê x = loga y. Ó��Ñ:/éê
u�ê0. �±

` Napier l¢S¯K¥u²
éê, Euler 3êÆ¥uy
éê�
Þ.

§3.5 �?��ê

� x > 0 ´¢ê, �âArchimedes 5, �3�K�ê a0 > 0, ¦�

a0 6 x < a0 + 1.

é 0 6 10(x− a0) < 10, 2|^Archimedes 5, �3�K�ê a1, ¦�

a1 6 10(x− a0) < a1 + 1

½

a0 +
a1
10
6 x < a0 +

a1
10

+
1

10
.
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w, 0 6 a1 < 10 ½ 0 6 a1 6 9.

e�3 0 Ú 9 �m��K�êa1, a2, · · · , an ¦�

a0 +
a1
10

+
a2
102

+ · · ·+ an
10n
6 x < a0 +

a1
10

+
a2
102

+ · · ·+ an
10n

+
1

10n

Ké

0 6 10n+1
(
x− a0 −

a1
10
− a2

102
− · · · − an

10n

)
< 10

|^Archimedes 5, �3�K�ê 0 6 an+1 6 9, ¦�þªé n+ 1 �¤á.

- E ´UþãÚ½���ê�8Ü

E =
{
a0 +

a1
10

+
a2
102

+ · · ·+ an
10n

,
∣∣∣ n = 0, 1, 2. · · · ,

}
K x ´ E 3 R ¥�þ., Ïd E 3 R ¥kþ(.. e¡�`² x = supE.

eØ,, - x′ = supE < x, @o

0 < x− x′ < 1

10n
, n = 1, 2, · · · ,

ù´Ø�U�. Ïd x = supE, §�L«�e��ê/ª

x = a0.a1a2 · · · an · · · = a0 +
a1
10

+ · · ·+ an
10n

+ · · ·

Ù¥ 0 6 a1, a2, · · · , an, · · · 6 9.

AÛþw'��*, À½ a0 6 x < a0 + 1 �, òê¶þ± a0 Ú a0 + 1 �à:�«

m [a0, a0 + 1] ?110 �©, ÀJ���©«m[
a0 +

a1
10
, a0 +

a1 + 1

10

]
, 0 6 a1 6 9,

¦�

a0 +
a1
10
6 x < a0 +

a1
10

+
1

10
,

Xde�Ò�� x ��?�L«. �,ù«AÛ£ã=´���*þ�Ð«.

XJr x = a0.a1a2. · · · .an · · · ¥�êÜ©L«�

a0 = bs · · · b0 = bs10s + · · ·+ b0,

Ù¥ 0 6 bi 6 9, bs 6= 0, @o

x = bs · · · b0.a1 · · · an · · ·

= bs10s + · · ·+ b0 +
a1
10

+ · · ·+ an
10n

+ · · · ,

Ù¥0 6 bi 6 9, bs 6= 0, 0 6 a1, a2, · · · , an, · · · 6 9.

éu�êÜ©, kn«�U.
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1◦ k��ê

e a1, a2, · · · , an, · · · ¥�kk���", Ø�� aj = 0, j > m, @o

x = a0.a1a2 · · · am = a0 +
a1
10

+ · · ·+ am
10m

.

¡�k��ê. Ï©��±L«¤©ê/ª x =
b

10m
, Ù¥ b ´���ê. XJ b Ú

10m kúÏf, �±{z¤Ø��©ê. �´¿Ø´¤kknêÑ�±L«¤k��ê.

~X
5

11
ÒØUL«�k��ê. ù´Ï�bX

5

11
=

b

10n

K 5 · 10n = 11 · b, íÑ 11 U�Ø 10n. ùw,´Ø�U�.

2◦ Ã�Ì��ê

e a1, a2, · · · , an, · · · ¥ÑyÃ�Ì��¹, =l,� an m©, �3����ê k,

¦� an+1, an+2, · · · , an+k ­EÑy, ½ö`� n+ l � n+ j � k ���, k

an+l = an+j � l ≡ j (mod k), j = 1, 2, · · · , k

ù���ê¡�Ã�Ì��ê, P�

x = a0.a1a2 · · · anȧn+1 · · · ȧn+k

@o

10n(x− a0.a1a2 · · · an) = 0.ȧn+1 · · · ȧn+k

¤±

10n+k(x− a0.a1a2 · · · an) = an+1 · · · an+k + 0.ȧn+1 · · · ȧn+k

= an+1 · · · an+k + 10n(x− a0.a1a2 · · · an)

)�

x = a0.a1a2 · · · an +
an+1 · · · an+k
10n+k − 10n

¤±Ã�Ì��ê´knê.

��,?¿knê, XJØ´k��ê, K�½´Ã�Ì��ê. ~X,
5

11
= 0.4̇5̇.

���¹e, �
p

q
´knê, Ù¥ 0 < p < q, (p, q) = 1, K�3��ê r ¦�

10r−1p < q, 10rp > q
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�
{z,Ø�� r = 1 �Ò´

p < q, 10p > q

|^�ê��{Ø{, k

10p = a1q + p1, 0 6 p1 < q

Ïd, Ù¥� a1 ÷v

a1p < a1q 6 10p,

í� 0 6 a1 < 10, = a1 ´ 0, 1, · · · , 9 ¥,��ê. ¤±

p

q
=
a1
10

+
1

10

p1
q
.

é
p1
q
­EþãL§

p1
q

=
a2
10

+
1

10

p2
q

¤±
p

q
=
a1
10

+
a2
102

+
1

102
p2
q

Xde� 0 6 an 6 9, 0 6 pn < q , e,�{ê pn = 0, KþãL§ª�,
p

q
Ò´k��

ê, e¤k{ê pn 6= 0, K3 0 � q �k���ê¥,7kü�{ê��, Ïd�{Ø{

­E?1, ù�Ò�)
Ã�Ì��ê. o�kXe(Ø:

½n 3.20 ê a ´knê, ��=� a �L«��?�k��ê½Ã�Ì��ê.

3◦ Ã�ØÌ��ê

3�?��ê

x = a0.a1a2. · · · .an · · · (0 6 a1, a2, · · · , an, · · · 6 9)

¥, Ø
cü«�¹�	, a1, a2, · · · , an, · · · ¥QØ´k���", �ØÑyÌ�, Ïd

¡�Ã�ØÌ��ê, ù��êØ2´knê, §��´ R ¥�Ãnê.

5P �?�´�~^�OêXÚ, �,��±æ^Ù§?�5Oê. ~X�?�,

=?ÛêÑ�L«�

x = bs · · · b0.a1 · · · an · · ·

= bs2
s + · · ·+ b0 +

a1
2

+ · · ·+ an
2n

+ · · · ,

d� 0 6 bi 6 1, i = 0, · · · , s; bs 6= 0, ±9 0 6 ai 6 1, i = 1, 2, · · · . �Ò´
bi Ú ai �U´ 0 ½ 1. ~X 0, 1, 10, 11, 100, 101, 110, 111, 1000, 1001, 1010 ©OL«
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0, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10 ��. 5¿�þª�êÜ©
a1
2

+ · · · + an
2n

+ · · · �UÑyÃ�
¦Ú, ��â1 1 ù, §´Âñ�.

�?�´dLeibniz£4ÙZ[, 1646-1716¤u300 õcc�Ñ�. �3y�êi>

f>´¥, Ü6��¢y��A^
�?�, Ïdy�O�ÅÚ�6O�Å��¥Ñ^

��?�. �?�ê�z� , ¡���'A£Binary digit, {�� Bit¤, ~X 1010 ´

4 'A.

§3.6 Dedekind©�∗

�!ò0� Dedekind �g�, �Ñ¢ê��35£½n3.13¤�y² .

Dedekind ^knê� Q �©�5½Â¢ê, ¿y²ù�½Â�¢ê÷v¢êún,

¿�¹ Q ��f8Ü , Ïd�Ñ
½n3.13 �«�E5y².

1◦ knê�©�

½Â 3.21 eòknê� Q ©�¤ü����Ø��f8A Ú A′:

Q = A ∪ A′, A ∩ A′ = φ,

¦�é?¿ a ∈ A Ú a′ ∈ A′, ka < a′. K¡� Q ���©�, P� A|A′, Ù¥ A ¡

�©��e|, A′ ¡�©��þ|.

l8Ü�Ýw, A Ú A′ 3 Q ¥p�{8£½Â1.12¤:

A = Q \ A′ = {a | a ∈ Q, � a /∈ A′};

A′ = Q \ A = {a′ | a′ ∈ Q, � a′ /∈ A}.

Ïd�Ù��, Ò�Ù,��. �­��´, �k�y
é?¿ a ∈ A, a′ ∈ A′, ka < a′,

A|A′ â´©�.

lAÛ�Ýw, ��©�¢Sþ´rê¶þ¤kkn:©¤�>Ü©£=/e|0¤

Úm>Ü©£=/þ|0¤.

©�kn«�Uµ

£1¤3e|ASÃ��ê,
3þ| A′ Sk��ê r,

A = {a | a ∈ Q, a < r}, A′ = {a′ | a′ ∈ Q, a′ > r};

£2¤3e|ASk��ê r, 
3þ| A′ SÃ��ê,

A = {a | a ∈ Q, a 6 r}, A′ = {a′ | a′ ∈ Q, a′ > r};
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£3¤3e|ASÃ��ê, þ| A′ S�Ã��ê, ~X

A = {a | a ∈ Q, a < 0; ½ a > 0 � a2 < 2},

A′ = {a′ | a′ ∈ Q, a′ > 0 � a′2 > 2}.

Ï�©�´éknê� Q �©�, ùp¤`�/ê0�,´�knê.

þãn«©�¥, cü«þ|Úe|±knê��²(©.�, ¡� kn©�. �


(½å�,·��½µ�´`�kn©��,~r��©.��knê r �3þ|S,

ù��I�Ä1�«Ú1n«©� . Ø+´1�«�´1n«©�, ©��e|SÑÃ

��ê.

@o¬Ø¬k1o«�U�©�Qº=©� A|A′ ¥, e|k��ê, þ|k��ê.

¯¢þ, ù�©�Ø�U�3. �±æ��y{\±`²µ

bX�3 Q ���©� A|A′, ¦� A k��ê a∗ ∈ A, 
 A′ k��ê b∗ ∈ A′.
�â©��½Â, k a∗ < b∗. �´, knê c =

a∗ + b∗

2
÷v a∗ < c < b∗, = c �ue|

���ê, �uþ|���ê, ¤± c QØáue| A, qØáuþ| A′, ùw,� A

Ú A′ ´ Q ���©�gñ.

Dedekind �g�´��©�éA��/ê0, �©�´kn©��, éA�êÒ´

knê, ~X 0 , 1 Ú���knê r ©O�

0 = A0|A′0, A0 = {a| a < 0}, A′0 = {a′| a′ > 0};

1 = A1|A′1, A1 = {a| a < 1}, A′1 = {a′| a′ > 1};

r = Ar|A′r, Ar = {a| a < r}, A′r = {a′| a′ > r}.

�©�Ø´kn©�, =´£3¤¥/ª�©��, ÒéA��#�/ê0, ¡�/Ã

nê0. Ïdr¤k©��¤�8Ü½Â¤¢ê8Ü.

½n 3.22 e�8Ü÷v¢êún, Ïd�Ñ
��¢ê�..

R = {A|A′
∣∣∣ Q �¤k©�}

e¡Ò�Å��yþã8Ü´kS�, Ó�÷v(.�n, Ïd§Ò´½n3.13 ¥

¤�¦�¢ê�. ùp==�y±eo:, �´XÛ3ü�©��m½Â/��0, �´

ü�©�No�\{, n´ü�©�XÛ�¦, o´ù
d©�/¤�8Ü R ÷v(.
�n. Ù§�y�Öög1�¤.

2◦ ©��S

� α = Aα|A′α, β = Aβ|A′β ´ü�©�, K�â©�½Â, �o Aα ⊂ Aβ (Ïd

A′β ⊂ A′α), �o Aβ ⊂ Aα (Ïd A′α ⊂ A′β). âd, ½Â α Ú β �SXe:
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� Aα  Aβ (Ïd�k A′β  A′α ) �,Ò½Â α < β.

� Aβ  Aα (Ïd�k A′α  A′β) �, Ò½Â α > β.

� Aα = Aβ (Ïd�kA′α = A′β ) �, Ò½Â α = β.

ù�Ò½Â
©��m�«S£�Ò /́��0¤. �±�yþã½Â÷vSúnk

'5�.

AO, éu��©� α = Aα|A′α, XJ Aα �¹�knê, K A0 ⊂ Aα, ¤± α > 0,

�� α 6 0.

3◦ ©��\{

5� 3.23 � α = Aα|A′α, β = Aβ|A′β ´ü�©�, -

Aγ = {a+ b | a ∈ Aα, b ∈ Aβ}, A′γ = Q \ Aγ ,

K§��Ñ Q ���©� γ = Aγ|A′γ.

y² w, Aγ , A′γ Ñ´knê�f8Ü, �

Q = Aγ ∪ A′γ , Aγ ∩ A′γ = φ.

Ïd�y² Aγ|A′γ ´ Q ���©�, Ò´�y²é?¿� c = a + b ∈ Aγ , c′ ∈ A′γ , k

c < c′.

é?¿� a ∈ Aα, c′ ∈ A′γ , �	 c′ − a 3©� Aβ|A′β �þ|�´e|.

ec′ − a ∈ Aβ, K�3 d ∈ Aβ ¦� c′ − a = d, íÑ c′ = a + d ∈ Aγ , ù� A′γ �

½Â�gñ. Ïd c′ − a �U3 Aβ|A′β �þ|: c′ − a ∈ A′β. ¤±é?¿� b ∈ Aβ,

kc′ − a > b, = c′ > a+ b = c. �

½Â 3.24 (\{) ?¿ü�©� α = Aα|A′α, β = Aβ|A′β �\{½Â�:

γ = α + β.

Ù¥©� γ = Aγ|A′γ d5�3.23�Ñ.

ØJ�yù�½Â�\{÷v��ÆÚ(ÜÆ. �´, 'u\{� 0 �ÚK��I

�?�Ú²(, �dke�ü�5�.

5� 3.25 é?¿� α = Aα|A′α, ±9 0 = A0|A′0, k

α + 0 = α.

y² �â5�3.23, α + 0 = γ = Aγ|A′γ ´��©�, Ù¥

Aγ = {a+ b | a ∈ Aα, b ∈ A0},



90 1 3 ù ¢ê

e¡�y² γ = α.

��¡du b ∈ A0, = b < 0, é?¿� a ∈ Aα, a′ ∈ A′α, íÑ a + b < a < a′, ¤

±a+ b ∈ Aα. ù�Òy²
 Aγ ⊂ Aα.

,��¡, du Aα vk��ê, ?� a ∈ Aα, �½�3knê ã ∈ Aα ¦� ã > a.

P b = a− ã < 0, ¤± b ∈ A0, �â Aγ �½Â, a = ã+ b ∈ Aγ , íÑ Aγ ⊃ Aα.

nÜü�¡(Ø, k Aγ = Aα, �Ò´ α + 0 = α. �

5� 3.26 éu?¿©� α = Aα|A′α, ½Â

Aβ = {b | �3 a′ ∈ A′α, ¦� b < −a′}, A′β = Q \ Aβ,

K β = Aβ|A′β ´��©�, � α + β = 0, = β = −α ´ α �K�.

y² ?� b ∈ Aβ , �3 a′ ∈ A′α, ¦� b < −a′. ?� b′ ∈ A′β, = b′ /∈ Aβ, ¤±é

u?¿ a′ ∈ A′α, k b′ > −a′ > b. ù�Ò�y
 Aβ|A′β ´��©�.

Ùg�y² α + β = 0 , �Ò´�y²

Aγ = {a+ b | a ∈ Aα, b ∈ Aβ} = A0.

?� a + b ∈ Aγ , a ∈ Aα, b ∈ Aβ, �â Aβ �½Â, �3a′ ∈ A′α ¦� b < −a′, ½
−b > a′, íÑ −b > a′ > a ½ a+ b < 0, �Ò´ a+ b ∈ A0, = Aγ ⊂ A0.

�L5, ?� c ∈ A0, c < 0 , ½ −d > 0. ¤±3©� Aα|A′α ´¥, ©O�3 a ∈ Aα
Ú a′ ∈ A′α ¦� 0 < a′ − a < −c, íÑ −a′ > −a+ c.

P b = −a+c < −a′,�â Aβ �½Â� b ∈ Aβ. Ïd c = a+b,Ù¥ a ∈ Aα, b ∈ Aβ,

�Ò´ c = a+ b ∈ Aγ . ù�Òy²
 A0 ⊂ Aγ . �ª� Aγ = A0. �

4◦ ©��¦{

� α = Aα|A′α, β = Aβ|A′β ´ü�©�, �
½Âüö�m¦{, ©Xeo«�¹

£1¤α > 0, β > 0;

£2¤α < 0, β < 0;

£3¤α > 0, β < 0;

£4¤α < 0, β > 0.

éu£1¤, ke�5�:

5� 3.27 � α > 0, β > 0,, -

Aγ = {c | c < 0, ½ö�3 a ∈ Aα, b ∈ Aβ, a > 0, b > 0 ¦� c = ab},

A′γ = Q \ Aγ ,
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K γ = Aγ|A′γ ´ Q ���©�.

y² e β = 0, Aβ = A0. �â½Â, Aγ = {c | c < 0} = A0, A
′
γ = A′0, ¤± Aγ|A′γ

´��©�, � 0 = α · 0.

e β > 0, ?� c ∈ Aγ , c′ ∈ A′γ , w, c′ > 0.

XJ c < 0, íÑ c < c′;

XJ c > 0, �â Aγ �½Â, �3 a > 0, b > 0, ¦� c = ab.

�	
c′

b
> 0, e

c′

b
∈ Aα, í� c′ =

c′

b
b ∈ Aγ , gñ. Ïd

c′

b
∈ A′α, �Ò´

c′

b
> a,

�ª��� c′ > ab = c. ¤±Aγ|A′γ ©�. �

5�3.27¥½Â�©� γ = Aγ|A′γ �½Â�α = Aα|A′α > 0, β = Aβ|A′β > 0 �¦

È. �
½ÂÙ¦�/e©��m�¦È, Äk�½Â©��/ýé�0.

½Â 3.28 ©� α = Aα|A′α �ýé�|α|½Â�

|α| =
{

α, eα > 0;

−α, eα < 0.

½ö` |α| éA�©� |α| = A|α||A′|α| ÷v

A|α| =

{
Aα, eα > 0;

A−α, eα < 0.

ùp A−α �½Âd5�3.26 �Ñ.

w, |α| > 0, ¿� |α| = 0 ��=� α = 0.

½Â 3.29 (¦{) éu©� α = Aα|A′α, β = Aβ|A′β ,

e α > 0, β > 0, K§��¦È½Â�:

αβ = γ,

Ù¥©� γ = Aγ|A′γ d5�3.27�Ñ.

|^±þ½ÂÚ©��ýé�, Ù§�/©��¦È½ÂXe:

αβ =


−|α||β|, e α > 0, β 6 0,

−|α||β|, e α 6 0, β > 0,

|α||β|, e α < 0, β < 0.

��?Ø�"©��_.

5� 3.30 XJ©� α > 0, α = Aα|A′α, ½Â

Aβ =

{
b | b 6 0 ½ö�3 a′ ∈ A′α, ¦�b <

1

a′

}
, A′β = Q \ Aβ,
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K β = Aβ|A′β ´��©�, � αβ = 1. β ¡� α �_, P� β = α−1.

XJα < 0, @o§�_½Â�−(−α)−1.

y² ?� b ∈ Aβ, b > 0, �â Aβ �½Â, �3 a′ ∈ A′α, ¦� b <
1

a′
.

?� b′ ∈ A′β£w, b′ > 0¤, Ï� b′ /∈ Aβ, ¤±é?¿�a′ ∈ A′α, Ñkb′ >
1

a′
, dd

íÑ b < b′ , = β = Aβ|A′β ´��©�.

�â¦{, P γ = α · β, γ = Aγ|A′γ , Ù¥ Aγ Ú A′γ �½Âd5�3.27 �Ñ. y3

�y² γ = 1, =´�y² Aγ = A1.

?� c ∈ Aγ ,e c < 0,w,k c ∈ A1. e c > 0,K�3 a ∈ Aα, b ∈ Aβ, a > 0, b >

0, ¦� c = ab. du b > 0, ¤±�3 a′ ∈ A′α ¦� b <
1

a′
, dd� c = ab <

a

a′
< 1. ù

�Äky²
 Aγ ⊂ A1.

��, ?� c ∈ A1, e c < 0, w,k c ∈ Aγ . e c > 0, |^knê�È�5£�

§3.1¤, ©±eü«�¹?Ø:

� A′α k��ê�, P r ∈ A′α ´��ê, Ï α > 0, ¤± r > 0.

� cr < a < r, K a ∈ Aα. � b =
c

a
, K�3 a′ ∈ A′α ¦� r < a′ <

a

c
, ½ b <

1

a′
, í

Ñ b ∈ Aβ ¦� c = ab ∈ Aγ .

� A′α Ã��ê�, � a ∈ Aα, a > 0, �3�K�ê n, ¦�

a1 =
a

cn
∈ Aα, �´ a′1 =

a

cn+1
∈ A′α,

Ï a′1 Ø´ A′α ���ê, ¤±�3 a′ ∈ A′α, ¦� a′1 > a′. P b1 =
1

a′1
, K

b1 =
1

a′1
<

1

a′
,

¤± b1 ∈ Aβ, ù�Ò��

c =
a

cn
cn+1

a
=

a

cn
1

a′1
= a1b1 ∈ Aγ ,

�Òy²
 Aγ = A1, �Ò´ α · β = γ = 1. �

'uS�D45!\{Ú¦{���Æ!(ÜÆ±9¦{é\{�©�Æ'�{ü,

Öö�±g1�¤�y.

5◦ kS�

3�y
©��S!\{!¦{�, ���y©��¤�8Ü÷vkS��½Â.

5� 3.31 8Ü

R = {A|A′
∣∣∣ Q�¤k©�}
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´kS�.

y² ��y² R ÷vkS�½Â3.5¥^�=�.

� α = Aα|A′α, β = Aβ|A′β, γ = Aγ|A′γ . e α < β, K�â©��S, k

Aα  Aβ,

2d©�\{�5�3.23, k

α + γ = Aα+γ|A′α+γ , β + γ = Aβ+γ|A′β+γ ,

Ù¥

Aα+γ = {a+ c | a ∈ Aα, c ∈ Aγ}, A′α+γ = Q/Aα+γ ,

Aβ+γ = {b+ c | b ∈ Aβ, c ∈ Aγ}, A′β+γ = Q/Aβ+γ ,

dAα  Aβ, íÑ Aα+γ  Aβ+γ , ù�Òd α < β íÑ α + γ < β + γ.

e¡y²dα > 0, β > 0, íÑ αβ > 0.

�â©��¦{£5�3.27¤, k αβ = Aαβ|A′αβ, Ù¥

Aαβ = {c | c < 0, ½ö�3 a ∈ Aα, b ∈ Aβ, a > 0, b > 0 ¦� c = ab},

A′αβ = Q/Aαβ.

Ï� α > 0, ¤±3 α = Aα|A′α ¥,

A0  Aα,

�Ò´�3knê a0 ∈ Aα ÷v a0 > 0. Ón3 β = Aβ|A′β ¥, �3knê b0 ∈ Aβ ÷
v b0 > 0. Ïd Aαβ ¥�¹��knê a0b0, �Ò´, A0  Aαβ, ½ αβ > 0. �

6◦ (.5£��5¤

���y©��8Ü÷v(.�n.

5� 3.32 8Ü

R = {A|A′
∣∣∣ Q�¤k©�}

÷v(.�n.

y² �

X = {α = Aα|A′α} ⊂ R

´ R ¥kþ.f8Ü, β = Bβ|B′β ∈ R ´ X ���þ., =éu?¿ α = Aα|A′α ∈ X,

k α 6 β, �Ò´ Aα ⊂ Bβ. @oÄk�y

Aα0 =
⋃
α∈X

Aα, A′α0
= Q \ A0
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´ Q ���©�.

é?¿� a ∈ Aα0 , �3,� α ∈ X, ¦� a ∈ Aα; é?¿� b ∈ A′α0
, íÑ

b /∈ Aα, α ∈ X, ¤± a < b.

Ùg�y α0 = Aα0|A′α0
´ X þ(.. é?¿ α = Aα|A′α ∈ X,

Aα ⊂ Aα0 , A
′
α0
⊃ A′α,

¤± α0 > α ´ X �þ.. e β = Aβ|A′β ´ X �,��þ.: α 6 β, α ∈ X, K

Aα ⊂ Aβ é?¿ α = Aα|A′α ∈ X ¤á, ddíÑ Aα0 ⊂ Aβ, = α0 6 β. ¤±α0 ´��

þ.. �

5P �,d Dedekind ©�½Â� R ÷v¢êún, ��`²knê� Q ´§�
f�, I��Xe�Ä. ÄkP R ¥¤kkn©�£=1�«©�¤�8Ü� Q∗, ,�
�Ä Q∗ �knê� Q ¥��âÚS���5, Ò�r Q w¤ R �f�.
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1 3 ùSK

1. � n Ø´��²�ê���ê, y²
√
n ´Ãnê.

2. y²: Ø�3²�� 12 �knê.

3. y²:
√

3 Ú
√

3
2 ÑØ´knê.

4. y²:
√

2 +
√

3 +
√

5 Ø´knê.

5. y²: �3ü�Ãnê a, b, ¦� ab ´knê.

J«: ��Ä

x =
√

2

√
2

= 2
√
2/2,

�â §3.4 ¥'u�¢ê�ê��?Ø, x ´��¢ê, Ïd x �o´knê, �o

´Ãnê, ÃØ=«�¹, ÑíÑ�K(Ø¤á. 5¿, �KØ´y² x �.´k

nê, �´Ãnê, 
´�y²�3ü�Ãnê a, b, ¦� ab ´knê.

6. Áy²Ø�ª b− 1 > n(b1/n − 1), ùp b > 1, n ´��ê.

7. �y8Ü Q(
√

2) = {r + s
√

2 | r, s ∈ Q} ´��ê�.

8. d¢êúny²e��ª¤á

(1) e x+ y = x+ z, K x = z; (2) e x 6= 0, xy = xz, K y = z;

9. � A ´ R ¥��ke.�f8, - −A = {x | − x ∈ A}, y²

inf A = − sup(−A).

10. � A Ú B ´ R ¥ke.�f8, S = A ∪B, Áy² S kk��e(., ¿�

inf B = min{inf A, inf B}.

11. � E ´ R ¥kþ.f8, supE /∈ E, K�½�3Ã¡ê� {xn} ⊂ E, ¦�

lim
n→+∞

xn = supE.

J«: `²�3 xn ∈ E, ÷v supE − 1

n
< xn < supE, 2^4�½Â�¤y².

12. y² R þ?¿Ã��üüpØ���m«m/¤�8Ü´�ê�.

J«: |^knê�È�5£�½n3.14¤Úknê8��ê5.

13. � E ´«m [0, 1] ¥¤kknê8Ü. Áy�ÏL��± E ¥?¿knê�¥%

�m«m, ¦�ù
m«mo�ÝØ�L
1

2
.
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J«: �, E 3[0, 1] ¥È�, ��ê, ¤± E = {r1, r2, · · · , }, ± rn �¥%��

��m«m, ÏL��m«m�Ý, ¿|^Ã�¦Ú�ª�Ñm«mo�Ý�þ

..¯¢þ, �±ÏL����m«m��Ý, ¦���Ü©�o�ÝØ�L?¿�

�ê.

14. � ξ ´��Ãnê, y²8Ü S = {m+ nξ | m,n ∈ Z} 3 R¥È�.

J«: é?¿ l ∈ Z, S ÷v5�: l(m + nξ) ∈ S, (m + nξ) ± (m′ + n′ξ) ∈ S. ?
� a < b, �y�3 S ¥ê0uüö�m. Ø�� 0 < a < b. éu?¿��ê i,

P ni = −[iξ]£[x] L«��¤, @o xi = ni + iξ ∈ S ÷v 0 < xi < 1. ���ê

k, ¦�
1

k
< b − a, @o S ¥ k + 1 �ê x1, x2, · · · , xk+1, ��k�é xi, xj ÷v

0 < xj − xi <
1

k
. 2|^ Archimedes 5£½n3.14¤, �3÷v n(xj − xi) > a ��

���ê n, ,�`² n(xj − xi) < b, ��|^ S �5�9��¤y².
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Eê�,´¥Æ7ÆSN, ��
�±��5, ùp�´{�£�Eêå
!Eê

Ä�$�±9AÛ¹Â.

§4.1 Eêå
ÚEê�

Eê{¤�±Jã�16­V. ¯Kå
y3w5Ò´�ê�§¦�¯K. ~X, éu

�ê�Xê�g�ê�§

ax+ b = 0, a, b ∈ Z, a 6= 0,

XJ a ØU�Ø b, @oT�§3�ê��Svk), 7Lr�ê*¿�knêâkk

nê) x = −a
b

. éu�g�§

x2 − 2 = 0,

3knê�SØ�3), Ïdknê�Ø
^
, �k3�2�¢ê��S�§âk)

x =
√

2.

,
, =¦´¢ê��S, �Ã{)û¤k�g�ê�§¦)¯K. ~X�§

x2 + 1 = 0

Òvk¢ê).

{¤þ�k���©Í¶¯K, =XÛr 10 ©¤üÜ©, ¦ÙÈ�u 40. w,ù�

¯KÒ´¦�g�ê�§�)

x(10− x) = 40,

�´, T�§�vk¢ê).

�Xl�ê*¿�knê, lknê*¿�¢ê��, UÄUY*¿ê�, ¦�

3�5��SØ�)�§, 3*¿�ê�¥�). E,±þãü��§�~, XJU

ìÏ~¦)�{, K�§ x2 + 1 = 0 )� x± = ±
√
−1, 
�§ x(10 − x) = 40 )´

x± = 5±
√
−15 . ùÒ-�
��#¯K, KêXÛm²��º

�¦3¢ê�¥vk¿Â�Kêm�C�k¿Â, ·�Ú?��#�/ê0

i =
√
−1,

§ÑlÄ��$�5Kµ

i2 = −1.
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Ú?�ù�/ê0 i Ò´��ÎÒ, §Ã{�Ù§ê��^5Oê, Ïd¡�Jêü .

XJ i U
�Ù§¢ê��?1\{Ú¦{$�, ¿©ª5¿ i2 = −1, @oÒ�)
�

a#ÎÒ

z = x+ iy, x, y ∈ R,

¿¡�Eê, x ¡�Eê z �¢Ü, y ¡�Eê z �JÜ, ©OP�

x = Re(z), y = Im(z).

éu¢Ü�"�Eê, ¡�XJê, 
JÜ�"�EêÒ´¢ê. ü�Eê��, ��=

�üö¢ÜÚJÜ©O��. ^PÒ C L«�ÜEê8Ü:

C = {x+ iy
∣∣∣ x, y ∈ R}.

ù��§ x2 + 1 = 0 Ú x(10− x) = 40 )Ò©Od#ÎÒ ±i Ú 5± i
√

5 L«, ½ö`

§�3Eê C ��S�).

é?¿ü�Eê

z1 = x1 + iy1, z2 = x2 + iy2,

§��m�$�½ÂXe

z1 ± z2 = (x1 ± x2) + i(y1 ± y2)

z1z2 = (x1 + iy1)(x2 + iy2) = x1x2 + i(x1y2 + x2y1) + i2y1y2

= (x1x2 − y1y2) + i(x1y2 + x2y1)

Ïdü�Eê�\~�´Eê, ü�Eê�¦�´Eê. ØJ�y$�÷v\{Ú¦{

���Æ!(ÜÆÚ©�Æ. AO

(x+ iy)(x− iy) = x2 + y2

´��¢ê. ¡Eê z = x− iy �Eêz = x+ iy ��Ý Eê, P

|z|2 = zz = x2 + y2.

¿¡ |z| � z ��. Ó��±½Â"� 0 = 0 + i0 Úü � 1 = 1 + i0, w, z �"��

=� |z| 6= 0.

é?Û�" z = x+ iy, §�_½Â�

z−1 =
x

x2 + y2
− i

y

x2 + y2

÷v zz−1 = z−1z = 1. Ïdü�Eê z1 = x1 + iy1, z2 = x2 + iy2 (|z2| 6= 0) �Ø{�

z1
z2

=
x1 + iy1
x2 + iy2

=
(x1 + iy1)(x2 − iy2)

(x2 + iy2)(x2 − iy2)

=

(
x1x2 + y1y2
x22 + y22

)
+ i

(
y1x2 − x1y2
x22 + y22

)
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Eê8Ü C 3\{Ú¦{$�eµ4!äk"�Úü �, ¿��"��_, Ïd

÷v��½Â3.3 , ¡ C �Eê�, §�¹¢ê� R£JÜ�"�Eê�8Ü¤, Ïd´

¢ê��*¿. ,
, e�½nNy
Eê��¢ê��m«O.

½n 4.1 Eê�Ø�U¤�kS�.

y² �âkS�½Â3.5 Ú5�3.6, kS��A:��´�"���²���. b

X�3�«S'X¦� C ÷vkS��½Â3.5, Ï� i 6= 0, � i2 = −1 < 0, gñ, ¤±

C Ø�U´kS�. �

5P 3Eê� C ¥, �±½ÂS'X, ¦Ù¤�kS8Ü£�SK 4¤, �½n 4.1

`²ÃØ�oS'X, ÑØ�U¦ C ¤�kS�.

