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» Random Matrices
Define: A random matrix is a matrix-valued random variable—that is, a
matrix in which some or all elements are random variables. (Wiki)
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» Gaussian Ensembles = &4
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Gaussian Ensembles =8 & 45

» Gaussian Orthogonal Ensemble (GOE,3 = 1): real symmetric matrices
Hyxn = (A4 AT)/2
a b
b

» Gaussian Unitary Ensemble (GUE,3 = 2): complex Hermitian matrices
Huysn = (A+ AT) /2
b1 — ibz Cc

> Gaussian Symplectic(3) Ensemble (GSE,3 = 4): quaternionic(PU %))
Hermitian matrices Hanxan = (A + AT)/2

[ a b1 + ib2:|
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0 a —e+if c—id
c—id —e—if b 0
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(2N x 2N) matrices cut into N? blocks of (2 x 2), for example:
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Gaussian Orthogonal Ensemble

» GOE
o W AAR:
H = UTHU
U &Sz IE AT 4R RE
v'u=uU"=1
LR ATAAE

P(H)dH = P(H)dH
o Hig Geitaior, M= R sk 8L
P(H) = [ ] fii(H)

k<j

PUSTHEERE TR N(N+1)/2

Mehta, M. L. (1970). Random Matrices and the Statistical Theory of Energy
Levels. Journal of the American Statistical Association, 65(332).



GUE, GSE

» GUE
o AFHLATE:
H = U"'HU
U & L IE5ERE
vUlu=uut =1

o HY 1 HY SRR Hyg (53R ELGE TS, M RE R
P = TT47 ) TTA) ()

k< k<j
MNLAEREGER N2
» GSE
o ARYAAL:
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U R¥5EMUTQU = Q
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o WEREERY
3
P(H) = T4 (HH) TT TT 4 (H)
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Joint Probability Density Function (J.P.D.F) for Eigenvalues

» GOE
H SEXTFRAERE, N(N+ 1)/2 DMSLITGER Hyg
N ANARIEE Ok
N(N—1)/2 ANAAERIEAZ LK {p1, p2, ..., Pnv—1)/2}
> EF (Wishart,1928): P(H) = exp(fatrH2 + btrH + c), a EIESHL,
b, c

tr(H) => 0k,  tr(H)=> 0«
P(H)dH = exp(—a ) _60i+ b 0+ c)dH = P(c)de
k k

dH = dHlldH12...dHNN, di:‘ = d01...d9/vdp1...de(N,l)/Q
» Jacobian ZFft: dH = Jde

P(e)de = J(6, p) exp (—aZGE +b> O+ c> de
k k

a(Hll, H12, ceey HNN)

J0, p) =
( P) |8(91~4-9NP1---PN(N—1)/2)




J.P.D.F Gaussian Orthogonal Ensemble

> Jacobian ffiffE (N(N+1)/2 x N(N+1)/2) :
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PGB N NN — 1) /2 SRR < j< k< N

PATS L N N(N — 1) /2 SEBRIIAT,y = 1,2, ., Ny = 1,2, ..., N(N — 1) /2
> itk

H=ueU", uU"=U"U=1

© diagonal matrix:6; < 02 < ... <0y

U: N(N —1)/2 parameters p,
> UTU =1 fiis:
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J.P.D.F Gaussian Orthogonal Ensemble
> H=UeU"™ X} p, W4
OH oU _, r ou”
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> H=UeU" xt 0, s

> Mi& [V):

HP 1<j<k<N,



J.P.D.F Gaussian Orthogonal Ensemble

> 3 [J[V]: o
— apOay
M= [53‘2(95 - 9@]
> T A
a<f aﬂ

J©0,p) =[] 105 — 0alfip)
a<fp
WA P(e)de = J(0, p)exp(—ad>, 0f + b, 0+ c)de, X p #5735
> AAEAE G W O AT

116« 6l

Jj<k

P(61,...,0n) = exp |:Z(—a@f + bOx + ¢)

k

0 — (1/\/%)Xk + b/2a
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J.P.D.F Gaussian Unitary Ensemble

» GUE
0 0 0 1 0 1
16,p) OHS s ooy Higy S HY oo HY L HY L )
’ 8(617~-~79N»P17~-~7PN(N71))
Hy .
Ok 1 Uy = SU9(05 — 0.
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1<j< k<N, 1<a<p<N
1< < NN -1), 1<~y <N



