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&5 — ¥ Quantisation of the Electromagnetic Field
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1.1 Field Quantisation

REL Coulomb MFE V - A = 0 Fll ¢ = 0, i Maxwell JFe41 a1 F 9 2

VA = 126;;24 (1.1)
(L) AAETT AE K
A(r,t) =Y Aj[aje ™ uy(r) + c.c.] (1.2)
J
Horr w(r) J2 I A P i IEACHE
X T — 2 AR -
Ap(z,t) = Ajsin(k;z) (aje ™" + c.c.) (1.3)
J

Schr b, XFRITHE TOEAES BB, E R, DOFIEORIT, BUEH— e
PRI wj(r) = L32epe®s ™ Joqv a FoR— ML ARG, )

B 1/2 .
A(r,t) = Z <2w1€60> [arug(r)e ™ + c.c.] (1.4)
k

FIE=—-0A/0t MIB=V x A, D}

H= % / 4’z (e E* + B*/ ) (1.5)
!

1

H = Sho(agaj, + ajar) (1.6)

k
B FE U T4 [as, af) = 655, 7531
H=>Y"hwy(alap +1/2) (1.7)

k

1.2 Fock State
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2.1 Classical Coherence

SR T PO T
EWD(rt) = E§+)ei(kz—wt) n E§+)ei(kz—wt+¢) @.1)
H oot
I=(Ex H|) = (E*/n
= <[E£+)ei(szwt) + E§+) cilkz—wi+e) | EY) eilkz—wt) | Eéf) eﬂ'(kzwp@])
= EE@EP + EES)E;’ + EE@ ES)ei® 4 2 ECO B0 2.2)
n 7 n n
~ht bt |2EOED e

BNk, FATH E—Hr T 9L g % B Mach-Zehnder T304, —HIEALFE] 50 @ 50
)73 TR, oo R A R SRR 1 T AR 62 22 02 Fh AN [A) B 422 Time Delay 5IARY, Bl ¢ =
—WwT, %i}ﬁ

Toum = 21 (w) + [i\Eé* J(w)[Ze™ ™ + c.c.] (2.3)
PR FREIA TG LA —E R TE, B A, FRAIFR I R e Bk
20

Itol :/ Isum(w)dw
0
o o 2 o (+) 2 —iwT
=2 Iw)dw + | = |Eg" (w)|“e™ "™ dw + c.c.
0 nJo

FEUIRE, ERBSCHET 8 ED H EO BT E one-sided
B), g bR O IERURER 4y . L, M misths b2 iEsm g mg2 oo
X Fourier 284 ,

2.4)

2.1.1 Optical Wiener—Khinchin Theorem
4e1iEBH Wiener-Khinchin theorem :

+oo
f[ P+ )| = |FLAP @5)

£ RER Ff *g) = F[f]Flg)
+oo
u*m@>t/ F()g(t — t)at = FFf)Flg] 2.6)

—00



2.1 Classical Coherence -3-

4 g(t) = f*(—t), H Fourier ZH#A 4T X 7

F) = FIF -0 = [ 5 (nea= Flro)y @)
R 26) R, .
| e - oa =7 17 8)

ZEFRA RS BIR £ (¢) 19 E AH 9% BE %X (autocorrelation function) , Wiener—Khinchin
theorem 4] 7 141 i) Fourier A5 h T I IAHb
X4 3R AT g — B ] T (AU S5 (B

T/2
(f*@O)ft+7)) / f(t+7)d (2.9)
T/2

A E SCORAE T AV A SRS SO , [RTIF 5200 b ] WL & 2 B 3 K 2R Y o I, Wiener—
Khinchin theorem W] PAE ji§,

FU @) f(t+ 1) 1] = Frlf1Fr(f] (2.10)
ﬁqj )
1 [T/2 .
Frif] == / f(t)e™tdt (2.11)
T ) 1)2
XEERIE T, AT PA%S Y Wiener—Khinchin Theorem (55 — i 341K 5¢
1 T/2 ] 2
Frif] == Jim_ / ” f(t)e™tdt (2.12)
FH, 3 B AU (8 ] DA F 451386 Y Fourier 25 4#:45:21] , Bl Optical Wiener—Khinchin theorem :
% OOO I(w)e ™ dw = 727<E<—>(t)E(+> (t+ 7)) (2.13)
L1=0,
1 [ 2
L _ 2 /EO) nE®
o [, Tle)do=1 <E (H)E (t)> (2.14)

2.1.2 Degree of First-Oredr Coherence

XX E AT IH Ak, Hy e SC— B KRB 2L (Degree of first-order temporal coher-
ence)
ECOE®) (¢ + 1))
(EC)OEH)(1))
PR EH B, ] DUE S BB DL — B KK KR %L (Degree of first-order coher-

ence)

g0 () = & (2.15)

)y, 1) ED) (g, 5))
WDy, t15 19, b)) = (B (r1,ta 2 2 2.16
g (r1,ti; o, to) VIE® (1, 1) PUIED (19, t2) ) (2.16)

— B BRI BT A RS B IH R e
Flo) — 1)

fooo I(w)dw

(2.17)



2.2 Quantum Description of Coherence -4 -

P (213, QYA A

1 [ .
_ (1)(7) exp(iwT)

F(w) 271_/0 g dr (2.18)

Ak, AT PAZE T #5%F HLE (Fringe Visibility)