§4.2 Eê�AÛ¹ÂÚ Euler úª

��Eê z = x + iy 1-1 éA��ê| (x, y) ,rùê|w¤´���IX Oxy e

²¡þ: P ��I, EêÒéA²¡þ��:, Ò�r¢ê�ê¶þ�: 1-1 éA�

�. Ï~�^Eê z = x + iy L«Oxy ²¡þ�: P (x, y). AO, 0 = 0 + i0 éA�I

²¡þ�: O, ¢ê£=JÜ�"Eê¤éA x ¶þ:, 
XJê£¢Ü�"Eê¤éA

y ¶þ:. Ïd z = x + iy Ò¤�Eê����IL«. ¡�I²¡� E²¡, x ¶¡

�¢¶, 
 y ¶¡�J¶. P
−→
OP �±�: O �å:, P (x, y) �ª:��þ, @oEê

z = x+ iy ��²¡þ�þ
−→
OP 1-1éA.

EêØ
�±^���IL«	, ��±^4�IL«. � x ¶���¶��4¶,

�I�:��4:, u´XJ: z = x+ iy 4»P� r, 4�P� θ, @oÒk

z = x+ iy = r(cos θ + i sin θ).

w,, 4»Ò´Eê z ��, ´���(½�:

r = |z| =
√
x2 + y2.

4� θ ¡�Eê z �Ì�, ^ÎÒ Arg z L«. �´� z 6= 0 �, z �Ì��±�� 2�

�?Û����ê:

θ = Arg z =


arctan

y

x
+ 2k� (1�!1o��),

arctan
y

x
+ (2k + 1)� (1�!1n��).

ùp, k �?¿�ê. ¼ê arctan ����
(
−�

2
,
�
2

)
. ^ arg 5L«Arg ¥����,

'X argz 5L«Argz ¥éA k = 0 ��, ¿¡argz ´Argz �Ì�.
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k
Eê z = x+ iy �²¡þ: P (x, y) ±9Ú�þ
−→
OP �éA, Ò�±rEê�

�ê$�D�AÛþ�)º.

Äk*	Eê z = x + iy ���´éA: P (x, y) ��:�ål, ½ö`´�þ
−→
OP��Ý

|z| = |
−→
OP |.

z ��ÝEê z = x− iy éA�:´ P (x, y) 'ux ¶é¡�: P (x,−y).

ü�Eê z = x+ iy, z′ = x′ + iy′ �\~, z ± z′éA:��I� (x± x′, y± y′), �
´�þ

−→
OP ±

−−→
OP ′ ��I, ½ö` z + z′ L«±O, z, z′ �n�º:�²1o>/�1

o�º:, Ù� |z + z′| �´²1o>/l O � z + z′ �é���Ý, Ïdk

|z + z′| 6 |z|+ |z′|


 z − z′��
|z − z′| =

√
(x− x′)2 + (y − y′)2

L«z � z′ �mål.

^4�IL«Eê, �N´wÑü�Eê¦ÈAÛ¹Â, �

z = r(cos θ + i sin θ), z′ = r′(cos θ′ + i sin θ′).

@o

zz′ = rr′[(cos θ cos θ′ − sin θ sin θ′) + i(cos θ sin θ′ + sin θ cos θ′)]

= rr′[cos(θ + θ′) + i sin(θ + θ′)],

z

z′
= z

z′

|z′|2
=
r

r′
[(cos θ cos θ′ + sin θ sin θ′) + i(− cos θ sin θ′ + sin θ cos θ′)]

=
r

r′
[cos(θ − θ′) + i sin(θ − θ′)].

Ïd zz′ ��´ z Ú z′ ��¦È |zz′| = |z||z′|, zz′ �Ì��´ z Ú z′ Ì��Ú. �é

{`Eê z′ ¦±Eê z Ò´r z _��^= θ′, �Ý¦± r′ ���Eê. ü�Eê�

Ø�kaq)º. é?¿n�pØ���Eê z1, z2, z3, k

z3 − z1 = (z2 − z1)r(cos θ + i sin θ),

ùp θ ´± z1, z2, z3 �º:�n�/¥z1 ��,

r =
|z3 − z1|
|z2 − z1|

.

XJ�ÄEê z �E�¦

z2 = r2(cos 2θ + i sin 2θ),
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±9

zn = rn(cosnθ + i sinnθ),

ùp n ´?¿��ê. òz = r(cos θ + i sin θ) �\þª�>, ¿�� rn, �ª��Í¶

�De Moivre£�#6, 1667-1754¤úª:

(cos θ + i sin θ)n = cosnθ + i sinnθ.

De Moivre úª¹Â´é����� 1 �Eê , ?Û n �Eê�Ì�´�EêÌ

�� n �. 3dÄ:þ, Euler �Ñ
e�Í¶�úªµ

eiθ = cos θ + i sin θ

ùp e �´1 1 ù §1.3 ¥�Ñ�g,~ê. AO� θ =�, Euler úªÒ�Ñ


ei� + 1 = 0

ù�úªr�~��ê 0, 1,�, e ±9Jêü  i éX3�å.

ùpÃ{�Ñ Euler úªî�y², �Ul/ªþ�Ñ)º. 3�È©¥, ¬�Ñ

ex ±9 sinx, cosx � Taylor£�V, 1685-1731¤Ðmª. ¤¢ Taylor ÐmªÃ�´ò

þãn�¼êL«�Ã�¦Ú/ª:

ex =
∞∑
n=0

xn

n!
= 1 + x+

x2

2!
+
x3

3!
+ · · ·

cosx =
∞∑
n=0

(−1)n
x2n

(2n!)
= 1− x2

2!
+
x4

4!
− · · ·+ (−1)n

x2n

2n!
+ · · ·

sinx =
∞∑
n=0

(−1)n
x2n+1

(2n+ 1)!
= x− x3

3
+ · · ·+ (−1)n

x2n+1

(2n+ 1)!
+ · · · .

�,þãL«´é¢ê x 
ó, �XJ/ªþr¢ê�¤XJê x = iθ, �\ ex �L�

ª, ¿/Ï i $�5K

i2 = −1, i3 = −i, i4 = 1, · · ·

ØJuy

eiθ =
∞∑
n=0

(iθ)n

n!
=

(
1− θ2

2!
+
θ4

4!
− · · ·+ (−1)m

θ2m

(2m)!
+ · · ·

)
+ i

(
θ − θ3

3!
+
θ5

5!
− · · ·+ (−1)m

θ2m+1

(2m+ 1)!
+ · · ·

)
= cos θ + i sin θ.

þãí��´ Euler úª��/ªþ�/y²0.
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|^ Euler úª, Eê x+ iy �±L«¤

z = x+ iy = r(cos θ + i sin θ) = reiθ

Ïd, ��^ eiθ ©OL« cos θ Ú sin θ:

cos θ =
eiθ + e−iθ

2
, sin θ =

eiθ − e−iθ

i2
.

~ 4.2.1 � z = eiθ = cos θ + i sin θ, Ïd

zk = eikθ = cos kθ + i sin kθ, k = 1, 2, · · · ,

� θ 6= 2l� �, é k ¦Ú�

n∑
k=1

eikθ =
eiθ − ei(n+1)θ

1− eiθ
=

ei
θ
2 − ei(n+

1
2
)θ

e−i
θ
2 − ei

θ
2

=

[
cos θ2 − cos

(
n+ 1

2

)
θ
]

+ i
[
sin θ

2 − sin
(
n+ 1

2

)
θ
]

−2i sin θ
2

Ïd,�¢Ü,�
n∑
k=1

cos kθ =
sin
(
n+ 1

2

)
θ − sin θ

2

2 sin θ
2

=

1

2
+

n∑
k=1

cos kθ =
sin(n+ 1

2)θ

2 sin θ
2

, θ 6= 2l�.

þãð�ª��±��y². Ï�|^n�¼ê�ÈzÚ�, k

2 sin
θ

2

(
1

2
+

n∑
k=1

cos kθ

)
= sin

θ

2
+

n∑
k=1

[
sin

(
k +

1

2

)
θ − sin

(
k − 1

2

)
θ

]
= sin

(
n+

1

2

)
θ.

§4.3 �êÄ�½n

­#£�'u�ê�§¦)¯K.Ú?Eê±�, ´Ø´==)ûX�§ x2 + 1 = 0

½ x(10− x) = 40 ¦)¯KºéÙ§�g, D��pgê�ê�§3Eê��S´Ä�

�±¦)º

Äk�Ä��¢Xê£a, b, c þ�¢ê, � a 6= 0¤�g�ê�§

ax2 + bx+ c = 0,
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�â¦�úª, �§�ü�)£k��¡��§�ü��¤�

x± =
−b±

√
b2 − 4ac

2a
,

� ∆ = b2 − 4ac > 0 �, �§kü�¢ê�.

� ∆ = b2 − 4ac = 0 �, �§k¢�­� x = − b

2a
.

� ∆ = b2 − 4ac < 0 �, �§vk¢ê�, �3Eê��S�§kü�p��ÝE

ê�

x± =
−b
2a
± i

√
|b2 − 4ac|

2a
.

Ïd, Ú?Eê�, é?Û¢Xê�g�§3Eê���SÑ�).

g,F"�¦)�g�ê�§@�,|^Xê�m\!~!¦!Ø�oK$�Úm²

��!má��!mo������pgê��ê�§��. ,
, ù«/^�ª0¦)

�ê�{�
Êg9±þgê��ê�§Ò1ØÏ
. ¯¢þ, Ruffini£°�Z, 1756-

1822¤Ú Abel£C��, 1802 ∼ 1829¤y²
Ø�U^�ª��{)�� n �ê�§.

ù�(J?�Úr¤
#�êÆ­�uÐ. äNSN31 7 ù¥�òUY?Ø. I��

Ñ�´, Êg9±þ��ê�§¦�¯K, �,ØU��g�ê�§@�^m��{¦

�, �¿ØL«pg�ê�§��Ø�3.

¯¢þ, e�½n)û
?¿g�ê�§���35¯K, ¿�¡��êÄ�½n:

½n 4.2 EXê� n g�ê�§

xn + an−1x
n−1 + · · · a1x+ a0 = 0.

3Eê�¥���3���. ùpØ���5, b�Ä�Xê� 1.

íØ 4.3 EXêõ�ª

f(x) = xn + an−1x
n−1 + · · · a1x+ a0

�±©)� n �Ïª�¦È

f(x) = (x− α1)(x− α2) · · · (x− αn),

Ù¥ α1, α2, · · · , αn ´Eê. w,§�´ n g�ê�§ f(x) = 0 ��. ½ö`?Û��

n g�ê�§�½k n ��£­��­êO����ê¤.

'u�êÄ�½ny², ®²�Ñ
�;K��, 3dØ20�. ùpX­rNù

���¯�, �, n(n > 5) g�ê�§��Ã{��g�ê�§@�ÏLXê�m�

oK$�Úm�Ò¦Ñ, ��êÄ�½nw�·�, n g�ê�§3Eê��S�3 n

��. ¿ØI��X n �ØÓ�MEÙ§�o#�ê.
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íØ 4.4 XJ

f(x) = xn + an−1x
n−1 + · · · a1x+ a0

´¢Xêõ�ª, @o

(i) e z0 = x0 + iy0 ´�§ f(x) = 0 Eê�, K§��Ý z0 = x0 − iy0 �´�§

��, �Ò´¢Xê�ê�§�E�¤é(z0, z0) Ñy.

(ii) ¢Xêõ�ª�½U
©)�e�/ª

f(x) = (x− α1)
r1 · · · (x− αk)rk(x2 + β1x+ γ1)

s1 · · · (x2 + βlx+ γl)
sl ,

ùpαi, βj , γj Ñ´¢ê, ÷v

β2
j − 4γj < 0, j = 1, 2, · · · , l.

rj , j = 1, · · · , k ´�§¢��­ê, sj , j = 1, · · · , l ´¤éÑy�E��­ê, Ïdk

r1 + · · ·+ rk + 2s1 + · · ·+ 2sl = n.

Öö���SKgy.

5P þã½nÚíØL«3Eê�þØ��õ�ª£�1 2 ù§2.8¤�U´�g
õ�ª, 
¢ê�þØ��õ�ªäke�/ª

x− α ½ x2 + βx+ γ (β2 − 4γ < 0).

§4.4 ü �

½Â 4.5 Eê ξ ¡�£E¤ü �, XJ�3,���ê n, ¦ ξ ÷v�§

zn − 1 = 0.

é�½� n, þã�§ n ��P� ξ1, ξ2, · · · , ξn, ¡�n gü �.

~X� n = 2 �, �§ z2 − 1 = 0 kü� 2 gü �: ξ1 = −1, ξ2 = 1.

� n = 3 �, �§ z3 − 1 = 0 kn� 3 gü �:

ξ1 = cos
2�
3

+ i sin
2�
3

= −1

2
+ i

√
3

2
,

ξ2 = cos
4�
3

+ i sin
4�
3

= −1

2
− i

√
3

2
,

ξ3 = 1.
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� n = 4 �, �§ z4 − 1 = 0 ko� 4 gü �:

ξ1 = cos
2�
4

+ i sin
2�
4

= i

ξ2 = cos
4�
4

+ i sin
4�
4

= −1,

ξ3 = cos
6�
4

+ i sin
6�
4

= −i,

ξ4 = 1.

���¹e, �âDe Moivre úª, �§ zn − 1 = 0 kn �pØ���ü �:

ξk = cos
2k�
n

+ i sin
2k�
n

= e2ki�/n, k = 1, 2, · · · , n.

3E²¡þ, ù
ü �éA�:TÐrü � |z| = 1 ©¤ n �©, Ù¥��©:�

ξn = 1. ·�rpØ��� n gü ��8ÜP�

Dn = {ξ1, ξ2, · · · , ξn}.

���yÒ���e�½n.

½n 4.6 8Ü Dn ÷ve�5�, Ïd´��¦{+.

(i) 3Eê�¦{$�e´µ4�, =é ξi, ξj ∈ Dn, k

ξiξj = ξk ∈ Dn, Ù¥ k ÷v (i+ j) ≡ k (mod n),

(ii) kü � ξn = 1 ∈ Dn , ¿é?Û ξi ∈ Dn k_�

ξ−1i = ξn−i ∈ Dn.

5¿�34gü �¥, ξ2 = −1 ¢Sþ�´ 2 gü �: ξ22 = 1 , � ξ1, ξ3 Ø´. g

,�¯, Dn ¥=
 n gü ��´�$gê�ü �º

½Â 4.7 � ξ ´ü �, e d ´¦� ξd = 1 ¤á����ê, K¡ d � ξ ��.

e ξ ∈ Dn � ξ ��TÐ´ d = n, K¡ ξ ´��� n gü �.

�â½Â, 3 4 gü ��8Ü D4 ¥, ξ2 ��´2, ξ4 ��´ 1, �k ξ1, ξ3 ��´

4, Ïd´���. 3 D3 ¥, Ø
 ξ3 	, ξ1, ξ2 ´���.

e¡�?Ö´3ü �¥XÛ«©=
�´���, ��ü �k=
5�.

½n 4.8 �ü � ξ ��´ d .

(i) ξ ´ n gü ���=� d | n.

(ii) éu�ê k, ξk ��E� d ��=� k � d p�: (k, d) = 1.
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y² (i) �y²: e ξn = 1, w, n > d, - n = qd+ r, 0 6 r < d. d ξd = 1 �

1 = ξn = ξqdξr = (ξd)qξr = ξr,

Ï� d ´¦� ξd = 1 ¤á����ê, ¤± r = 0, = d | m. ��w,.

(ii) �y²: � ξk ��� d. e (k, d) = c > 1, K�3 k′ < k, d′ < d ¦�k =

k′c, d = d′c. ¤±

(ξk)d
′
= ξk

′d′c = (ξd)k
′
= 1,

� d′ < d, ù� ξk ��´ d gñ, Ïd (k, d) = 1.

� ξk ��´ d′, Ï� (ξk)d = (ξd)k = 1, ¤±ξk ��d′ ÷v d′ 6 d.

e d′ < d, l ξkd
′
= 1 íÑ d | kd′, 
 (k, d) = 1, ¤± d | d′, ù� d′ < d gñ, Ïd

d′ = d. �

½n 4.9 ξ ´����� n gü �, ��=� Dn ¥¤kn gü ��d ξ �

�g)¤, �Ò´8Ü Dn �L«�

Dn = {ξ0, ξ, ξ2, · · · , ξn−1}.

y² � ξ ´����� n gü �, w, n �ê ξ0, ξ, ξ2, · · · , ξn−1 Ñ´ n gü

 �, Ïd��y²§�pØ�Ó, ÒL²§��¤¤k� n gü ��8Ü. bXk

ξi = ξj (0 6 i < j 6 n− 1),

K ξj−i = 1, � 0 < j − i < n, ù� ξ ´ n g��ü �gñ.

��, � Dn ¥��þd n gü � ξ ��g)¤ Dn = {ξ0, ξ, ξ2, · · · , ξn−1} , P

ξ ��� d. e d < n, @o ξ �?Û�g ξi Ñ÷v (ξi)d = 1, �Ò´§�Ñ´d gü 

�.= Dn ⊂ Dd, ù´Ø�U�, Ï� Dd ¥�k d ���. �

é�§ zn − 1 = 0 5`, §� n gü �¥

ξ = ξ1 = e2�i/n = cos
2�
n

+ i sin
2�
n

´���, Ï� (1, n) = 1. Ïd n gü ��8Ü Dn �±L«�

Dn = {ξ0, ξ, ξ2, · · · , ξn−1}.

�â½n4.9, �� (k, n) = 1, K Dn ¥� ξk Ò´���, Ïd, Dn ¥���ü ��

�ê�´1, 2, · · · , n ¥� n p��ê��ê, ù�êÒ´Euler ¼ê ϕ(n)£�1 2 ù½

Â2.16¤. ù�, ��� n gü ��8Ü�

Bn = {ξk | 1 6 k 6 n, (k, n) = 1}
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z���� n gü � ξk ∈ Bn, Ñ�ÏL�g)¤¤k� n gü �

Dn = {1, ξk, ξ2k, · · · , ξ(n−1)k}, ξk ∈ Bn.

Ï� Dn ¥�êéAE²¡¥ü �þ� n ��©:, Ù¥ ξn = 1 3¢¶þ. Ï

d, lAÛþw, =´l¢¶Ñu, ÷ü �^=
2�
n

, K��H¤k�©:. eé��

� ξk, Ï� (k, n) = 1, ¤±^=
2k�
n

, �U�H¤k�©:.

UY�Ä�§ zn − 1 = 0, |^

zn − 1 = (z − 1)(zn−1 + zn−2 + · · ·+ z + 1),

ØJwÑØ 1 ±	� n gü � ξ, ξ2, · · · , ξn−1 ÷v�§

zn−1 + zn−2 + · · ·+ z + 1 = 0,

éA�õ�ª�ke�Ïª©)

zn−1 + zn−2 + · · ·+ z + 1 = (z − ξ)(z − ξ2) · · · (z − ξn−1).

~Xngü �

ξ = cos
2�
3

+ i sin
2�
3

=
1

2
(−1 + i

√
3),

ξ2 = cos
4�
3

+ i sin
4�
3

=
1

2
(−1− i

√
3).

´�§

x2 + x+ 1 = 0

��. Ó�/, Êgü �Ø 1 ±	Ñ÷v�§

x4 + x3 + x2 + x+ 1 = 0.

XJ��¦)ù��§, ���
{ü��êC�, k3�§ü>Ø± x2 �

x2 + x+ 1 +
1

x
+

1

x2
= 0

2�C�

z = x+
1

x
,

�§Òz��� 2g�§

z2 + z − 1 = 0.

¦Ñ§�ü���

z1 =
−1 +

√
5

2
, z2 =

−1−
√

5

2
.
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2©O¦)

x+
1

x
=
−1±

√
5

2

Ò��1 �ÊgE�. þã�§UÄ^Xê��ê$�Úm�$�¦), ´�äUÄ^

�ºÚ�5�Ñ�Ê>/�'�£�1 6 ù¤.

§4.5 ECê¼ê∗

31 2!¥, ¢Sþ®²r~��¢Cê¼ê f(x) = ex �¤
ECê¼ê

f(z) = ez, �ØL��z �XJê z = iθ. @o´Ø´�±r½Â3¢ê,�«�SÐ

�¼ê�½Â�Ñ�¤Eê�,�«�. e¡, ÏL�
äN�~f�±w�, ¯�¿Ø

´@o{ü, =¦�±½Âaq�ECê¼ê, ¼ê�5��u)
Cz.

��5`, ¤¢ECê¼ê´�lEê�,�«�S D ⊂ C �Eê���N�

f : D ⊂ C −→ C,

½�¤

f : z ∈ D 7−→ w ∈ C

P� w = f(z). eéuz�� z ∈ D, k��Eê w ��éA, K¡¼ê£½N�¤3

D S´ü��. ekõ� w ��éA, K¡¼ê´ õ��. éu D Sü�¼ê, eé

?¿ü� z1, z2 ∈ D, éAü�ØÓ� w1, w2, K¡¼ê3 D S´ü��.

±e=?ØA�äN~f.

1◦ �¼ê

�Äe�n«AÏ�/:

(a) w = zn, ùp n ´��ê.

ù´ n ��Ó�Eê z �¦, Ù(J�´��Eê, Ïd´ü��. XJ-

z = r(cos θ + i sin θ), w = ρ(cosϕ+ i sinϕ),

@o

ρ = rn, ϕ = nθ.

lþªØJwÑ, ü����Eê z1, z2 N��Ó��:£= zn1 = zn2¤, ��=�§�

�Ì���
2�
n
�ê�. Ïd�¦N� w = zn ´ü��, ¿©7�^�´½Â� D S
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?¿ü�: z1, z2, ÑØ÷v

|z1| = |z2|, ½ argz1 − argz2 =
2k�
n

, k 6= 0 ´�ê.

~X, ÷/«�

D = {z
∣∣∣ 0 < argz <

2�
n
}

Ò´��U�yN� w = zn ü�5�«�. ù�÷/«��N� w = zn 1-1 N��

D̃ = {w
∣∣∣ 0 < argw < 2�}

=N��K��¶�E²¡.

(b) w =
√
z = z

1
2 .

� z = r(cos θ + i sin θ), K

z −→ z
1
2 =

 r
1
2

(
cos θ2 + i sin θ

2

)
= w

r
1
2

(
cos θ+2�

2 + i sin θ+2�
2

)
= −w.

Ïd, w = z
1
2 ´��õ�¼ê.

?�Ú©Ûuy, � z 7��Ø�¹�:µ4­�^=��¿£��?, @oz

�Ì�Ø¬u)UC, XJ z 7�¹�:µ4­�^=��¿£��?, @oÌ�

θ → θ + 2�. d� w = z
1
2 �¼ê�¬�)XeCz

w = r
1
2

(
cos

θ

2
+ i sin

θ

2

)
−→ r

1
2

(
cos

θ + 2�
2

+ i sin
θ + 2�

2

)
−→ −r

1
2

(
cos

θ

2
+ i sin

θ

2

)
= −w.

�
;�õ�5, ·�r¼ê w = z
1
2 ½Â�¤3E²¡ C l�: 0 �Ã¡ ∞ }

m���f, ~X, ÷ x ¶��¶}m, ù�¦�3}m�½Â�SÃ{/¤?Û�¹

�:µ4­�, �Ò;�
Ñyõ�5. ½ö`XJ�� z �Ì���3 0 6 θ < 2�

��S, Ò�±�y¼ê�ü�5.

��¼ê w = n
√
z = z

1
n � w =

√
z = z

1
2 5�aq.

(c) w = z−1 =
1

z
.

w,TN��½Â�� z 6= 0. � z = reiθ, K

w =
z

|z|2
=

1

r
e−iθ,

¤±N�r z ¤3�E²¡þü ��SØ 0 ±	�:N�� w ¤3�²¡ü ��

	�: .
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2◦ �ê¼ê

ùp, Ue��ªÚ?�ê¼ê

w = ez = ex+iy = exeiy = ex(cos y + i sin y),

§÷v:

ez1ez2 = ez1+z2 ,

¿�´± 2�i �±Ï�±Ï¼ê

ez+2�i = ez.

ÚÏ~��, éê¼ê½Â��ê¼ê�¼ê. r÷v�§

ew = z (z 6= 0)

�¼ê w = f(z) ¡�éê¼ê. - w = u+ iv, z = reiθ, @o

eu+iv = reiθ,

¤± u = ln r, v = θ, Ïd

w = ln |z|+ iArgz.

duArgz �õ�¼ê, ¤±éê¼ê w = f(z) ´õ�¼ê, ¿�zü���� 2�i �

ê�. XJ5½ Argz �Ì� argz, @oéê¼êÒ´��ü�¼ê, P�

ln z = ln |z|+ iargz.

3◦ n�¼ê

/Ï�ê¼ê, ½Â

cos z =
eiz + e−iz

2
, sin z =

eiz − e−iz

2i

�Eê z {u¼êÚ�u¼ê. d�ê¼ê5�, ØJ�yù�½ÂECên�¼ê÷

v�¢Cên�¼êaq5�. Ù¦n�¼ê��aq½Â.

4◦ V­¼ê

aqECên�¼ê�½Â, ��±½Âe�ECêV­¼ê:

cosh z =
ez + e−z

2
, sinh z =

ez − e−z

2
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§��äk¢CêV­¼êaq5�.

5◦ Rokovsky ¼ê

Rokovsky£T�ÅdÄ, 1847-1921¤¼ê½ÂXe:

w = f(z) =
1

2

(
z +

1

z

)
(z 6= 0).

Äk?ØT¼ê�ü�5. ekü� z1 6= z2, ¦� f(z1) = f(z2), @o

(z1 − z2)
(

1− 1

z1z2

)
= 0,

ddíÑ

z1z2 = 1.

¤±, w = f(z) ´ü��¿©7�^�´½Â� D S?Ûü�: z1, z2 ÷v z1z2 6= 1.

ØJwÑ, 3ü �SÜ D = {z | |z| < 1, z 6= 0}, ½ü �	Ü D′ = {z | |z| > 1} Ñ
�±�y¼êü�5. ±eØ�� D = {z | |z| < 1, z 6= 0} ��¼ê½Â�.

- z = r(cos θ + i sin θ), w = u+ iv, KN��±L«�

u =
1

2

(
r +

1

r

)
cos θ, v =

1

2

(
r − 1

r

)
sin θ

XJ�½ r = r0 < 1, @o |z| = r0 �Ñü �SÜ��Ó%�. -

a =
1

2

(
r0 +

1

r0

)
, b =

1

2

(
1

r0
− r0

)
K

u = a cos θ, v = −b sin θ, ½
u2

a2
+
v2

b2
= 1

´ w ¤3E²¡þý�. � z ¤3E²¡þ:÷� |z| = r0 l θ = 0 _��=Ä, K w

¤3E²¡þéA:l w = a Ñu^��=Ä.

� |z| = r0 lü �SÜÅì�Cü ��, w ¤3²¡þ�ý�Ø ¤ u ¶þ�

ã�ã [−1, 1]. � |z| = r0 Â ��:�, éA�ý�ª�Ã¡.

XJ�½ θ = θ0, @o z = r(cos θ0 + i sin θ0), 0 < r < 1 ´z ¤3ü �SÜ�ã

��ã, 3T�ÅdÄ¼êN�e, T�ãéA w ¤3E²¡þe�V­�þ��ã

u2

cos2 θ0
− v2

sin2 θ0
= 1.
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1 4 ùSK

1. O�
√

5 + i12.

2. � z1, z2, z3 þ´����Eê, �÷v z1 + z2 + z3 = 0, y²: z21 + z22 + z23 = 0

3. y²: ü �þ?¿�: P �ü �S�� n >/�º: A1, A2, · · · , An ål�
²�Ú´��½�.

J«: 3E²¡þ��%3�: O �ü �, ¦��� OAn ´¢¶���

¶. K� n >/º: A1, A2, · · · , An éA�Eê©O� ξ, ξ2, ξ3, · · · , ξn, ùp
ξ = e2�i/n, ξn = 1. 2�ü �þ?¿: P éA�Eê� z, |z| = 1, ��^Eê

O� P ��º:ål�²�Ú=�.

4. ½Âü�Eê z = x+ iy, z′ = x′ + iy′ �m�S'XXe:

e x < x′, ½ö x = x′ � y < y′, Ò5½ z < z′.

y²: 3þã½Âe, Eê8Ü C ´kS8£ë�½Â3.4¤, �Ø÷v(.�n.

J«: � E = {z = x+ i | 0 6 x < 1}, @o?¿ 1 + iy Ñ´¢Ü���þ., du

y �?¿5, Ïdvk��þ..

5. �o�?¿Eê z1, z2, z3, z4, y²: ùo�êÓ3���þ½�^��þ��=�
z4 − z1
z4 − z2

Ú
z3 − z1
z3 − z2

k�Ó�Ì�, ½ö`

z4 − z1
z4 − z2

/z3 − z1
z3 − z2

´¢ê.

6. |^Eê�4�IL«, y²{uúª

c2 = a2 + b2 − 2ab cos θ.

Ù¥ a, b, c ©O´n�/�n^>��Ý, θ ´> c �éA�.

7. é?¿���ê n, y²e��ª
n∑
k=1

cot2
k�

2n+ 1
=

2n(2n− 1)

6

J«: d

cos(2n+ 1)x+ i sin(2n+ 1)x = (cosx+ i sinx)2n+1 = sin2n+1 x(cotx+ i)2n+1,

ò (cotx+ i)2n+1 Ðm¿'��ªü>�JÜ�

sin(2n+ 1)x = sin2n+1 x
n∑
j=0

(−1)j
(

2n+ 1

2j + 1

)
(cot2(n−j) x),
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Pn gõ�ª

P (t) =
n∑
j=0

(−1)j
(

2n+ 1

2j + 1

)
tn−j .

- x =
k�

2n+ 1
, íÑ

P

(
cot2

k�

2n+ 1

)
= 0, k = 1, 2, · · ·n.

= cot2
k�

2n+ 1
(k = 1, 2, · · ·n) ´ P (t) � n ��, d��Xê�'X=�y�.

8. é?¿���ê n, y²e��ª

sin
�
n

sin
2�
n
· · · sin (n− 1)�

n
=

n

2n−1
.

J«: |^ n g�§ zn − 1 = 0 � n �ü �

ξk = e2ik�/n, k = 1, 2, · · ·n,

Ù¥ ξ1, ξ2, · · · , ξn−1 ÷v�§ zn−1 + zn−2 + · · ·+ z + 1 = 0. 2|^Ïª©)

zn−1 + zn−2 + · · ·+ z + 1 = (z − ξ1)(z − ξ2) · · · (z − ξn−1),

ò z = 1 �\, ¿¦ü>���=�.

9. �Ñ¤k� 12 g��ü �.

10. � z ´?¿�Eê, Áy: é?¿���ê n, zn +
1

zn
�±L«� w = z +

1

z
� n

gõ�ª.

11. y²T�ÅdÄ¼ê

f(z) =
1

2

(
z +

1

z

)
,

� |z| = 1 �, f(z) ∈ [−1, 1].

12. ¦e�¼ê����

f(x) =
√
x4 − 3x2 − 6x+ 13−

√
x4 − x2 + 1

J«: Äkòü��ÒSÜL«¤²�Ú�/ª

f(x) =
√

(x− 3)2 + (x2 − 2)2 −
√
x2 + (x2 − 1)2

¿-

z1 = (x− 3) + i(x2 − 2), z2 = x+ i(x2 − 1),



114 1 4 ù Eê

ù�

f(x) = |z1| − |z2| 6 |z1 − z2| =
√

10.

2|^Ø�ª¥�Ò¤á�^�=�.

13. �3²¡þo>/ ABCD Sk�: O, ¦� 4OAB Ú 4OCD Ñ´± O ���

º:�����n�/, ¦y: 7�3�: P , ¦� 4PBC Ú 4PDA Ñ´± P

���º:�����n�/.

J«: ± O ��:�E²¡, ¿� A,B,C,D :éA�Eê� zA, zB, zC , zD. �

âK¿k

zB = izA, zD = izC .

� P :éAEê�zP ,@o�¦ 4PBC Ú 4PDA Ñ´± P ���º:���

��n�/, ��

zp − zC = i(zP − zB) = i(zP − izA),

zP − zA = i(zP − zD) = i(zP − izC)

Ó�¤á. w,, ù�� z k).

14. � D ´b�n�/ 4ABC SÜ�:, ∠ADB = ∠ACB + 90◦, ¿�

AC ·BD = AD ·BC.

¦
AB · CD
AC ·BD

��.

J«: Xã4.1¤«

-

6

.
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...........
..........
..........
..........
..........
..........
..........
..........
..........
..........
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..............

C

B

A
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ã 4.1
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©OP: A,B,D éA�Eê� zA, zB, zD, @oK8�^��

|zA||zB − zD| = |zB||zA − zD|,

�y
|zA − zB||zD|
|zA||zB − zD|

.

|^

(zB − zD) = (zA − zD)r(cos θ + i sin θ),

Ù¥

r =
|zB − zD|
|zA − zD|

, θ = ∠ACB + 90◦.