J.P.D.F Gaussian Unitary Ensemble

P> Jacobian

JO,p) = [] (05 — 0a)*Ap)

a<p

> AR A R AT

[116«— 0,7

Jj<k

P(61,...,0n) = exp [Z(—a@f + bk + ©)
K

O — (l/ﬁ)xk + b/23

Prz(x1, ..., xn) = Cio H |xk — xj|* exp (— Z>92>

j<k j=1



J.P.D.F Gaussian Symplectic Ensemble
» GSE

H=UeUkf

© consists of N blocks of the form:
0 0
0 o
N N
trH2:229'f, trH=12) 0«
1

P(0, p) = exp

N
Z (2a6; — 2b0x — c)] J(6, p)
1

0 0 0 3 0 3
O, ooy Higgy HY ooy HY o HYD L s HY L )
J(0, p) =

(01, ..., On, p1, -y P2n(N-1))
H'k = H(-O) -+ H(Del H§2> € + H<.3) es

S(H) S(OH) + 5(1H)el + 5(2114)62 + S(3H)



J.P.D.F Gaussian Symplectic Ensemble
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1<j<k<N, 1<a<B<N
1< p<2N(N-1), 1<y<N

» Jacobian

JO,p) = [] (05 — 0a)*fp)

a<p

> ARG R AT -

N
PN4(X17 ...,XN) = CN4 H |Xk - XJ|4 exp <_2ZXJQ)
j=1

j<k



J.P.D.F Gaussian Ensemble

» J.P.D.F Gaussian Ensemble

N
1
Prg(x1, - xw) = Cug | [ I3 — x| exp <—25 Z; >92>
=

Jj<k
B8 =1: GOE
B8 =2: GUE
B8 =4: GSE
> Get CN,(}Z

/ ..‘/PNﬁ(Xl,...,XN)Xm"'dXN:1

> N — co Semicircle Rule 2f:[{ % (Wigner):

p) = /1=

T

ref: Random Matrices and the Statistical Theory of Energy Levels,M. L. Mehta



MATLAB, Mathematica

> MATLAB:
GOE: A =randn(N); X = A + A’
GUE: A = randn(N) + li*randn(N); X = A + A’;
GSE: e0 = eye(2); el = [1i 0; 0 -1i[; e2 =[0 1; 1 0]; e3 = [0 1i; 1i 0];
A = kron(randn(N),e0) + kron(randn(N), el) + kron(randn(N),e2) +
kron(randn(N),e3); X = A + A’;
» Mathematica:
GOE: RandomVariate[GaussianOrthogonalMatrixDistribution[N]];
GUE: RandomVariate[GaussianUnitaryMatrixDistribution[N]];
GSE: RandomVariate[GaussianSymplecticMatrixDistribution[N]];
> Matlab Fift— LSRN )
(1) BEH o %N o WIEEHG Ax) = e 22
A = normrnd(u,0,N,N);
(2) a-b Z A2 o3 A
A = unifrnd(a,b,N,N);
(3) ZI553 45 (Bernoulli), P{X = k} = Cip*(1 —p)"*, (k=0,1,---,n)
= binornd(n,p,N,N);
( ) X BITERA A P{X = k} = 27 e
A = poissrnd(A,N,N);




Semicircle Rule
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» GOE,GUE,GSE: Semicircle rule are same



Semicircle Rule
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» N — oo = Semicircle Rule: p(x)
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Semicircle Rule

GOE Gaussian GOE Uniform
W =[-1,1]

-1 0 1
x x
GOE Bernoulli GOE Poisson
P(X=1)=05 P(X=k)=YeNk=0,1.
A=2
3 0.5 E 0.2
& &00.1
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-1 0 1 -2 0 2

> R[FE4rAi ) Semicircle Rule JEARAH



Wigner {5 15- B&4% [ #H. 73 Afi
> HIE 2 x 2 HHFE, AAEEH A, Ao, 1RE:

1 _AZ24a2
P(\1, A2) = mml —offe moT

> U3~1JC
//P()\l,)\g)d/\ld)\g =1

22423
Zg(a)://|/\17/\2\3e7 27

(x1,x2) = (A1 + A2, A1 — A2)