Imax - Imin
Y= Tux & T @19

i g (1) = [gW(n)e), 5 2.2)
Lol = (1 / I(w)dw> [1 + ‘g(l)(T)‘COSgb(T)] (2.20)
™ Jo

BATEH
V= ‘ g(1>(7)‘ (2.21)
2.1.3 Second-Order Coherence

W AH T (Second-Order Coherence) 1158 X2 H %M
(ECOGHEO (¢ + 1) ED(t+ 1) EG (1)

) 2.22
g (T) <E(*) (t)E(+) (t)>2 ( )
B 2 T WL R R
g(2) (7_) _ <I(t)€§;2+ T)> (2.23)
YA AR A R R SR
2.2 Quantum Description of Coherence
2.2.1 Correlation Function
FA1E B R TR
I(r,t) = Tr [pE(_)(r, HEH) (r, t)] (2.24)

DAL B G HK
elD) (z1, - ,x0n) =Tr [pE(_)(xl) .. -E(_)(mn)E(+) (Zpa1) - E(+)($2n):| (2.25)

;H\:EP Ty = (ri7t)°

2.2.2 First-Order Optical Coherence

P ERALSE (Young's interference) i, —RIEMAGEF 40, TRIGHELLE (r,t) b
RETH, HBEG IS

1 1
EH)(?‘,t) = 8—1E§+)(T1,t —s1/c) + 8—2E§+)(r2,t — s9/¢)

_ (2.26)
_ Bt —s1/e) + BY ) (ra,t — s5/c)

R

AKX 224), F
I = G(l)(xl, x1) + G(l)(xg, x2) + 2Re {G(l)(wl, xg)} 2.27)



2.2 Quantum Description of Coherence -5-

54 G (21, 22) = |GV (21, 22) | exp(i® (21, 22)), W
I =GO (21, 21) + GV (g, z2) + 2 ‘G(l)(azl, a:Q)‘ cos ® (2.28)
P 2.1 PRAEZE R STl 8 7 A 1 22 ) R S R 1 A — o Bk
Bty R R AR, BEALRERE SRS IR m— AL, REER
H1.3% 7] DA ik
E(t) = Ege ™" " exp(igi(t)) (2.29)
LRI AL B R KSR

(E*()E(t + 7)) = EZ exp(—iwr <Z exp i (pi(t+7) — ¢; (t))]> (2.30)

2.2.3 Second-Order Coherence
2.2.3.1 Hanbury-Brown-Twiss effect

BN RN Ry A ko MR EOGF, —Fr R
G (21, 10) = <1 1‘E(*) xl)E(’)(xg)E(”(”)E(*)( )‘ 1 1>

—Z< (1) EC )<x2))z ]> <Z ]‘EH (@2) B ()

1,1>

(2.31)
- <1, 1 (E (21)EC >(x2)‘ 0> <o ‘E(“(“)E(*)(xl) 1, 1>
= \11(2)*(1'1, 1'2)\11(2) (.’El, .CEQ)
Hrr,
U@ (2, 20) < ‘E (22) B (xl)‘ | 1> (2.32)
TE AT PAFR RO 71 PR
R B (r,t) = iy /22 f(r)ae™™ Fefi 12 AT B, AR TEAS N
E(+) (T,t) =& (ale—iwt+ik1~r + aQe—iwt+ik2~r) (233)
AKX 232), A
v (r1,t;7r9,t) = £? exp(—2iwt) (F,’““""l'“’”"'2 + eikl""ﬁik”l) (2.34)
g, By RECREOTHEAS
G (ry, t;rg,t) = 264 {1 + cos [(ky — ko) - (r1 — 72)]} (2.35)

AT AR T XTI, RS ICE K E SRk A
U, PIAICIAR AR BN A T T

% AT RIS B BEUE T [9(0)) = le,e)[0) , Zeid B AR,
@%ﬁ*ﬁ@b@%ﬂ%mﬂDo@m%m%%%%%%%%fm%%,ﬁATRm@m
AIARGL, ED

[6(0)) = [ale“le,e) + 18] (e, ) + ™ |g.e)) 17llg. 9) ] [0) (236)



2.3 Phase Noise -6-

WIS
6(00)) = lg. 9) [lle™[1,1) + 18] (¢]1,0) + € 10,1)) ]7][0,0)]  237)

5| A random [WAHNIZ 5, B REEBEAR B ROk
GO (r1,t;79,1) = 2|26 {1 + cos [(k1 — ka) - (r1 — 72)]} (2.38)

T BT 2 I & A A Random (Y5 ATIAE A 0.

2.3 Phase Noise

i —AHHEE 51 A T Random [#) & B A#H (. (Phase Noise), 4l
f(t) coswot + ¢(t)] (2.39)
FAPRAT I X PR (LI P 22 X0 ™ A QAT 52 )
BT w(t) = et =wo + ¢(t), &

Se(w) = F[(o()o(t + 7))] (2.40)
il
Su(w) = F [<¢B(t)g'b(t + 7')>} (2.41)
ANHEIER] 6 7
Sw(w) = w?Sy(w) (2.42)