¿5¿�

cos θ + i sin θ = i(cos∠ACB + i sin∠ACB) =
1

|zB|
zB,

=�y�(J.
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3)ÛAÛ¥, ÏLÚ?�I, ¦��
AÛ¯K�±^�ê�{5ïÄ. Äké²

¡)ÛAÛ���{�£�.

3²¡þ�½��: O£¡��:¤Ú�uT

:��pR��k�ê¶, Ò�¤
²¡�IX. ²

¡þ?Û�: P Ñ��éA��ê| (x, y), ¡� P

:��I (ã5.1). ��±`, �IX�ïá, ¦�²

¡þ�:��/êiz0
.

3 � I X ¥, ² ¡ þ ? Û ü :

P1(x1, y1), P2(x2, y2) ål�d:��I�m�

ê$��Ñ:

ρ(P1, P2) =
√

(x1 − x2)2 + (y1 − y2)2

x

y

-

6

�
�
�
�
�
�
��3

.......... .......... .......... .......... .......... .......... .......... .......... .......... .......... .......... .......... .......... .......... .....

..........

..........

..........

..........

..........

..........

..........

..........

..........

...........
P (x, y)
•

ã 5.1

��±r�
AÛã/^�ê�§L«.

~ 5.0.1 ®�ý�´²¡þ�ü½: F1 Ú F2 ål�u~ê�Ä:;,, Á¦

ý���ê�§.

) Ø���IX¦�ü½:�I©O� F1(p, 0) Ú F2(−p, 0). @o, ?¿Ä:

P (x, y) � F1(p, 0) Ú F2(−p, 0) �ål�

r1 = |PF1| =
√

(x− p)2 + y2, r2 = |PF2| =
√

(x+ p)2 + y2,

�âK¿, üö�Ú�~ê r1 + r2 = 2a£w, a > p, ÄKÃ)¤, @ok

r22 − r21 =

(x+ p)2 − (x− p)2 = 4px,

(r2 + r1)(r2 − r1) = 2a(r2 − r1)

Ïd�� r2 − r1 =
2px

a
, � r2 + r1 = 2a éá)�

r1 = a− px

a
, r2 = a+

px

a
.

r r1 �\ r21 = (x− p)2 + y2µ(
a− px

a

)2
= (x− p)2 + y2.

P b =
√
a2 − p2, �n�=���ý�þ?¿Ä: P (x, y) ��I¤÷v��ê�§

x2

a2
+
y2

b2
= 1,

Ù¥ a > b > 0 ©O¡�ý����¶Úá�¶, F1(p, 0) Ú F2(−p, 0)¡�ý��:.
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§5.1 �þ9Ù�ê$�

�
�Ð/^�êL«)ûAÛ¯K, I�/Ï/�þ0Vg. ¤¢�þ5
uÔn

Æ, �
ÔnþØ=k��, �k��. ~X £!å!�Ý!\�Ý��, �m§��Ô

n¿Â, ��3��Ú��ü���, ÒÄ��êÆ¥�þVg. Ïd, �þÒ´Qk�

�, qk���þ.

��^k��ãL«���þ, �ã��ÝL«�þ���, �ã���L«�þ

���. �m¥± A �å:, B �ª:�k��ãL«��þP�
−→
AB. k��
�B,

~^çN��i1 a, b, e,n,v,x �L«�þ.

eü��þ����!���Ó, Küö��. ���þ�±ÏLØUC��Ú�

��²£¦�­Ü. ÏL²£, ¦?Û�þ a �Óuå:3�:��þ a =
−→
OA.

kn«�þ'�AO, ��� 0 ¡�"�þ; ���u 1 �þ¡�ü �þ, ��

þ a ����, ������þ, ¡� a �K�þ£½��þ¤,P� −a .

1◦ �þ�\{Úê¦

� a, b ´ü��þ, ^å:� O �ü�k��ãL«§�: a =
−→
OA, b =

−−→
OB, K±

−→
OA,
−−→
OB ��>�²1o>/�é���þ c =

−→
OC Ò¡�ùü��þ�\{½Ú, P

�

−→
OC =

−→
OA+

−−→
OB ½{�¤ c = a + b.

ù«�\�{¡�²1o>/{K (ã 5.2). ��±^n�/{K (ã 5.3), =± a �ª

: A �å:, ��k��ã¦Ù�u b:
−→
AB = b, K± O �å:, B �ª:�þ

−−→
OB Ò

´ a � b �Ú

a + b =
−→
OA+

−→
AB =

−−→
OB.

a

b c

ã 5.2

a

bc

ã 5.3

� a =
−→
OA, b =

−−→
OB, K −b =

−−→
BO, Ïd

a− b = a + (−b) =
−→
OA+ (−

−−→
OB) =

−→
OA+

−−→
BO =

−→
BA
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5� 5.1 �þ\{÷vXe5�:

(i) a + b = b + a, (��Æ)

(ii) (a + b) + c = a + (b + c), ((ÜÆ)

(iii) a + 0 = a , a + (−a) = 0 .

y² l�þ¦Ú�²1o>/{KN´wÑ

��Æ¤á. 
^n�/{K�´y²(ÜÆ (ã

5.4).

O

A B

C

a

b

c
a + b

b+ ca + b + c

ã 5.4

� a =
−→
OA, b =

−→
AB, c =

−−→
BC, K a + b =

−−→
OB, b + c =

−→
AC, ¤±

(a + b) + c =
−−→
OB +

−−→
BC =

−→
OC, a + (b + c) =

−→
OA+

−→
AC =

−→
OC.

�

�þ,��Ä�$�´ê��þ�¦{.

� λ ´��¢ê, λ � a �¦�´���þ, P� λa, Ù�Ý�u |λ||a|, � λ > 0

� λa � a Ó�§� λ < 0 � λa � a ��. ¡ λa �ê λ ��þ a �ê¦. ØJ�y,

ê¦÷ve�5�

5� 5.2 � λ, µ ´¢ê§a, b ´�þ, K

(i) λ(a + b) = λa + λb,

(ii) (λ+ µ)a = λa + µa,

(iii) (λµ)a = λ(µa).

(iv) 0a = 0, 1a = a, (−1)a = −a.
y² ùp�y² (i) . Ø�� λ > 0, K± a, b

�>�²1o>/�± λa, λb �>�²1o>/é

A>²1, Ïd�Ý¤'~, =��y. �

- -











�









�

.

.........................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

a λa

b

λb
λa + λb

a + b
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...........
..........
..........
..........
..........
..........
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..........
..........
..........
..........
..........
..........
.........

ã 5.5

|^ê¦, �±r?¿�"�þ a ©)�§������Ó��ü �þ¦È. P� a

Ó�ü �þ ea =
a

|a|
, §�±^5L« a ���. Ïd

a = |a|ea

2◦ �þ���Ú�¡

½Â 5.3 �|�þ, XJÏL²£¦§�Ó?�^��þ, @o¡§���. �

��ü��"�þ a Ú b �¡��p²1, ^ a ‖ b L«.

�|�þ, XJÏL²£¦§�Ó?��²¡þ, @o¡§��¡. ØJwÑ, ü�
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�þÏL²£, ¦�å:��, Ïd´�½�¡.

�þ��Ú�¡�±=z��d��êL«, �d�Ñe�½Â.

½Â 5.4 éuü��þ a, b, e�Ø��"�¢ê µ, ν ¦�

µa + νb = 0,

K¡ a, b �5�'; e µa + νb = 0, 7íÑ µ = ν = 0, K¡ a, b �5Ã'.

éun��þ a, b, c , e�3Ø��"�n�ê λ, µ, ν ¦�

λa + µb + νc = 0,

K¡ a, b, c �5�'; e λa + µb + νc = 0, 7íÑ λ = µ = ν = 0, K¡ a, b, c �5Ã

'.

ù�AÛþ���¡¯KÒ�0u�êþ�5�'¯K:

½n 5.5 ü��þa, b ��, ��=� a, b �5�', n��þ a, b, c �¡, �

�=� a, b, c �5�'.

3◦ �þ�SÈÚY�

� a =
−→
OA, b =

−−→
OB ´ü��þ, θ(a, b) �§��Y�, ����5½� 0 � �.

½Â 5.6 ü��þ a, b SÈ a · b ´��¢ê, ½Â�

a · b = |a| |b| cos θ(a, b).

eÙ¥���þ´"�þ, KSÈ5½�0. SÈ�¡��þ�êþÈ½:¦.

l½Â��wÑ a · b > 0, ��=� θ(a, b) < �
2 . a · b = 0, ��=� θ(a, b) = �

2 ,

d�¡ü��þ�p��£½R�¤, P� a ⊥ b.

lAÛþw (ã 5.6), |a| cos θ ´�þ a 3�þ b þÝK�þ�k��Ý, �Y� θ

´b��, ÝK�þ���� b ��; �Y� θ ´ð��, ÝK�þ���� b ��.

P a 3 b þ�ÝK�þ� ab, K

ab = |a| cos θeb = (a · eb)eb,

ùp eb = 1

|b|
b ´ b �ü �þ.

5� 5.7 SÈ÷ve��ê5�.

(i) a · b = b · a. (��Æ)

bab

ah a

ã 5.6

(ii) (λa) · b = λa · b, ùp λ ´?¿¢ê. ((ÜÆ)
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(iii) (a + b) · c = a · c + b · c. (©�Æ)

(iv) (a,a) = |a|2 > 0, �Ò¤á��=� a = 0 (�½5)

y² (i) Ú (iv) ´w,�. 3(ii) y²¥, e λ > 0, K |λa| = λ|a|, �θ(λa, b) =

θ(a, b), ¤±�ª¤á. e λ < 0, K |λa| = −λ|a|, �θ(λa, b) = � − θ(a, b), ¤

±cos θ(λa, b) = θ(a, b) = − cos θ(a, b), �ª�¤á.

(iii) �y²Xe: Xã5.7, Ø�� c ´

ü �þ |c| = 1. Ïd a + b ±9a, b3 c

þ�ÝK�þ÷v

(a + b)c = ac + bc,

¤±

c

b

a

a
+
b

ã 5.7

(a + b) · c = (a + b)c · c = (ac + bc) · c

=
(
(a · c)c + (b · c)c

)
· c = (a · c + b · c)(c · c)

= a · c + b · c.

ù�Ò�¤
T5�y². �

4◦ �þ�	ÈÚk�¡È

�þ,��­�$�¡��þ�	È. �dkÚ?/mÃX0�Vg.

� {a, b, c} ´n�Ø�¡�þ�¤�kS�þ|, ¿kÓ��å:. cü��þ

a, b Òû½
��²¡, 
 c �����²¡�,�ý. �mÃo�^X²¡, Uìl

a � b =Ä�, XJ-�� c Ñ��²¡�Ó�ý, @o¡ {a, b, c} �mÃX, ÄK¡

��ÃX. N´wÑ, XJ {a, b, c} ´mÃX, @o {b, c,a} Ú {c,a, b} E´mÃX. �

´ {b,a, c} Ú {a, b,−c} Ñ´�ÃX.

½Â 5.8 �þ a Ú b �	È´���þ, P� a × b , Ù��5½�± a, b �

�>²1o>/¡È

|a× b| = |a||b| sin θ(a, b),

��5½�: a × b � a Ú b R�, ��þ

| {a, b,a × b} �¤mÃX (ã 5.8). e a

Ú b ¥k��´"�þ, Küö�	È5½

�"�þ. 	È�¡��þÈ½�¦.

a× b

b

a
ã 5.8



5.1 �þ9Ù�ê$� 121

w,, XJü��þ²1, @o§��	È�u"�þ.

5� 5.9 �þ�	È$�÷vXe5�:

(i) a× b = 0, ��=� a Ú b ²1.

(ii) (λa)× b = a× (λb) = λ(a× b), ùp λ ´��¢ê.

(iii) a× b = −b× a,£�¡5¤

(iv) (a + b)× c = a× c + b× c.£©�Æ¤

y² (i), (ii), (iii) �±|^½Â���y. 'u(iv) �y²Xe: Ø�� c ´ü 

�þ: |c| = 1. 5¿�?¿�þ x � c �	È, Ò´ x 3� c R��²¡þ�ÝK�þ

x1 ^��^= 90◦ ¤����þ£ã5.9¤. ù´Ï� |x1| = |x| sin θ(x, c), 
^=��

��� x, c R�, ¿/¤mÃX. Ïd��òa, b,a + b ©O�� c R��²¡ÝK�

ÝK�þ a1, b1 Ú a1 + b1. �N^��^= 90◦ ���þ a2, b2 Ú a2 + b2£ã5.10¤.

ù� a2 = a× c, b2 = b× c,a2 + b2 = (a + b)× c, =´ (iv) . �

. ................................................................................................................................................................................................................................................................................................................................................

................................................................................................................................................................................................................................
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..................................................................................................................................................................................................................
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x

x1

x× c

ã 5.9
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c

a

b

a+ b

a1 b1
a1 + b1

a2

b2
a2 + b2

ã 5.10

�X½Â¥¤ã, �þ a × b ���´± a, b ��>²1o>/¡È, �´d5

�5.9 �� b× a ����´ù�o>/¡È, �´��� a× b ��. Ïd·�¢Sþ

½Â
¡È�k�5, =XJ5½ a × b �o>/¡È���, @o b × a ÒL«o>

/¡È�K�. ¡ a× b �± a, b ��>�²1o>/�k�¡È.

5◦ �þ�·ÜÈÚk�NÈ

½Â 5.10 �þ a× b ��þ c SÈ (a× b) · c ¡�n��þ a, b, c �·ÜÈ.

5� 5.11 � a, b, c �n��"�þ, K

(i) a, b, c ·ÜÈ�ýé�´± a, b, c �c²18¡NNÈ. � {a, b, c} �mÃX
�, (a× b) · c > 0.

(ii) (a× b) · c = 0 ��=� a, b, c �¡.

(iii) (a× b) · c = (b× c) · a = (c× a) · b.
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y² ± a, b, c �c�²18¡N (ã 5.11) ´�: ò�þL«�Ó�å:�k�

�ã�, ±n�k��ã�c�²18¡N. §�.¡È S �u |a× b|, p h �u�þ

c 3ü {�
a× b

|a× b|
þÝK�þ��Ý:

h =
(a× b)| · c|
|a× b|

,

¤±NÈ

V = S · h = |(a× b) · c|.

� {a, b, c} �mÃX�, �þ a × b �

c �Y��b�, ¤± (a× b) · c > 0.

a
b

c

a× b

ã 5.11

w,, ±a, b, c �c�²18¡NNÈ�", ��=� a, b, c �¡. 'u5�¥1

n^, ��5¿� (a× b) · c, (b× c) · a Ú (c× a) · b L«Ó��²18¡N�NÈ, �

éA�kS�þ| {a, b, c}, {b, c,a} Ú {c,a, b} �oÓ´mÃX, �oÓ´�ÃX, Ï

dL«�8¡NNÈ�oÓ���, �oÓ´�K, Ïd��. �

�âþã5�, ·�r·ÜÈ (a× b) · c ½Â�± a, b, c �c�²18¡N�k�

NÈ, e {a, b, c} �mÃX,KNÈ��, e��ÃX, NÈ�K.

§5.2 �þ��IL«Ú�IX

1◦ ���IX

½n 5.12 ��þ| {e1, e2, e3} d�m¥n�Ø�¡�þ|¤, Ké?¿�þ

x, Ñ�3��ê| (x1, x2, x3), ¦� x L«� e1, e2, e3 ��5|Ü

x = x1e1 + x2e2 + x3e3.

y² � x =
−→
OP, e1 =

−→
OA, e2 =

−−→
OB, e3 =

−→
OC. L P :�²1�� OC �²1�,

� AOB ¤3²¡u Q :. 2L Q �²1u OB �²1�, � OC u R. K

x =
−→
OP =

−→
OR +

−→
RQ+

−→
QP.

du
−→
OR ‖

−→
OA,

−→
RQ ‖

−−→
OB,

−→
QP ‖

−→
OC,

Ïd©O��, =�3¢ê x1, x2, x3 ¦�

−→
OR = x1

−→
OA = x1e1,

−→
RQ = x2

−−→
OB = x2e2,

−→
QP = x3

−→
OA = x3e3,
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= x = x1e1 + x2e2 + x3e3. e,k�|�I x′1, x
′
2, x
′
3, ¦� x = x′1e1 + x′2e2 + x′3e3, K

(x1 − x′1)e1 + (x2 − x′2)e2 + (x3 − x′3)e3 = 0,

du e1, e2, e3 Ø�¡, Ïd�5Ã'. �â½n 5.5 , x1 = x′1, x2 = x′2, x3 = x′3, =�I

´���. �

½Â 5.13 �m¥?¿n�Ø�¡�þ| {e1, e2, e3} ¡��m¥�|Ä, éu?

¿�þ x, e

x = x1e1 + x2e2 + x3e3,

K¡ (x1, x2, x3) ��þ x 3Ä {e1, e2, e3} e����I½{¡�I .

�m¥(½�: O Ú�|Ä {e1, e2, e3} £Ï~ÀJmÃX¤, Ü3�åP�

[O; e1, e2, e3], ¿¡��m����IX. O ¡��:, n��þ e1, e2, e3 �©O¡�

�IX��I�þ.

À½
���IX [O; e1, e2, e3], e�nö�m�3��éA'X:

�m¥: P ←→ �þ
−→
OP ←→ �I (x1, x2, x3).

Ïd�¡ (x1, x2, x3) ´: P ��I.

��'u�þlAÛþ½Â�\{!ê¦!SÈ!	È±9·ÜÈÑ�±=z��

I�m$�. ~X, ü��þ\{Ò´éA�I\{, ê¦Ò´ê��I�¦:

λx + µy ←→ (λx1 + µx′1, λx2 + µx′2, λx3 + µx′3).

Ù¥ x = x1e1 + x2e2 + x3e3,y = x′1e1 + x′2e2 + x′3e3.

2◦ ���IX

�
?�Ú{zO�, ��m¥�¤mÃX, ¿üü�pR��n�ü �þ��

�I�þ, P� i, j,k, ¿¡ [O; i, j,k] ����IX. ± O ��:, ÷n��I�þ�

ê¶©O¡� x ¶!y ¶Ú z ¶(ã5.12),



124 1 5 ù )ÛAÛ��þ�m

3���IX [O; i, j,k] ¥, ?Û���þ

L«�(�¡: P (x, y, z) � ��þ)

x =
−→
OP = xi + yj + zk.

k����^�þ�IL«T�þ

x =
−→
OP = (x, y, z),

ù�, n��I�þ©OL«�

i = (1, 0, 0), j = (0, 1, 0), k = (0, 0, 1).

k�, �r���IXP� Oxyz, x Ú y ¶¤3

²¡P� Oxy ��.

O

i

j

k

x

y

z

x

ã 5.12

P x =
−→
OP �n��I¶���Y�� α, β, γ , ¿¡��þ

−→
OP ����. ù�

x = |
−→
OP | cosα, y = |

−→
OP | cos β, z = |

−→
OP | cos γ.

½

x =
−→
OP = |

−→
OP |(cosαi + cos βj + cos γk).

¡����{u cosα, cos β, cos γ �T�þ x =
−→
OP ��{u. §�÷v

cos2 α + cos2 β + cos2 γ = 1.

3◦ ���IXe�þ�$�

���IX�AÏ5¦�|^�þ�I?1O�C��\{'. Äk, n��I�

þ {i, j,k} �m�SÈÚ	È©O÷v:

i · j = j · k = k · i = 0, i · i = j · j = k · k = 1.

i× j = k; j × k = i; k × i = j, i× i = j × j = k × k = 0.

���¹e, � a = a1i + a2j + a3k, b = b1i + b2j + b3k, c = c1i + c2j + c3k, K

£1¤�þ�ê¦�\{:

µa + νb = (µa1 + νb1)i + (µa2 + νb2)j + (µa3 + νb3)k.

£2¤�þ�SÈ:

a · b = (a1i + a2j + a3k) · (b1i + b2j + b3k) = a1b1 + a2b2 + a3b3.
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Ïdü�þ�Y�!�þ���£��¤±9ü:�m�ål�©OL«�

θ(a, b) = arccos

(
a1b1 + a2b2 + a3b3√

a21 + a22 + a23
√
b21 + b22 + b23

)
,

|a| =
√
a · a =

√
a21 + a22 + a23,

d(P1, P2) = |
−−→
P1P2| =

√
(a1 − b1)2 + (a2 − b2)2 + (a3 − b3)2.

ùpü:��I©O´ P1(a1, a2, a3) Ú P2(b1, b2, b3) .

£3¤�þ�	È:

a× b = (a1i + a2j + a3k)× (b1i + b2j + b3k)

= (a2b3 − a3b2)i + (a3b1 − a1b3)j + (a1b2 − a2b1)k.

é?¿o�ê x1, x2, y1, y2, Ú?��1�ª�½ÂXe:∣∣∣∣∣x1 x2

y1 y2

∣∣∣∣∣ = x1y2 − x2y1,

@o�þ a Ú b �	ÈL«�

a× b =

∣∣∣∣∣a2 a3

b2 b3

∣∣∣∣∣ i +

∣∣∣∣∣a3 a1

b3 b1

∣∣∣∣∣ j +

∣∣∣∣∣a1 a2

b1 b2

∣∣∣∣∣k.
Ù¥n�Xê1�ª

∣∣∣∣∣a2 a3

b2 b3

∣∣∣∣∣ ,
∣∣∣∣∣a3 a1

b3 b1

∣∣∣∣∣ ,
∣∣∣∣∣a1 a2

b1 b2

∣∣∣∣∣ ©O´k�¡È a× b 3n��I²

¡ Oyz,Ozx,Oxy þ�k�ÝK.

£4¤�þ�·ÜÈ:

Ó�, é?¿n�ê| x1, x2, x3; y1, y2, y3, z1, z2, z3 �Ê�ê, ½Ân�1�ªXe:∣∣∣∣∣∣∣∣
x1 x2 x3

y1 y2 y3

z1 z2 z3

∣∣∣∣∣∣∣∣ = x1y2z3 + x2y3z1 + x3y1z2 − x3y2z1 − x2y1z3 − x1y3z2

@on��þ a = a1i + a2j + a3k, b = b1i + b2j + b3k, c = c1i + c2j + c3k �	È�:

a× b · c = (a2b3 − a3b2)c1 + (a3b1 − a1b3)c2 + (a1b2 − a2b1)c3

=

∣∣∣∣∣∣∣∣
a1 a2 a3

b1 b2 b3

c1 c2 c3

∣∣∣∣∣∣∣∣
'u�þ$��Ù¦5��y², 3�IL«e�¬C��\{ü.
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~ 5.2.1 y² Cauchy Ø�ª

(a1b1 + a2b2 + a3b3)
2 6 (a21 + a22 + a23)(b

2
1 + b22 + b23),

�Ò¤á��=��3¢ê λ ÷v ai = λbi, i = 1, 2, 3.

y² ��þ a = a1i + a2j + a3k, b = b1i + b2j + b3k, K Cauchy Ø�ª�du

(a · b)2 = (|a||b| cos θ)2 6 |a|2|b|2

�Ò¤á��=� cos θ = ±1, = a � b ��, Ïd�5�'.

4◦ 1�ª�k�¡£N¤È

éu?¿¢��1�ª ∣∣∣∣∣a1 a2

b1 b2

∣∣∣∣∣ ,
rü1©Ow¤²¡þü:��I P1(a1, a2), P2(b1, b2), @oT1�ªAÛþÒL«


±O,P1, P2 �n�º:½± a =
−−→
OP1, b =

−−→
OP2 �c²1o>/�¡È. Ïd, a, b Ø

��, ��=�éA�1�ªØ�". 1�ª��½K, Ny
¡È�k�5.

éu?¿¢n�1�ª ∣∣∣∣∣∣∣∣
a1 a2 a3

b1 b2 b3

c1 c2 c3

∣∣∣∣∣∣∣∣
��rz�1���m¥�:��I

P1(a1, a2, a3), P2(b1, b2, b3), P3(c1, c2, c3),

@on�1�ªAÛþÒL«±O,P1, P2, P3 �º:½±

a =
−−→
OP1, b =

−−→
OP2, c =

−−→
OP3

�c²18¡N�NÈ. Ïdn��þ a, b, c Ø�¡, ��=�éA�1�ªØ�".

1�ª��½K, Ny
NÈ�k�5.

§5.3 �IC�

3(½��IX¥, �m¥?¿:9éA�þ��I��(½. XJÀJØÓ�I

X£=ÀJØÓ�:Ú�I�þ¤, @o�m¥:½�þÒéAØÓ��I. Ïd, k7
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��	:½�þ3ØÓ�IXe�I�m�'X. ùpòà�Ó´mÃX�ü����

IXe:��I�m�C�'X.

AÛþw, Ó´mÃX�ü����IX [O; i, j,k] Ú [O′; i′, j ′,k′] �±w¤´ò

[O; i, j,k]²£,¦��I�: O²£� O′,2²L^=¦� {i, j,k}^=�{i′, j ′,k′},
l
���IX [O′; i′, j ′,k′] . �m¥�:3ü��IXe�IC�, �±d�IX�

²£Ú^=¢y. e¡ò²£Ú^=ü�Ä�©)?Ø.

1◦ �IX�²£

�O′ 6= O, � i = i′, j = j ′,k = k′. 3ü��IX [O; i, j,k] Ú [O′; i, j,k] ¥, P

�m¥?¿: P ��I©O� (x, y, z) Ú (x′, y′, z′), ½

−→
OP = xi + yj + zk,

−−→
O′P = x′i + y′j + z′k.

e O′ 3 [O; i, j,k] ¥��I� (a, b, c), ½

−−→
OO′ = ai + bj + ck,

@o|^
−−→
O′P =

−→
OP −

−−→
OO′ ��

x′i + y′j + z′k = (x− a)i + (y − b)j + (z − c)k,

u´���m¥: P£½�þ¤3ü��IXe�I (x, y, z) Ú (x′, y′, z′) �²£C�:

x′ = x− a, y′ = y − b, z′ = z − c.

±9_C�

x = x′ + a, y = y′ + b, z = z′ + c.

2◦ �IX�^=

�	�:�Óü��IX [O; i, j,k] Ú [O; i′, j ′,k′]. �ü��IX��I�þ

{i, j,k} Ú {i′, j ′,k′} �m�mY�deL�Ñ:

i j k

i′ α1 β1 γ1

j ′ α2 β2 γ2

k′ α3 β3 γ3

L¥z�1©OL«�þ i′, j ′,k′ 3�IX [O; i, j,k] ¥�n��I�þ i, j,k ��

��£� §5.2 ¥� 2◦¤. du i′, j ′,k′ ´üü���ü �þ, Ïd�þ i′, j ′,k′ 3
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[O; i, j,k] ¥��I�d��{u5L«,

i′ = cosα1i + cos β1j + cos γ1k,

j ′ = cosα2i + cos β2j + cos γ2k,

k′ = cosα3i + cos β3j + cos γ3k.

duü|�I�þ´ü ���þ, Ïd

cosαi cosαj + cos βi cos βj + cos γi cos γj = δij =

1, i = j

0, i 6= j

5¿�, L¥z��©OL«�þ i, j,k 3�IX [O; i′, j ′,k′] ¥����. ~X

�þ i �[O; i′, j ′,k′] n��I�þ���� α1, α2, α3. Ïd��±���þ i, j,k

��I3 [O; i′, j ′,k′] ¥{uL«. ��m¥?¿: P 3ü��IX [O; i, j,k] Ú

[O; i′, j ′,k′]¥�I©O� (x, y, z), (x′, y′, z′), K
−→
OP = xi + yj + zk = x′i′ + y′j ′ + z′k′

= x′(cosα1i + cos β1j + cos γ1k)

+ y′(cosα2i + cos β2j + cos γ2k)

+ z′(cosα3i + cos β3j + cos γ3k)

= (x′ cosα1 + y′ cosα2 + z′ cosα3)i

+ (x′ cos β1 + y′ cos β2 + z′ cos β3)j

+ (x′ cos γ1 + y′ cos γ2 + z′ cos γ3)k,

u´���m¥: P£½�þ¤3ü��IXe�I (x, y, z) Ú (x′, y′, z′) �^=C�:

x = x′ cosα1 + y′ cosα2 + z′ cosα3,

y = x′ cos β1 + y′ cos β2 + z′ cos β3,

z = x′ cos γ1 + y′ cos γ2 + z′ cos γ3.

Ó���±�ÑþãC��_C�

x′ = x cosα1 + y cos β1 + z cos γ1,

y′ = x cosα2 + y cos β2 + z cos γ2,

z′ = x cosα3 + y cos β3 + z cos γ3.

~ 5.3.1 �± z ¶ØC, _��^= α éA��IC�Xe

i j k

i′ α �
2 − α

�
2

j ′ �
2 + α α �

2

k′ �
2

�
2 0
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x′ = x cosα + y sinα,

y′ = −x sinα + y cosα,

z′ = z.

3◦ C��EÜ

ò�IX�²£Ú^=Ü¤, Ò�Ñ
�m¥:����IC�. ?¿ü��IC

�EÜ,E,´���IC�.ØJ�y, ÃØ´:£½�þ¤�I�²£C�,�´^=

C�, ÑØ¬UCü:�m�ål±9:éA�þ�m�Y�, Ïd¡ù
C��fN

C�. {ü/`, ��AÛã/3fNC�eØUCã//G, �´UC
ã/� �.

§5.4 ²¡!����g­¡

|^�þÚ�IX, �m¥�
­¡Ú­��±L«��ê�§.

1◦ ²¡

AÛþw, L�½:¿R���(½��Ò�(½��²¡. Ïd, 3�IX Oxyz

¥, �²¡ Π L½: P0(x0, y0, z0), ¿��½�þ n = ai + bj + ck R�, n ¡�²¡Π

� {�þ.

éΠ þ?¿�: P (x, y, z) , K
−−→
P0P ⊥ n, �Ò´

n ·
−−→
P0P = 0 ½ö n · (r − r0) = 0,

Ù¥ r =
−→
OP, r0 =

−−→
OP0 ©O´ P Ú P0  ��þ. 5¿�

r − r0 =
−−→
P0P = (x− x0)i + (y − y0)j + (z − z0)k,

Ïd²¡þ?¿: P (x, y, z) ��I÷ve�n��g�§

a(x− x0) + b(y − y0) + c(z − z0) = 0,

½

ax+ by + cz + d = 0,

Ù¥ d = −(ax0 + by0 + cz0) ´��®�ê. þã�§¡�²¡���§. ��, ?¿÷

v�§�: (x, y, z) Ñ3²¡þ.ù�Òr²¡�AÛ£ã, =z����ê�§.
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�m¥²¡r�m©¤n�Ü©: {�þ¤��ý¡�/þ0�Ü©, ,�ý¡

�/e0�Ü©, ±9²¡��. �ä�m¥�: P ′(x′, y′, z′) á3=Ü©, ��w²¡

þ?Û�: P � P ′ ��þ
−−→
PP ′ �²¡{�þY�´b�!ð�½´��, �Ò´w

n ·
−−→
PP ′ ´��!K�½´". Ï� P ÷v�§, ¤±

n ·
−−→
PP ′ = a(x′ − x) + b(y′ − y) + c(z′ − z) = ax′ + by′ + cz′ + d,

�âþªÒk

P ′  uþ�Ü©, ��=� n ·
−−→
PP ′ = ax′ + by′ + cz′ + d > 0,

P ′  ue�Ü©, ��=� n ·
−−→
PP ′ = ax′ + by′ + cz′ + d < 0,

P ′  u²¡þ, ��=� n ·
−−→
PP ′ = ax′ + by′ + cz′ + d = 0.

²¡�§�
AÏ�/´��'5�.

£1¤ d = 0, �§òz� ax+ by + cz = 0, Ïd (0, 0, 0) ÷v�§, =²¡L�:.

£2¤ c = 0, d�{�þ n = (a, b, 0) R�u z ¶, ¤±�§ ax + by + d = 0 L«

²1u z ¶�²¡. éu a = 0 ½ b = 0 ��/aq.

£3¤ a = b = 0, d�{�þ n = (0, 0, c) ²1u z ¶, ¤±�§ cz + d = 0 ½ö

z = −d
c L«L: (0, 0,−d

c ) �²1u Oxy ²¡�²¡. Ù¦�/aq.

~ 5.4.1 ¦LØ���n: P1(x1, y1, z1), P2(x2, y2, z2), P3(x3, y3, z3) �²¡.

) �P1 �½:, �þ
−−→
P1P2,

−−→
P1P3 3²¡þ, Ïd²¡{�þ�

−−→
P1P2×

−−→
P1P3 , T²

¡��§Xe:

−−→
P1P · (

−−→
P1P2 ×

−−→
P1P3) =

∣∣∣∣∣∣∣∣
x− x1 y − y1 z − z1
x2 − x1 y2 − y1 z2 − z1
x3 − x1 y3 − y1 z3 − z1

∣∣∣∣∣∣∣∣ = 0,

e n : © O   u n � � I ¶ þ(ã5.13)

P1(α, 0, 0), P2(0, β, 0), P2(0, 0, γ), K�§�∣∣∣∣∣∣∣∣
x− α y z

−α β 0

−α 0 γ

∣∣∣∣∣∣∣∣ = 0,

½{z�
x

α
+
y

β
+
z

γ
= 1.

T²¡©O�n��I¶3�½n:��¿¡

α, β, γ �²¡�ê¶��å.

-

6

�
�

�
��	

z

y

x

•

•

•
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~ 5.4.2 ?Øü�²¡�Y�.