P _x%+x%
Z@(O’)://|X2| e 402 dxidxe

o) x2
ZQJﬁ/ xge_ﬁde
0
2 B+1 oo
:20\/7?%/ 22 e gy
0

= VT (20) (B2 +1/2)



Wigner -8 4% [R] B 43 A7

> REIAIFE S = |\ — Ao
(1). AL > Ao = S:Al—)\Q

P(\2 + S, A R
(A2 + S, 2)_25(‘7) e 20
(2). A< Ao = S:)\Q—)\l
1 B ,M
PA, M+ 5) = Zo(o )5 e 20
) X2 4 (x+5)2 2
P(S) =2 / L oo S gy 20V 5 5
—o0 Z5(0) Zs(0)

> SPHyE] .

20’ BJrldt /2 —t 20’f B+2
5= [ seisas= [ = Z iy [(8/241)(20)

I'B/2+1/2)

E(S)IliUIW



Wigner {15

» Wigner surmise:

P(S) — C3566_3552

2 1
Cﬂ = 0'\/7?7 aﬂ —_
Zs(o) 402
symmetry class | B ag Cg
GOE 1 /4 /2
GUE 2| 4/m 32/m?
GSE 4 | 64/97 | 262144/7297°
|t | ¥ |
14 Ll UL:J NN
’ WD-GOE;f=1 —— - ety
WD-GUE;B=2 evinarien
12 WD-GSE:B=4
Poisson " .

(a)
Poissan e,
08 spacings

P(s)




Wigner {15

> Wigner surmise: mifli N(0,1) 2> AiBEALEL, N = 2 B EE BT ™8 —3



Wigner i %-mathematica

gaussiandists = {GaussianOrthogonalMatrixDistribution[2], GaussianUnitaryMatrixDistribution[2],
GaussianSymplecticMatrixDistribution[2]};

spacingdists = MatrixPropertyDistribution[{-1, 1}.MinMax[Eigenvalues[x]], x & #] & /@ gaussiandists;

gaps = Normalize [RandomVariate[#, 10000], Mean] & /@ spacingdists;

WignerSurmisePDF[x_, #:1] :=Pi (x/2) Exp[-Pi (x/2)"2];

WignerSurmisePDF[x_, #:2] :=2 (4 x/Pi)A2 Exp[(-4/Pi) x"2];

WignerSurmisePDF[x_, 8:4] := (64/ (9 Pi)) "3 x"4 Exp[(-64/ (9 Pi)) x"2];

histogram = Histogram[#, {0.1}, PDF] & /@ gaps;

plot = Plot [WignerSurmisePDF[x, #], {x, 0, 3}] &/@ {1, 2, 4};

GraphicsRoweMapThread [Show[#1, #2, ImageSize -» 180, PlotLabel -» Row[{"3 = ", #3}]] &,

{histogram, plot, {1, 2, 4}}]
ut{11)=

B=1 B=2

B=4
— 1.2
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REZRIRIFE L r 0 AT

> i)‘( r IZ[@
. min(Sp, Snt1)
" max(Sn, Snt1)
Sn = Ep+1 — En
> %F Poisson distribution: P(S) = pe *° = P(r), 4 x= S,y = Snt1
)
P(r) = (6(r—
(r) = (&( y))>

_ mln(X y) e PXe P

max(x y)

min(x,
ax(x
/
/ ’”+p/ dy/ dxd(r— X)e e
/

TPXeTPY = 9p? / xe e  PXdx
0

[
o[
W

T+

1
2r
rn = rPrdr:/ ———dr=2In2 — 1~ 0.386294
) / ar=J, @



GOE P(r) distribution

> 3x3-matrix, BWAIEE 61 < e2 < e3, HH

N
1
Prg(x1, -, xw) = Cug [ [ I3 — x| exp <25 Zﬁ)

j<k 1

3

oo ey oo 3 _ —
P(r) o</ de2/ del/ desP(er, ez, e3)0(r — min(e; — ez, €z — e1)
—oo —o0 e

max(eg — €2,€62 — 61))
> B x=ex—e1, y=e3 — e
P(r) 2// dxdyd (rx — y)XﬁﬁLlf(XJry)ﬁe*(X2+y2)/2+(xfy)2/6
0

1 (r+r)°
0=z, G s pyr

Zg AR, H fol P(rydr=1 %31H.