2.4 Optical Signal Detection

2.4.1 Photon Count Detection

S B R 255 BB XA BRSNS [R] () B N A5 5 77 2R ., Je & IBRS TR IR 118
F & I(t) FEALRIMEE , TEITR] dt SR 2 rHER N
Ap(t) = al(t)dt (2.43)
Horpr o I RAERN 250 RELE (Sensitivity), BALFRATSCZME 1(t) 1Bk -
Xf—BfTa] (6t 4+ T) W, RN BB E S R A

t+T t+T

H 1 — Ap(t H exp Ap

t 4T
= exp [— > Ap(t)
—eo[- [ )]

t+T
Prosignai (t,t +T') = exp {—a / I (t’)dt’] (2.45)
t

(2.44)

R



2.4 Optical Signal Detection -7-

(VMRS PN e o RN VAL RS
P,(t,t+T) = % [@TI(t,t+T)]" exp [-aTI(t,t+T)] (2.46)
He, I(t,t+T) =% [P 1)ar.
LI, BAMEESEE 2R EARPATEE, B, OS2 P.(T) 20 —F
G215y GlingEI DO PN R SIIR S|

Po(T) = (Py(t,t +T)), = <i| [aTI(t,t+T)]" exp [-aTI(t,t+T)] > (2.47)

2.4.2 Homodyne Detection
2.4.2.1 Ordinary Homodyne Detection

IG5 SR BT 98 JE (Intensity) B0 &, SRR ALABEIRE, AN3E )
THIR RS B, A7 Phase Sensitive Y7575

4N (KEWE? ), Local Oscillator(LO) 742 5 A RIRARIIE 5 . ASI5HI LO 1Y
FoL A ENR T, R RS RE, HATA

{c:\/»a—l—zx/l— Th (2.48)
d=iV1—Ta+VTb (2.49)
FH AR 25 B2 AP T 080 Ay
{ cle=Tala+ (1 —T)b'b+i\/T(1 —T)(a'b —bla) (2.50)
d'd=(1-T)a'a+Tb'b—i\/T(1 —T)(a'b—bla) (2.51)

KT IRIARIE 2, AR EES R BS, BT > R, [AK LO & AN ¢
PIMTAS o) , BEIF, BG5S RZHEAE — D RIIg
<cTc> —T <aT > (1 - T)|a)? — 2/T(L — T)|a| (X(6 + 7/2)) (2.52)
Hr
X(¢) = (ae™ + ale’®) /2 (2.53)
EAA R (2.52) 5 =5 T, FATAT A S gl (5 S A A E B . AR
& LO {55 Big
(1-T)a?*>T <aTa> (2.54)

XA, FATRTAZNE K (2.52) WSE—T0, M IMTAS 2450 85 20 2 1 ~F- 2556141

(ne) = (1=T)|a]* = 2¢/T(1 = T)|a| (X (¢ + 7/2)) (2.55)
KA, RMBE e TR0 5 K
(Ane)? = (1= T)[al* {(1 - T) + 4T [AX (¢ + 7/2)]} (2.56)

Hor, S35 LO IR, ORI TAR LA L.



2.4 Optical Signal Detection -8 -

2.4.2.2 Balanced Homodyne Detection

B:52.4.2.1192 (2.50) 111, 7F Balanced Homodyne Detection H, F A1 ] 50:50 )
BS, I HIWEMWMENZF T2 2=

neqg = cle —dfd = —i(a™b — bTa) (2.57)
FKh2.4.2. 14, FAMIARH LO B AMTENG, WESHHNESH
(nea) = —2]al (X (¢ + 7/2)) (2.58)
PAKT 2%
(Angq) = dlaf* [AX (¢ +7/2)] (2.59)

WEF AT DA £ He Ordinary Homodyne Detection, LO 5| A M #7HER T .

51 2.2 Mach-Zehnder Interferometer with Balanced Homodyne Detection
FA1H B MZ T SAAEH T — % A T Kerr Medium 5[ 247 #2)) (Phase Shift), 77
JEIPTEF R AMA R n = no + no B2, AT H A — B P2 A M AL

<%:AM:%WE% (2.60)
PR ASHEZ L —1 BSMD) J5°4
{’ = (a +1ib)/V2 (2.61)
a
V = (ia+b)/V2 (2.62)
Horp—pg 20 Kerr /1 BTRASHSMAN J5 &0t 56 — 4> BS(M2),
c=(d +ibleir) = [(1 - e"‘f’p) a+i (1 + ei%) b} /2 (2.63)
d = (id + Vel = [Z (1 + ei%) a—i (1 - ei%) b} /2 (2.64)
&, HWERRES A
Neg = cle — d'd = (bTb — ala) cos ¢, — (alb + bla) sin ¢, (2.65)
Ry, 206 LO M AM T [o), H—B&Jeki A (.e. Vacuum) I}
(nea) = |af® cos ¢ (2.66)
TN
(Anca)® = |af? (2.67)

A2 B i 22, ATDATHA Kerr /155 LA RIA LAV 2

B Aneg B -
A0 = 5y aay] ~ VT 2.68)

H, 7= |al?, & (2.68) 2 M HOR A B (Shot-Noise Limit), /27
& (Quantum Metrology) Hfl—ANEEMES, R T 2O IR 2 BE R BRE -
fEh—ANHeRE , TR — B AR R B4R L2545 (Squeezed Vacuum)|0, &), 5
BT RRIES N
(nea) = (|a]* + sinh? r) cos ¢, (2.69)



2.5 Introductions to Quantum Metrology -9-

76 LO {55155 (2 > sinh® r) I, FREAHIE N

e—’l"