�ü�²¡�§�

a1x+ b1y + c1z + d1 = 0, n1 = a1i + b1j + c1k;

a2x+ b2y + c2z + d2 = 0, n2 = a2i + b2j + c2k.

§��Y� φ ½Â�ü�²¡{�þ n1 � n2 �Y

�(ã 5.14). Ïd

cosφ =
n1 · n2

|n1||n2|
=

a1a2 + b1b2 + c1c2√
a21 + b21 + c21

√
a22 + b22 + c22

,

�1

~n1

φ

�2

~n2

φ

ã 5.14

� φ = 0 �, ü²¡²1: = n1 ‖ n2 , � φ = � �, ü²¡R�, �Ò´ n1⊥n2,

= n1 · n2 = a1a2 + b1b2 + c1c2 = 0.

2◦ ��

�m¥L�½: P0(x0, y0, z0) ¿÷X�½�� v = li +mj + nk, Ò�(½�^�

�, �þ v ¡�������þ. éT��þ?¿�: P (x, y, z),
−−→
P0P = r− r0 � v �

�, Ïdk

r = r0 + tv, ½


x = x0 + lt

y = y0 +mt

z = z0 + nt

�Ò´��þ?¿�: P ��I (x, y, z) L«�ëê t ��5�§, ¡���ëê�

§, XJ��ëê t Ò��
x− x0
l

=
y − y0
m

=
z − z0
n

.

¡���:�ª�§, þã�§¢Sþ´¹kü�n��g�§��§|. XJ���

þ��I���", ~X l = 0, d������ x ¶R�, :�ª�§An)�eã�

§|

x = x0,
y − y0
m

=
z − z0
n

,

XJkü��"§~X l = 0,m = 0, K��� z ¶²1, :�ª�§n)�

x = x0, y = y0.

��� L �ü²¡��, Ïd: P (x, y, z) 3�� L þ��=�§3ü�²¡þ,

�Ò´(x, y, z) ÷vn��g�§|a1x+ b1y + c1z + d1 = 0

a2x+ b2y + c2z + d2 = 0
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¡�������§. Ï��� L R�uü�²¡{�þ n1 Ú n2, Ïd��

v = n1 × n2 ������þ. 2l�§|¦Ñ��A)P0(x0, y0, z0), K�����§

Òz�:�ª�§. ��, :�ª�§��L«����§

x− x0
l

=
y − y0
m

,
x− x0
l

=
z − z0
n

.

~ 5.4.3 ¦Lü��½: P1(x1, y1, z1), P2(x2, y2, z2) ����§.

������þ� v =
−−→
P2P1 = (x2 − x1)i + (y2 − y1)j + (z2 − z1)k, Òk

r = r1 + tv = r1 + t(r2 − r1)

x− x1
x2 − x1

=
y − y1
y2 − y1

=
z − z1
z2 − z1

.

~ 5.4.4 ?Øü���m�'X.

�½ü^��

L1 : r = r1 + tv1, Ù¥ r1 = (x1, y1, z1),v1 = (l1,m1, n1),

L2 : r = r2 + tv2, Ù¥ r2 = (x2, y2, z2),v2 = (l2,m2, n2).

§��'X�©/�¡0Ú/É¡0ü«�/.

�¡ �� L1 � L2 �¡�du v1,v2 � r1 − r2 �¡, �du

(r1 − r2) · v1 × v2 =

∣∣∣∣∣∣∣∣
x2 − x1 y2 − y1 z2 − z1
l1 m1 n1

l2 m2 n2

∣∣∣∣∣∣∣∣ = 0.

3�¡�¹e, ü�����þ v1 � v2 Y� θ Ò´ü��Y�.

cos θ =
v1 · v2

|v1||v2|
=

l1l2 +m1m2 + n1n2√
l21 +m2

1 + n21
√
l22 +m2

2 + n22

� cos θ = ±1 �, v1 ‖ v2, Ïdv1,v2 �5�', =�3~ê λ , ¦ v1 = λv2, ¤±ü�

�²1��=�
l1
l2

=
m1

m2
=
n1
n2

;

� | cos θ| < 1�ü����, AO, ü��p�R���=�

l1l2 +m1m2 + n1n2 = 0.

É¡ �� L1 � L2 É¡�¿©7�^�´ (r1 − r2) · v1 × v2 6= 0, d�ü��Q

Ø²1, �Ø��, ¡�É¡��. ~X�´�îªþ�Ñ>�Ò´É¡�ü^��.

3◦ �g­¡
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d 1◦ Ú 2◦ ��, �m¥²¡Ú��d�g�ê�§£|¤L«, ��5`�m¥d

�§

F (x, y, z) = 0

(½�ã/, =÷v�§�: (x, y, z) �8Ü

S = {(x, y, z) | F (x, y, z) = 0}

¡���­¡. 
ü���­¡���, ¡���­�, =´�§

F (x, y, z) = 0, G(x, y, z) = 0

�Ñ�ã/

L = {(x, y, z) | F (x, y, z) = 0, G(x, y, z) = 0}.

AO, � F (x, y, z) = 0 ´�g�ê�§�, ¡­¡��g­¡. ~X�g�§

(x− x0)2 + (y − y0)2 + (z − z0)2 = R2

L«±P0(x0, y0, z0) �¥%, R ��»�¥¡, Ïd¥¡´�g­¡.

e¡�Ñ�
;.�g­¡.

ý¥¡ (ã 5.15) � a > 0, b > 0, c > 0,

x2

a2
+
y2

b2
+
z2

c2
= 1.

ý¥¡�Oxy ²¡�����´ý�, ���¹e

e�²1Oxy ²¡ z = h (|h| < c) ��, ���´�

�ý�, �´ý���¶Úá�¶©O�

a′ = a

√
1− h2

c2
, b′ = b

√
1− h2

c2
. ã 5.15

ü�ÚV�V­¡ � a > 0, b > 0, c > 0,

x2

a2
+
y2

b2
− z2

c2
= ±1.

þª��Ò�ü�V­¡ (ã 5.16), �KÒ�V�V­¡ (ã 5.17).

ã 5.16 ã 5.17



134 1 5 ù )ÛAÛ��þ�m

ý��Ô¡ÚV­�Ô¡ � a > 0, b > 0,

z =
x2

a2
± y2

b2
,

Ù¥��Ò�ý��Ô¡ (ã 5.18) , �KÒ�V­�Ô¡ (ã 5.19) . V­�Ô¡�¡

�êQ¡.

ã 5.18 ã 5.19

�gI¡ (ã 5.20)

x2

a2
+
y2

b2
− z2

c2
= 0, a > 0, b > 0, c > 0.

ý�Î¡!V­Î¡Ú�ÔÎ¡ (ã 5.21) , (ã 5.22) , (ã 5.23)

x2

a2
+
y2

b2
= 1 (a > 0, b > 0);

x2

a2
− y2

b2
= 1 (a > 0, b > 0);

y2 = 2px (p > 0)

ã 5.20 ã 5.21

ã 5.22 ã 5.23
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4◦ �IC�e�g­¡

±þÛ�
�«ý¥¡!ü«V­¡!ü«�Ô¡!�«I¡±9n«Î¡�Ê«

�g­¡. Öög,¬¯: n��g�ê�§���/ª�

a1x
2 + a2y

2 + a3z
2 + b1xy + b2yz + b3xz + c1x+ c2y + c3z + d = 0,

Ø
®²�Ñ~f	, Ù§�g�ê�§L«�o�­¡ºÓ���g­¡3ØÓ�I

X¥�ê�§k�o'Xº

/Ï�IC�, �±y², ¦+n��g�§«a�õ, �Ø�
òz�/£X

x2 + y2 = 0, x2 − y2 = 0 ��¤	, ÏL�IC�, Ñ�±C��þãÊ«a.�IO�

§, Ïdn��g�ê�§¤L«�­¡�==k£�²��¤Ê«. �X3²¡)ÛA

Û¥, ÏL ��{£²¡�IC�¤, �±r���g�§C�¤IOý�!�Ô½V­

�§��.

~ 5.4.5 �g�§ z = xy ÏL7z ¶^= −�
4
£�~5.3.1¤, K

x′ =

√
2

2
(x+ y), y′ =

√
2

2
(x− y), z′ = z,

�§C��

z′ =
x′2

2
− y′2

2
.

Ïd z = xy L«��´êQ¡, �´ã5.17 ¥�êQ¡7 z ¶^=
−�
4

®.

§5.5 Ù§~^�IX∗

���IX´ÏL(½�:Ú�mn�üü��£Ï~æ^mÃX¤�ü �þ�

¤�, §£±9�����IX¤�A�´: ?Û���I©þ�u~ê�:Ñ�¤��

²¡. ~X z = c L«�m¥²1u�I²¡ Oxy �²¡, Ïd¡��5�IX. e¡

0�~^4�IX!Î�IXÚ¥�IX, �ù
�IX®²Ø2´�5�IX.

1◦ ²¡�4�IX

�
�±��5, Äk£�²¡4�IX. 3²¡þ�½�: O£¡�4:¤, l4

:Ú�^�� Ox£¡�4¶¤, 2À½���Ýü Ú�Ý���£Ï~�4¶���

_����¤, ù�Ò�¤
²¡þ�4�IX. éu²¡þ?¿�: P , ^ r L« P

�4: O ål£�þ
−→
OP ���¤, θ L«l4¶��þ

−→
OP ��Y�£Ì�¤, Kê
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| (r, θ) �±^5(½: P 3�m� �, ¿¡� P :�4�I. ùp, r �����

� [0,+∞), θ ������ [0, 2�).

3²¡���IX Oxy ¥, ��:�4�IX4:, x ¶���4¶, @o²¡þ

?¿: P ����IÚ4�I�m'X (ã 5.24) Xe:

x = r cos θ

y = r sin θ
½ö

r =
√
x2 + y2

θ = arctan
y

x

.

P � ��þ�±L«�

r = xi + yj = r cos θi + r sin θj.

ØJuy, r = ~ê´²¡þ±�:��%��, θ =

~ê´l�:Ñu���.

6

-�
�
�
�
�
�
��

...............
............. ..........

..........

..........

..........

..........

..........

..........

..........

..........

..........

..........

.................. .......... .......... .......... .......... .......... .......... .......... .......... .......... .......... ........

O

P

r

θ

x

y

ã 5.24

2◦ Î¡�IX
�½���IX Oxyz, é?¿: P (x, y, z)  

��þ
−→
OP 3 Oxy ²¡þÝK�þ� (ã 5.25)

−−→
OP ′ = xi + yj,

òT�þ3 Oxy ¥^4�IL«

−−→
OP ′ = r cos θi + r sin θj,

Ïd, P (x, y, z) � ��þ�L«�

−→
OP =

−−→
OP ′ + zk = r cos θi + r sin θj + zk.

½ö

x = r cos θ, y = r sin θ, z = z,

6

-

��	

.............. ............... ................... ...................... ......................... ............................ ................................ ................................... . ................................... ................................ ............................ ......................... ......................
...................
...............
.............

.............. ............... ................... ...................... ......................... ............................ ................................ ................................... . ................................... ................................ ............................ ......................... ......................
...................
...............
...........................

...............
...................
...................... ......................... ............................ ................................ ................................... . ................................... ................................ ............................ ......................... ...................... ................... ............... .............

.

............................................................................................................................................................................................................................................................ .

............................................................................................................................................................................................................................................................

.

............................................................................................................................................................................................................................................................

.

......................................
......................................

.....................................

x

y

z

θ

P (x, y, z)

P ′(x, y, 0)

..........

..........

..........

..........

..........

..........

..........

..........

..........

..........

..........

..........

..........

..........

..........

..........

..........

.......... .......... .......... .......... .......... .......... .......... .......... .......... .......... .......... .......................................................

........... ........... ........... ........... ........... ........... ........... ......

..........
......... .
........... . .............

.......... .......... ........... .............
........... ............ . ............ ....... ............ . ............ . ........... . ....................... ..................... ............... .............. .....................................

...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........

ã 5.25

Ù¥

0 6 r < +∞, 0 6 θ < 2�, −∞ < z < +∞.

ù�Ò�Ñ
�mÎ¡�IX. ê|(r, θ, z)¡�: P �Î¡�I. 3Î¡�IX¥,

r = c > 0L«± c ��»�Î¡ x2 + y2 = c2; θ = θ0 L«± z ¶�>��²¡.

3◦ ¥¡�IX
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� P (x, y, z) : ��þ
−→
OP � z ¶���� θ,

−→
OP 3 Oxy ²¡ÝK�þ�

−−→
OP ′

(ã 5.26), K

z = |OP | cos θ, r =
−→
OP =

−−→
OP ′ + |OP | cos θk.

ò: P ′ ^ Oxy ²¡�4�IL«, � ϕ ´
−−→
OP ′ 3 Oxy ²¡þ�Ì�, K

−−→
OP ′ = |OP ′| cosϕi + |OP ′| sinϕj.

- r = |OP | = |r|, K |OP ′| = |OP | sin θ , Ïd

r =
−→
OP = r sin θ cosϕi + r sin θ sinϕj + r cos θk,

½

x = r sin θ cosϕ, y = r sin θ sinϕ, z = r cos θ.

x

y

z

P

O

P'φ

θ

ã 5.26

Ù¥

0 6 r < +∞, 0 6 θ 6�, 0 6 ϕ < 2�.

ê| (r, θ, ϕ) ¡�: P �¥¡�I, ¤/¤��IX¡� ¥¡�IX. w, r = ~ê

L«¥¡; θ = ~êL«I¡, ϕ = ~êL«± z ¶�>��²¡.

§5.6 ���þ�m

Öö½®5¿�, 3)ÛAÛ¥, ÃØ´/k��, k��0�þ, �þ�\{Úê

¦, �´�þ��½�¡, ±9�þ�m�Y�ÚSÈ, AÛþw�©�*. �rAÛé

�½¯K^�êL«, �m¥:½�þÒd�|ê (x, y, z) L«; �mÒ¤
ê|�8

Ü, �*þ��ê�ÒéAê|¥ê��ê; ��½�¡�du�5�'.

r@
�ê¹ÂÄ�Ñ5, �/¤�5�ê¥�þ�m�Vg. �,±�5�§|

)�(��Ä:, ïá�5�ê�Nµe�\�¡Ú��, �)ÛAÛ%�n)�þ�

mJø
���*~f. Ïd, �!��lù��*~fÑu, Ä�Ñ���þ�m�

½Â. 
lïÄ�5�§|\Ã, �Ñ�þ�m!�5N�½�5C����@nØ, ò

¬3�Æ5�5�ê6�§¥�[ùÇ.

1◦ n ��þ�m

Äk, r�m¥�þ\{Úê¦!¤÷v�5�5.1Ú5�5.2, ±9/0 �þ0!/K
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�þ0�VgGêÄ�Ñ5, �����þ�m�½Â.

½Â 5.14 � V ´��8Ü, V ¥��E,¡�/�þ0, F ´���½ê�£~
X Q, R, C ��¤, q� V ¥½Âü«$�£E¡�/\{0Ú/ê¦0¤:

(1) \{: é?¿ a, b ∈ V , éA V ¥��(½��þ, P� a + b ∈ V ;

(2) ê¦: é?¿ a ∈ V Ú?¿ λ ∈ F, éA V ¥��(½��þ, P� λa ∈ V.

XJ\{Úê¦÷ve�$�5K:

(i) a + b = b + a, a, b ∈ V ;

(ii) (a + b) + c = a + (b + c), a, b, c ∈ V ;

(iii) �3����0 ∈ V , ¡�/ 0 �þ0, ÷v a + 0 = 0 + a = a, a ∈ V ;

(iv) é?¿ a ∈ V , �3 b ∈ V , ¦� a+b = b+a = 0, Pb = −a, ¡� a �/K

�þ0, Ïd b− a = b + (−a);

(v) é1 ∈ F, k 1 · a = a, a ∈ V ;

(vi) λ(a + b) = λa + λb, a, b ∈ V, λ ∈ F;

(vii) (λ+ µ)a = λa + µa, a ∈ V, λ, µ ∈ F;

(viii) (λµ)a = λ(µa), a ∈ V, λ, µ ∈ F;

@o¡ V ´ê� F þ���þ�m½�5�m.

8��
�B, ò� F �¢ê� R, Ø�AO`².

3n��m¥, ÏLÀ�n�Ø�¡�þ��Ä�þ, ?
���IX. �þ�

¡£�¤½Ø�¡£�¤�AÛVg, �du/�5�'0Ú/�5Ã'0��êVg£½

n5.5¤. òn��m�5�'!�5Ã'�½Â5.4í2����þ�m V þ, k

½Â 5.15 � V ´ R þ�þ�m, a1,a2, · · · ,ak ´ V ¥�|�þ. e�3Ø�

�"¢ê λ1, λ2, · · · , λk, ¦�

λ1a1 + λ2a2 + · · ·+ λkak = 0,

K¡�þ| a1,a2, · · · ,ak �5�'. e

λ1a1 + λ2a2 + · · ·+ λkak = 0,

7íÑ λ1 = λ2 = · · · = λk = 0, K¡ a1,a2, · · · ,ak �5Ã'.

w,, V ¥�þ a Ú −a �5�', ?¿���"�þ a �5Ã'; �5Ã'��

þ¥Ø�Uk 0 �þ; �|�5�'�þ, O\eZ��þE,�5�', 
�|�5

Ã'�þ, �KeZ�, �{��"��þE,�5Ã'£SK7¤.

½Â 5.16 � V ´ R þ�þ�m, XJ V ¥�3 n ��þ e1, e2, · · · , en, ÷v
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(i) e1, e2, · · · , en �5Ã'.

(ii) é?¿ x ∈ V , x �d e1, e2, · · · , en �5L«, =

x = x1e1 + x2e2 + · · ·+ xnen =
n∑
i=1

xiei,

@o¡ e1, e2, · · · , en ¡� V ��|Ä, z��þ¡�Ä�þ; V ¡�n ��þ�m, n

¡� V ��ê, ¿P n = dimV ; �5L«¥�Xê (x1, x2, · · · , xn) ¡��þ x 3Ä

e1, e2, · · · , en e��I.

�þ x 3�|Ä e1, e2, · · · , en e��I´���, ù´Ï�e�3ü|�I

x =
n∑
i=1

xiei =
n∑
i=1

x′iei,

K
n∑
i=1

(xi − x′i)ei = 0, ÏÄ�þ�5Ã', ¤± xi = x′i, i = 1, · · · , n, =�5L«��.

7L`²: 3½Â¥, e e′1, · · · , e′m �´V ��|Ä, �y² n = m âU¦�ê½

ÂäkÜn5. ù�(J�¹3e�½n¥.

½n 5.17 � e1, e2, · · · , en ´�þ�m V ��|Ä.

(i) e a1,a2, · · · ,ar ´ V ¥�|�5Ã'�þ, K r 6 n.

(ii) e e′1, · · · , e′m ´ V �,�|Ä, K m = n.

y²éu(i),ÄkÏL��äN~f`²y²g´. �n = 2,¿� V �Ä� e1, e2.

�Iy²Ø�3n��5Ã'��þ=�. æ^�y{, b�kn��þ a1,a2,a3 �5

Ã', �â½Â5.16, a1,a2,a3 �d e1, e2 �5L«:

a1 = a1e1 + a2e2, a2 = b1e1 + b2e2, a3 = c1e1 + c2e2.

w,, a1, a2, ±9 b1, b2 Ú c1, c2 ©OØ��". e λ1a1 + λ2a2 + λ3a3 = 0, K

(a1λ1 + b1λ2 + c1λ3)e1 + (a2λ1 + b2λ2 + c2λ3)e2 = 0,

Ï� e1, e2 �5Ã', ¤±  a1λ1 + b1λ2 + c1λ3 = 0,

a2λ1 + b2λ2 + c2λ3 = 0.

ù´ü��§�n��g�§|. Ø�� a1 6= 0, ò�§|¥1���§ü>¦± −a2
a1

¿�1���§�\, �

b′λ2 + c′λ3 = 0,
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ùp b′, c′ ´~ê. l¥¦ÑØ��"� λ2, λ3; �\1���§¦Ñ λ1, ù�Ò��Ø

��"� λ1, λ2, λ3 ÷v�§|, �Ò´÷v λ1a1 + λ2a2 + λ3a3 = 0. �´ a1,a2,a3 �

5Ã', Ïdgñ. gñ`²Ø�Ukn�±þ��þ�5Ã'.

é�� n Ú r, bX r > n, -

ai =
n∑
j=1

aijej , i = 1, 2, · · · , r.

ek λ1, λ2, · · · , λr, ¦� λ1a1 + λ2a2 + · · ·+ λrar = 0, @o λ1, λ2, · · · , λr ÷v n � r

��g�§��§| 

a11λ1 + a12λ2 + · · ·+ a1rλr = 0,

a21λ1 + a22λ2 + · · ·+ a2rλr = 0,

· · · · · ·

an1λ1 + an2λ2 + · · ·+ anrλr = 0,

Ï n < r, é n æ^8B{, ¿^aqþãäN~f, ���Ø��"�)λ1, λ2, · · · , λr,
ÏdíÑgñ, ù�Ò�¤
y².

éu (ii), Ï e1, e2, · · · , en ´�|Ä, e′1, · · · , e′m �5Ã', ¤± m 6 n; e

e′1, · · · , e′m �´�|Ä, � e1, e2, · · · , en �5Ã', ¤± n 6 m, = m = n. �

þã½n`²: �þ�m V �Ä�7��, �´ØÓÄ¥�þ�ê�½�Ó.

XJ n ��þ�m V kü|Ä e1, e2, · · · , en Ú e′1, e
′
2, · · · , e′n , @oü|Ä�Ä

�þ�±p��5L«, Ø�� e′i d e1, e2, · · · , en �5L«:

e′i =
n∑
j=1

λijej , i = 1, 2, · · · , n,

Ïd V ¥�þ x ©O3ü|Ä��5L«÷v

x =
n∑
i=1

x′ie
′
i =

n∑
i=1

x′i

n∑
j=1

λijej =
n∑
j=1

(
n∑
i=1

λijx
′
i

)
ej =

n∑
j=1

xjej

ddíÑÓ���þ x 3ü|Äe�I�m��IC�:

xj =
n∑
i=1

λijx
′
i j = 1, 2, · · · , n.

~ 5.6.1 �¢ê� R þde�ê||¤�8Ü

En = {a = (a1, a2, · · · , an) | a1, a2, · · · , an ∈ R},
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é En ¥?¿ü��� a = (a1, a2, · · · , an), b = (b1, b2, · · · , bn), ±9¢ê λ ∈ R, ½Â

\{Úê¦Xe:

a + b = (a1 + b1, a2 + b2, · · · , an + bn)

λa = (λa1, λa2, · · · , λan)

ØJ�y En ÷v�þ�m�½Â, ¿�± (0, 0, · · · , 0) � 0 �þ. �þ

e1 = (1, 0, · · · , 0),

e2 = (0, 1, · · · , 0),

· · · · · ·

en = (0, 0, · · · , 1)

�5Ã', �é?¿�þ a ∈ En Ñ���L«�

a = (a1, a2, · · · , an) = a1e1 + a2e2 + · · ·+ anen.

Ïd En ´ n ��þ�m, ¡�n �ê|�þ�m½{¡�ê|�m.

~ 5.6.2 8Ü Q(
√

2) = {r + s
√

2 | r, s ∈ Q} ´knê�Q þ� 2 ��þ�m.

y² ØJ�y Q(
√

2) ÷v�þ�m½Â5.14. � Q(
√

2) ¥ü��þ e1 = 1, e2 =
√

2, e�3knê λ1, λ2, ¦� λ1e1 + λ2e2 = λ1 + λ2
√

2 = 0, K� λ2 6= 0 �, íÑ
√

2 = −λ1
λ2
´knê, gñ, Ïd λ2 = 0, ?
íÑ λ1 = 0, = e1, e2 �5Ã'.

é?¿� x = r + s
√

2 ∈ Q(
√

2), k x = r + s
√

2 = re1 + se2, ¤±Q(
√

2) ´ 2 �

�þ�m, e1 = 1, e2 =
√

2 ´ Q(
√

2) ��|Ä.

~ 5.6.3 � Fn[x] L«¢ê� R þgêØ�L n �õ�ª�N

Fn[x] = {f(x) = a0 + a1x+ · · ·+ anx
n | a0, a1, · · · , an ∈ R},

@o3õ�ª\{Úê¦½Âe, Fn[x] ´ R þ n+ 1 ��þ�m, §�Ä�

1, x, x2, · · · , xn ∈ Fn[x].

2◦ �þ�m�Ó�

½Â 5.18 � V1, V2 ´ R þü��þ�m, e�3 1-1 N� σ : V1 −→ V2 ÷v

(i) σ(a + b) = σ(a) + σ(b), a, b ∈ V1;

(ii) σ(λa) = λσ(a), λ ∈ R, a ∈ V1,

K¡�þ�m V1 � V2 Ó�, σ ¡�Ó�N�. � V1 = V2 �, σ ¡�gÓ�.
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�â½Â, w,k

σ(0) = 0,

σ(−a) = −σ(a),

σ(λ1a1 + · · ·+ λmam) = λ1σ(a1) + · · ·+ λmσ(am),

ùp 0 ©OL« V1 Ú V2 ¥"�þ, λ1, · · · , λm ´?¿¢ê, a1, · · · ,am ∈ V1.

½n 5.19 � V1, V2, V3 ´R þn��þ�m, @o

(i) V1 �g�Ó�, Ó�N�=´ V1 � V1 �ðÓN�.

(ii) e σ : V1 −→ V2 ´Ó�N�, @o σ−1 : V2 −→ V1 �´Ó�N�. �Ò´e

V1 � V2 Ó�, K V2 � V1 Ó�.

(iii) e V1 � V2 Ó�, V2 � V3 Ó�, K V1 � V3 Ó�.

(iv) e V1 � V2 Ó�, KÓ�N�r V1 ¥�?¿�5Ã'| a1, · · · ,am N��
V2 ¥��5Ã'| σ(a1), · · · , σ(am).

(v) V1 � V2 Ó�, ��=� dimV1 = dimV2.

½n¥ (i), (ii), (iii) L²�þ�mÓ�'X´�d'X£�½Â2.23¤. ü��þ�

mÓ�L²�m�ê(���, ¿Ø3¿ü��m¥�þ�äN¹Â .

y² (i) ´w,�. éu(ii) , � σ : V1 −→ V2 ´Ó�N�, Ï�´ 1-1 N�, ¤±

_N� σ−1 : V2 −→ V1 �3
��´ 1-1 N�. é?¿ a′, b′ ∈ V2,P

a = σ−1(a′), b = σ−1(b′),

@o a′ = σ(a), b′ = σ(b), í� a′ + b′ = σ(a + b), ¤±

σ−1(a′ + b′) = a + b = σ−1(a′) + σ−1(b′).

é?¿ λ ∈ R,

σ−1(λa′) = σ−1(λσ(a)) = σ−1(σ(λa)) = λa = λσ−1(a′).

éu(iii) , � σ1 : V1 −→ V2, σ2 : V2 −→ V3, K σ2 ◦ σ1 : V1 −→ V3 ´ 1-1 N�, �é

?¿ a, b ∈ V1 k

σ2 ◦ σ1(a + b) = σ2(σ1(a) + σ1(b)) = σ2(σ1(a)) + σ2(σ1(b))

= σ2 ◦ σ1(a) + σ2 ◦ σ1(b)

σ2 ◦ σ1(λa) = σ2(σ1(λa)) = σ2(λσ1(a)) = λσ2(σ1(a))

= λσ2 ◦ σ1(a)
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éu(iv), � σ : V1 −→ V2 ´Ó�N�, a1, · · · ,am ´ V1 ��|�5Ã'�þ. @

oé?¿¢ê λ1, · · · , λm, XJ

λ1σ(a1) + λ2σ(a2) + · · ·+ λmσ(am) = 0,

Òk

σ(λ1a1 + λ2a2 + · · ·+ λmam) = 0,

Ïd

λ1a1 + λ2a2 + · · ·+ λmam = 0,

íÑ λ1 = λ2 = · · · = λm = 0, = V2 ¥�þ σ(a1), σ(a1), · · · , σ(am) �5Ã'.

éu(v), � dimV1 = n, e1, · · · , en ´ V1 ��|Ä, σ : V1 −→ V2 ´Ó�N�, �â

(iv), V2 ¥�þ| σ(e1), σ(e2), · · · , σ(en) �5Ã'.

é?¿ x′ ∈ V2, k x ∈ V1, ¦� x′ = σ(x), ò x 3 V1 ¥de1, · · · , en �5L«:

x = λ1e1 + λ2e2 + · · ·+ λnen,

@o V2 ¥?¿� x′ Òd σ(e1), σ(e2), · · · , σ(en) �5L«:

x′ = σ(x) = σ(λ1e1 + λ2e2 + · · ·+ λnen)

= λ1σ(e1) + λ2σ(e2) + · · ·+ λnσ(en),

�Ò´ σ(e1), σ(e2), · · · , σ(en) ´ V2 ��|Ä. ¤± dimV2 = dimV1.

��e dimV1 = dimV2, ©O� V1 ��|Ä {e1, · · · , en} Ú V2 ��|Ä

{e′1, · · · , e′n} , Ue��ª½Â��N� σ, k-

σ(e1) = e′1, · · · , σ(en) = e′n.

2é?¿ a = λ1e1 + · · ·+ λnen ∈ V1, ½Â

σ(a) = λ1σ(e1) + · · ·+ λnσ(en) = λ1e
′
1 + · · ·+ λne

′
n ∈ V2,

�±�y σ ´Ó�N�. �

~ 5.6.4 R þ?Û n ��þ�m V �ê|�m En£~5.6.1 ¤Ó�. �À½ V

��|Ä {e1, · · · , en} �, @oé?¿ a ∈ V , Ó�N�Ò´

σ : a = a1e1 + · · ·+ anen −→ (a1, · · · , an),

��± En ¥ê|���I, Ò��éA V ¥���þ.

Ïd, lÓ��Ýw, R þ n ��þ�m V ��þ� n �ê|�m En ÃÉ.
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~ 5.6.5 ~5.6.3 ¥ Fn[x] � n+ 1 �ê|�m En+1 Ó�. Ó�N��

a0 + a1x+ · · ·+ anx
n 7−→ (a0, a1, · · · , an).

3◦ �þ�m�f�m

½Â 5.20 � V ´ R þ n ��þ�m, W ´ V ���f8, e W é V ¥�

\{Úê¦$��/¤ R þ���þ�m, K¡ W ´ V �f�m. ØJ�y, W ´

V f�m�¿©7�^�´ W é\{Úê¦�±µ4:

λa + µb ∈ W a, b ∈ W, λ, µ ∈ R.

Ï� W �Ä�´ V ��5Ã'�þ|, d½n5.17, íÑ dimW 6 dimV .

e� V �|�þ a1,a2, · · · ,al ⊂ V , K��y

W = {λ1a1 + λ2a2 + · · ·+ λal | λi ∈ R, ai ∈ S, i = 1, · · · , l, l ∈ N}

´ V �f�m, ¡� d a1,a2, · · · ,al )¤�f�m, P� W =< a1,a2, · · · ,al >. A

O� a1,a2, · · · ,al �5Ã'�, dimW = l.

~ 5.6.6 � l < n, K n �ê|�m En ¥e����¤�f8Ü

W = {(a1, · · · , al, 0, · · · , 0) ∈ En | a1, · · · , al ∈ R},

´ En �f�m. ØJ�y, W � El Ó�. §��a'n��m��I²¡Ú�I¶.

~ 5.6.7 3�þ�m Fn[x] ¥, �

W = {p(x) | p(−x) = p(x), p(x) ∈ Fn[x]},

ØJ�y W ´ Fn[x] �f�m, Tf�m�´�5Ã'�þ

1, x2, x4, · · · , x2m

)¤�f�m, ùp m =
[n

2

]
, [a] L«Ø�L a ����ê. Ïd dimW = m+ 1.

4◦ SÈ�î¼�m

3n��m¥, �þ�m�SÈ´ÏLAÛ�ª½Â�£½Â5.6¤. �l�êþw,

SÈ¢Sþ´?¿�é�þ���¢ê�¼ê'X, ¿�÷v5�5.7. ÏdòäNSÈ

�ê5�Ä�Ñ5, ��Ñe�½Â:
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½Â 5.21 � V ´R þ�þ�m, XJ V ¥?¿�é�þ a, b ∈ V , éA��

¢ê, P� (a, b) ∈ R, ¿÷vµ

(i) é¡5µ(a, b) = (b,a), a, b ∈ V ;

(ii) �55µ(µa + νb, c) = µ(a, c) + ν(b, c), a, b, c ∈ V, µ, ν ∈ R;

(iii) �½5µ(a, a) > 0, a ∈ V , �Ò¤á��=� a = 0.

@o¡ (a, b) ��þ a Ú b �SÈ. R þ½Â
SÈ��þ�m V ¡�î¼�m.

5¿�SÈ½Â¥�55¢Sþ� /́V�550, =dé¡5�±íÑ

(a, µb + νc) = µ(a, b) + ν(a, c).

