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随机矩阵

▶ Random Matrices
Define：A random matrix is a matrix-valued random variable—that is, a
matrix in which some or all elements are random variables.（Wiki）
例如：(a, b... 为随机数)

a b c
d e f
g h i



2 3.4 a − 2
√
5 b 1 c

− 1 0 2 + 5i π

d 3 − 2.6 e


▶ Gaussian Ensembles 高斯系综
矩阵 A 的元素独立同分布，每个元素满足 Gaussian 分布 N(0, 1)

f(Aij) =
1√
2π

e−
A2

ij
2



Gaussian Ensembles 高斯系综
▶ Gaussian Orthogonal Ensemble (GOE,β = 1): real symmetric matrices

HN×N = (A + AT)/2 [
a b
b c

]
▶ Gaussian Unitary Ensemble (GUE,β = 2): complex Hermitian matrices

HN×N = (A + A†)/2 [
a b1 + ib2

b1 − ib2 c

]
▶ Gaussian Symplectic(辛) Ensemble (GSE,β = 4): quaternionic(四元数)

Hermitian matrices H2N×2N = (A + A†)/2
a 0 c + id e + if
0 a −e + if c − id

c − id −e − if b 0
e − if c + id 0 b


(2N × 2N) matrices cut into N2 blocks of (2× 2), for example:[

a b
c d

]
=

1

2
(a + d)I − i

2
(a − d)e1 −

1

2
(b − c)e2 +

i
2
(b + c)e3

I =
[
1 0
0 1

]
, e1 =

[
i 0
0 −i

]
, e2 =

[
0 −1
1 0

]
, e3 =

[
0 −i
−i 0

]



Gaussian Orthogonal Ensemble

▶ GOE
• 变换不变:

H′ = UTHU
U 是实正交矩阵

UTU = UUT = 1

概率分布不变
P(H′)dH′ = P(H)dH

• Hkj 统计独立, 概率密度函数

P(H) =
∏
k≤j

fkj(Hkj)

独立矩阵元素 N(N + 1)/2

Mehta, M. L. (1970). Random Matrices and the Statistical Theory of Energy
Levels. Journal of the American Statistical Association, 65(332).



GUE，GSE
▶ GUE　

• 变换不变:
H′ = U−1HU

U 是幺正矩阵
U−1U = UU−1 = 1

• H(0)
kj 和 H(1)

kj 分别是 Hkj 的实部和虚部且统计独立，概率密度函数: 　

P(H) =
∏
k≤j

f(0)kj (H(0)
kj )

∏
k<j

f(1)kj (H(1)
kj )

独立矩阵元素 N2

▶ GSE
• 变换不变:

H′ = URHU
U 是辛矩阵,UTΩU = Ω

Ω =

[
0 In
In 0

]
　

• 概率密度函数: 　　

P(H) =
∏
k≤j

f(0)kj (H(0)
kj )

3∏
λ=1

∏
k<j

f(λ)kj (H(λ)
kj )

独立矩阵元素 N(2N − 1)



Joint Probability Density Function (J.P.D.F) for Eigenvalues

▶ GOE
H 实对称矩阵，N(N + 1)/2 个独立元素 Hkj
N 个本征值 θk
N(N−1)/2 个本征态正交约束条件 {p1, p2, ..., pN(N−1)/2}

▶ 　定理（Wishart,1928）：P(H) = exp
(
−atrH2 + btrH + c

)
, a 是正实数，

b, c 是实数

tr(H2) =
∑

k
θ2k , tr(H) =

∑
k
θk

P(H)dH = exp(−a
∑

k
θ2k + b

∑
k
θk + c)dH ≡ P(ε)dε

dH = dH11dH12...dHNN, dε = dθ1...dθNdp1...dpN(N−1)/2

▶ Jacobian 变换：dH = Jdε

P(ε)dε = J(θ, p) exp
(
−a
∑

k
θ2k + b

∑
k
θk + c

)
dε

J(θ, p) = | ∂(H11,H12, ...,HNN)

∂(θ1...θNp1...pN(N−1)/2)
|



J.P.D.F Gaussian Orthogonal Ensemble

▶ Jacobian 矩阵（N(N + 1)/2× N(N + 1)/2）:

[J(θ, p)] =
[

∂Hjj
∂θγ

∂Hjk
∂θγ

∂Hjj
∂pµ

∂Hjk
∂pµ

]