Ap = 7 (2.70)
n
A DA B HIOR M P A B e i — 20 il T

2.4.3 Heterodyne Detection

FATE L5038, Homodyne 2 F1| F AR — 0K, 42210 & (Heterodyne
Detection) J) & 1) H P R 7t 7. HATRAS 6] B9 A G 60047 0 I

2.5 Introductions to Quantum Metrology

—_— e
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XF LGS 58 S A T B TR A BT iR . AR, FRATAT PAKFIE FR
FERL b o — N EI I BRI RS 1 S AT 1] Fock BRI, 73 Hh— A
s AT SR,

4.1 Expand in Number State

T Fock J:KM A —5E & IEACH:, HILA
p=>_ Cpmln)(m| 4.1
AT o) = exp(—lof?/2) 202g S1n) Hfil:

4.2)
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5.1 Review

5.1.1 Quantum State & Density Operator
5.1.2 Picture
5.1.2.1 Evolution

SEFER R ERUS AR &/E), TR Schrodinger 777 B4 5
Oep = (Oel ) (W]) + [¥)u (|

= —[H. /]

B 2R IR TS AL 4G Schrédinger — vonNeumannequation.,
B R TSRS E Hamiltonian i 00 & HE L2 X IERY
(1)) = Ul(t, to)[¥(t0))
FATHLE, 7F Hamiltonian AEHHYTEL T, H
Ult, to) = exp(—iH(t — to)/h)
#+ Hamiltonian S5 if(a], F1| H Jo R/ X TEAZ 4
e+ an) = (1= ) [o(e)

CU+dtt)=1— tHdt, FH

1
H —pH
'0+hp

Ut + dt, to) = Ut + dt, DU (¢, to) = <1 _ %Hdt) Ut o)
R T |
BU(t,t) = —%HU(t,to)
X —Ea bt i

Ut +dt,t)=1— %Hdt _ (—iHdt/h

(5.1)

5.2)

(5.3)

(5.4)

(5.5)

(5.6)

5.7



5.1 Review —14 -

t
U(t,to) — He—thidti/fL
to

SRS

t
= exp [— 'y H(tz-)dti] (5.8)
to

= exp [—; /t: H (t’)dt']

R (5.8) FEP LM [H (1), H(Y')], BMERN %K) Hamiltonian #-ANEXS 55 WX
MARIEABER L, AT

-
Ult,to) = T exp [—;

H (t’)dt’} (5.9

to
Hrp 45 T R4t E4F (Chronological Operator), T3/ A—EBT (time-order) 115
FR/NZ IEAR S AL

5.1.2.2 Heisenberg Picture

F£ SchrodingerPicture |, AR AE TS LY. MR RAF IR S IHE N
(A(t)) = () [As[ (1))
= (¥(0) [U(£.0)4,U(1,0)| ¥(0) ) (5.10)
= (1(0) [An ()| ¥(0))
Hodr Ap(t) = UT(t,0)AU(t,0), HAIS 43 BIFRWiFh Picture, & BHEABHERS ] T R4
e
HEEMITE, ATAE S H Heisenberg Equaiton of motion
Ay = 9 UTAU]

- %UTHS(t)UUTASU - %UTASUUTHS(t)U (5.11)
- —%[AH,UTHU]
ST A ) Hamiltonian,
O Ay = —%[AH,H] (5.12)

5.1.2.3 Interaction Picture
MHEERZSEEZREMEG PSR HER, X1
H=Hy+V(t) (5.13)
YEAS
() = etHot/ ) (5.14)

X AT A ek
ﬁ — eiHot/hpe—iHot/ﬁ (5.15)



5.2 Two-Level Atom with a Classical Field —15-

W AR T Schrodinger — vonNeumannequation, N

w%——w«w» 516

5.1.3 Entanglement

5.2 Two-Level Atom with a Classical Field

5.2.1 Dipole Interaction

B R TR S A ELATE
E(t) = éEycos(wt) (5.17)

2 119 A2 43 319 (FLX LT Dipole approximation, HIAE R |,
LA A R T AW R
Seu I, s B H LA GREE b AELAE LA L, B R
DA
H = Hy + Hy
= huor [1)(1] + o 0)(0] —

(5.18)

Htd=—er
FATIAE AT HL B M ST PE 5T, Hi T Dipole SAF@ & FFRY, LA
IdIl" = —d (5.19)
B [IT,d)+ = I1d + dIT = 0 %[5 5T
0= (a|[L,d]+[b) = (ma + m) (a|d| b) (5.20)
Hrp map = 1 HEFSHTRR, XX Th
(1|d|1) = (0|d| 0) = 0 (5.21)
PRI, R AR RA AT DA A
= (01d[1) |0){1] + (1[d| 0} [1)(0] (5.22)
JEXFF T S E,
= (1/d|0) (o + o) (5.23)

Hrp o = [0) (1] AEFERIEFEAT, MAT N = 2 @i KA
)5, %%t Hamiltonian 1] 5 i,
H = hwiolo + hwyoo! — (1]d|0) - E(o + o) (5.24)



5.2 Two-Level Atom with a Classical Field - 16 —

5.2.2 Rotating-Wave Approximation
R HL 37 5 RN S ) FE 3

2 (5.25)

i
d=(1]d|2) (0 + o) =dP) d) (5.26)
FAIHE Heisenberg Picture N % Dipole H4F, d* JZPA eFo! SRR . TH&, HIHAE
FRSE p BT A RRASIT A B . T2 SR AT A B, AE—IK Rabi JRi% A2 P, #55
SIHE AT Rabi 57158, S ARITAE—IK Rabi $%35 J& 39 h 1 8l 12430 P2 5T LF-h
0o FEHGIEAL, FRATRTDAKRE A0 4 25
Hap = —(d®) +d)) . (E®) + EO))