½n 5.22 (Cauchy-Schwarz Ø�ª) � V ´î¼�m, (·, ·) ´V ���SÈ, K

é?¿ü��þ a, b ∈ V , k

|(a, b)| 6
√

(a,a)(b, b).

y² é?¿¢ê λ Ú a, b ∈ V , k

0 6 (λa + b, λa + b) = (a,a)λ2 + 2(a, b)λ+ (b, b),

Ïd�â λ ��gõ�ª�Oª=�y�½n. �

�âSÈ, �±½Â V ¥?¿�þ a ��£¡��¤

|a| =
√

(a,a),

±9ÏL

cos θ =
(a, b)

|a||b|
½Â?¿ü��"�þ a, b ∈ V Y� θ. eü��"�þSÈ�" (a, b) = 0, K¡ a

Ú b �p��½�pR�. lSÈ÷v�Cauchy-Schwarz Ø�ª, ��±��e�íØ

íØ 5.23 é?¿ü��þ a, b ∈ V , k

n�Ø�ª: |a + b| 6 |a|+ |b|;

²1o>/�ª: |a + b|2 + |a− b|2 = 2(|a|2 + |b|2).

y²

|a + b|2 = (a + b,a + b) = |a|2 + |b|2 + 2(a, b)

6 |a|2 + |b|2 + 2|a||b| = (|a|+ |b|)2,

ü>m�Ò��n�Ø�ª. 
de�üª�\��

|a + b|2 = (a + b,a + b) = |a|2 + |b|2 + 2(a, b)

|a− b|2 = (a− b,a− b) = |a|2 + |b|2 − 2(a, b)
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Ò��²1o>/�ª �

~ 5.6.8 � En Ú e1, e2, · · · , en ´~5.6.1¥�Ñ� n��þ�mÚ§��|Ä,

é?¿�é�þ a, b ∈ En:

a = a1e1 + a2e2 + · · ·+ anen, b = b1e1 + b2e2 + · · ·+ bnen,

½Â

(a, b) = a1b1 + a2b2 + · · ·+ anbn.

ØJ�y§´ En þ���SÈ. Ïd En 'uù�SÈ/¤î¼�m, ¿AOP� Rn.

3þãSÈ�½Âe, Ä�þüü��µ

(ei, ej) = δij =

1, i = j

0, i 6= j.

(i) �þ���:

|a| =
√
a21 + a22 + · · ·+ a2n.

(ii) ü�þ�Y�:

cos θ =
a1b1 + a2b2 + · · ·+ anbn√

a21 + a22 + · · ·+ a2n
√
b21 + b22 + · · ·+ b2n

.

Ïdé?Û¢ê a1, · · · , an Ú b1, · · · , bn, k

(iii) Cauchy-Schwarz Ø�ª:

(a1b1 + · · ·+ anbn)2 6 (a21 + · · ·+ a2n)(b21 + · · · b2n).

(iv) n�Ø�ª√
(a1 + b1)2 + · · ·+ (an + bn)2 6

√
a21 + · · ·+ a2n +

√
b21 + · · ·+ b2n.

(v) ²1o>/�ª:

(a1 + b1)
2 + · · ·+ (an + bn)2 + (a1 − b1)2 + · · ·+ (an − bn)2

= 2((a21 + · · ·+ a2n) + (b21 + · · ·+ b2n)).

Ïd, ��þãSÈ�ê|�m Rn ¢Sþ´)ÛAÛ¥n��m���í2. ���

¹e, � V ´R þ n ��þ�m, (·, ·) ´§�SÈ, e1, e2, · · · , en ´�|Ä. P

gij = (ei, ej), i, j = 1, 2, · · · , n.
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½L«¤Ý
/ª

G =


g11 g12 · · · g1n

g21 g22 · · · g2n
...

...
...

gn1 gn2 · · · gnn

 =


(e1, e1) (e1, e2) · · · (e1, en)

(e2, e1) (e2, e2) · · · (e2, en)
...

...
...

(en, e1) (en, e2) · · · (en, en)

 ,

ù�, V ¥?¿�é�þ

a = a1e1 + a2e2 + · · ·+ anen, b = b1e1 + b2e2 + · · ·+ bnen,

�SÈ�Ò(½
:

(a, b) =
n∑

i,j=1

gijaibj .

Ý
 G ¡�SÈ (·, ·) 3Ä e1, e2, · · · , en e�ÝþÝ
. §äk�X�A½�5�, ~

X G ¥��÷vé¡5: gij = gji ��. ��, ?Û÷vù
5��ÝþÝ
, Ñ�±½

Â V þ�SÈ, ��Ø2?Ø.

§5.7 �5�§|

�	�¹ n ���þ x1, x2, · · · , xn ¿d m ��§|¤��5�§|

a11x1 + a12x2 + · · ·+ a1nxn = b1,

a21x1 + a22x2 + · · ·+ a2nxn = b2,

· · · , · · · , · · ·

am1x1 + am2x2 + · · ·+ amnxn = bm,

(1)

Ù¥Xê aij , i = 1, · · · ,m, j = 1, · · · , n ±9 bi, i = 1, · · · ,m ´�½¢ê. r�§|X

êUe��ª|¤Ý


A =


a11 a12 · · · a1n

a21 a22 · · · a2n
...

...
...

am1 am2 · · · amn

 ,

¡�m× n Ý
, AO, � m = n �, n× n Ý
 A ¡�n ��
. �§| (1) �{��

Ax = b, x =


x1

x2
...

xm

 , b =


b1

b2
...

bm

 (2)
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ùpr�þ�¤��/ª¡���þ, 
Ï~�¤1�/ª¡�1�þ. éu Ax = b

¥Ý
��þ¦{, n)�^Ý
 A 1�1z�©þ���þ x éA©þ�¦�2�

\Ò��1���§, Ù§aq. ¡�§| (1) ½ (2) ��àg�5�§|.

� bi = 0, i = 1, · · · ,m£ b = 0¤�, �§|

Ax = 0 (3)

¡�àg�5�§|. ùpØ��?Ø (2) Ú (3) )���nØ, =±~f�Ñ`².

1◦ XêÝ
��
�àg�5�§|�)

~ 5.7.1 �Äe��5�§|
x+ y + z = b1,

x+ 2y + 3z = b2,

2x − z = b3.

ùp b1, b2, b3 ´?¿�½¢ê. ^Ý
L«, T�§|�

Ax = b, A =


1 1 1

1 2 3

2 0 −1

 , x =


x

y

z

 , b =


b1

b2

b3

 , (4)

Ù¥�§|�XêÝ
´ 3 ��
.

lAÛþw, 3 Oxyz �IX¥, �§| (4) ¥n��§©OL«n�²¡, �§|

�)=´n�²¡��: (x, y, z). 
n�²¡��u�:��=�n�²¡{�þ

v1 = (1, 1, 1), v2 = (1, 2, 3), v3 = (2, 0,−1)

Ø�¡. 5¿�n�{�þ v1,v2,v3 �´Ý
 A ¥n1�¤�1�þ.

l�êþw, rÝ
 A �n�©OP� R3 ¥n���þ

a1 =


1

1

2

 , a2 =


1

2

0

 , a3 =


1

3

−1

 ,

@o�§| (4) �±w¤�þ b d a1,a2,a3 �5L«:

xa1 + ya2 + za3 = b,

Ïd�§|k��), ��=� a1,a2,a3 ´ R3 ¥�5Ã'�þ.
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Ø+´lAÛþ�´l�êþw, Ø+´Ý
A �1�þØ�¡, �´��þ�5

Ã', �ÓA:´Ý
éA�1�ªØ�"£ë�§5.2 ���'u1�ªÜ©¤�

detA =

∣∣∣∣∣∣∣∣
1 1 1

1 2 3

2 0 −1

∣∣∣∣∣∣∣∣ = 1 6= 0.

ÏdXêÝ
´�
��àg�5�§|k��), ��=�XêÝ
éA1�ªØ�

u". �,, éu n ��
A, I�¯k½Â A �1�ª, ùpÒØ2Ðm
.

2◦ XêÝ
� m× n Ý
��5�§|�)

Äk�Äàg�5�§| (3). P¤k)�8Ü�

V = {x = (x1, x2, · · · , xn) | Ax = 0},

½n 5.24 àg�5�§| (3) )8 V ´ Rn£~5.6.8¤�f�m, �¡��§

| (3) )�m.

y² ØJ�ye x1 = (x1, x2, · · · , xn), x2 = (x′1, x
′
2, · · · , x′n) ©O´(3) �), K

µx1 + νx2, µ, ν ∈ R �´), Ïd V ´ Rn �f�m. �

� e1, · · · , em ´ V ¥�|Ä£ÏdÄ�þ ei, i = 1, · · · ,m Ñ´ (3) �)¤, ¡�

(3) �Ä�)|, @o (3) �?Û)�dÄ�)|�5L«£�¡� (3) �Ï)¤

x = λ1e1 + · · ·+ λem.

)�m V ��ê��§|�Xê aij ���', e¡, ÏL��~f\±`².

~ 5.7.2 �àg�5�§|
x1 + x2 + x3 + x4 = 0,

x1 + 2x2 + 3x3 − 2x4 = 0,

x1 − x3 + 4x4 = 0.

(5)

|^��{���§|�)kXe/ª

x = (λ− 4µ, −2λ+ 3µ, λ, µ) = λe1 + µe2,

Ù¥λ, µ ´?¿¢ê,

e1 = (1,−2, 1, 0), e2 = (−4, 3, 0, 1).

´ü��5Ã'�), �¤�§�Ä�)|. Ïd)�m V ´R4 � 2 �f�m. l,
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���Ýw, �§|�XêÝ
�

A =


1 1 1 1

1 2 3 −2

1 0 −1 4


Ù¥���þ�

a1 =


1

1

1

 , a2 =


1

2

0

 , a3 =


1

3

−1

 , a4 =


1

−2

4

 ,

d��§| (5) �L«�

x1a1 + x2a2 + x3a3 + x4a4 = 0,

ØJwÑ�þ| a1,a2,a3,a4 ¥, a1,a2 �5Ã', �a3,a4 �d a1,a2 �5L«:

a3 = 2a2 − a1, a4 = 4a1 − 3a2.

¡ù�� a1,a2 ´a1,a2,a3,a4 �4��5Ã'|. Ïd�§{z�

(x1 − x3 + 4x4)a1 + (x2 + 2x3 − 3x4)a2 = 0,

Ï� a1,a2 �5Ã', ¤±k

x1 − x3 + 4x4 = 0, x2 + 2x3 − 3x4 = 0.

Ù¥, x3, x4 �±�?¿¢ê, x3 = λ, x4 = µ. 
 x1, x2 ©O� x1 = λ − 4µ, x2 =

−2λ+ 3µ. )�m�ê�u R4 �ê~�XêÝ
¥��þ4��5Ã'|�þ��ê.

½Â 5.25 é���àg�§| (3), XêÝ
 A � n � m ���þ¥, 4��

5Ã'|�¹��þ�ê, ¡� A ���.

½n 5.26 àg�5�§| (3) �)�m V ��ê÷v

dimV = n− A���.

�u�Ì, ½n�y²lÑ.

5P: Ó��½Â A � m � n �1�þ�4��5Ã'|Ú1�. �, A ���

þ�1�þ��êØ�, ���Ú1�´���, Ïd¡�Ý
 A ��, P� rank(A),

��Ø2Kã.
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éu�àg�5�§| (2) , §�?¿ü�)��÷véA�àg�5�§|, =

e Ax = b, Ax′ = b, K A(x− x′) = 0.

Ïd, e x0 = (x01, x
0
2, · · · , x0n) ´�àg��A), e1, · · · , em ´éAàg�5�§�Ä

�)|, @o�àg�§ (2) ¤k)£=Ï)¤�

x = x0 + λ1e1 + · · ·+ λem, λ1, · · · , λm ∈ R.

�,, ¿�¤k�àg�5�§|Ñ�3). e¡�~f�Ñ)º

~ 5.7.3 �Ä�§| (5) ��àg�/
x1 + x2 + x3 + x4 = b1,

x1 + 2x2 + 3x3 − 2x4 = b2,

x1 − x3 + 4x4 = b3.

(6)

T�§k)(x01, x
0
2, x

0
3, x

0
4), ��=�

x01a1 + x02a2 + x03a3 + x04a4 = b, b =


b1

b2

b3

 ,

ùp a1,a2,a3,a4 Ó~5.7.2, a1,a2 �5Ã', Ïd

(x01 − x03 + 4x04)a1 + (x02 + 2x03 − 3x04)a2 = b,

Ïd (6) k)��=� b Ud a1,a2 �5L«, Ïd a1,a2 ©O´ a1,a2,a3,a4 Ú

a1,a2,a3,a4, b �4��5Ã'|. rü|�þ©O��Ý
 A Ú Ã ���þ

A =


1 1 1 1

1 2 3 −2

1 0 −1 4

 , Ã =


1 1 1 1 b1

1 2 3 −2 b2

1 0 −1 4 b3


@o (6) k)�¿©7�^�´ü�Ý
�����:

A��� = Ã���.

Ý
 Ã ¡�Ý
 A �O2Ý
. é����5�§| (2), §�O2Ý
Ò´3XêÝ


 A ¥2V\�� b .

~ 5.7.4 �Äü��§� n ��5�§

a1x1 + a2x2 + · · ·+ anxn = b, (7)
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XêÝ
A �k�1, 
z��þ´��ê. Ïd A ����u 1. =éA�àg�§

a1x1 + a2x2 + · · ·+ anxn = 0, (8)

�)�m� V ´ Rn � n− 1 �f�m.

5¿�ÃØ´�àg�§ (7) �´àg�§ (8), Ñ´n��m²¡�§/ªþ�

í2. duXêÝ
¢Sþ´�� n ��þ, ÏdP� a = (a1, a2, · · · , an). |^ Rn ¥
SÈ, �§ (7) Ú (8) �L«�

(a,x) = b (�àg�§);

(a,x) = 0 (àg�§).

Ïd, àg�§�)�m V ´Rn ¥@
�®��þ a R���þ/¤�f�m, �¡

V � Rn ¥� n− 1 ��²¡. Ï (0, 0, · · · , 0) ∈ V , Ïd�²¡L Rn ¥�/�:0.

e x0 = (x01, x
0
2, · · · , x0n) ´�àg�§ (7) ���A)£A)w,�3¤, K (7) �

?¿) x ÷v (x − x0,a) = b − b = 0, = x − x0 ∈ V , Ïd�àg�§ (7) �)�8

Ü�±w¤´�²¡ V /²£0�L x0/:0�/�²¡0.

5P: é�¹ m ��§�àg�5�§| (3), Ù¥z���§�)�mÑ´��

n− 1 ���²¡, Ïd��àg�5�§|�)�mÒ´ m � n− 1 ���²¡��,

Ïd £́n− A���¤���²¡.
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1 5 ùSK

1. ®��m¥n��þ÷v a + b + c = 0, Áy:

a× b = b× c = c× a.

��, eþª¤á, �a, b, c Ø��, y² a + b + c = 0.

2. 3 4ABC ¥§ D,E ©O´> BC,AC �¥:§ AD,BE ��u: G. y

²µAG = 2
3AD.

3. y²e�ü^��´É¡��£=Ø²1�Ø���ü^��¤x+ y − z − 1 = 0,

2x+ y − z − 2 = 0
Ú

x+ 2y − z − 2 = 0,

x+ 2y + 2z + 4 = 0.

¿¦ü^���ål£=ü���úR�ã��Ý¤.

4. Á¦
sin θ + 3

cos θ + 2
(0 6 θ 6�) ����Ú���.

J«µ��Ä²¡þ: (−2,−3) �±�:��%�ü �þ:�����Ç.

5. e¡�§�y�´�oã/?

4x2 + 25y2 + 4z2 − 16x− 50y − 16z − 43 = 0.

6. L�:�� x2 + y2− 2x− 4y+ 4 = 0 �?¿����u P1, P2, ¦ P1P2 �¥: P

�;,.

7. �Äü²¡ Π1 Ú Π2 �m�ÝKN�£�1 1 ù1 4 !¤, Áy² Π1 þ���Ý

K� Π2 þ�ý�!�Ô�ÚV­�.

J«µØ�� Π1 � Oxz ²¡, Π2 � Oxy ²¡. ��m¥�: Q(0,−1, λ) ��Ý

K�¥%:, ±9 Oxz ²¡þ�� x2 + (z − c)2 = 1. �Ñ�þ?¿�: P (x, 0, z)

3Oxy ²¡þ�ÝK P ′(x′, y′, 0), ¦Ñ P ′(x′, y′, 0) ÷v��§, ¿?Ø λ ���.

8. Áy²: �5Ã'��þ|�KeZ��þ�, {e��"��þE,�5Ã';

3�5�'|O\?ÛeZ��þ|¤��þ|, E,�5�'.

9. y²: 3«m [a, b] þ¼ê�¤��m¥, ek1x, ek2x (k1 6= k2) �5Ã'.

10. � e1 = i + j, e2 = j + k ´ R3 ¥ü��þ£ùp i, j,k � R3 ¥�pR��ü 

�þ¤. Áy² V = {αe1 + βe2 | α, β ∈ R} ´ R3 ¥� 2 �f�m.

11. � a, b ´ Rn ¥ü �þ, |a + b| = 1, ¦ |a− b| ��.
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12. ¦e�àg�5�§|�Ï)

x+ z = 0,

y + z = 0,

x+ y + 2z = 0

¿(½ V ��ê, �Ñ�|Ä�þ.
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¤¢º5�ã´�l�
®�ã/Ñu, =�u^vk�Ý�ºÚ�5£±e{¡

º5¤�Ñ#�ã, Ïdq¡AÛ�ã.

§6.1 º53�ã¥�õU

kl��~f!å.

~ 6.1.1 �Ñ®���ã AB �R�²©�£�,�Ò��§�²©:¤.

äN�{´: ©O± A Ú B ���%, ±�L AB �Ý���Ý r ��», ^�

5�ü����, 2^�ºë��ü��:, Ò�� AB R�²©�Ú²©: (ã 6.1) .

aq¯KÚ¡��ã¯K. �
�B, 8�rU


^º5�Ñ��ã¯K¡�´�)�, ØU�Ñ�

¡�´Ø�)�.

¿Ø´z��ã¯KÑ�), ~Xn�©�¯

K, �á�N¯K, ¦��Ô>/¯K±9z�¤�

¯K��, ´Ã{^�5Ú�º5�¤�£ò3§ 6.5

?Ø¤. ù�Ò�)
��¯K, Ä¾=
�ã¯K

�), =
Ø�). ^�o�{�ä���ã¯K�

)�´Ø�).

. ..........................................................................................................................................................................................................................A B•

..........

..........

..........

..........

..........

..........

..........

..........

..........

..........

..........

..........

..........

..........

..........

..........

..........

..........

..........

..........

..........

...........

ã 6.1

�;KÌ�lº5�ã¯K, XÛuy§���êÆ, ¿Ø?ØäN��ãL§.

º53�ã¥kXeÄ�õUµ

£1¤Lü�®�:��^��;

£2¤±®�:��%, ±®��Ý��»����;

£3¤�ü^®�����:;

£4¤�����®��½®�����:.

õU£1¤Ú£2¤©O´�ºÚ�5=k�õU, �â�½^�£½:Ú½�¤̂ �

º½�5���¤. �ü«õUI��â�½^�, ^º5éÑ�:. º5�ã�´U

þãõU, ��Ú½�X��Ú½�L§, �Ò´®�c¡�Ú, XÛ^º5�Ñe�Ú

�ã/.

�â)ÛAÛ*:, 3²¡þïá���IX��, ²¡þ:�d�IL«, ��
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:Ò��
§��I, ��
�IÒ�±�Ñ:. 
:��I´�é¢ê, Ïdl�½

:, ^º5�Ñ#�:, Ò´l®�ê^º5�Ñ#�ê. /�/`, Ò´XÛrº5�

ã¯K=z�/êiz0̄ K, ?
^�ê�{ïÄ�ã��)¯K.

~ 6.1.2 �®�� ∠AOB ��²©�.

äN�{´: Ø�� OA Ú OB �Ý��£eØ,, �±ÏL± O ��%, ^�5

±½���», 3ü��þ�Ñü:, �Ò´�����:, �O A Ú B¤. ©O± A

Ú B ��%, ^�5��»��ü���u P£�»�®�¤. ��^�ºë� O Ú

P , Ò��ü��Y��²©�.

e3�IXe�Ä, ± O ��:, ±OA �� x ¶��, OA �Ý��ü �Ý, ï

á�IX.

�®�� ∠AOB = θ,Kn�®�:�I©O�

(ã 6.2)

O(0, 0), A(1, 0), B(cos θ, sin θ),

^º5�Ñ: P ��I�

P

(
r cos

θ

2
, r sin

θ

2

)
,

Ò��u�â®�: O,A,B ��I�Ñ P :��

I, ½ö`�â�½ê 1, cos θ, sin θ ^º5�Ñ#�

ê cos
θ

2
, sin

θ

2
.

-

6

.

....................................................................................................................................................................................................................................................................................... •

• •

O A

B
P

x

y

........... ...........
........... ...........

........... ...........
........... ...........

........... ...........
........... ...........

........... ...........
........... ...........

........... .........

ã 6.2

§6.2 �ã��êL«

u´, º5�ã¯KÒ=z�l®�êÑu, ^º5U
�Ñ=
ê�¯K.

1◦ ^º5�¢y®�ê�oK$�

=?�ü�ê a Ú b, ^º5�±�Ñ a± b, ra, ab, Ú a

b
. ùp r ´?¿knê.

(a) �½ü��¢ê a Ú b ©O�Lü��ã�Ý, ^�ºx�^ê¶, ^�5�

g�ê¶��IÑål OA = a, AB = b, K�ã OB ��ÝÒ´a + b, e÷ OA ��

�ëIÑål a, K���Ý� na ���.
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e÷����IÑ AB = b, K OB = a − b. ¤
±ü�ê a Ú b �m�\~{�dº5�ã5¢y.

e a, b ¥kKê, E,±Ùýé���ã�Ý, �´

3ê¶þàþ�, �ê¶������=�.

(b) � q ���ê, OA = a. L O �,�^

�� OB, ¦� OB = q �Ò´ê¶þü �Ý

q �. 3OB þ��: D ¦� OD = 1. ë�AB,

¿L D :� AB ²1�� OA � C, Ïdn�/

∆OAB � ∆OCD �q, ¤±
OC

OD
=

OA

OB
, ù��

OC =
1

q
a£ã6.3¤.

-.

....................................................................................................................................................................................................................................................................................... .

.............................................................................................................................................................................................................................................................

............................................................

.............

.............

.............

.............

.............

.............

...... .

.............

.............

.............

.............

.............

.............

.......

.............

.............

.............

...

� -a

1
qa

1

O AC

D

B

� -

ã 6.3

2ò OC *� p �, Ò���Ý�
p

q
a ��ã.

(c) Ó�, ^º5��±¢yü�ê¦{ÚØ{:

3?¿�ü>©OIÑ OA = a, OC = b, 3 OAþ� OB = 1, ë�BC ¿L A:

� BC �²1�� OC£½ò��¤u D, K OD = ab (ã 6.4) .

eé?¿�ü>©OIÑ OA = a,OB = b, �3 OB þIÑ OD = 1, L D �²

1u AB ���� OA(½ò��¤u C, K OC =
a

b
(ã 6.5) .

-.

....................................................................................................................................................................................................................................................................................... .

.............................................................................................................................................................................................................................................................

............................................................................................

.............

.............

.............

.............

.............

.............

...... .

.............

.............

.............

.............

.............

.............

.......

.............

.............

.............

....

..................................................................

.

..................................................................

.
......................................

� -a
1

b

ab

O AB

C

D

� -

�
�
�	

�
�
��

��	

���

ã 6.4

-.

....................................................................................................................................................................................................................................................................................... .

.............................................................................................................................................................................................................................................................

............................................................................................

.............

.............

.............

.............

.............

.............

...... .

.............

.............

.............

.............

.............

.............

.......

.............

.............

.............

....

..................................................................

.

..................................................................

.
......................................

� -a

a
b

1

b

O AC

D

B

� -

�
�
�	

�
�
��

��	

���

ã 6.5

½Â 6.1 � S = {1, a, b, c, · · · , } ´�¹ 1 �ê8, S¥ê²L?¿k�g\~¦

Ø��¤k�Uê�8ÜP� F(S), ØJ�y F(S) ÷v1 3 ù¥'u��½Â3.3, Ï

d´���, ¡�d S )¤�ê�.

l®�êÏLº5, ÅÚ�Ñ a± b, ra, ab, a
b
�L§`²Xe(Ø:

½n 6.2 ®����¹ 1 �ê8 S = {1, a, b, c, · · · } , @o^º5��Ñd S )

¤�ê� F(S) ¥�?Ûê.

íØ 6.3 lS = {1} Ñu, ^º5�±�Ñknê� Q ¥¤k�knê.
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8�, �´ /̀lê8S ½ê� F Ñu0, ´�®²b� S ½ F ¥ê´®��, ½

ö®²ÏLº5�Ñ�ê.

w,, XJl?Ûknê�¤�8ÜÑu, ^º5Uþã�ª (a), (b), (c), ���

�´knê, g,�¯, UÄ^º5�Ñknê±	�êº�Y´�½�, 
�´kû½

¿Â�.

2◦ ^º5�Ñ®�ê�²��

� d > 0£Ø�� d > 1¤́ ®�ê,3��þIÑ OA = d,AB = 1±9OB′ = d−1

¦� A ´ B′B �²©:.

���ã OB �²©:, ¿±d��%, OB �

�»��; 2� B′B R�²©�, TR�²©�L A

¿��u C (ã 6.6) . ØJwÑ��n�/ ∆OAC

Ú ∆BAC �q, Ïdd

AC

AB
=
OA

AC
,

�

AC =
√
d.

Ïd, ^º5��Ñ®��ê d �²��
√
d.

. ................................................................................................................................................................................................................................................................................................................................................................................................................................... .
............................

.............................

.............................

.............................

............................

...........................

...........................

............................
.............................

.............................
............................................................................................................................................................................

.......................
.....

...................
........

.................
..........

................
............

...............
..............

..............
..............
.

..............
..............
.

.............

.............

..
.

........................................................................................................................................................................................................................ .
......... .
......... .
......... .
......... .
......... .
......... .
......... .
......... .
......... .
......... .
......... .
......... .
......... .
......... .
......... .
......... .
......... .
......... .
......... .
......... .
......... ....................................................................................................................................................................................

O BB′ A

C

d 1

√
d

••

ã 6.6

y3, l F Ñu, � d ∈ F (d > 0), �Ñ
√
d . 2l F Ú

√
d Ñu, ?
�±^º5

�Ñ¤ke�/ª�ê

α + β
√
d, α, β ∈ F.

~X� d = 2, Ò��'knê� Q ���2�ê α + β
√

2.

e¡ù�~f, `²XÛÏL�Ñ/X α + β
√
d �ê,)ûº5�ã¯K.

~ 6.2.1 ü �S���>/�º5�ã¯

K´�)�.

ùp, �?Øþãº5�ã¯K´Ä�), ¿Ø

?ØS���>/äN�ãL§.

b��%� O �ü �Sk�S���>/§

P,^>� AB �Ý� x. 4AOB ´��n�/,

�%� ∠AOB = 36◦, Ù§ü� ∠OAB = ∠OBA =

72◦. �� ∠OAB ��²©�,� OB u C,Ïd AC

ò 4AOB ©�ü���n�/ 4ABC Ú 4ACO
(ã 6.7) . í�

. ...........................................................................................................................................................................................................................

................................................................................................................................................................................................................... .
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...........O
B

A

Cx 1− x

xx

ã 6.7
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AB = AC = OC = x,BC = 1− x.

qÏ� 4AOB � 4ABC �q, ù�Òk

1

x
=

x

1− x
,

= x ÷v�g�§

x2 + x− 1 = 0

Ï x > 0, ¤±

x =

√
5− 1

2
,

ù´��knê�V\
²��
√

5 �ê, Ïd´�±^º5�Ñ, ù�^�5lü 

�þ�:Ñu, ± x ��»�g��ü ��:, 2^�ºë�ù
�:Ò��^º5

�Ñ�S���>/.

^B�Ñ,

√
5− 1

2
' 0.618 �´¤¢�/�7©�0, <�@�XJÝ/°Ú��¤

ù��'�, l"{*:w´�Ð�. @3ú�c 6 ­VPythagoras Æ�ÒïÄL�Ê

>/Ú��>/��ã¯K, ddíä¦�AT>9¿Ýº
�7©�.

|^{ü�n�¼ê{u½n, ��±��

cos 36◦ =

√
5 + 1

4
, cos 72◦ =

√
5− 1

4
.

Ïdù
ê�´ÏLº5�±�Ñ�.

8B 1◦ Ú 2◦, �ÑXe(Ø: ^º5�±¢y®�ê�\~¦Ø±9m²���

ê$�.

3◦ º5�ã��ê5�

y3�¯, bX=l F Ñu, Ø
 α + β
√
d /ª�ê±	, ^º5�UØU�ÑÙ

§�oêº�Y´Ä½�.

½n 6.4 e=l��®�ê� F Ñu, ^º5�U�Ñ/X α + β
√
d �ê, Ù

¥α, β ∈ F.

y² �
y²þã(Ø, l�ê�Ý, éº5�ã�Ä�õU©ÛXe:

£1¤ü®�:�m�ã�Ý

� (a1, b1), (a2, b2) �ü�®�:, a1, b1, a2, b2 ∈ F, @oë� (a1, b1), (a2, b2) ü:

�ã�Ý�

ρ =
√

(a1 − a2)2 + (b1 − b2)2,
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§´ F ¥ê²Lm²�¤���ê, Ïd^º5�Ñü®�:�m��ã�ÝE,´/

X α + β
√
d, α, β ∈ F �ê.

Ó��â)ÛAÛ, L®�ü:����§�

(b1 − b2)x+ (a1 − a2)y + (a1b2 − a2b1) = 0,

du F ´ê�, ¤±þã�§�XêE,áuF .

£2¤ü^®�����:.

�ü^Ø²1����§�

ax+ by + c = 0,

a′x+ b′y + c′ = 0,

Ù¥Xê a, b, c, a′, b′, c′ ∈ F , @o§���:�I�

x0 =
cb′ − bc′

ab′ − ba′
, y0 =

ac′ − a′c
ab′ − ba′

.

¤±�:�I´ F ¥ê²L\~¦Ø¤���, ÏdE,´ F ¥ê, �Ò´^�º�Ñ

ü^������:�I, E,´F ¥ê.

£3¤®��Ú®�����:.

�± (ξ, η) ��%, ± r ��», ξ, η, r ∈ F, @o���§�

(x− ξ)2 + (y − η)2 = r2

½L«¤e� 2 g�ê�§

x2 + y2 − 2ξx− 2ηy + γ = 0.

Ù¥ γ = ξ2 + η2 − r2 ∈ F, Ïdþã�g�§�XêE,´ F ¥�ê.

������:�I, Ò´Xê3 F ¥�Ú���§éá�§�)

x2 + y2 − 2ξx+ 2ηy + γ = 0,

ax+ by + c = 0,

léá�§¥��Cþ y, ��'u x ��g�ê�§

Ax2 +Bx+ C = 0,

Ù¥Xê

A = a2 + b2, B = 2(ac− b2ξ + abη), C = c2 + 2bcη + b2γ,
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ÏdA,B,C ∈ F. ù�������Ò¿�Xþã�g�ê�§k¢ê)

x =
−B ±

√
∆

2A
,

Ù¥ ∆ = B2 − 4AC ∈ F. Ïd x E,´/X α + β
√

∆, p, q ∈ F �ê.

éuy �kaq(J y = p′ + q′
√

∆, p′, q′ ∈ F. ù�·����(Ø´^º5�Ñ

�������:�IÑ´/X α + β
√
d, α, β ∈ F �ê.

£4¤ü�®����:.

�XêÑ´ F ¥ê�ü����ê�§�

x2 + y2 − 2ξx− 2ηy + γ = 0,

x2 + y2 − 2ξ′x− 2η′y + γ′ = 0.

��²����g�ê�§

2(ξ − ξ′)x+ 2(η − η′)y − (γ − γ′) = 0,

�§�XêÑ´F ¥�ê. XÓ£3¤��, ÏLþã�§�1�����§éá���

��g�ê�§, ÏL¦)T�§, ��^º5�Ñ�ü����:, Ù�I�´/X

α + β
√
d, α, β ∈ F �ê.

2±®��²©���ã¯K�~. Ø��¤?Ø�Y��b�0 < θ < �
2 , Ïd±

®�: A(1, 0) Ú B(cos θ, sin θ) ��%£~6.1.2 ¤, ±1 ��»�ü��k�:, ��

:�I� P (x, y), @o x, y ÷v�§

(x− 1)2 + y2 = 1,

(x− cos θ)2 + (y − sin θ)2 = 1

½

x2 − 2x+ y2 = 0,

x2 − 2x cos θ + y2 − 2y sin θ = 0,

��²���

x(1− cos θ)− y sin θ = 0,

�1�����§éá, �)��:�I�

x = 1 + cos θ, y = sin θ =
√

1− cos2 θ.

§�Ñ´l®�ê 1, cos θ Ñu, ÏL\~¦ØÚm�$����ê.
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o�, l®�ê F Ñu^º5�Ñ�ã�Ý, �:�I�´/X α+ β
√
d, α, β ∈ F

�ê, Ø¬�)Ù§/ª�ê. �

5P 3º5�ã¥, k�¬k/±?¿�:��%0!/±?¿�Ý��»0!/�?

¿�^��0��ã�¦. �ã¥Ñyù�½@�/?¿0, `²�ã�J�ù
?¿�

Ã'. Ïd�±ÀJ@
:½?¿�Ý�kn:½knê, @
����^dknXê

�ê�§L«���.