两列对应 N,N(N − 1)/2 实际的列,1 ≤ j < k ≤ N
两行对应 N,N(N − 1)/2 实际的行,γ = 1, 2, ...,N,µ = 1, 2, ...,N(N − 1)/2

▶ 对角化：
H = UΘUT, UUT = UTU = 1

Θ diagonal matrix:θ1 ≤ θ2 ≤ ... ≤ θN
U: N(N − 1)/2 parameters pµ

▶ UTU = 1 偏微分:
∂UT

∂pµ
U + UT ∂U

∂pµ
= 0

S(µ) = UT ∂U
∂pµ

= −∂UT

∂pµ
U



J.P.D.F Gaussian Orthogonal Ensemble
▶ H = UΘUT 对 pµ 偏微分:

∂H
∂pµ

=
∂U
∂pµ

ΘUT + UΘ
∂UT

∂pµ

左乘 UT, 右乘 U:
UT ∂H

∂pµ
U = S(µ)Θ−ΘS(µ)

∑
j,k

∂Hjk
∂pµ

UjαUkβ = S(µ)
αβ (θβ − θα)

▶ H = UΘUT 对 θγ 偏微分：

∂H
∂θγ

= U ∂Θ

∂θγ
UT

UT ∂H
∂θγ

U =
∂Θ

∂θγ∑
j,k

∂Hjk
θγ

UjαUkβ =
∂Θαβ

∂θγ
= δαβδαγ

▶ 构造 [V]:
[V] =

[
(UjαUjβ)
(UjαUkβ)

]
其中 1 ≤ j < k ≤ N, 　 1 ≤ α ≤ β ≤ N



J.P.D.F Gaussian Orthogonal Ensemble

▶ 相乘 [J][V]:

[J][V] =
[

δαβδαγ

S(µ)
αβ (θβ − θα)

]
▶ 取行列式：

J(θ, p) det V =
∏
α<β

|θβ − θα| det
[
δαβδαγ

S(µ)
αβ

]
J(θ, p) =

∏
α<β

|θβ − θα|f(p)

带入 P(ε)dε = J(θ, p) exp
(
−a
∑

k θ
2
k + b

∑
k θk + c

)
dε, 并对 p 积分得到

▶ 本征值联合概率密度分布：

P(θ1, ..., θN) = exp
[∑

k
(−aθ2k + bθk + c)

]∏
j<k

|θk − θj|

θk → (1/
√
2a)xk + b/2a

PN1(x1, ..., xN) = CN1

∏
j<k

|xk − xj|e−
1
2

∑N
j=1 x2j



J.P.D.F Gaussian Unitary Ensemble

▶ GUE

J(θ, p) =
∂(H(0)

11 , ...,H
(0)
NN ,H

(0)
12 ,H

(1)
12 , ...,H

(0)
N−1,N,H

(1)
N−1,N)

∂(θ1, ..., θN, p1, ..., pN(N−1))∑
j,k

∂Hjk
∂pµ

U∗
jαUkβ = S(µ)

αβ (θβ − θα)

∑
j,k

∂Hjk
∂θγ

U∗
jαUkβ =

Θαβ

∂θγ
= δαβδαγ

 ∂H(0)
jj

∂θγ

∂H(0)
jk

∂θγ

∂H(1)
jk

∂θγ

∂H(0)
jj

∂pµ
∂H(0)

jk
∂pµ

∂H(1)
jk

∂pµ

·
 v w

A(0) B(0)

A(1) B(1)

 =

[
ργ,αα σ

(0)
γ,αβ σ

(1)
γ,αβ

ϵµαα S(0µ)
αβ (θβ − θα) S(1µ)

αβ (θβ − θα)

]

1 ≤ j < k ≤ N, 1 ≤ α < β ≤ N
1 ≤ µ ≤ N(N − 1), 1 ≤ γ ≤ N



J.P.D.F Gaussian Unitary Ensemble

▶ Jacobian
J(θ, p) =

∏
α<β

(θβ − θα)
2f(p)

▶ 本征值联合概率密度分布：

P(θ1, ..., θN) = exp
[∑

k
(−aθ2k + bθk + c)

]∏
j<k

|θk − θj|2

θk → (1/
√a)xk + b/2a

PN2(x1, ..., xN) = CN2

∏
j<k

|xk − xj|2 exp
(
−

N∑
j=1

x2j

)



J.P.D.F Gaussian Symplectic Ensemble

▶ GSE
H = UΘUR

Θ consists of N blocks of the form:[
θj 0
0 θj

]

trH2 = 2
N∑
1

θ2k , trH = 2
N∑
1

θk

P(θ, p) = exp
[
−

N∑
1

(2aθ2k − 2bθk − c)
]