(5.27)
~—d) . EC) g . gt
7o, FefilE L IR R TR SEL, Rabi i
Hap = —&- (1]d|0) (E{oet! + E{Dotemr)
(5.28)
h iwt T —iwt
= b (0’6 +o'e )
o, Rabi B E S
Q= —¢-(1]d[0) Eo/h (5.29)

XA IR AGERT Y A Rabi SR FEA AT REGUM R e e N, 2177

5.2.3 Rabi Oscillation

W RIRE TS

[9) = c1]1) + col0) (5.30)
H#ACA Schrodinger 72, H
QO .
Oicy = —iwpcy — iéclewt (5.31)
: 0 —iwt
Oic1 = —iwicl — zgcoe (5.32)
—NE A5 2 6 F2 5 Rotating Frame R, 4 ¢; = ¢;e™it, j = {0,1}, X 53D kN
9] .
Oy = —igale—“m—wﬁ (5.33)
e = —i%éoei(ww—w)t (5.34)
Hrp ) wip =w1 —wo. FRATIC Laser Detuning &
A= w10 — W (5.35)

A E SRS, SR BB
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ki, 3X(5.33) HANT s
& (t) = (Alemt/ 24 Ble*iﬁtﬁ) A2 (5.36)
Go(t) = (Aoeiﬂt/Q i Boe—i(zt/g) o—iAL/2 (5.37)
o Ay, Biyi = 1,0 R HMEREREEL, Q= VQ2 + A2 Jy2 BRI 2431 Rabi Hi%.
TEIRFT, FATAE
¢1 = ¢1(0) cos(Qt/2) — iég(0) sin(Qt/2
1 = ¢1(0) cos(Q2t/2) — i¢(0) sin(Q/2) (5.38)

co = 50(0) COS(Qt/Q) —iC1 (0) Sin(Qt/Q)

JEF A S RO R I AR 1
FALE AR RAE B e, AR RWA I BRCR .

from qutip import *
import numpy as np

import matplotlib.pyplot as plt

# Parameter
wa = 100.0 * 2 * np.pi
wb

110.0 * 2 * np.pi # Energy level of atoms
Omega = 1.0 * 2 * np.pi # Rabi Frequency

Delta = 0 # Detune

w = wb - wa - Delta # Driven Frequency
Omega2 = 5.0 * 2 * np.pi

tau = 2 * np.pi/Omega

tau2 = 2 * np.pi/Omega2

# Operator
a = basis(2,0)
b = basis(2,1)

def D(t,args):
return Omega * np.cos(w*t)
def D2(t,args):

return Omega2 * np.cos(wxt)

# Hamiltonian

HO = (wb-wa)/2*sigmaz() #waxa*a.dag() + wb*b*b.dag()
H1 =[HO, [(sigmap()+sigmam()),D]]

H2 =[HO, [(sigmap()+sigmam()) ,D2]]

HRWA1 = Omega/2 * (sigmap()+sigmam())

HRWA2 = Omega2/2 * (sigmap()+sigmam())
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# dinitial state and observables

psi_0 =
na = a*a.dag()
nb = bxb.dag()

expt_ops =[na,nb]

# Evolution

t = np.linspace(0, tau, 1000)

t2 = np.linspace(0, tau2, 1000)

result = mesolve(H1,psi_0,t, [],expt_ops)

result2 = mesolve(H2,psi_0,t2, [],expt_ops)
result_RWA1l = mesolve(HRWA1l,psi_O,t, [],expt_ops)
result_RWA2 = mesolve(HRWA2,psi_0,t2, [],expt_ops)

#plot

fig, ax = plt.subplots(1,2,figsize=(18,12))

ax[0] .plot(t, result.expect[0],label=r’n,’)

ax[0] .plot(t, result.expect[1],label=r’n;’)

ax[0] .plot(t, result_RWAl.expect[0],label=r’n,RWA’)

ax[0] .plot(t, result_RWAl.expect[1],label=r’n,RWA’)

ax[0] .legend (loc=1)

ax[1] .plot(t2, result2.expect[0],label=r’n,’)

ax[1] .plot(t2, result2.expect[1],label=r’n;’)

ax[1] .plot(t2, result_RWA2.expect[0],label=r’n,RW A’)
ax[1] .plot(t2, result_RWA2.expect[1],label=r’n,RWA’)
ax[1] .legend(loc=1)

plt.show()

AR (5.1 PR, FTRAR R, BRI IRN, #7 Rabi ARG A
[FIANRELL, I RWA R A 22
Boa, BAgA IR (A #0) H‘J?ﬂt[:ﬁ%?}'}é@ﬁﬁ, AT T — e E:
€1 = {51(0) [cos (Qt/Q) - 5111(975/2)} - zﬁco sm(ﬂt/Q) } eiAt/2
éo = {0(0) [cos(t/2) + B sin(Q/2) | - i%e sin(Ge/2) feiair2
24 Laser AR5, Rabi §k 37 #1514 JRIE AR X HEAR A DL 2800

(5.39)

5.2.4 Bloch Sphere

XFFAEER R ARG, AT AR Bloch Biifiid & A AL AL .