§6.3 ê��*Ü

dþ!��, 3�IX¥, l®�^�Ñu, ^º5����:¯K=z�l®�

ê�Ñ#�ê�¯K, ¿�¢yê�oK$�. ù�, ��½�
ê£ù
ê�8ÜP�

S = {1, a, b, c, · · · , }¤, U^º5�Ñ�����2�ê8 F. Tê8é\{!¦{±9

§��_$�µ4, 
��¹ 0�Úü � 1. �â½Â3.3, F ´ê�.

�e5'���Ú´^º5��Ñ F ¥�ê d �²��
√
d. ò

√
d V\� F ¥

�, ¦�º5��Ñ¤k/X α + β
√
d (α, β ∈ F) �ê.

1◦ *�

XJ
√
d ∈ F, @o α + β

√
d ∈ F, Ïd^º5�Ñ�ù
êE,3 F ���S.

�´, é d ∈ F,
√
d /∈ F, e�½n`², ^º5�Ñ�/X α+ β

√
d �ê8Ø�*

�
 F ���, 
�E,�¤��ê�.

½n 6.5 l?¿®�ê� F Ñu,P^º5�Ñ�ê8

F(
√
d) =

{
α + β

√
d
∣∣∣ d, α, β ∈ F, √d /∈ F} .

K F(
√
d) ÷v:

(i) α + β
√
d = 0 ��=� α = 0, β = 0.

(ii) � β 6= 0 �, α + β
√
d /∈ F.

(iii) F(
√
d) ´���¹ F �ê�.

y² (i) : � α + β
√
d = 0 , e β = 0, íÑ α = 0, e β 6= 0, íÑ

√
d = −α

β
∈ F,

ù�
√
d /∈ F gñ, ¤±β = 0. ��w,.
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(ii): E,æ��y{, e γ = α + β
√
d ∈ F, β 6= 0, )�

√
d =

γ − α
β
∈ F,

E,�
√
d /∈ F gñ.

(iii): =IXe{ü�y. ?� F(
√
d) ¥ü�ê α + β

√
d, α′ + β′

√
d , @o

(α + β
√
d)± (α′ + β′

√
d) = (α± α′) + (β ± β′

√
d) ∈ F(

√
d),

(α + β
√
d) · (α′ + β′

√
d) = αα′ + dββ′ + (αβ′ + βα′)

√
d ∈ F(

√
d),

α + β
√
d

α′ + β′
√
d

=
αα′ − dββ′

α′2 − dβ′2
+
αβ′ − βα′

α′2 − dβ′2
√
d ∈ F(

√
d).

ùp, du
√
d /∈ F, ¤±1nª¥�©1 α′2 − dβ′2 6= 0, ÄKÒk

√
d = ±α

′

β′
∈ F, ù�

√
d /∈ F �gñ, Ïd1nª¥Ø{k¿Â. �

½Â 6.6 � F ´��ê�, d ∈ F,
√
d /∈ F. ¡ê� F(

√
d) �ê� F ���*

�, F � F(
√
d) �f� .

~ 6.3.1 � F = Q, � 2 ∈ Q, K
√

2 /∈ Q, ¤±Q �*��

Q(
√

2) =
{
α + β

√
2
∣∣∣ α, β ∈ Q} .

w, Q(
√

2)�¹
knê� Q,�'¢ê� R����£~X¢ê
√

3 /∈ Q(
√

2)¤.

XJE,r F �ê��®�ê, ½n6.4 y²
^º5U
�Ñ�ê��U´/X

α + β
√
d �ê.

y3, l��®�ê8 S = {1, a, b, c, · · · , } Ñu, ^º5�Ñê� F0 = F(S).

2l F0 Ñu, ��ê d1 ∈ F0, ^º5�Ñ§�²��, ¿�y
√
d1 /∈ F0, ù�Ò�

� F0 ���*�:

F1 =
{
α + β

√
d1

∣∣∣ d1, α, β ∈ F0, √d1 /∈ F0
}
,

,�l F1 Ñu£=r F1 ��®�ê�¤, ­EþãL§: � d2 ∈ F1, �
√
d2 /∈ F1,

Ò�� F1 ���*�:

F2 =
{
α + β

√
d2

∣∣∣ d2, α, β ∈ F1, √d2 /∈ F1
}
,

Xde�, l Fi−1 Ñu, Ò�� Fi−1 ���*�

Fi =
{
α + β

√
di

∣∣∣ di, α, β ∈ Fi−1, √di /∈ Fi−1
}
,

i = 1, · · ·n, · · · . ù�X�*�÷ve��¹'X

F0 ⊂ F1 ⊂ · · · ⊂ Fn ⊂ · · · .
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¿Ú¡�ê� F0 �*�.

½n 6.7 *� Fi, i = 1, 2, · · · ¥z�êÑ´�±^º5ÏLÅÚV\ê�²�
��Ú�Ú�Ñ�ê.

~ 6.3.2 e�8Ü

Q(
√

2)(
4
√

2) =
{
α + α′

4
√

2 + β
4
√

2
2

+ β′
4
√

2
3
∣∣∣ α, α′, β, β′ ∈ Q}

´��*�.

Ï� Q(
√

2) =
{
α + β

√
2
∣∣∣ α, β ∈ Q} ´ Q ���*�,

�
√

2 ∈ Q(
√

2). e
√√

2 = 4
√

2 ∈ Q(
√

2), K�3α, β ∈ Q ¦�

4
√

2 = α + β
√

2,

ü>²��
√

2 = α2 + 2β2 + 2αβ
√

2,

�â½n6.5 ¥�(i), íÑ α2 + 2β2 = 0, 2αβ = 1, ù´Ø�U�. Ïd 4
√

2 /∈ F1, í�

Q(
√

2)(
4
√

2) =
{
p+ q

4
√

2
∣∣∣ p, q ∈ Q(

√
2)
}

´Q(
√

2) ���*�. -

p = α + β
√

2, q = α′ + β′
√

2, α, β, α′, β′ ∈ Q,

K Q(
√

2)( 4
√

2) ¥�ê�L«�:

Q(
√

2)(
4
√

2) =
{
α + α′

4
√

2 + β
4
√

2
2

+ β′
4
√

2
3
∣∣∣ α, β, α′, β′ ∈ Q} .

~ 6.3.3 � 3 = 3 + 0
√

2 ∈ Q(
√

2), ØJ�y
√

3 /∈ Q(
√

2), ÄK�3knê α, β

¦� α + β
√

2 =
√

3, ü>²��

α2 + 2β2 + 2αβ
√

2 = 3,

�â½n6.5 ¥�(i), íÑ α2 + 2β2 = 3, 2αβ = 0, íÑ

β = 0, α = ±
√

3; ½ α = 0, β = ±
√

3

2
,

ÃØ α = ±
√

3 �´ β = ±
√

3

2
ÑØ´knê£�1 3 ùSK 3¤, íÑgñ. Ïd

√
3 /∈ Q(

√
2), �

Q(
√

2)(
√

3) =
{
p+ q

√
3
∣∣∣ p, q ∈ Q(

√
2)
}
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´ Q(
√

2) ���*�. -

p = α + β
√

2, q = α′ + β′
√

2 (α, β, α′, β′ ∈ Q)

Ò�� Q(
√

2)(
√

3) ¥�ê�XeL«:

Q(
√

2)(
√

3) =
{
α + β

√
2 + α′

√
3 + β′

√
6
∣∣∣ α, β, α′, β′ ∈ Q} .

~X α
√

2 + β
√

3 �´ Q(
√

2)(
√

3) ¥�ê, Ù¥ α, β ∈ Q.

2◦ l�ê�Ýw*�

3*�¥, V\��ê�²��
√
d ¦ê� F *��F(

√
d) �'�^�´µ

d ∈ F,
√
d /∈ F.

l�êþw, T^�L«�ê�§ x2− d = 0 3ê� F ¥vk�, ½ö` x2− d ´ F þ
Ø��õ�ª£�1 2 ù§2.8 ¥½Â2.37ÚíØ2.42¤.

í
2�, �½ê� F þ?¿ n (n > 2) gØ��õ�ª

f(x) = anx
n + an−1x

n−1 + · · ·+ a0 (an, an−1, · · · , a0 ∈ F).

� a ´�§ f(x) = 0 ����, K a /∈ F£ÄK3 F þk f(x) = (x− a)g(x), ù� f(x)

Ø��gñ¤. �8Ü

F(a) =
{
bn−1a

n−1 + bn−2a
n−2 + · · ·+ b0

∣∣∣ bn−1, bn−2, · · · , b0 ∈ F} ,
|^

ana
n + an−1a

n−1 + · · ·+ a0 = 0,

�±�y F(a) ´���¹ F �ê�, ¡� F �*�. ù«ÏLéê� F V\ F þØ�
�õ�ª����*��L§�¡��ê*Ü.

~ 6.3.4 x2 − 2 ´ Q þØ��õ�ª, §���� a =
√

2 /∈ Q, Ïd*��

Q(
√

2) =
{
α + β

√
2
∣∣∣ α, β ∈ Q} .

3� Q(
√

2) þ, x2 − 2 Ø2´Ø��õ�ª, ¿�©)��gÏª�¦È:

x2 − d = (x−
√
d)(x+

√
d).

~ 6.3.5 é R þØ��õ�ª x2 + 1, �§���� a = i /∈ R, Ïd*�Ò´E

ê�

C =
{
α + iβ

∣∣∣ α, β ∈ R} ,
l
¦� x2 + 1 3Cþ�±©)�

x2 + 1 = (x− i)(x+ i).
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~ 6.3.6 x4 − 2 ´ Q þØ��õ�ª, � a = 4
√

2, K*��{
α + α′

4
√

2 + β
4
√

2
2

+ β′
4
√

2
3
∣∣∣ α, β, α′, β′ ∈ Q} .

§�´ Q ÏLV\
√

2 ��*� Q(
√

2) � , V\
√√

2 ���*� Q(
√

2)( 4
√

2)

£~6.3.2¤. XJ2V\ i, K��*� Q(
√

2)( 4
√

2)(i), õ�ªx4 − 2 3*�þ�Øä©

)Ïª, ��©)��gÏª�¦È:

3 Q(
√

2) þ : x4 − 2 = (x2 −
√

2)(x2 +
√

2);

3 Q(
√

2)( 4
√

2) þ : x4 − 2 = (x− 4
√

2)(x+
4
√

2)(x2 +
√

2);

3 Q(
√

2)( 4
√

2)(i) þ : x4 − 2 = (x− 4
√

2)(x+
4
√

2)(x− i
√

2)(x+ i
√

2).

~ 6.3.7 õ�ª

x4 − 10x2 + 1

3knê� Q þ´Ø���, �´3*� Q(
√

2) þ´���, �kÏª©):

x4 − 10x2 + 1 = (x2 − 2
√

2x− 1)(x2 + 2
√

2x− 1),

Ù¥ü�Ïf x2 ± 2
√

2x − 1 �Xêáu Q(
√

2) , �´3 Q(
√

2) þØ��£ØUU

Y©)¤. XJò*� Q(
√

2) UY?1*Ü, � Q(
√

2)(
√

3) £�~6.3.3¤, @o3

Q(
√

2)(
√

3) þ�UYÏª©)

x4 − 10x2 + 1 = (x2 − 2
√

2x− 1)(x2 + 2
√

2x− 1)

= (x−
√

2−
√

3)(x−
√

2 +
√

3)(x+
√

2−
√

3)(x+
√

2 +
√

3)

��� F þ��Ø��õ�ª, ÏLØä/?1�ê*Ü, ¦�Tõ�ª3*��

?1Ïª©), �ª�ÑéA��ê�§��. ~6.3.6ÏL*��Ñx4 − 2 = 0 3*�

Q(
√

2)( 4
√

2)(i) þ�o��: ± 4
√

2, ±i
√

2. ~6.3.7ÏL*�, �Ñ x4 − 10x2 + 1 = 0 3

Q(
√

2)(
√

3) þ�o��:
√

2±
√

3, −
√

2±
√

3.

5P �;KÌ�8�´ÏL*�)ûº5�ã´Ä�)¯K. ¯¢þ, *�3ï

Ä�ê�§

f(x) = 0, f(x) = anx
n + an−1x

n−1 + · · ·+ a0

��UÄÏLÙXê S = {an, an−1, · · · , a0} �\~¦ØÚ�am�L«�¯K�, �

�ü­��Ú. ��þ`, ÄkÏL\~¦Øò S *Ü¤ê� F, eUÏLk�gV\
�ª��,�*�, ¦ f(x) 3T*�þU
©)¤�gÏª, @o�Òy²
 f(x) = 0

���dXê�\~¦ØÚ�am�L«. äNSNùpÒØ2�9
, a,��Öö

�±ë�k'Ä��ê��á.
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§6.4 º5�ã�ng�ê�§��

^º5�Ñ�ã/=´��½�, 
��½���ê�§´±Xêáu®�ê� F
¥��g½�g�ê�§, ÏLº5�ã���:�I�Ø¬�Lê� F ÚÙ¥êm²
�����. ~X^º5�Ñ®�������:¯K, ¢Sþ8(u^º5�Ñ��

�g�ê�§

Ax2 +Bx+ C = 0

��¯K, Ù¥Xê A,B,C Ñ´ê�®��ê� F . Ïd�:�I´�§�XêÏL

\~¦ØÚm²�����, �Ò´�±^º5�Ñ�§��. ~6.2.1�´r^º5�

Ñü �S���>/�¯K, =z�^º5�Ñ�g�ê�§

x2 + x− 1 = 0

��¯K.

½Â 6.8 éuê� F þõ�ª

f(x) = anx
n + an−1x

n−1 + · · ·+ a1x+ a0 (an, · · · , a0 ∈ F),

e�§ f(x) = 0 ���� x0 ∈ Fn, K¡ x0 ´�±^º5�Ñ�. ùp Fn ´ F ²L
k�gÅÚV\²�����*�.

y3=
?Ø��#�¯K, =
�ê�§�¢��±dº5�Ñ.

e¡�?Øng�ê�§��/. �

f(x) = x3 + ax2 + bx+ c (a, b, c ∈ F)

´ê� F þngõ�ª. l1 2 ù¥��êÄ�½n��, 3 g�ê�§ f(x) = 0 kn

�� x1, x2, x3, ���Xê�'X�

a = −(x1 + x2 + x3),

b = x1x2 + x2x3 + x1x3,

c = −x1x2x3.

Ún 6.9 � f(x) = x3 + ax2 + bx+ c ´ê� F þngõ�ª, XJ f(x) = 0 k

/X α + β
√
d ��, ùp α, β ∈ F, β 6= 0, d ∈ F �

√
d /∈ F, @o

(i) α− β
√
d �´�§ f(x) = 0 ��.

(ii) �§ f(x) = 0 �½káu F ��.

y² � x1 = α + β
√
d (β 6= 0) ´ f(x) = 0 ��, - x2 = α − β

√
d . @o�gõ

�ª

g(x) = (x− x1)(x− x2) = x2 − 2αx+ α2 + dβ2,
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�´ê� F þ�õ�ª, ^ g(x) Ø f(x) �£ë�1 2 ùõ�ª��{Ø{¤

f(x) = g(x)q(x) + r(x),

ùpûªÚ{ª q(x), r(x) ∈ F[x]£=§�´ F þ�õ�ª¤.

Ï�Øª g(x) ´�gõ�ª, ¤±{ª r(x) �gêØ�L 1, Ø��

r(x) = λx+ ρ (λ, ρ ∈ F).

ò x = x1 �\ f(x) = g(x)q(x) + r(x), ¿5¿� f(x1) = g(x1) = 0, íÑ

r(x1) = λx1 + ρ = 0.

XJ λ 6= 0, @o

x1 = −ρ
λ
∈ F,

íÑ
√
d =

1

β
(x1 − α) ∈ F, gñ. ¤±λ = 0, ?
 ρ = 0. ù�Òk

f(x) = g(x)q(x),

= x2 = α− β
√
d �´�§ f(x) = 0 ��.

2|^��Xê�'X, f(x) = 0 �1n�� x3 ÷v

a = −(x1 + x2 + x3) = −(2α + x3),

= x3 = −a− 2α ∈ F. ù�Ò�¤
Ún�y². �

½n 6.10 � f(x) = x3+ax2+bx+c´ê� Fþngõ�ª. XJ�§ f(x) = 0

3ê� F Svk�, @o�§ f(x) = 0 3l F Ñu�?Û*� Fi, i = 1, 2, · · · ¥�v
k�. �Ò´`, ��ng�§3 F ¥vk�, @o�§�?Û�ÑØ�U´^º5�

±�Ñ�ê.

y² �y{: b��§ f(x) = 0 �3��� xn ∈ Fn . � F0, F1, · · · , Fn. ´l
F Ñu, ²LÅ�é d1, d2, · · · , dn ?1m²�����G*� .

�âb�, �§�� xn ∈ Fn í�

xn = αn + βn
√
dn ∈ Fn,

ùp αn, βn ∈ Fn−1, dn ∈ Fn−1 �
√
dn /∈ Fn−1.

�âÚn6.9¥ (ii), �§ f(x) = 0 �½káuê� Fn−1 ��, P�

xn−1 = αn−1 + βn−1
√
dn−1 ∈ Fn−1,

Ù¥ αn−1, βn−1 ∈ Fn−2, dn−1 ∈ Fn−2 �
√
dn−1 /∈ Fn−2.



6.5 º5�ã¥n�Ø�)¯K 169

Ón2�âÚn6.9¥ (ii), ���§ f(x) = 0 3 Fn−2 ¥k�, ±daí, �ª��

�§3 F0 = F ¥k�, Ïd�½n^��gñ. �

§6.5 º5�ã¥n�Ø�)¯K

k
þ¡O�, �±rº5�ã¯K=z¤���ê¯K. ~X, �â½n6.10, l

knê� Q Ñu, ��º5�ã¯K´Ä�), Ò=z����ê�§3 Q S´Ä�
3��¯K.

y3�±?Ø{¤þ'uº5�ã�n�Ø�)�Í¶¯K
.

1◦ �á�¯K

¤¢�á�¯K=´�½>�� 1 �á�N, UÄ^º5�Ñ��NÈ´§���

�á�N. �#�á�N�>�� x > 0, ¯K8(�

®� 1, ^º5´ÄU�Ñê x ¦� x3 = 2.

l®�ê 1 Ñu, �±^º5�Ñknê� F0 = Q. du�§

x3 − 2 = 0

���¢� x = 3
√

2Ø´knê,¤±�§3 Q¥vk�,�â½n6.10,íÑ x3−2 = 0

3l Q Ñu�?Û*� Fi, i = 1, 2, · · ·¥vk�, =�§ x3 − 2 = 0 �¢�Ø�U^

º5�Ñ, ¤±º5�ã��á�¯KØ�)�

�
�Ð/)º½n6.10, ùpØ�±�á�¯K��äN~f, ­E½n6.10 y

²L§.

b�ù�¢� x �±^º5�Ñ, @o§�½I�²Lk�gm²�$�âU�

�. � x �²L n gm²�$���, ¿P1 n gm²��ê� d, Ïd

x = α + β
√
d ∈ Fn, α, β, d ∈ Fn−1, �

√
d /∈ Fn−1.

�âÚn6.9¥ (i),

x′ = α− β
√
d

�´�§ x3 − 2 = 0 �¢�.

�´�§�k��¢� 3
√

2, ¤± x = x′ = 3
√

2 íÑ β = 0, �

x = x′ =
3
√

2 = α ∈ Fn−1.
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�Ò´ù�¢� x ´ Fn−1 ¥�ê, P�

x = α′ + β′
√
d′, α′, β′ d′ ∈ Fn−2, �

√
d′ /∈ Fn−2.

­Eþãí�, ¿�Ú�ÚUYe�, �������¸�(Ø: x = 3
√

2 ∈ F0 = Q.

Ïdb�´�Ø�, l
y²
�§ x3 − 2 = 0 ��Ø�U^º5�Ñ, �Ò´�á�

¯KØ�)�

2◦ n�©?¿�¯K

y3y²^º5n�©?¿���5`´Ø�U�. �,, é�
AÏ�¹, X�

90◦, 180◦ �´�±^º5n�©�.

��½��� θ �{u cos θ, �l®�ê8 S = {1, cos θ} Ñu, ^º5�Ñê

cos

(
θ

3

)
. |^n�¼ê�k'úª, k

cos θ = 4 cos3
(
θ

3

)
− 3 cos

(
θ

3

)
Ïdl®�ê cos θ Ñu, ^º5�Ñ x = cos

(
θ

3

)
��u^º5�Ñng�ê�§

4x3 − 3x− cos θ = 0

��. ùp, ·���«AÏ�¹5`²n�©�¯KØ�).

� θ = 60◦, K cos θ =
1

2
. Ïdlê8 S =

{
1,

1

2

}
Ñu, ^º5��Ñknê� Q.


�§{z�

8x3 − 6x− 1 = 0.

½²L{üC� v = 2x, �§C��

v3 − 3v − 1 = 0

�â½n6.10, �I`²þã�§3 Q ¥vk�, ÒíÑ�A�n�©�¯KØ�).

b�T�§kkn� v =
p

q
, Ù¥ (p, q) = 1. �\�§k

p3 − 3q2p− q3 = 0

ddíÑ

q3 = p(p2 − 3q2), ±9 p3 = q2(3p+ q)

lq3 = p(p2 − 3q2) wÑ, q3 U� p �Ø , Ïd p, q kúÏf, Ø� p = ±1 .

l p3 = q2(3p+ q) wÑ p3 U� q �Ø, Ïd p, q kúÏf, Ø� q = ±1 .
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¤±�§�kn���U´ v = ±1, ùw,´Ø¤á�. ¤±�§vkkn�, �

,éθ = 60◦ ��, �ÒØ�Uk^º5?1n�©.

3◦ �Ô>/��ã¯K

�Äü ��S��Ô>/¯K, aq��>/�/£~6.2.1¤, �z>éA��%

�� θ =
360◦

7
, @o¯K8(�

®� 1, ^º5´Ä�±�Ñ cos θ£XJ�Ñ cos θ, g,�ÒU�Ñ sin θ =
√

1− cos2 θ¤.

/Ï1 4 ù¥�Eê, �Ô>/�º:�´�§

z7 − 1 = 0,

�ü �. du�§k��w,�� z = 1, 
Ù{��Ñ÷v

z7 − 1

z − 1
= z6 + z5 + z4 + z3 + z2 + z + 1 = 0.

3þã�§¥Ø± z3 �

z3 +
1

z3
+ z2 +

1

z2
+ z +

1

z
+ 1 = 0,

½�¤ (
z +

1

z

)3

+

(
z +

1

z

)2

− 2

(
z +

1

z

)
− 1 = 0

�

z = cos θ + i sin θ, θ =
360◦

7

íÑ

x = z +
1

z
= 2 cos θ,

K x ´�Xêng�ê�§

x3 + x2 − 2x− 1 = 0.

�¢�.

y3l 1 Ñu, ��knê� Q. UÄ^º5�Ñ�Ô>/, Ò´UÄ^º5�Ñ

ê x, �Ò´þã�§´Ä�3kn�.

e¡^�y{y²þã�§Ø�3kn�, �ÒíÑ�Ô>/�ã¯KØ�).

b��§kkn� x =
p

q
, (p, q) = 1, @o

p3 + p2q − 2pq2 − q3 = 0,
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þª©O�Ñ

p3 = q(q2 + 2pq − p2),

q3 = p(p2 + pq − 2q2),

Ïd p Ú q kúÏf, ù� (p, q) = 1 gñ.

5P º5�ã,��Í¶~f /́z�¤�0̄ K, =UÄ^º5�Ñ���ü 

�¡È����/. �Ò´¯UÄ^º5�Ñ��÷v�§

x2 =�

�ê. ù�¯K®²�y²´Ø�)�. �y²L§I�^� � ´��êù�¯¢.

¤¢��ê´@
Ø�U¤�?Û���Xê£½knXê¤�ê�§��ê£�é'

SK 3 ¥¤�Ñ�/�êê0�½Â¤, äNSNØ2Ðm.

§6.6 �©�±�º5�ã¯K∗

Ø
þ!?Ø�n�Í¶¯K	, �k��5k,��{¤aÈ¯K, Ò´^º5

��±�?¿ n �©¯K. �Së��©:, Ïd�©�±¯K�du�±S��n >

/�º5�ã¯K.

·�®²w�, S���>/¯K�), �´S��Ô>/Ø�). =��©�±�

), �Ô�©�±Ø�). g,�¯, éu�o�� n, �©�±¯K�).

�©�±, Ò´� n �©�±� 360◦. �n�©�¯K�'�, cö�´�©�½

�±�, ��©�°ê n �±ØÓ¶
�ö�´n�©, �´�Ý%´?¿�. �a'�

´, n �©�±¯K, Ò´l®� cos 360◦ = 1 Ñu, ^º5�Ñ cos
360◦

n
�¯K. ½ö

`, � n ÷v�o^��, ^º5�±�Ñ cos
360◦

n
.

1◦ A«AÏ�/

~ 6.6.1 � n = 2k �, n �©�±º5�ã¯K�).

y² w, 2 �©�±�~{ü, ��L�%, ^�º���Ò�±
. ;�XU

~6.1.1 �T��R�²©�, K�ò�± 4 �©. �â~6.1.2, ^º5�²©éA��

©�, Ïd� 8 �©�±. ù����e�, Ò�ò�± 2k �©.
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~ 6.6.2 e m �©�±¯K�), K m2k �©�±¯K��). e m �©�±

¯KØ�), Ké m �?Û�ê mk, éA��©¯K�Ø�).

y² lc��~f�±wÑ, eº5U
 m �©�±, 2é�©�Øä?1��

©, @oÒ¬���±� m2k �©.

�éu m, �©¯KØ�), XJ�3 k, ¦� mk �©¯K�), @oò��� k

�©Ü¿, Ò�� m �©��±, ù�^�´gñ�, Ïd1��(Ø�¤á.

~ 6.6.3 ém = 3, 5, º5´�±�©�±�, Ïd�� 3 · 2k Ú 5 · 2k �©�±,

~X� 6 �©�±�. �é 7 Ú 9, º5Ã{�©, Ïdé 7 Ú 9 ��ê n = 7m, ½

n = 9m ��©¯K�´Ø�)� .

y² n�©�±éA��±�� cos
360◦

3
= cos 120◦ = −1

2
, Ïd 3 �©�±�º

5�ã¯K´�)�.

5¿, ùpn�©�´��AÏ���%� θ = 360◦, Ïd�n�©?¿�¯KØ

�)�(Ø¿Øgñ.

éu 5 �©¯K, ��3~6.2.1 ���©:¥, m�ÀJÊ��©:=�, Ïd 5

�©¯K�).

7 �©¯KXÓS�� 7 >/�º5�ã¯K, ÏdØ�).

éu 9 �©¯K, ��ì 7 �©¯Ky², l®�ê 1 Ñu, ^º5�Ñknê�

Q, �e5�¯KÒ´é 9 �©� θ = 360◦

9 , cos θ �ÄU^º5�Ñ�¯K. �

z = cos θ + i sin θ, θ =
360◦

9
.

@o z ÷v

z9 − 1 = (z3 − 1)(z6 + z3 + 1) = 0,

Ï z3 − 1 6= 0, ¤±

z6 + z3 + 1 = 0,

ÓØ z3 �

z3 + 1 + z−3 = 0.

- x = z + z−1 = 2 cos θ, K z3 + z−3 = x3 − 3x, Ïd

x3 − 3x+ 1 = 0.

XJT�§kkn� x = p
q , (p, q) = 1, K��

p3 − pq2 + q3 = 0,

½

p3 = q2(p− q), q3 = p(p2 − q2)
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ÃØ=«�¹Ñ� (p, q) = 1 gñ, Ïdvkkn), �â½n6.10, º5 9 �©�±¯

KØ�).

2◦ 17�©�±¯K

�´�S�� 17 >/�º5�ã¯K. ù´��Í¶��©¯K, §´dGauss3

¦19�@c�¤�.

~ 6.6.4 17 �©�±¯K´�)�.

y² �Ä�§

z17 − 1 = 0

K�§� 17 ��éAü �þ 17 ��©:.Ù¥, z0 = 1 éA��©:��I�

P0(1, 0), P

θ =
360◦

17
,

KÙ¦ 16��©:^EêL«©O�

zk = zk1 = cos kθ + i sin kθ = eikθ, k = 2, · · · , 16.

ùp^�
Eê� Euler L«£1 4 ù§4.2¤. Ø z0 = 1 	, Ù§ 16 �)�Ý¤éÑy.

zk = z17−k, k = 1, · · · , 16.

½ö`, éθ =
360◦

17
, k

cosmθ = cos kθ, (m+ k = 17)

�â��Xê'X, k
16∑
k=0

zk = 0,

½
8∑

k=1

(zk + zk) = 2
8∑

k=1

cos kθ = −1.

y3l®�� 1 Ñu, ^º5�Ñknê� Q. XJUy² cos θ ´U
ÏLº5

�Ñ�ê, @o

sin θ =
√

1− cos2 θ

´ÏL\~¦Ø$�Ú®�êm²�$����ê, Ïd�´�±ÏLº5�Ñ�. ù

�Ò��éA z ��©:��I

P1(cos θ, sin θ),
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Ïd�ã P0P1 ��Ý�´�±ÏLº5�Ñ�ê. l P1 m©±T�Ý��», �g�

��ü ���:Ò´Ù§��©:. ù�Ò�¤
^º5)û 17 �©�±�¯K.

�y²l®�knê� Q Ñu, , U
^º5�Ñê cos θ. L§�,�¡, �Ä�

þ´Ð��. äNg´Xeµr cos θ, cos 2θ, · · · , cos 8θ ©�Xeü|

a1 = 2(cos θ + cos 2θ + cos 4θ + cos 8θ),

a2 = 2(cos 3θ + cos 5θ + cos 6θ + cos 7θ),

d��Xê'X����

a1 + a2 = −1.

|^n�¼ê�Ú�zÈúª, Ú

cosmθ = cos kθ, (m+ k = 17).

�±y²

a1a2 = 4(cos θ + cos 2θ + cos 4θ + cos 8θ)(cos 3θ + cos 5θ + cos 6θ + cos 7θ)

= −4.

nÜþã(J, ¢ê a1, a2 ÷v

a1 + a2 = −1, a1a2 = −4

Ïd´ê� Q þ�g�§�)

x2 + x− 4 = 0

T�§��Oª� ∆ = 17 > 0, Ïdü�¢)�ÏLknê�\~¦ØÚm²���

�, = a1, a2 �±^º5�Ñ.

2ò a1 = 2(cos θ + cos 2θ + cos 4θ + cos 8θ) ¥¦Ú�©�±eü|

b1 = 2(cos θ + cos 4θ),

b2 = 2(cos 2θ + cos 8θ),

Ïd, Äkk

b1 + b2 = a1,

Ó�^aqy² a1a2 = −4 ��{�

b1b2 = 4(cos θ + cos 4θ)(cos 2θ + cos 8θ) = −1,
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Ïd b1, b2 ÷vê� Q(
√

17) þ��g�§

x2 − a1x− 1 = 0

Ù�Oª ∆ = a21 + 1 > 0, Ïdü�¢��±ÏL Q(
√

17) ¥�ê²L\~¦ØÚm²

����, ¤±´�±^º5�Ñ�ê.

Ónr a2 = 2(cos 3θ + cos 5θ + cos 6θ + cos 7θ) ¥¦Ú�©�±eü|

c1 = 2(cos 3θ + cos 5θ),

c2 = 2(cos 6θ + cos 7θ),

�

c1 + c2 = a2, c1c2 = −1.

¤± c1, c2 ´ Q(
√

17) þ�§

x2 − a2x− 1 = 0, ∆ = a22 + 1 > 0

�ü�), §��´�±^º5�Ñ�ê.

5¿� c1 �½Â, ÏLÚ�zÈk

c1 = 2(cos 3θ + cos 5θ) = 4 cos θ cos 4θ,

òT�§�

b1 = 2(cos θ + cos 4θ)

éá, ØJuyê 2 cos θ Ú 2 cos 4θ ´e��g�§

x2 − b1x+ c1 = 0

�), T�§XêÑ´�^º5�Ñ�ê, ��Oª ∆ = b21 + c21 > 0, Ïd 2 cos θ Ú

2 cos 4θ ´3^º5�Ñ�®�ê�Ä:þ, 2gÏL\~¦ØÚm²��$���, Ï

d��±^º5�Ñ. ù�, �ªy²
^º5�±�Ñ cos θ, θ =
260◦

17
. �

5P ùp�'%^º5�Ñ cos θ �¯K, XJ�äN�Ñz�Ú����é�,

�I�|^¦�úª, ¿'��é��m��=�.

3◦ ��5(Ø

Ún 6.11 ���ê m,n p� (m,n) = 1, e m �©�±Ú n �©�±¯K�

), K mn �©�±¯K��).



6.6 �©�±�º5�ã¯K∗ 177

y² Ï� (m,n) = 1, �â Bezout ½n2.9£1 2 ù§2.4 ¤, �3ü��ê l, k, ¦

�

lm+ kn = 1.

Ïd
1

mn
=

l

n
+
k

m
.