J(θ, p)

J(θ, p) =
∂(H(0)

11 , ...,H
(0)
NN ,H

(0)
12 , ...,H

(3)
12 , ...,H

(0)
N−1,N, ...,H

(3)
N−1,N)

∂(θ1, ..., θN, p1, ..., p2N(N−1))

Hjk = H(0)
jk + H(1)

jk e1H(2)
jk e2 + H(3)

jk e3

S(µ)
αβ = S(0µ)

αβ + S(1µ)
αβ e1 + S(2µ)

αβ e2 + S(3µ)
αβ e3



J.P.D.F Gaussian Symplectic Ensemble

 ∂H(0)
jj

∂θγ

∂H(0)
jk

∂θγ

∂H(1)
jk

∂θγ
· · ·

∂H(3)
jk

∂θγ

∂H(0)
jj

∂pµ
∂H(0)

jk
∂pµ

∂H(1)
jk

∂pµ · · ·
∂H(3)

jk
∂pµ

 ·


v w

A(0) B(0)

· · · · · ·
· · · · · ·
A(3) B(3)


=

[
ργ,αα σ

(0)
γ,αβ · · · σ

(3)
γ,αβ

ϵµαα S(0µ)
αβ (θβ − θα) · · · S(3µ)

αβ (θβ − θα)

]
1 ≤ j < k ≤ N, 1 ≤ α < β ≤ N
1 ≤ µ ≤ 2N(N − 1), 1 ≤ γ ≤ N

▶ Jacobian
J(θ, p) =

∏
α<β

(θβ − θα)
4f(p)

▶ 本征值联合概率密度分布：

PN4(x1, ..., xN) = CN4

∏
j<k

|xk − xj|4 exp
(
−2

N∑
j=1

x2j

)



J.P.D.F Gaussian Ensemble

▶ J.P.D.F Gaussian Ensemble

PNβ(x1, ..., xN) = CNβ

∏
j<k

|xk − xj|β exp
(
−1

2
β

N∑
j=1

x2j

)

β = 1: GOE
β = 2: GUE
β = 4: GSE

▶ Get CNβ : ∫ ∞

−∞
· · ·
∫

PNβ(x1, ..., xN)dx1 · · · dxN = 1

▶ N → ∞ Semicircle Rule 半圆率 (Wigner):

ρ(x) = 1

2π

√
4− x2

ref: Random Matrices and the Statistical Theory of Energy Levels,M. L. Mehta



MATLAB, Mathematica

▶ MATLAB：
GOE: A = randn(N); X = A + A’;
GUE: A = randn(N) + 1i*randn(N); X = A + A’;
GSE: e0 = eye(2); e1 = [1i 0; 0 -1i]; e2 = [0 1; -1 0]; e3 = [0 1i; 1i 0];
A = kron(randn(N),e0) + kron(randn(N), e1) + kron(randn(N),e2) +
kron(randn(N),e3); X = A + A’;

▶ Mathematica:
GOE: RandomVariate[GaussianOrthogonalMatrixDistribution[N]];
GUE: RandomVariate[GaussianUnitaryMatrixDistribution[N]];
GSE: RandomVariate[GaussianSymplecticMatrixDistribution[N]];

▶ Matlab 其他一些随机数：
(1) 均值为 µ，方差为 σ 的正态分布 f(x) = 1√

2πσ
e−

(x−µ)2

2σ2

A = normrnd(µ,σ,N,N);
(2) a-b 之间的均匀分布
A = unifrnd(a,b,N,N);
(3) 二项分布 (Bernoulli), P{X = k} = Ck

npk(1− p)n−k, (k = 0, 1, · · · , n)
A = binornd(n,p,N,N);
(4) λ 的泊松分布 P{X = k} = λk

k! e−λ

A = poissrnd(λ,N,N);



Semicircle Rule

-2 0 2
0

0.2

0.4

-2 0 2
0

0.2

0.4

-2 0 2
0

0.2

0.4

▶ GOE,GUE,GSE：Semicircle rule are same



Semicircle Rule

-2 -1 0 1 2
0

0.05

0.1
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0.2
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N=2

N=4
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N=20

N=50
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▶ N → ∞ ⇒ Semicircle Rule: p(x) = 1
2π