2N, BT AR EREHRR . BOERSN T BT T RE
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[¥| 5.1: Full-Hamiltonian Fil RWA [BHEESE: 253000 w > Q SN, A8 w ~ Q IR

P Fse— R W i i Y
H/h = wy|g) (9] +wele) {e| +glg) (e] + 3" |e) (9] (5.40)
FAE {|g) , le)} HIHR T 5 A

H/h= (wQ g*> (5.41)
g We

o = le) (el = lg) (4]
or = le) (g + 1g) (el (5.42)

FAT5 A Pauli R4

oy = —i(le) (9| — lg) (el)

XBE, FRATAT DA 3 A Pauli S PR ARAT 22— 0a 250

_ We T Wy We —

H/h ==+ =

Her, g = lgle?. @ = (we +wy)/2, wo = we —wy Az B = 2h|g|cos(¢)é; +
2h|g|sin(¢)éy + hwoé., MR W] S IS4EH 1B

9, + |g| cos($)os + |g| sin(¢), (5.43)

H=rlwl+B-S (5.44)
PR AR TALARL T B BEAE R AR B, 58 — TG A 1 kg,
MR TS
[4) = cos(0/2) |e) + sin(0/2)e' |g) (5.45)
EXF LY. Bloch Bk /K&
7l = (sin 6 cos @, sin @ sin @, cos 6) (5.46)
[F] IR AT PABG UESEAT K AR
x = (0;) =sinfcosy (5.47)
y = (oy) =sinfsing (5.48)
z:= (0,) = cosf (5.49)
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5.2.5 a.c. Stark Effect

T RBATIHE LIRS " REGUR T, B Ao NRERZ AT, BUI IS SR AT DA

—iwt
H/h:% ( “o Sk ) (5.50)

Qewt wo

=

HMTR (5.44) BV, AU SIS B
H=DByS,+B, -8 (5.51)
Hot By = hwy, B = hQ cos(wt)é, + hQsin(wt)é, , WA A TR T—ANE ARt
T DA w AR By, WSSREUERARR, f o, Al oy 53X AR R 46
B, B IR DA A I
AT A
) = U |9) = ™72 |y) (5.52)
5] A Laser Frame3, AEX} A T EAT NI Z 1IEAS
72 (|e) (g| + |g) (e])e= 7=/ = et |e) (g] + e |e) (] (5.53)

X, FE Laser Frame N [R5 25 fiil 5y

- 1A Q
H = (Ao, +Qo,)/2 = = 5.54
(Ac: + Qo) Q(Q A) (5:54)

Hrp, A =wp— w A Laser Detuning, 7] PAF 2| &GS T .
0 Q
AEPHE R RIFHITE I, A > Q W, HHEPRIER AT H = Q 0) BN, AIRA
MR, 7E Laser Frame "~ ] ATFSE - Hr it A () BEFS

H'H' 02
{&b@%Eﬁm (5.55)

2
SE. =3

BFAHTA—IRLLKIE (A > 0) 1 Gaussian Jf;, JE 723 —EHBE, X — 2Pk
KR ELHE (Dipole Trap). Y45 (Optical Tweezers) 45 .

5.2.6 Ramsey Interference

5.3 Adiabatic & Landau-Zener Crossings

5.4 Two-Level Atom with Damping & Optical Bloch Equation

5.5 Three-Level Atom: Raman Transition

3 5 Rotating Frame /]

——————— O (D) O
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5 -k 2% Interacting with a Quantized Field

oz

7.1 Spontaneous Emission: Weisskopf-Wigner Approach

XL H AT Weisskopf-wigner J53%, R Ab B BRI YA7E IR 28 105 AR 4
T BT waveguide-cavity f & I 2R L, HAAERETE .

FATIN TR A 2 o) 2B G, XM & (R B S 25 ) s VA i 37T A
VA Dipole 75 Y REE A H, XAE, RGLHYIG R AT DAE A

H = hwyle) |+Zﬁw (a akc) d-E 7.1

Her, d=(gldle) (07 +07) :=dge(0" +07).
XL — IR T

E]-C*C(’r‘) = \/hwE/QeouEC(r)aEC + H.c. (7.2)
Hor, wp SRR R S AR, ATEC% ) Maxwell Dy R s 1 0 5 2% (iR
e AR, HHEARE RIS SR ] LA A

Har == Z i/ 2e0(0 + 07 )dge (“E,C(T)al%c + "Zﬂc“Tﬁ,c)
k!C

_ « _— 1
= > (950 ag, + 95 07al )
k¢
B AN ES B RWA, 3XXAE] PAE BT RIZMNA IR & 22 %X (one-photon Rabi Fre-

quency)
gkc( r) = —\/wg/260hdy. - ukc( r) (7.4)

Ji B AR, s AR gURIE BARERSL, I E S RO —
? TL*EF T*/RT FATAT LA HE ) Hilbert % IEU):?'BEf FLRIK (single excitation)

(7.3)

[0) = cele) + D eglas g ) (7.5)
k.
BT TSN LRI B — P RS, BT B e s R g
OiCe = —iWpCe — 1 ZQE,CCE,C
k

(7.6)
8750,;7( = —incE7< — ig;&,cce
IR, B1A Rotating Frame:é, = cce™0' fl ¢ “F* i, XHEH
Ope = —i ) gp B o)t
i (7.7)