P

θ =
360◦

mn
, θ1 =

360◦

m
, θ2 =

360◦

n

ù�^Eê� Euler L«, k

eθ = ekθ1elθ2

ü>�¢Ü�

cos θ = Re
(
(cos θ1 + i sin θ1)

k(cos θ2 + i sin θ2)
l
)
.

�âÚn^�, cos θ1 cos θ2 ^º5´�±�Ñ�ê, Ïd,

sin θ1 =
√

1− cos2 θ1, sin θ2 =
√

1− cos2 θ2

�´�^º5�Ñ�ê. ?
�Ñ cos θ ´ÏL cos θ1 cos θ2 \~¦ØÚm²��$�

��, Ïd�´�±^º5�Ñ�ê. �

~X 15 �©�±¯K´�)�, ù´Ï� 3 Ú 5 �©�±¯K�), � (3, 5) = 1.

y3o(Xeµ

�âÚn6.11, XJü��ê p1, p2 éA�©¯K�), @o p1p2 éA�©¯K�

�). �´, �
�êéA��©¯K´�)�, X 2, 3, 5, 17 ��, �
�êéA��

©¯KØ�), X 7, 9.

l 2, 3, 5, 17 �©�±¯K�)5wÑ, Ø 2 	, �ê 3, 5, 17 kÙAÏ5:

3 = 22
0

+ 1, 5 = 22
1

+ 1, 17 = 22
2

+ 1

ù
ê�´ Fermat �ê£1 2 ù§2.4¤. �,/X 22
n

+ 1 � Fermat ê¿ØÑ´�ê,

�´é Fermat �ê, éA��©¯K´�)�. (ÜÚnÚ~6.6.2, ke�(Ø.

½n 6.12 n �©�±£=�S�� n >/¤�º5�ã¯K�)�¿©7�^

�´

n = 2kp1p2 · · · pm,

ùp p1, p2, · · · , pm ´ØÓ� Fermat �ê.

�[y²Ø2Kã.
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1 6 ùSK

1. � p = 1 +
√

2, q = 2−
√

2, r
p

q
, p+ p2 L«¤ a+ b

√
2 �/ª .

2. � d = 1 +
√

2 ∈ Q(
√

2), y²:
√

1 +
√

2 /∈ Q(
√

2). Ïdk*�

Q(
√

2)(

√
1 +
√

2) =

{
α + β

√
2 + α′

√
1 +
√

2 + β′
√

2 + 2
√

2
∣∣∣ α, β, α′, β′ ∈ Q}

3. � F0 = Q, y²
(1) Q �*�

Q(
√
d1) =

{
α + β

√
d1

∣∣∣ d1, α, β ∈ Q, √d1 /∈ Q
}

¥?ÛêÑ´,�knXê 2 g�ê�§��.

(2) Q(
√
d1) �*�

Q(
√
d1)(

√
d2) =

{
p+ q

√
d2

∣∣∣ d2, p, q ∈ Q(
√
d1),

√
d2 /∈ Q(

√
d1)
}

¥?Ûê�´,�knXê� 4 g�ê�§��.

J« � x = p+ q
√
d2 ∈ Q(

√
d1)(
√
d2), ¿P

p = α1 + β1
√
d1, q = α2 + β2

√
d1, d2 = α3 + β3

√
d1.

Ù¥αi, βi, i = 1, 2, 3 Ñ´knê. K

x2 − 2px+ p2 = d2q
2

�\�

x2 − 2(α1 + β1
√
d1)x+ (α1 + β1

√
d1)

2 = (α3 + β3
√
d1)(α2 + β2

√
d1)

2.

Ü¿�¹
√
d1 ��k

x2 − 2α1x+ u =
√
d1(−2β1x+ v),

Ù¥ u, v ´knê. ü>2²�ÒíÑ x ÷v�og�§.

5P ��ê x, XJ´,��Xê�ê�§

anx
n + an−1x

n−1 + · · · a1x+ a0 = 0 (an, · · · , a0 ∈ Z)

��, K¡x ´�êê.

w,, ?Ûknê x =
p

q
´�Xê�g�ê�§

qx− p = 0
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��. Ïdknê´�êê. x =
√

2 ÷v x2 − 2 = 0 Ïd
√

2 �´�êê.

duknXê��ê�§, ÏLÏ©Ñ�du�Xê��ê�§, ÏdknXê�

ê�§���´�êê.

�K8¥, ¢Sþ�y²éuknê� F0 = Q �*� F1 = F0(
√
d1) ±9

F2 = F1(
√
d2), Ù¥�êÑ´�êê.

?�Ú^êÆ8B{�y²µ*� Fn ¥?Ûê x, Ñ´Xêáu Fn−k ��� 2k

g�ê�§��, 0 < k 6 n. � k = n �, Ò�y² Fn ¥�ê?Ûê x Ñ´�ê

ê. ^º5�ã��ó`, Ò´lknê�Ñu, ²Lº5�Ñ�êÑ´�êê.

Ø´�êê�ê¡���ê. ¯¢þ, ��ê´�3�, ;.�~f´ �. k'?

Ø®�Ñ�;K���, Ø2Kã.
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�êÆ�Ä�¯K��´ïÄ�a�ê�§�¦)¯K. �[��, �g�ê�§

ax2 + bx+ c = 0, (a 6= 0)

���±ÏLéXê a, b, c ?1k�g\!~!¦!ØÚm²��$��Ñ. ¯¢þ, �

�n'Ô<Ò®²^þã�{¦)£¢Xê¤�g�ê�§
. �´éung!ogD

��pgê��ê�§, UÄÏLXê�\!~!¦!ØÚm²��!má��½mog

��!$�m�pg����ê�{¦). ù�¯K��16­V¥�â)û
ng!o

g�ê�§¦�¯K. �mªÝþZc. <�g,F"U
UYe�, éÊg9±þ�

§, �U
é���úª, ¦��§��U^�§Xê��êªL«Ñ5. �¢Ã�´,

3���üzõc�mpÎÃ?Ð.

�´ù«/¢Ã0, <�m©¿£�éÊg9Êg±þ�ê�§, aq¦�úª�N

Ø�3. �Ê­V@Ï, ü c�êÆ[ Galois Ú Abel �Ä
�ê�§����, ^�

«�#�g��«
Êg9Êg±þ�§^�ê¦)�{Ø�)��g�Ï. ddm8


��Ï#�êÆ+�–+Ø. yX8+ØØ�´êÆ�Ä��£, 3Ôn!zÆ!åÆ

�+��Ó�u�
­��^.

�;K=�uXÛl¦)�ê�§Ú?+�Vg, ±9'u+��
Ä�SN.

§7.1 �ê�§�¦)

31 4 ù §4.3 ¥, l�êÄ�½n��: ?Û¢Xê½EXê n g�ê�§3E

ê�¥�½k n ��. �´, �êÄ�½n�´�Ñ�§��35, ¿vk�ÑäN¦

{. �
?�ÚïÄaq�g�ê�§¦�úª¯K, Äk�Ñ��5½Â

½Â 7.1 é n g�ê�§

f(x) = anx
n + an−1x

n−1 + · · · a0 = 0, (a0 6= 0),

ùp, �§Xê an, an−1, · · · , a0 �Eê½¢ê.

XJ��ê a ´ÏL�§Xê an, an−1, · · · , a0 �\!~!¦!Ø±9�«gê�
m���, @o¡ù�êd�§�Xê�êL«£{¡/�êL«0¤.

XJÏL,«�{¦��§��d�§Xê�êL«, K¡��§�ê¦)�{.



7.1 �ê�§�¦) 181

1◦ �g�§��ê¦)

Ø���5, ��g�§Ä�Xê� 1, Ïdk

x2 + px+ q = 0.

ÏL��, T�§�±z� (
x+

p

2

)2
+ q − p2

4
= 0,

Ïd�§ü���±dXê p, q �êL«

x1 =
−p+

√
p2 − 4q

2
, x2 =

−p−
√
p2 − 4q

2
.

P ∆ = p2 − 4q, �â ∆ ���, �±�ä�§�ü��´ü�¢�!­��´�ép

��ÝE�.

2◦ ng�§��ê¦)

'ung�ê�§

x3 + ax2 + bx+ c = 0,

E,�±^�ê¦)�{¦). - y = x+
a

3
, �§z�

y3 +
3b− a2

3
y +

2a3 − 9ab+ 27c

27
= 0,

Ïd, ��ng�ê�§¦)¯K�8(�ée��§¦)¯K

x3 + px+ q = 0.

e p = 0, 3Eê��S −q �n�á��Ò´�§ x3 + q = 0 �).

e p 6= 0, KéT�§�XeC�

x = u− p

3u
,

Òk

u3 − p3

27u3
+ q = 0,

½=z¤��'u u3 ��g�§

u6 + qu3 − p3

27
= 0

�â�g�§¦�úª, u ÷ve��§

u3 =
−q ±

√
∆

2
, ∆ = q2 +

4

27
p3.
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� u �
−q +

√
∆

2
��á��, @o

−q +
√

∆

2
�n�á���

u1 = u, u2 = ωu, u3 = ω2u,

Ù¥

ω = −1

2
+ i

√
3

2
, ω2 = −1

2
− i

√
3

2

´ z3 = 1 �ü �,

5¿�� u ´
−q +

√
∆

2
�á���, v = − p

3u
´
−q −

√
∆

2
�á��:

v3 = −p
3

27

2

−q +
√

∆
=
−q −

√
∆

2
,

Ïd
−q −

√
∆

2
�n�á���

v1 = v = − p

3u
, v2 = − p

3u2
= ω2v, v3 = − p

3u3
= ωv,

ùp^�
 ω3 = 1. Ïd�§ x3 + px+ q = 0 (p 6= 0) �n���

x1 = u1 −
p

3u1
= u+ v,

x2 = u2 −
p

3u2
= ωu+ ω2v = −1

2
(u+ v) + i

√
3

2
(u− v),

x3 = u3 −
p

3u3
= ω2u+ ωv = −1

2
(u+ v)− i

√
3

2
(u− v),

Ù¥u ´
−q +

√
∆

2
��á��, v = − p

3u
´
−q −

√
∆

2
�á��.

ùÒ´�§ x3 + px+ q = 0 �¦�úª, n��þ�dXê p, q �êL«.

aq�g�§�/, � p, q �¢ê�, d∆ = q2 +
4

27
p3 �é�§���Xe�ä.

� ∆ > 0 �, � u, v ´¢á��, u 6= v. Ïd x1 ´¢�, x2, x3 ´p��Ý��é

E�.

� ∆ = 0 �, � u, v ´ −q
2
¢á��, Ïd u = v, x1 = 2u, x2 = x3 = u �n�¢

�, Ù¥x2, x3 ´�é­�.

� ∆ < 0 �, d� p < 0, ¤± u ´
−q +

√
∆

2
�Eá��, P u = α + iβ (β 6= 0).

�

(uu)3 = |u|6 =
q2 −∆

4
= −p

3

27
,

Ï |u|2 ´¢ê, íÑ |u|2 = −p
3

= uv, ¤± v = u = α− iβ, @on��

x1 = 2α, x2 = −α−
√

3β, x3 = −α +
√

3β
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�pØ���¢�.

±þ©O�Ñ�gÚng�ê�§�ê¦)�[L§. e¡ò=Cg´, &?é�

ê�§¦)¯K#�@£.

§7.2 é¡õ�ª

� x1, x2, · · · , xn ´ n �Ø½�, ¡

F (x1, · · · , xn) =
∑

i1,··· ,in

ai1···inx
i1
1 · · · xinn

� n �õ�ª. ùp¦ÚÑ´k�¦Ú: ik = 1, · · · , dk, dk ���ê, k = 1, · · · , n.

1◦ é¡õ�ª

½Â 7.2 é n �õ�ª F (x1, · · · , xn), eéØ½� x1, x2, · · · , xn ?1?¿��,

F (x1, · · · , xn) ØC, K¡�´ x1, x2, · · · , xn �é¡õ�ª.

~X, ü�Ø½� x1, x2 �õ�ª

F (x1, x2) = x21 + x22

÷v F (x1, x2) = F (x2, x1), Ïd´é¡õ�ª.

� x1, · · · , xn ´Ø½�, Ú?#�Ø½� x, � x õ�ª

f(x) = (x− x1)(x− x2) · · · (x− xn)

= xn − λ1xn−1 + λ2x
n−2 − · · ·+ (−1)nλn

Ké x1, x2, · · · , xn ?¿��, f(x) ØC, Ïd f(x) Xê

λ1(x1, · · · , xn) = x1 + x2 + · · ·+ xn,

λ2(x1, · · · , xn) = x1x2 + x1x3 + · · ·+ x2x3 + · · ·+ · · ·+ xn−1xn,

...

λn(x1, · · · , xn) = x1x2 · · · xn.

´ x1, x2, · · · , xn é¡õ�ª. ¡ λ1, λ2, · · · , λn � x1, x2, · · · , xn Ð�é¡õ�ª.

½n 7.3 (é¡õ�ªÄ�½n) � F (x1, x2, · · · , xn) ´ x1, x2, · · · , xn é¡õ
�ª, K F (x1, x2, · · · , xn) �L«� λ1, λ2, · · · , λn �õ�ª, =�3�� n �õ�ª



184 1 7 ù k�+

G(y1, y2, · · · , yn), ¦�

F (x1, x2, · · · , xn) = G(λ1, λ2, · · · , λn)

y² ùp�y² n = 2 ��/, Ù§�/y²aq. d�ü�Ä�é¡õ�ª�

λ1(x1, x2) = x1 + x2, λ2(x1, x2) = x1x2.

� F (x1, x2) ´ x1, x2 �é¡õ�ª. é F (x1, x2) ¥z��, U x1 �glp�$ü�.

� F (x1, x2) ¥ x1 �pg��� axn1x
m
2 , Ù¥ a �T�Xê.

Äkä½ : n > m. eØ,, �âé¡5 F (x1, x2) = F (x2, x1), F (x1, x2) ¥��¹

axm1 x
n
2 , ù� axn1x

m
2 ´x1 �pg��gñ.

,��¡, 5¿�

aλn−m1 λm2 = (x1 + x2)
n−m(x1x2)

m

�´x1, x2 �é¡õ�ª, � x1 ��pg��� axn1x
m
2 , ¤±3

F1(x1, x2) = F (x1, x2)− aλn−m1 λm2

¥, 'u x1 ��pg���gê�½�u n, ¿�F1(x1, x2) E,´é¡õ�ª. ­Eþ

ãL§Ò�r F (x1, x2) L«� λ1, λ2 �õ�ª. �

2◦ Viete úª

� x1, x2, · · · , xn ´ n g�ê�§���, ÒkXe���Xê'X, �Ò´e�

Viete£��, 1540-1603¤úª.

½n 7.4 (Viete úª) XJ x1, x2, · · · , xn ´¢Xê n g�ê�§

xn + an−1x
n−1 + · · ·+ a1x+ a0 = 0

� n ��, @o� x1, x2, · · · , xn � n �Ð�é¡õ�ª�dõ�ªXê�êL«:

λ1(x1, · · · , xn) = x1 + x2 + · · ·+ xn = −an−1,

λ2(x1, · · · , xn) = x1x2 + x1x3 + · · ·+ x2x3 + · · ·+ · · ·+ xn−1xn = an−2,

...

λn(x1, · · · , xn) = x1x2 · · · xn = (−1)na0.

���â�êÆÄ�½n�íØ£�1 4 ù¤, �XeÏª©)

xn + an−1x
n−1 + · · ·+ a1x+ a0 = (x− x1)(x− x2) · · · (x− xn),

ÏL'� x �g�XêÒ��õ�ª��Xê'X£Viete úª¤.

dé¡õ�ªÄ�½nÚ Viete úª, Ò��XeíØ
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íØ 7.5 � x1, x2, · · · , xn ´¢Xê n g�ê�§

xn + an−1x
n−1 + · · ·+ a1x+ a0 = 0

��, K� x1, x2, · · · , xn �?¿é¡õ�ª F (x1, · · · , xn) �dõ�ªXê�êL«.

§7.3 �ê�§����

y3, l��#��Ý­#"À�ê�§¦)¯K.

1◦ �g�ê�§����

� x1, x2 ´�g�ê�§

x2 + px+ q = 0,

ü��, @o�g�§� Viete úª�

λ1(x1, x2) = x1 + x2 = −p,

λ2(x1, x2) = x1x2 = q.

éu x1, x2 �é¡õ�ª F (x1, x2), ò x1 �� x2, x2 �� x1 ���{P�(
x1 x2

x2 x1

)
½

(
1 2

2 1

)
,

Ïdé?¿é¡õ�ªF (x1, x2), 3��e´ØC�:(
1 2

2 1

)
: F (x1, x2) −→ F (x2, x1) = F (x1, x2).

òíØ7.5 äNA^��g�ê�§, @o?Û��é¡õ�ª F (x1, x2) Ñ�d�g�

ê�§�Xê p, q �êL«.

~ 7.3.1 � x1, x2 ´�g�ê�§ü��, K

x21 + x22 = λ21 − 2λ2 = p2 − 2q;

x31 + x32 = λ31 − 3λ1λ2 = −p3 + 3pq;

(x1 − x2)2 = λ21 − 4λ2 = p2 − 4q.

5¿�é¡õ�ª

(x1 − x2)2 = (x1 + ωx2)
2 = p2 − 4q,
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Ù¥ ω = −1 ´ z2 = 1 ü �. é (x1 − x2)2 m²���� x1 + x2 = −p éá

x1 + x2 = −p, x1 − x2 = ±
√
p2 − 4q,

)Ñü��

x1 =
−p+

√
p2 − 4q

2
, x2 =

−p−
√
p2 − 4q

2
.

ù�Òr�g�ê�§�ü�� x1, x2 d�§Xê p, q �êL«, =ÏL p, q �

\~¦ØÚm²���$���. ùp'�´ÏLé¡õ�ª (x1 − x2)
2 é�


x1 − x2 = x1 + ωx2 .

2◦ ng�ê�§����

XJ`ÏL�g�§, �J±N¬|^����3¦)�§¥��^, @o·�^

Ó���{, �	ng�ê�§

x3 + px2 + qx+ r = 0,

Ú Viete úª

λ1(x1, x2, xn) = x1 + x2 + x3 = −p,

λ1(x1, x2, xn) = x1x2 + x2x3 + x3x1 = q,

λ1(x1, x2, xn) = x1x2x3 = −r.

'u��?Û���� (x1, x2, x3) −→ (xi1 , xi2 , xi3) Ò´é��?Ò (1, 2, 3) ?1

�g­#ü�. ù��ü��k8«, P�:

σ0 =

(
1 2 3

1 2 3

)
, σ1 =

(
1 2 3

1 3 2

)
, σ2 =

(
1 2 3

3 1 2

)
,

σ3 =

(
1 2 3

3 2 1

)
, σ4 =

(
1 2 3

2 1 3

)
, σ5 =

(
1 2 3

2 3 1

)
.

Ù¥ σ0 ´ð���. ��g�§�/�Ó, ng�§� x1, x2, x3 �?Ûé¡õ�

ªP (x1, x2, x3) , Ñ�±L«� λ1, λ2, λ3 �õ�ª, ?
�±d�§Xê p, q, r �êL

«.

y3I�é�����g�§�/¥x1−x2 = x1+ωx2, (ω = −1÷v�§ z2 = 1)

aqõ�ª. Ïd, /Ï�§ z3 = 1 �ngü � 1, ω, ω2 , Ù¥ ω 6= 1, ¤± ω �÷v

�§ z2 + z + 1 = 0. �

ψ0 = x1 + ωx2 + ω2x3,
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�´,ØJuy, ψ0 ¿Ø´ x1, x2, x3 �é¡õ�ª. 38«��e, P ψ0 ©OC��

ψ0, ψ1, ψ2, ψ3, ψ4, ψ5, §��äNL«�

σ0 =

(
1 2 3

1 2 3

)
: ψ0 −→ x1 + ωx2 + ω2x3 = ψ0,

σ1 =

(
1 2 3

1 3 2

)
: ψ0 −→ x1 + ωx3 + ω2x2 = ψ1,

σ2 =

(
1 2 3

3 1 2

)
: ψ0 −→ x3 + ωx1 + ω2x2 = ψ2,

σ3 =

(
1 2 3

3 2 1

)
: ψ0 −→ x3 + ωx2 + ω2x1 = ψ3

σ4 =

(
1 2 3

2 1 3

)
: ψ0 −→ x2 + ωx1 + ω2x3 = ψ4,

σ5 =

(
1 2 3

2 3 1

)
: ψ0 −→ x2 + ωx3 + ω2x1 = ψ5.

|^ ω3 = 1 , N´�y ψ0, ψ1, ψ2, ψ3, ψ4, ψ5 ¥�k ψ0, ψ1 ´Õá�, Ù{�þ�d ψ0

½ ψ1 L«:

ψ2 = ω2ψ0, ψ5 = ωψ0, ψ3 = ωψ1, ψ4 = ω2ψ1.

Ïd, 38«��e, ψ0 ©OC��

σ0 : ψ0 −→ ψ0, σ2 : ψ0 −→ ω2ψ0, σ5 : ψ0 −→ ωψ0,

σ1 : ψ0 −→ ψ1, σ3 : ψ0 −→ ωψ1, σ4 : ψ0 −→ ω2ψ1,

aq/, �±�y38«��e, ψ1 ©OC��

σ0 : ψ1 −→ ψ1, σ2 : ψ1 −→ ωψ1, σ5 : ψ0 −→ ω2ψ1,

σ1 : ψ1 −→ ψ0, σ3 : ψ1 −→ ω2ψ0, σ4 : ψ1 −→ ωψ0,

ddíÑ, 3¤k��e, ��8Ü {ψ0, ψ1, ψ2, ψ3, ψ4, ψ5} ´ØC�, �ØL�S­#

ü�

®. ~X

ψ4 = ω2ψ1
σ3−→ ω2(ω2ψ0) = ωψ0 = ψ5.

ù�Òke�5�.

5� 7.6 'u t �õ�ª

f(t) = (t− ψ0)(t− ψ1)(t− ψ2)(t− ψ3)(t− ψ4)(t− ψ5)

3 x1, x2, x3 �?Û��eØC, Ïd f(t) Xê´ x1, x2, x3 �é¡õ�ª.
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òd ψ0 Ú ψ1 L«� ψ2, ψ3, ψ4, ψ5 �\õ�ª f(t), ¿|^ ω3 = 1£Ï� ω 6= 1,

Ïd�kω2 + ω + 1 = 0¤�

f(t) = (t− ψ0)(t− ωψ0)(t− ω2ψ0)(t− ψ1)(t− ωψ1)(t− ω2ψ1)

= (t3 − ψ3
0)(t3 − ψ3

1)

= t6 − (ψ3
0 + ψ3

1)t3 + ψ3
0ψ

3
1.

5� 7.7 õ�ª f(t) �L«�

f(t) = t6 − (ψ3
0 + ψ3

1)t3 + ψ3
0ψ

3
1,

ÙXê� ψ3
0 + ψ3

1 Ú ψ3
0ψ

3
1, ´ x1, x2, x3 �é¡õ�ª, ÏdU
^ngõ�ª

x3 + px2 + qx+ r = 0 �Xê p, q, r �êL«:

ψ3
0 + ψ3

1 = −2p3 + 9pq − 27r,

ψ3
0ψ

3
1 = (p2 − 3q)3.

3í�þ¡äNL�ª�, ��r ψ0 = x1 + ωx2 + ω2x3, ψ1 = x1 + ωx3 + ω2x2 �

\¿|^ngõ�ª Viete úªÚ ω3 = 1, ω2 + ω + 1 = 0 =�.

�â5�7.7, f(t) = 0, � 6 �� ψ0, ψ1, ψ2, ψ3, ψ4, ψ5 �±ÏL

t3 =
(ψ3

0 + ψ3
1)±

√
(ψ3

0 + ψ3
1)2 − 4(ψ3

0ψ
3
1)

2

=
(−2p3 + 9pq − 27r)±

√
(−2p3 + 9pq − 27r)2 − 4(p2 − 3q)3

2

má����, Ïd§�Ñ�±d p, q, r �êL«£=ÏLXê p, q, r �\~¦Ø±9

m²��!má����¤ .

du�§ f(t) = 0 ¥ 6 ���k ψ0, ψ1 ´Õá�, 2l Viete úª¥� x1 + x2 +

x3 = −p,¿�Äe�n��g�5�§|
x1 + x2 + x3 = −p,

x1 + ωx2 + ω2x3 = ψ0,

x1 + ωx3 + ω2x2 = ψ1.

�â1 5 ù §5.6 ¥?Ø(J, þã�§|Xê1�ª∣∣∣∣∣∣∣∣
1 1 1

1 ω ω2

1 ω2 ω

∣∣∣∣∣∣∣∣ = 3ω(ω − 1) 6= 0
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Ïdk���) : 
x1 = 1

3(−p+ ψ0 + ψ1),

x2 = 1
3(−p+ ω2ψ0 + ωψ1),

x3 = 1
3(−p+ ωψ0 + ω2ψ1),

=ng�§�n�� x1, x2, x3 �^�§Xê p Ú ψ0, ψ1 �êL«, 
 ψ0, ψ1 �dXê

p, q, r �êL«, Ïd�ª��ng�§�� x1, x2, x3 �dÙXê p, q, r �êL« .

ng�ê�§�����k 6 «

S6 = {σ0, σ1, σ2, σ3, σ4, σ5}

Ù¥�|, P�

A3 = {σ0, σ2, σ5},

A3 ¥���r ψ0 ©OC�� ψ0, ω
2ψ0, ωψ0 , r ψ1 ©OC�� ψ1, ωψ1, ω

2ψ1 , X

J3��¥½Â�«�ê(�£e¡ò­:?Ø¤, @oò¬uy, S3 ¥f8Ü

A3 = {σ0, σ2, σ5} äkAÏ5�.

í
2�, og�ê�§�����k 24 «, ���8ÜP� S4, ·�uy S4 �

S3 kaq�5�, �´é��� n (n > 5) g�ê�§, ����«a�� n! «, ù n!

«���8ÜP� Sn, �' S3, S4 �E,. ùÒI�é Sn �ê5��?�ÚïÄ, Ï

d�Ò�)
êÆ¥���©­�+�–+�nØ, ¿��ª)û 5 g9 5 g±þ��

�ê�§Ø�U^�ê�{¦)C½
êÆÄ:.

§7.4 ��9Ù5�

Äkl��Ñu, ¿ÏL��÷v��ê(�, Ú?+�½Â, ¿±����., ?

Ø+Ä�5�.

Ä�/w, ¤¢��¢Sþ´��k n ���k�8Ü

X = {x1, x2, · · · , xn}

g��g�� 1-1 éA£1-1 N�¤:

σ : X −→ X,

ùp8Ü X ¥��Ø�½´,��§��, �±´?Û��, ~X X = {1, 2, · · · , n}.
Ï�´ 1-1 éA, ¤±�±äNL«�

σ(x1) = xα1 , σ(x2) = xα2 , · · · , σ(xn) = xαn ,
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ùp α1, α2, · · · , αn ´ 1, 2, · · · , n ���ü�.

¡ n �������n ���, w, n ����k n! «.

Ï� σ ´ n ����m�1-1 éA, k�·�Zyò§P�

σ(1) = α1, σ(2) = α2, · · · , σ(n) = αn,

¿U�L��{, ò§L«�þeéA

σ =

(
1 2 3 · · · n

α1 α2 α3 · · · αn

)

��5`, S.þò��¥��^SU1�1 1 �n ü� , �´, ��þeéAØC, �

��k�^S¿vk?Û'X. ~X(
4 2 1 3

3 1 2 4

)
=

(
1 2 3 4

2 1 4 3

)
.

�X���?ÓÆ�ÆÒ� 1-1 éA, �ÓÆ�gvk'X.

P n ��������N�

Sn =

{
σ =

(
1 2 3 · · · n

α1 α2 α3 · · · αn

) ∣∣∣ (α1, · · · , αn) ´ (1, · · · , n) ���ü�

}

1◦ ���¦È

�kü���

σ1 =

(
1 2 · · · n

α1 α2 · · · αn

)
, σ2 =

(
α1 α2 · · · αn

β1 β2 · · · βn

)
,

§��¦È½Â�ü����EÜ, =k?1σ1 ��, 2?1 σ2 �� :

X
σ1−→ X

σ2−→ X

½öL«�

σ2σ1 =

(
α1 α2 · · · αn

β1 β2 · · · βn

)(
1 2 · · · n

α1 α2 · · · αn

)
=

(
1 2 · · · n

β1 β2 · · · βn

)
= σ3.

�Ò´, 3 σ1 �1�1?Û�� i, éA��é� αi, 23 σ2 �1�1¥ αi é�Ó�

�éA� βi, ù�Ò��ü���¦Èò i ��� βi.

5¿����¦È�7äk��5, ~X(
1 2 3 4

2 1 4 3

)(
1 2 3 4

4 2 1 3

)
=

(
1 2 3 4

3 1 2 4

)
,
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�´ (
1 2 3 4

4 2 1 3

)(
1 2 3 4

2 1 4 3

)
=

(
1 2 3 4

2 4 3 1

)
,

üö´Ø���. �,��¦{Ø÷v��Æ§�´÷v(ÜÆ, =éu?¿n���

σ, ρ, τ , k

τ(ρσ) = (τρ)σ.

2◦ ð���

3¤k��¥, e���¡�ð���

e =

(
1 2 · · · n

1 2 · · · n

)

§�A:´�?¿�� σ �¦, (JØC

eσ = σe = σ.

3◦ _��

?¿��

σ =

(
1 2 · · · n

α1 α2 · · · αn

)
,

7�3_��

σ−1 =

(
α1 α2 · · · αn

1 2 · · · n

)
,

¦�

σ−1σ = σσ−1 = e.

~X (
1 2 3 4

4 2 1 3

)−1
=

(
4 2 1 3

1 2 3 4

)
,

Ò´ò σ �ü1éN. XJò�­#ü�, =r1 3 �N�1 1 �, 1 1 �N�1 4 �,

Òk (
1 2 3 4

4 2 1 3

)−1
=

(
1 2 3 4

3 2 4 1

)
.

4◦ Ó��é�
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� α1, α2, · · · , αd ´{1, 2, · · · , n} ¥ d �Ø����ê. e���� σ ÷v

σ(α1) = α2, σ(α2) = α3, · · · , σ(αd−1) = αd, σ(αd) = α1,

¿�σ(β) = β, β 6= α1, α2, · · · , αd. K¡�����d− Ó�, d ¡�Ó��Ý. {P�

σ = (α1α2 · · ·αd) =

(
α1 α2 · · · αd−1 αd β1 β2 · · · βr

α2 α3 · · · αd α1 β1 β2 · · · βr

)
.

Ù¥ d+r = n. Ï������üSÃ',¤±rÏL��u)Cz�ü3c¡,
@


3��eØC�ü3�¡. �,,ù��PÒØ��,~X (α2α3 · · ·αdα1), (α3α4 · · ·αdα1α2)

��ÑL«Ó��Ó�.

XJÓ� σ1 ¥Ñyêi3,��Ó� σ2 ¥Ø2Ñy, @oÒ¡ùü�Ó�Ø�

�, ÄK¡���. ~X (134) � (589) Ø��, � (134) � (247) ��.

¤¢é� ´��{ü�Ó�, =

σ = (αβ) =

(
· · · α · · · β · · ·
· · · β · · · α · · ·

)
.

§L«

σ(α) = β, σ(β) = α, σ(j) = j, j 6= α, β.

Ó�äke�{ü5�:

5� 7.8

(i) �Ý� d �Ó� σ = (α1α2 · · ·αd) ÷v σd = e, σr 6= e (r 6= d).

(ii) Ø��Ó��¦È���:

(α1α2 · · ·αd)(β1β2 · · · βr) = (β1β2 · · · βr)(α1α2 · · ·αd),

ùp αk 6= βl, k = 1, 2, · · · , d, l = 1, 2, · · · , r.

Ú?Ó��, ke�(J:

½n 7.9 Øð���	, ?¿��Ñ�±©)�eZ�Ø��Ó�¦È. ?¿�

�Ñ�±©)�eZ�é�£�±��¤¦È.

T½n¢Sþ�Ñ
���,�«L«, ù«L«�{3,
|Ü�\�B.

y² � α1 = 1, e σ(α1) = α1, = α1 3��eØu)Cz, K�Ä α1 = 2, |¢

e���Ñy σ(α1) 6= α1. Pα2 = σ(α1). w, σ(α2) 6= α2, ÄK� 1-1 éAgñ.

e σ(α2) = α1, K (α1α2) ´��é�, �{�´Ø2Ñy α1 Ú α2 ���;

e σ(α2) 6= α1,KPα3 = σ(α2). Xde���Ñy σ(αd1) = α1,ù� (α1α2 · · ·αd1)
Ò´��Ó�. �{Ü©´Ø2�¹ α1, α2, · · · , αd1 ���.
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é�{Ü©UY¢�þãL§, ²Lk�ÚÒ�±r σ ©)¤Ø��Ó�¦È.

'u1��(Ø, ���Ä?¿Ó��±©)¤é�¦È=�, ¯¢þ, éu?¿Ó

�, k

(α1α2 · · ·αd) = (α1α2)(α2α3) · · · (αd−2αd−1)(αd−1αd),

~X

(1234) =

(
1 2 3 4

2 3 4 1

)

=

(
1 2 3 4

2 1 3 4

)(
1 2 3 4

1 3 2 4

)(
1 2 3 4

1 2 4 3

)
= (12)(23)(34).