√
4− x2



Semicircle Rule

-2 0 2
0

0.2

0.4

-1 0 1
0

0.5

-1 0 1
0

0.5

-2 0 2
0

0.1
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▶ 不同分布的 Semicircle Rule 形状相同



Wigner 假设-能级间距分布
▶ 考虑 2× 2 矩阵，有两个能级 λ1, λ2, 得到：

P(λ1, λ2) =
1

Zβ(σ)
|λ1 − λ2|βe−

λ2
1+λ2

2
2σ2

▶ 归一化： ∫ ∫
P(λ1, λ2)dλ1dλ2 = 1

Zβ(σ) =

∫ ∫
|λ1 − λ2|βe−

λ2
1+λ2

2
2σ2

(x1, x2) = (λ1 + λ2, λ1 − λ2)

Zβ(σ) =

∫ ∫
|x2|βe−

x21+x22
4σ2 dx1dx2

= 2σ
√
π

∫ ∞

0

xβ2 e−
x22

4σ2 dx2

= 2σ
√
π
(2σ)β+1

2

∫ ∞

0

tβ/2−1/2e−tdt

=

√
π

2
(2σ)β+2Γ(β/2 + 1/2)



Wigner 假设-能级间距分布

▶ 能级间距 S = |λ1 − λ2|
(1). λ1 > λ2 ⇒ S = λ1 − λ2

P(λ2 + S, λ2) =
1

Zβ(σ)
Sβe−

λ2
2+(λ2+S)2

2σ2

(2). λ1 < λ2 ⇒ S = λ2 − λ1

P(λ1, λ1 + S) = 1

Zβ(σ)
Sβe−

λ2
1+(λ1+S)2

2σ2

P(S) = 2

∫ ∞

−∞

1

Zβ(σ)
Sβe−

x2+(x+S)2
2σ2 dx =

2σ
√
π

Zβ(σ)
Sβe−

S2
4σ2

▶ 平均间距：

E(S) =
∫ ∞

0

SP(S)dS =

∫ ∞

0

(2σ)β+1dt
2

tβ/2e−t =
2σ

√
π

Zβ(σ)
Γ(β/2+1)(2σ)β+2

E(S) = 1 ⇒ σ =
Γ(β/2 + 1/2)

2Γ(β/2 + 1)



Wigner 假设
▶ Wigner surmise：

P(s) = Cβsβe−aβ s2

Cβ =
2σ

√
π

Zβ(σ)
, aβ = − 1

4σ2



Wigner 假设

0 1 2 3
0
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0.6

0 1 2 3
0

0.5

1

0 1 2 3
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0 1 2 3
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1

▶ Wigner surmise: 高斯 N(0, 1) 分布随机数，N = 2 时数值解析严格一致



Wigner 假设-mathematica



能级间距比 r 分布

▶ 定义 r 函数：
rn =

min(Sn, Sn+1)

max(Sn, Sn+1)

Sn = En+1 − En

▶ 对于 Poisson distribution: P(S) = ρe−ρS ⇒ P(r), 令 x = Sn, y = Sn+1

P(r) = ⟨δ(r − min(x, y)
max(x, y) )⟩

= ρ2
∫ ∞

0

dx
∫ ∞

0

dyδ(r − min(x, y)
max(x, y) )e

−ρxe−ρy

= ρ2
∫ ∞

0

dx
∫ x

0

dyδ(r − y
x )e

−ρxe−ρy + ρ2
∫ ∞

0

dy
∫ y

0

dxδ(r − x
y )e

−ρxe−ρy

= 2ρ2
∫ ∞

0

dx
∫ x

0

dyδ(r − y
x )e

−ρxe−ρy = 2ρ2
∫ ∞

0

xe−ρxre−ρxdx

=
2

(1 + r)2

⟨r⟩ =
∫ 1

0

rP(r)dr =
∫ 1

0

2r
(1 + r)2 dr = 2 ln 2− 1 ≈ 0.386294



GOE P(r) distribution

▶ 3x3-matrix, 假设本征值 e1 ≤ e2 ≤ e3, 由

PNβ(x1, ..., xN) = CNβ

∏
j<k

|xk − xj|β exp
(
−1

2
β

N∑
1

x2j

)

得到

P(r) ∝
∫ ∞

−∞
de2
∫ e2

−∞
de1
∫ ∞

e2
de3P(e1, e2, e3)δ(r −

min(e3 − e2, e2 − e1)
max(e3 − e2, e2 − e1))