~ < x o~ i(wp—wo)t
Oitg ¢ = —igy Cee' 50
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BB — Mmoo R, KAE (7.7) hRZE—La . K= (7.7) s =X, 152
G o(t) = & (0) —igp /O dt'(¢)e!rm 0 = ig /0 At'E (')t (7.8)
M2 (7.7) EE—I, 153
Byt = — Z 97, ” /0 Tt (1) it 1) (7.9)
k,C

Large-Box Limit
AN TR & R LP W U

(dge - Fr ()P = lég o - dgel*[fz ()] (7.10)
FIEE T RGMEMICHEEN 1, H
€5 - dgel* = (cos*(0)) |dye|* = dg./3 (7.11)
THA T Semi e 00 B Hy S Ta] H 37 s A
1 ~ ik-r
g (r) = N k (7.12)
Hl
g (r)]? =1/V (7.13)
xE, 2 (7.8) ffaih
Ot = 3eohv Z‘*’ / e (1)eE ) (7.14)

TR — AR RIER T, FRATTH AR Large—Box limit, & V — oo, XMFLT, LT
GG S P e, Ak = 2m/L(i = 1,2,3) ﬁf;b/EL fwy, Bp

+o00 +o0
_ 2
> (27T> /OO dk, /OO dk, = 7(2703 /dQ/dkk (7.15)

— IBEHATTR ] B AR S 2 R S AR A R AT

4 2
@) /dkk (7.16)
Rk, FIH kE=w/c, X (7.14)1H
~ dg +oo ! I~ (o —i(w—wg)(t—t
OCe = _67r26(;th3/ dww3/0 dt'é.(t)e )(t=t) (7.17)
AR TR 2N B Long-time limit #2781 th TR
/ 0] d(w) wie~Hw—wo)(t=t) (7.18)
[
s&—> Sharply peaked HJPREL, PREEETTE ' =t 4k, HIAILIL
Ce(t') = Ce(t) (7.19)

VRCHL B A trick, B B BTN ER M, F TR R x-y P b, R RS A
PN EAT T
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[R5 DX AT e [0, 8] FEFi 3 [0, +oo] Abo FEA N T EA 2R S E

t A )
lim [ d(t) e wmwo) (=) — 7§ (wy — w) + iP

(7.20)
X (7.17) PRl
d2 w3 d2 oo 1
~ eg*0 . eg 3 =
e — — d e t
o (6%2607103 * Z671'26071037)/0 (@)e wo — w () (7.21)
__ (g + iAw) 0
Hor, B AR SR — IR
dQQWS 2
_ e -9 - — 22
e WEZ |97 o “0(w0 — w) (7.22)
p e
Aw = ey P / b d(w)w? ! (7.23)
 3heored” ), Wy — w ’

LRI R, X —TiRI S a.c. Stark Shift #{, ¥£ Lab Frame H1/= 4 —ANRIREAR /MY
BRI . N, ENE R/ N DAZR X T ER TSR T R
INEZ

IR, RN AT



%5 J\ ¥ Dissipation in Quantum Mechanics & Master

Equation

———> O D)

8.1 Failure in Classical Treatment

BTAVHE A R A6+ Damped Oscillator

H = p?/2m + mw?q?/2 (8.1)

PA S I ) A
{ qg=rp/m (8.2)
p=—mw’q—p (8.3)

WREIFAVESR U MEGIMARERS) f = —yp, BEBGIAETH20REE, X
B, ATH

G4+v4+w?q=0 (8.4)
) I DAk A5 A

lq,p] = ih (8.5)

ﬁ d
E[q,p] = —v(q, 7] (8.6)

XL H AT X 5 56 22 2 Bl s [R) AL
[q(t), p(t)] = e *[q(0),p(0)] = e iR (8.7)

M S B & 5 2 Bl R E L3 0:
AgAp > %he_'yt (8.8)

ARG TOBN, U] M2 MG TOVRIER S | AR T A RGO .

8.2 System Plus Reservoir Approach

KBt 125, BATAAWIR I E T RS S5INFIHE (Reservoir) A, Bk
JFE AL (Thermalize) (i3 Rtk @ FERUR LI . FRATH 4T T 1% Hamiltonian
H=Hg+ Hr+ Hgp (8.9)

TA1H T R G SEREEA Y AL Hilbert 2517 S ® R

8.3 Quantum Non-Markovian Progress
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Cavity Quantum Electrodynamics



o JL ¥ Classical Optical Cavity

oz

9.1 Basic Concept & Parameter

9.1.1 Planar Cavity

XTI, SETERE N 58— round trip [HRH[E] 2y
trr = 1/Avpgg = 2nl/c 9.1)
H Avpsr N HHOGIER, 1AERN IR,
XUGEH SRR 52 Ry Al Rg, —K round trip 16 5FERCH
(1—R))(1 = Ry) = AN,y /N (9.2)

AT DAE 25 B el TG 7l T -3 B00 A7 7.
% J&Z X round trip B FESPSCR AT, T DAZE S E R
1
T=17 (472 /72) sin%(®/2)
Horh & = 4anl /X J&—K round trip [¥J phase shift, F = m(R1Ry)"*/(1 — (R1R2)Y?) Sl
HPRGZHE (finesse), XFFHEMIESE, Fm4v FWHM =27/ F,