GOE P(r) distribution
27 r+ 7

Peoe(r) = T (e

1
/ rPeoe(r)dr =4 — 2v/3 ~ 0.535898
0

(=
2 : .
—Proi(r) = iy ’
156 _PGOE(T) = % (1+7rt:2)5’7
=
- 1
A
0.5
0 . . . .
0.2 0.4 0.6 0.8
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Anderson model

-5 + U0 = eo(n)

» U(r) Uniform, Periodic lattice Bloch function:
Yi(r) = uk(ne'

» Anderson model: U(r) disorder

Y(r)

U(r)

\Wi
RS AR | S




Anderson model as a random matrix
» Tight binding Anderson model:

Ha = —tZ(C;rCH_l + hC) + Z E,'C}LC,'7 € € [—A7 A]

lxl,HIv‘\i]H[lHHlLIA

Insulator Metal

All eigenstates are localized There appear states extended

Localization length all over the whole system

The eigenstates, which are Any two extended

localized at different places eigenstates repel each other
will not repel each other ﬂ

Poisson spectral statistics Wigner — Dyson spectral statistics



Many Body Localization (MBL)

» Single particle + Disorder — Anderson Localization(AL)
AL + weak interaction — Many Body Localization(MBL)

N o=\
WY

> Poisson statistics
Eigenstate Thermalization Hypothesis (ETH) fails



Ergodic Hypothesis

» Boltzmann, 1871

» Microcanonical ensemble:

const. if(p, q) € T'n,v,
me(p7 q) = { 0 el(se ) NVE

Phase space volume T'(E):
I'(E) = / d*"pd*" gpme(p, q)
r

> Let A(p, q) be an integrable function, time average:

A= lim lT/O dtA(p(t), (1))

T—o0

» Microcanonical averages of A:

(A me = ﬁ /F d"pd®"qA(p, q) pmc(p, )

» Then the system is ergodic if:



Eigenstate Thermalization Hypothesis (ETH)

» Quantum System:
H|¢’a> = Ea|’/’a>
Initial state:

[4(t = 0)) = [(0))
=D Caltha),  Ca=(¥alt(0), D |Cl*=1

[e3

Total energy:

(E) = (¥ (0)[H|(0 Z\CIE

> Time Evolution

= ane‘%’fﬂ‘w

(AD) = (D) Al(8) = > CaCaer B mF) A,
a,B

where (Yo |A|Yg) = Aag.



Eigenstate Thermalization Hypothesis (ETH)

» The infinite-time average:

Quantum Ergodicity: B
A= (A)mc((E))

» Mark Srednicki in 1994: ETH, individual many-body eigenstates are
thermal.

Ava = (A me(Ea), Vo

Aw)
Bt




XXZ-disorder model

> Model:

L
H=> JSiSi1+S/S) + LSSt + Y S, he[-W,W

L4 AT, J, J, WA REL b N ETRF, WRERERFLE.
BlnSHEFEL=14,J=J, =1

0.9 1
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0.7
0.6

)

0.2

0.1

205t/
=0
04t/

03F/

H,L =14,AE,r

——W=0.4

—W=0.8 [

W=1

- W=1.5 [

- W=2

——W=2.5 ||

L W=3
- W=4
- W=6

— Poop(s)||
— Proi(s) |]

05} /

- W=0.4
— W=0.8
=1
——W=L1.5
—W=2
- W=2.5
I+ W=3
= W=4
R, —W=6
— Peon(r)

0.2

0.4 0.6 0.8 1



XXZ-disorder model

» Ergodic(iiiJJ/j)-Many body localization(MBL, % 1{£J5i#1k) transition:

0.55

<T>G()E = 0.5359




GOE: XXZ-disorder model

XXZ,J=J,=1,L=14 ")
0.8 052
0.7 0.5
0.6 0.48
w 0.5 Ergodic 0.46
0.4 0.44
0.3 0.42
0.2 0.4
01 2 4 6 8 10
W

» Many-body mobility edge



Summary

. BENUHEREHE S RMT

. Many-body localization

SRS (ETH)

. Ergodic/Thermalization - GOE /347, Extended
MBL - Poisson 73 4fi, Localized

HwnN