▶ 变换：x = e2 − e1, y = e3 − e2

P(r) ∝ 2

∫ ∫ ∞

0

dxdyδ(rx − y)xβ+1yβ(x + y)βe−(x2+y2)/2+(x−y)2/6

P(r) = 1

Zβ

(r + r2)β
(1 + r + r2)1+3β/2

Zβ 为归一化系数，由
∫ 1

0
P(r)dr = 1 给出。



GOE P(r) distribution

PGOE(r) =
27

4

r + r2
(1 + r + r2)5/2

⟨r⟩ =
∫ 1

0

rPGOE(r)dr = 4− 2
√
3 ≈ 0.535898

0 0.2 0.4 0.6 0.8 1
0

0.5

1

1.5

2



Anderson model

[−▽2

2m + U(r)]ψ(r) = ϵψ(r)

▶ U(r) Uniform, Periodic lattice Bloch function:

ψk(r) = uk(r)eikr

▶ Anderson model: U(r) disorder

ψ(r) ∼ e−r/ξ



Anderson model as a random matrix
▶ Tight binding Anderson model:

HAL = −t
∑

i
(c†i ci+1 + h.c.) +

∑
i
ϵic†i ci, ϵi ∈ [−∆,∆]

HAL =


ϵ1 −t 0 0
−t ϵ2 −t 0
... ... ... ...
0 0 −t ϵN





Many Body Localization (MBL)

▶ Single particle + Disorder → Anderson Localization(AL)
AL + weak interaction → Many Body Localization(MBL)

▶ Poisson statistics
Eigenstate Thermalization Hypothesis (ETH) fails



Ergodic Hypothesis
▶ Boltzmann, 1871
▶ Microcanonical ensemble:

ρmc(p, q) =
{

const. if(p, q) ∈ ΓN,V,E
0 else

Phase space volume Γ(E)：

Γ(E) =
∫
Γ

d3Npd3Nqρmc(p, q)

▶ Let A(p, q) be an integrable function, time average：

A = lim
T→∞

1

T

∫ T

0

dtA(p(t), q(t))

▶ Microcanonical averages of A：

⟨A⟩mc =
1

Γ(E)

∫
Γ

d3Npd3NqA(p, q)ρmc(p, q)

▶ Then the system is ergodic if：

A = ⟨A⟩mc



Eigenstate Thermalization Hypothesis（ETH）

▶ Quantum System：
H|ψα⟩ = Eα|ψα⟩

Initial state:
|ψ(t = 0)⟩ ≡ |ψ(0)⟩

|ψ(0)⟩ =
∑
α

Cα|ψα⟩, Cα = ⟨ψα|ψ(0)⟩,
∑
α

|Cα|2 = 1

Total energy:
⟨E⟩ = ⟨ψ(0)|H|ψ(0)⟩ =

∑
α

|Cα|2Eα

▶ Time Evolution
|ψ(t)⟩ =

∑
α

Cαe−
i
ℏ Eαt|ψα⟩

⟨A(t)⟩ = ⟨ψ(t)|A|ψ(t)⟩ =
∑
α,β

C∗
αCβe

i
ℏ (Eα−Eβ)tAαβ

where ⟨ψα|A|ψβ⟩ ≡ Aαβ .



Eigenstate Thermalization Hypothesis（ETH）

▶ The infinite-time average：

A ≡ lim
τ→∞

1

τ

∫ τ

0

⟨A(t)⟩dt =
∑
α

|Cα|2Aαα

Quantum Ergodicity:
A = ⟨A⟩mc(⟨E⟩)

▶ Mark Srednicki in 1994: ETH, individual many-body eigenstates are
thermal.

Aαα = ⟨A⟩mc(Eα), ∀α



XXZ-disorder model
▶ Model:

H =

L∑
i

J(Sx
i Sx

i+1 + Sy
i S

y
i+1) + JzSz

i Sz
i+1 +

∑
i

hiSz
i , hi ∈ [−W,W]

L 为一维晶格长度，J, Jz 为耦合系数，hi 为格点无序，W 代表无序强度。
例如参数选择:L = 14, J = Jz = 1
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XXZ-disorder model

▶ Ergodic(遍历)-Many body localization(MBL，多体局域化) transition:
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GOE: XXZ-disorder model

▶ Many-body mobility edge



Summary

1. 随机矩阵理论 RMT
2. Many-body localization
3. 本征态热化假说（ETH）
4. Ergodic/Thermalization - GOE 分布，Extended
MBL - Poisson 分布，Localized