ù�Òy²
½n. �

§7.5 k�+9Ù5�

þ!½Â
���¦{!ü ��±9���_, Ó�?Ø
¦{!ü �±9_

�¤÷v��â5�, rù
5�Ä�Ñ5Ò��
/+0�½Â.

1◦ k�+

½Â 7.10 ��8Ü G , XJ÷vXe^�, @o¡ G ´��+:

(i) G k�«$�, ¡�/¦{0, =é?¿ a, b ∈ G , kab ∈ G, ¦{$�÷v(
ÜÆ

(ab)c = a(bc), a, b, c ∈ G.

(ii) G ¥�¹/ü �0, Ï~P� e, §÷v: é?¿ a ∈ G,

ea = ae = a.

(iii) G ¥?¿�� a þ�_, = xa = e 3 G ¥�), P x = a−1 ∈ G, ¡� a �

_� , §÷v

aa−1 = a−1a = e.

e G ¥¦{���, =é?¿ a, b ∈ G, k ab = ba, K¡ G ���+ ½ Abel +.

e+ G ���êk�, K¡�k�+. ���ê¡�+��.
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d½Â, ����Xe½n.

½n 7.11 (��Æ) e+ G ¥�� a, b, c ÷v ab = ac, ½ ba = ca, K b = c.

y² � ab = ac, ü>�¦ a−1 � a−1(ab) = a−1(ac), |^(ÜÆ� (a−1a)b =

(a−1a)c, �Ò´ b = eb = ec = c. éum¦ ba = ca, y²aq �

Ù¢, 3c¡�;K¥, ®²Ñy
+�~f, ùpëÓ�
#~f�¿Ð«.

~ 7.5.1 ¤k�knê8Ü Q+ = {r | r > 0, r ∈ Q} ´+, Ù¥ü �� 1, �

Ø´k�+.

~ 7.5.2 � m Ó{a Zm �f8Ü£1 2 ù §2.6¤

Z∗m = {[a] | [a] ∈ Zm, (a,m) = 1},

´������, �ê� ϕ(m)£Euler ¼ê, �1 2 ù§ 2.5 ¤�k�+. ~X� m = 8

�,

Z∗8 = {[1], [3], [5], [7]}

´�� 4 �k�+.

~ 7.5.3 n g�ü �|¤�8Ü Dn = {ξ1, ξ2, · · · , ξn} 3Eê¦{$�e´�
�+£1 4 ù§4.4¤. AO� n = 4 �, o�ü � {1,−1, i,−i} �8Ü´��+.

~ 7.5.4 �Ä�>n�/é¡ØC5. � {e, a1, a2} ©O´n�/±¥%:��
%^��^= 0◦, 120◦, 240◦ �^=, {a3, a4, a5} ©O´±n��²©� K,L,M ��

� (ã 7.1) . K�>n�/3þã^=Ú��eØC.
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ã 7.1

38���8Ü¥

S = {e, a1, a2, a3, a4, a5}
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òëY�^½Â�¦{, @o S ´��+, ���m�¦È±9ü �Ú_��&Eþ

�le�¦{L¥�N.~X a1a2 = a2a1 = e, Ïd a1, a2 p�_�.

¦{ e a1 a2 a3 a4 a5

e e a1 a2 a3 a4 a5

a1 a1 a2 e a5 a3 a4

a2 a2 e a1 a4 a5 a3

a3 a3 a4 a5 e a1 a2

a4 a4 a5 a3 a2 e a1

a5 a5 a3 a4 a1 a2 e

~ 7.5.5 ée�8�¼ê

f0(x) = x, f1(x) = 1
1−x , f2(x) = x−1

x ,

f3(x) = 1
x , f4(x) = 1− x, f5(x) = x

x−1 ,

½Â§��m�¦{Xe

(fi ◦ fj)(x) = fi(fj(x)),

�Ò´¼ê�EÜ, @oØJ�y3T¦{½Âe, 8�¼ê�8Ü÷v+�½Â. ~

X,

(f5 ◦ f2)(x) = f5(f2(x)) =
(x− 1)/x

(x− 1)/x− 1
= 1− x = f4(x),

(f2 ◦ f5)(x) = f2(f5(x)) =
x/(x− 1)− 1

x/(x− 1)
=

1

x
= f3(x),

���m�¦{de¡¦{L�Ñ.

¦{ f0 f1 f2 f3 f4 f5

f0 f0 f1 f2 f3 f4 f5

f1 f1 f2 f0 f5 f3 f4

f2 f2 f0 f1 f4 f5 f3

f3 f3 f4 f5 f0 f1 f2

f4 f4 f5 f3 f2 f0 f1

f5 f5 f3 f4 f1 f2 f0

Ù¥, f0 ´ü �.z����_��3L¥�Ñ, ~X f2 �_�� f1:

f2 ◦ f1 = f1 ◦ f2 = f0.

~7.5.4Ú~7.5.5�,´��ØÓü�~f, �´XJ���éA

{e, a1, a2, a3, a4, a5} −→ {f0, f1, f2, f3, f4, f5}



196 1 7 ù k�+

ØJuy§��¦{L����, ¡ù«y��+�Ó�.

½Â 7.12 �kü�+ G1 Ú G2, ©O±e1 Ú e2 ��gü �. XJ�3��

1-1 N� ϕ : G1 −→ G2 ¦�

ϕ(ab) = ϕ(a)ϕ(b) é?¿ a, b ∈ G1 ¤á

@o¡ ϕ �+ G1 Ú G2 �Ó�. þª¥ ab ´ G1 ¥¦{, ϕ(a)ϕ(b) ´ G2 ¥¦{.

XJü�+ G1 Ú G2 �m�3��Ó�, @o¡ùü�+´Ó��, P�

G1
∼= G2.

�â½Â, e�3 G1 Ú G2 �Ó� ϕ, K�½k

ϕ(e1) = e2, (ϕ(a))−1 = ϕ(a−1) a ∈ G1.

~7.5.4Ú~7.5.5©O�Ñ�ü�+Ó�.

�¶gÂ, ü�Ó��+¿�X§�k�Ó+(�, �+Ã'Ù§5��±�ÑØ

O. ~XØ+´~7.5.4n�/^=½��, �´~7.5.5¥½Â�¼ê, 3�g�$�e,

+�(�����.

2◦ f+

½Â 7.13 � G ´��+, H ´G f8Ü. XJ H éG ¥$���¤��+, @

o¡ H � G �f+.

w,, �kü ��8Ü E = {e} ±9 G g��½´ G �f+, ¡�²�f+.Ù

§f+��²�f+. ���¹e, ¤?Øf+Ñ´��²�f+.

~ 7.5.6 3~7.5.4¥, P�>n�/^=�8Ü� H = {e, a1, a2} ⊂ S, K H ÷

v+�½Â, Ïd´ S �f+. ���m¦{deL�Ñ

¦{ e a1 a2

e e a1 a2

a1 a1 a2 e

a2 a2 e a1

k�+Úf+�mke�Í¶� Lagrange£.�KF, 1736-1813¤½n.

½n 7.14 (Lagrange) � G ´k�+, H ´ G �²�f+£�,�´k�+¤,

@o H ���½U
�Ø G ��. e G ����ê, K G Ø�3�²�f+.

y² � G ��� n, H ��� r, Ï� H ´�²�f+, ¤± n > r > 1.
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y²�g´´|^ H ò G ©)¤eZ����êÑ´ r , �üüØ��f8�¿,

ÏdíÑ½n�(J. äN�{Xe: P�²�f+ H ����

H = {h1, h2, · · · , hr}.

� a1 ∈ G, a1 /∈ H£¤±a1 6= e , Ï� e ∈ H ¤, -

a1H = {a1h1, a1h2, · · · , a1hr} ⊂ G

K8Ü a1H ¥ r ���pØ��. ÄK, 7k a1hi = a1hj , �â��Ç, íÑ hi = hj ,

ù� H ����ê´ r �gñ.

Ó�, a1H ∩H = φ£φ L«�8¤, =a1H Ú H ¥���É. ÄK, 7k,� a1hi

� H ¥,����� a1hi = hj , íÑ a1 = hjh
−1
i ∈ H, ù� a1 À��gñ. Ïd

G ⊇ H ∪ a1H,

e�Ò¤á: G = H ∪ a1H íÑn = 2r, ½n�y.

���a2 ∈ G, a2 /∈ a1H ∪H , ¿-

a2H = {a2h1, a2h2, · · · , a2hr} ⊂ G,

XÓé a1H �?Ø, a2H ¥��pØ��, Ïd a2H ¥���êE,´ r �.

XJ�3,� a2hi ¦� a2hi = hj , KíÑ a2 = hjh
−1
i ∈ H.

XJ�3,� a2hi ¦� a2hi = a1hj , KíÑ a2 = a1hjh
−1
i , Ï� hjh

−1
i ∈ H, ¤±

7k hjh
−1
i = hk, íÑ a2 = a1hk ∈ a1H.

þãü«�¹Ñ� a2 �À�gñ, ¤± a2H ∩H = a2H ∩ a1H = φ , �

G ⊇ H ∪ a1H ∪ a2H.

e�Ò¤á, K n = 3r, ÄKUYþãL§. ²Lk�Ú�� l ����ê� r �f8

Ü a1H, a2H, · · · , alH ¦�

G = H ∪ a1H ∪ a2H ∪ · · · ∪ alH,

�

aiH ∩ ajH = φ (1 6 i 6= j 6 l)

Ïd n = lr, = r | n. �

3þãy²L§¥, é a ∈ G, aH = {ah | h ∈ H} ¡� G 'uf+ H ��8. Ï

d�Ò��



198 1 7 ù k�+

½n 7.15 � G ´k�+, H ´ G �²�f+, K G U©)�üüØ���8

�¿.

3◦ é¡+���+

½Â 7.16 ¤kn ����¤8Ü Sn ÷v+�½Â, Ù¥ü � e = σ0,Ïd Sn

´n! �k�+, ¡�é¡+. du��¦ÈØ���, ¤±é¡+´� Abel +.

é¡+ Sn ¥?Ûf+¡���+.

�,é¡+£��+¤́ l�ê�§����m©, �¿ØÛ�ud. ~XAÛã/

é¡5Ò´��­��~f.

~ 7.5.7 �Äé¡+ S3, §d8���|¤

σ0 =

(
1 2 3

1 2 3

)
, σ1 =

(
1 2 3

1 3 2

)
, σ2 =

(
1 2 3

3 1 2

)
,

σ3 =

(
1 2 3

3 2 1

)
, σ4 =

(
1 2 3

2 1 3

)
, σ5 =

(
1 2 3

2 3 1

)
.

ØJwÑ, 3~7.5.4 ¥, eò�>n�/�n�º:©O^ A,B,C L«, @o?

Û�±�>n�/ØC�C�, ÑéAun�º: (A,B,C) �����µ

e = σ0, a1 = σ5, a2 = σ2, a3 = σ4, a4 = σ3, a5 = σ1.

Ïd~7.5.4¥� S Ò´é¡+ S3.

~ 7.5.8 S3 �f8Ü {σ0, σ1}, {σ0, σ3}, {σ0, σ4} Ú {σ0, σ2, σ5} ´§�f+,

=§�©Okü �e = σ0, é���¦{µ4, ��¹?Û���_�. Ïd´��

+. lAÛþw, f+ {σ0, σ1}, {σ0, σ3}, {σ0, σ4} �´�>n�/÷é¡¶���C
�, 
f+ A3 = {σ0, σ2, σ5} ´�>n�/�^=C�.

UY�Ä

A3 = {σ0, σ2, σ5} =

{(
1 2 3

1 2 3

)
,

(
1 2 3

3 1 2

)
,

(
1 2 3

2 3 1

)}
,

§���;.A�´e�õ�ª

φ = (x1 − x2)(x1 − x3)(x2 − x3)

=3A3¥��eØC:

σi : φ −→ φ, i = 0, 2, 5,
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�´3 S3 ¥Ù§��e´Cz�:

σi : φ −→ −φ, i = 1, 3, 4.

��/, �Ä n ��½�õ�ª

φ(x1, x2, · · · , xn) =
n∏
i<j

(xi − xj)

=¤k(xi − xj), i < j Ïf�¦È, ØJwÑ?Û���� σ ∈ Sn, 7k

σ : φ(x1, x2, · · · , xn) −→ ±φ(x1, x2, · · · , xn).

e σ : φ −→ φ, K¡ σ �ó��, e σ : φ −→ −φ, K¡ σ �Û��. Ïd� n = 3 �,

S3 ¥�� A3 = {σ0, σ2, σ5} ´ó��, Ù{� {σ1, σ3, σ4} ´Û��.

½n 7.17 éu Sn ¥��, k

(i) ?¿é��½´Û��.

(ii) �Ý�Ûê�Ó�´ó��, �Ý�óê�Ó��Û��.

(iii) ?¿ó���±©)�óê�é�¦È, ?¿Û���±©)�Ûê�é�

¦È.

(iv) Sn ¥ó��ÚÛ���ê��
n!

2
.

y² (i) ´w,�. �â½n7.9, ���±��(ii) Ú (iii). 'u (iv) �y², �ó

��ÚÛ���XeéA:� σ ´��ó��, @o (12)σ Ò´��Û��, 
�ù��

éA´�é��, Ïdó���Û����ê��, ��u Sn ���. �

aq A3, é��� n, k

½n 7.18 P Sn ¥ó���N� An, K An ´ Sn �f+, ¡���+.

y² � σ, τ ´?¿ü�ó��, @o

φ(x1, · · · , xn)
σ−→ φ(x1, · · · , xn)

τ−→ φ(x1, · · · , xn),

¤±τσ �´ó��. ó���_ σ−1 : φ ⇒ φ E´ó��, ð����,´ó��, ¤

±An ´��+. �

�
�Ð/Ýº��+, |^���©)�é�¦Èù��A:, ?�Ú©Û��

+¥���A�.

½n 7.19 Øð���	, ��+ An ¥?¿�� σ þ�©)��Ý� 3£��

�¤Ó�¦È.



200 1 7 ù k�+

y² �â½n7.9, é σ ∈ An, �±©)�é��¦È, 
z�é�´Û��, Ïd

©)ª¥�½�¹óê�é�:

σ = σ1σ2 · · ·σ2r,

òóê�é��g©�üü�|. é σ1σ2, ke�n«�¹:

£1¤e σ1 = σ2 , K σ1σ2 = e ´��ð���.

£2¤e σ1 Ú σ2 k��iÎ�Ó, Ø�� σ1 = (αβ), σ2 = (βγ), K

σ1σ2 = (αβ)(βγ)

=

(
α β γ · · ·
β α γ · · ·

)(
α β γ · · ·
α γ β · · ·

)

=

(
α β γ · · ·
β γ α · · ·

)
= (αβγ).

Ïd´���Ý� 3 �Ó�, ùp�ÑÒL«þeØu)Cz�éA.

£3¤e σ1 Ú σ2 Ã�ÓiÎ, Ø�� σ1 = (αβ), σ2 = (γδ), K

σ1σ2 = (αβ)(γδ) = (αβ)(βγ)(βγ)(γδ) = (αβγ)(βγδ),

Ïd´ü��Ý� 3 Ó��¦È, ùp�\�é�÷v (βγ)(βγ) = e.

UYé{eé��¦È σ3σ4 · · ·σ2r ?1aq?Ø, Ò��½n(J. �

~ 7.5.9 �âþã?Ø, �±{'/r��+ A4 ¥12 ���L«Ñ5.

A4 ={(1), (12)(34), (13)(24), (14)(23),

(123), (124), (134), (234), (132), (142), (143), (243)}.

ùp^ (1) L«ð���, ü�Ã�ÓiÎ�é�¦È, ÎÜ�¹£3¤, Ïd�±L«¤

�Ý� 3 �£���¤Ó��¦È.

4◦ Ì�+

��/, é n �k�+ G, ?� a ∈ G, a 6= e, @o

a, a2, a3, · · · an+1 ∈ G,

Ï G ¥�k n ���, ¤±þ¡ n + 1 ���7kü���, Ø��ai = aj , i < j, í

� aj−i = e, �Ò´`, éuk�+ G ¥?Û��a 6= e, �½�3��ê m, ¦� am ´

ü �. �â��ê�n£1 1 ù§1.1¤, �½�3����ê r, ¦� ar = e. ¡ r � a

�±Ï. ��5`, ØÓ��kØÓ±Ï.
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~ 7.5.10 3 S3 ¥, σ2, σ5 �±Ï� 3, σ2, σ3, σ4 ±Ï� 2.

½n 7.20 � G´ n�k�+, a ∈ G, a 6= e, r´ a�±Ï,@o {e, a, a2, · · · , ar−1}
´ G � r ��f+£Ïd r 6 n¤.

y² ��U½Â�y=�.~Xé 0 6 i, j 6 r− 1, aiaj = ai+j = ak, 0 6 k 6 r− 1

÷v (i+ j) ≡ k (mod r) . 
 ai �_�� ar−i. �

½Â 7.21 � G´ n�k�+, a ∈ G, a 6= e, r´ a�±Ï,¡ {e, a, a2, · · · , ar−1}
´d a )¤ G �Ì�f+. XJ�3���� a, ¦� a �±Ï r = n, =

G = {e, a, a2, · · · , an−1},

@o¡ G �Ì�+.

~ 7.5.11 e ξ ´ zn − 1 = 0 ���ü �, K n gü �8Ü Dn ¥¤kn g

ü ��d ξ ��g)¤:

Dn = {ξ0, ξ, ξ2, · · · , ξn−1}.

Ïd Dn ´Ì�+.

½n 7.22 e+ G ��´�ê, K G �½´Ì�+.

y² � a ∈ G, a 6= e ¿± r > 1 �±Ï, Ïd{e, a, a2, · · · , ar−1} ´ G �Ì�f

+, �â½n7.14 , r | n, � n ´�ê, ¤±r = n, = G = {e, a, a2, · · · , an−1}, Ïd´Ì
�+. �

~ 7.5.12 3 Sn ¥, ü � e ±Ï�1. ��é� (ij) ±Ï� 2: (ij)2 = e. ��

Ó� (i1i2 · · · id) ±Ï� d: (i1i2 · · · id)d = I. ��

a = (12 · · ·n) =

(
1 2 3 · · · n− 1 n

2 3 4 · · · n 1

)

�±Ï´ n, {e, a, a2, · · · , an−1} ´ Sn �Ì�f+. �´é n > 3, Sn ��ê n! Ø�U

´�ê, Ïd Sn (n > 3) Ø¬´Ì�+.

4◦ �5f+

½Â 7.23 � H ´ G �²�f+, eéu?¿� g ∈ G, h ∈ H, k g−1hg ∈ H ,

K¡ H � G ��5f+.

w,, XJ G ´��+, @o g ∈ G, h ∈ H, k g−1hg = h ∈ H, ¤±��+�?

Ûf+Ñ´�5f+.
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~ 7.5.13 é¡+ S3 �f+ A3 = {σ0, σ2, σ5} ´�5f+. ��éu S3 ¥Ù

§3���

σ1 =

(
1 2 3

1 3 2

)
, σ3 =

(
1 2 3

3 2 1

)
, σ4 =

(
1 2 3

2 1 3

)
,

Å��y g−1hg ∈ A3 é g = σ1, σ3, σ4 Ú h = σ0, σ2, σ5 ¤á, @oÒíÑ A3 ´ S3 �

�5f+. ²�yk

σ−11 σ2σ1 = σ5, σ
−1
1 σ5σ1 = σ2, σ

−1
3 σ2σ3 = σ5,

σ−13 σ5σ3 = σ2, σ
−1
4 σ2σ4 = σ5, σ

−1
4 σ5σ4 = σ2,

~X,

σ−11 =

(
1 2 3

1 3 2

)−1
=

(
1 2 3

1 3 2

)
,

σ−11 σ2σ1 =

(
1 2 3

1 3 2

)−1(
1 2 3

3 1 2

)(
1 2 3

1 3 2

)

=

(
1 2 3

2 3 1

)
= σ5,

¤± A3 ´ S3 ��5f+.

Ù¢, ���¹eÃI�y, ���y²e�(Ø.

½n 7.24 ��+ An ´é¡+ Sn ��5f+.

y² é?¿� τ ∈ Sn, σ ∈ An, τ Ú τ−1 �oÓ´ó��, �oÓ´Û��, ¤±

� σ ´ó���, τ−1στ �½´ó��, = τ−1στ ∈ An. �

½Â 7.25 e H ´ G ��5f+, � G ¥Ø2�3�¹ H ��²��5f+,

K¡ H ´G �4��5f+.

~7.5.13¥, Ï� A3 ��´ 3, S3 ��´ 6, XJ�3,���5f+ F , ¦�

A3 ⊂ F ⊂ S3, @o F �� r �½÷v 3 < r < 6, � 3 7L�Ø r, r 7L�Ø 6, ù´

Ø�U�, ¤± A3 ´ S3 �4��5f+. ���¹e, k

½n 7.26 ��+ An ´é¡+ Sn �4��5f+.

y² du An ��´
n!

2
, ¤±

Sn��
An��

=
n!

n!/2
= 2,

XJ�3,���5f+ F , ¦� An ⊂ F ⊂ Sn, @o F �� r �½÷v

n!

2
< r < n!,
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¿�r U�Ø n!, �
n!

r
<

n!

n!/2
= 2

íÑ r = n!, = F = Sn. ÏdØ�3�¹ An � Sn �?Û�²�f+, ù�Ò�Ñ An

´ Sn �4��5f+. �

6◦ �)+

éu��k�+ G, XJ G1 ´ G �4��5f+, G2 ´ G1 �4��5f+, G3

´ G2 �4��5f+, · · · , ù���

G ⊃ G1 ⊃ G2 ⊃ · · · ⊃ E,

Ù¥ E = {e} 7½´����¹ü ��+. ù����+, ¡� G �Ü¤+�.

ùpI�AO�Ñ, e G1 ´ G ��5f+, G2 ´ G1 ��5f+, ¿ØUíÑ G2

´ G ��5f+�

½Â 7.27 � G �Ü¤+��

G ⊃ G1 ⊃ G2 ⊃ · · · ⊃ E,

n, n1, n2, · · · , 1 ©O´ G,G1, G2, · · · , ��. �â½n7.14,

n

n1
,
n1
n2
,
n2
n3
, · · ·

´����ê, ¡� G �|ÜÏê.

XJ��k�+ G |ÜÏêÑ´�ê, @o¡ G ��)+.

~ 7.5.14 S3 Ú S4 ´�)+.

ù´Ï� A3 ´ S3 4��5f+, A3 ¥Ø2�¹?Û�²��5f+, Ïd S3 �

Ü¤+��

S3 ⊃ A3 ⊃ E,

|ÜÏê
S3��
A3��

=
6

3
= 2,

A3��
E��

= 3,

Ñ´�ê, ¤±S3 ´�)+.

3~7.5.9 ¥, A4 ´ S4 4��5f+, �±�y, A4 ¥f8Ü

K = {(1), (12)(34), (13)(24), (14)(23)}

´ A4 4��5f+, 


H = {(1), (12)(34)}
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´ K 4��5f+. 5¿±eü:, �´ H ´ K ��5f+, �Ø´ A4 ��5f+,

�´K ¥� H �Ó���5f+Ø��. ù�Òk

S4 ⊃ A4 ⊃ K ⊃ H ⊃ E

§��|ÜÏê

S4��
A4��

= 2,
A4��
K��

= 3,
K��
H��

= 2,
H��
E��

= 2,

Ñ´�ê, 
�3 S4, A4, K,H,E Ø�U2�\?Û�5f+, ¤±§�´ S4 �Ü¤+

�, S4 ´�)+.

½Â 7.28 e+ G ¥Ã�²��5f+, K¡ G �ü+.

w,, e+ G ��´�ê, @od½n7.14, G vk�²�f+, �,�Ø¬k�²

��5f+. ~X A3 ��´ 3, ¤±�½´ü+. A4 Ø´ü+. �´, ¿�k�ü+�

�ê�½´�ê.

½n 7.29 � n > 5 �, An ´ü+.

ddé¯íÑ

½n 7.30

� n 6 4 �, é¡+ Sn ´�)�.

� n > 5 �, é¡+ Sn ´Ø�)�.

½n¥'u n 6 4 ��/®²3~7.5.14¥�Ñ. � n > 5 �, Ï� An ´ Sn �4

��5f+, d½n7.29 �, An q´ü+, = An ¥Ø�3�²���5f+. ù� Sn

�Ü¤+��k

Sn ⊃ An ⊃ E,

£E ´��¹ü ��²�+¤, §���©O� n!,
n!

2
, 1, Ï
|ÜÏê�

Sn��
An��

= 2,
An��
E��

=
n!

2
,

w,, � n > 5 �,
n!

2
Ø�U´�ê, ¤±�� Sn Ø�).

½n7.29 Ú½n7.30 ´�ª)ûÊg9Êg±þ�ê�§ØU
^�ê�{¦

)�'�½n. �,3§7.3 ¥^��¦)ng�ê�§�, ®²N¬�S3 ��)5

S3 ⊃ A3 ⊃ E 3¦)¥�ü�AÏ�Ú. �´éu�.)û�ê�§¦)¯K�ké�

´�r. �;K8��Ò=�ul¦)ù�äN¯KÑu, XÛÚ?+�Vg, ?�Ú

nØ�ë�k'Ö7. ��±½n7.29 �y²���;K�(å.

½n7.29 �y² � n > 5, �
y² An vk�²��5f+ , ·�ò¿©|^

��©)�Ó�¦Èù�¯¢.
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b� An kE ±	�5f+ H, e¡òy² H �U�u An g�.

� h ∈ H, h 6= e, ¿� h ´¦� {1, 2, · · · , n} ¥êiu)Cz������. �â

½n7.9, h U
©)�Ø��Ó��¦È.

h = σ1 · · ·σr

Ù¥ σj , j = 1, · · · , r ´pØ��Ó�. e¡ò©¤A�Ú½?1?Ø.

£1¤3 h �þã©)¥, �Ó��Ý�½��.

æ^�y{, eØ,, 3Ó� σj , j = 1, · · · , r ¥, 7k���Ý��, Ï��Ó�Ø

��, Ïd�±ò�Ý��������>, ÏdØ�� σ1 = (α1α2 · · ·αk) ��Ý��
�Ó�, �Ý� k. |^5�7.8, k

hk = σk1σ
k
2 · · ·σkr = σk2 · · ·σkr = h1,

ùp h1 = σk2 · · ·σkr L«h ¥Ø��Ù¦Ó� k g��¦È. Ï� σ1 �Ý��, ¤±3

σ2, · · · , σr ¥, ��k��¦� σkj 6= e. ¤± h1 6= e. Ï� H ´f+, ¤±h1 = hk ∈ H,

�´ h1 ¦� {1, 2, · · · , n} ¥êiu)Cz��ê' h ¦� {1, 2, · · · , n} ¥êiu)C
z���
 α1, α2, · · ·αk � k �,ù� h �À�gñ, Ïd3 h ©)�Ø��Ó�¦È

¥, �Ó��Ý�½��.

£2¤ 3 h ©)�Ø��Ó�¦È¥, �Ó��ÝØ¬�L 3.

E,æ��y{, eØ,, 3 h = σ1 · · ·σr ¥, k��Ó��Ý�L 3, Ø��

σ1 = (1234 · · · )£é���¹ σ1 = (α1α2α3α4 · · · ), y²��aq¤, P h = (1234 · · · )h1
ùp h1 ´� (1234 · · · ) Ø��Ù¦Ó��¦È. -ó�� g = (234) ∈ An, @o g � h1

Ø��Ïd¦{���, -

h2 = g−1hg = g−1(1234 · · · )h1g = g−1(1234 · · · )gh1

= (243)(1234 · · · )(234)h1 = (1423 · · · )h1

ùp h2 = g−1hg ∈ H, ¤± hh−12 ∈ H, �´

hh−12 = (1234 · · · )h1((1423 · · · )h1)−1 = (1234 · · · )(1423 · · · )−1 = (143),

¤±�� hh−12 UC�êi�u h UC�êi, ù� h �½Âgñ.

£3¤h �U´��Ó�, 
Ø�U´õ�Ó��¦È.

dc¡üÚ, ·�®²�� h �©)�Udü«�U, �´©)��Ý�2 Ø��

Ó�£é�¤¦È, �´©)��Ý�3 Ø��Ó�¦È. ·�òÅ�üØþãü«�U

5.

1�«�U5�üØ: Ø�� h = (12)(34), �Ò´h ¦� {1, 2, · · · , n} ¥4�êi



206 1 7 ù k�+

u)Cz. Ï n > 4, �ó�� g = (125) ∈ An, k

hg−1hg = (12)(34)(152)(12)(34)(125) = (152),

§¦� {1, 2, · · · , n} ¥3�êiu)Cz. �´ hg−1hg ∈ H, Ïd� h �À�gñ.

1�«�U5�üØ: Ø�� h = (123)(456), �Ò´h ¦� {1, 2, · · · , n} ¥6�ê

iu)Cz. E,�ó�� g = (125) ∈ An, K

hg−1hg = (24356) ∈ H,

§¦� {1, 2, · · · , n} ¥5�êiu)Cz, Ïd� h �À�gñ.

���¹eüØþãü«�U��{��aq.

o(þ¡?Ø, ·�y²
XJ h ´ H ¥¦� {1, 2, · · · , n} UC��ö, @o h

�U´

h = (α1α2), ½ h = (α1α2α3),

�´ h ∈ H ⊂ An ´��ó��, ¤± h �U´

h = (α1α2α3).

éu?¿���Ý� 3 �Ó� (β1β2β3), �ó��

g =

(
α1 α2 α3

β1 β2 β3

)

Ï� H ´An 5�f+, ¤± g−1hg ∈ H, ù�ÒíÑ

(β1β2β3) =

(
β1 β2 β3

α1 α2 α3

)(
α1 α2 α3

α2 α3 α1

)(
α1 α2 α3

β1 β2 β3

)
= g−1hg

¤±, ?Û���Ý� 3 �Ó�áu H. 2�â½n7.19, An ¥���©)��Ý�3

Ó��¦È, Ïd�áu H. �ªÒy²
 H = An. �
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1. � G ´��k�+, H ´ G ���f8. eé?¿� a, b ∈ H, k ab ∈ H, K H

�½´ G �f+.

J«: �y² H ´ G �f+, Ò´��â®�^�, y²ü � e ∈ H, ±9

a−1 ∈ H é?¿� a ∈ H ¤á. � a ∈ H, e a = e, w, e Ú e−1 = e ∈ H. e

a 6= e, �â^� a · a = a2 ∈ H, ?
íÑ {a, a2, · · · , an, · · · } ⊂ H. 2�â G ´k

�+�^�, íÑ e Ú a−1 ∈ H.

2. y²+ G �ü��5f+��E´�5f+.

3. � G ´��+, g ∈ G, Áye� G −→ G �N�´Ó�N�£¡� G �gÓ�¤

a 7−→ ϕ(a) = g−1ag, a ∈ G.

4. � G ´k�+, a, b ∈ G, ÷v ab = ab−1. e a �±Ï�Ûê, ¦y: b2 = e£e � G

¥ü �¤.

J«: �k�K�ê k, ¦� a2k+1 = e, d^���

a = bab, a = b−1ab−1,

Ïd a2 = ba2b−1 =�y�.

5. � G = {a1, a2, · · · , an} ´��k� Abel +, y²�� a = a1a2 · · · an ÷v a2 = e.

J«: 5¿� G ´k�+, ¤±

{a−11 , a−12 , · · · , a−1n } = {a1, a2, · · · , an}

2|^���5=���.

6. � G ´����L 3 �k�+, é?¿� g ∈ G, Ñk g2 = e, y²: G ´��

Abel +, � G ¥¤k���¦È�u e.

J«: �â^���?¿ g ∈ G, Ñk g = g−1, Ïd

g1g2 = (g1g2)
−1 = g−12 g−11 = g2g1.

qÏ� G ¥���ê�L 3, ¤±�3 a, b ∈ G, � a 6= b, a 6= e, b 6= e. P

c = ab, @o�±�y c 6= a, c 6= b, c 6= e. � H = {e, a, b, c} ´ G �f+. e

G = H, ����y G �¤k��¦È�u e; e H ´ G ��²�f+, �â

½n7.15, G �©)�üüØ��eZ��8�¿. 5¿�|^��5, z��8

gH = {g, ga, gb, gc} ����¦ g · ga · gb · gc = g4 = e2 = e, ¤±���K(J.
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7. y²: �knê�¤�+£�~7.5.1¤Q+ = {r | r > 0, r ∈ Q} Ó�ugC�ýf
+.

J«: �Ä Q+ �f8Ü A = {r2 | r ∈ Q+}. Äk�yA ´ Q+ ýf8. Ùg�

y A ´ Q+ �f+. ���y

ϕ : x 7−→ x2 (x ∈ Q+)

´Q+ −→ A �Ó�N�.

8. aq~7.5.4, Áy�±�o>/ØC�C�¤�¤�+´ S4 �f+, �ê�

2 · 4 = 8.

J«: Xã 7.1, ØJuy�±�o>/ØC�C�Ò´o�� A,B,C,D �m�

��, Ù¥^=C��L«� A,B,C,D �Ó�, 
'ué¡¶����L«�é

��¦È, ~X'ué¡¶X ���� (1, 4)(2, 3).

5¿, L«�o>/é¡5�+´ S4 �f+, 
 S4 L«�´�m�o¡N�é¡

5.
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9. ¦yØ�>����/�é¡+ko���.
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