JEfy A7 round trip L HEPIETHFEELR (B Ry = Ro2) N
N dN  (1-R)N

9.3)

e dt nl/c
H 25 H cavity decay ratex = 1/7. = c1-R)

nl

9.4)

9.1.2 Cavity Spectrum

Ve or WG T IHRIEI RIS wn = m . B IBSIEH IR A, f
P AT T T
Ey(t) = Egeate /27 0s)
R LI A R 25 5 B3tk (frequency domain)
Eq(’/) - /thq€i27rVqte_t/2Tc . e—i?wyt

1 9.6)
- E, .
(21)~ L+ i2n(v — vy)
U7 H A — A TT ATS B3840 26 2 AL 0 s 2k
1 1
S(v) = —75=
Te (270) 2 + 42 (v — vy)?
2 Av, ’ ©.7)

T (A +A(r — 1,2
HrppE 2% Ave = 1/277,



9.2 Classical Light Field in Atom-Cavity System - 28 -

9.1.3 Cavity Spacial Mode
9.1.3.1 General Recipe

TR, WA Rk s )52 (Paraxial Wave Eqaution, PWE), AT DA
AR N
B — w(r)e—ikz ©8)
ot o () AT B4, oK KL RIE5ER (0.9 < ¢/Mied2) <
ko).
R A A Helmholtz J582 (V2 + k2)EC) |
(02 + 02 + 92 — 12k, )p =
9.9)
(02 + 0} — i2k0.)Y = 0

MINi15%] PWE:
(Vians — 12k02)Y = 0 (9.10)

9.1.3.2 Gaussian Beams
9.2 Classical Light Field in Atom-Cavity System

PRI A BT A AR U AR R T RUAIEIR T, IR T
M T IR T BIARESR wo

ma + mw%m =0 9.11)

Hr, 2 RERBTSRZ AR MINERTIRT, 72 R AR A f i p =
—ex, PRGBS AT ATHR UL R .

JEAT e s A A DX E T S R ANTRD, A L3 2 s A 1 DA S A3 3[R 4
RIS R . EFWARIFAET, W TAENIE (RESHILT, ie FE) RMEHRSE,
JE T RESL S E RO TSR AR S, AL B i N 22303 5 DR LA B S AT
REH

9.2.1 Classical Description of Light-Atom Interaction
9.2.1.1 Free Space
T SE AR 1) S SR T U R AN AR, . B A
E(r,t) = EF)(r)e ™ 4 cc (9.12)

TR (Dipole approximation) : Rl 1HY RF im/NFHBZA B, AT
TS B ) RIAZ AL R FB G - AP BREN T B LTIz sl A2 -

mi + mwim = —ée BT e ! 9.13)



9.2 Classical Light Field in Atom-Cavity System -29 -
PERPRSR =) (1) = éxiemt | Ittt 9.13) 7?1
ek /m
st = w;_ 3 9.14)
T LR pUH) = —ea™) [ AT DABGHIE 56 55
p=ca(w)E (9.15)
ot a(w) = 2% 5 RIS TATSMA MR AL (Polarizability).
2% & Damping fJ520, WA well-known ) Lorentz #5524 :
ma + myx + mw%x = —éeEéJr)e_“"t (9.16)
e VNioEe) )
wi — w? — iyw
M X ZRX P = Np=ecxE, FEX susceptibity
2
x(w) = —zNe éme‘? 9.18)
wg — w? — iyw
52 RERH DU R AT n(w) = 14+ x(w), S5, J5Tm R 5
? o (9.19)
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10.1 Quantized Cavity Mode

10.2 Jaynes—Cummings Model
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45 I ¥ Input-Output Formalism

oz

NFRTEFRCEE Y TR 5P R Markov i1 € X, HEIFATE %A &
S5 MBI ZE 4 )7 #E ) Counterpart.,

12.1 Derivation of the Langevin Equation

FRATH AN (e 5 it o
H = Hyys + Hp + Hjpy
Hp = h [72° dwwbl (w)b(w) (12.1)
Hig = ih [*3 dwr(w)[bf (w)e - cfb(w))
AT — RGBT A 2B, 3% 1 2 R R X R [b(w), bl ()] =
O(w—w')e HHHEAEMIC LM RWA, FFEU0IR 2, J G A A e il &
Hip = ih /0 " dun(@) b (@) + b()]le — 1] (122)
MIATH RWA S KB E, A1 @D IR LRI oL, 1R,
I PARFRRA I R AR & —oc,
FATR B €57 PESEAT 1 ] Heisenberg /2, 153

b(w) = —iwb(w) + K(w)e (12.3)
ARG B A A

i = =3l Ho) + [ ) {1 (@)la,cl ~ fa,clb(w) (12.4)
Hob, 2 (12.3) W

b(w) = e @)y (W) + k(w) / t e W= et ar! (12.5)
M2 (12.4) 7715 ’
P %[a, H.,]
+ [ o) {0 w)lad] - a,clle () (126

t
d 2 d/ iw(t—t") T .c] — [a, 11, —iw(t—t") . 4!
+/ w|k(w)] /to t {e c'la,c] —a,c']e c(t)}
T RBATIIE B BRI -
Markov JIfll: 52 HIAIE, FATRRE GRS SR IC KA
k(w) =+/v/27 (12.7)
el O 7 R AT
bin(t) = \/12? / dwe™=10)py (w) (12.8)



12.1 Derivation of the Langevin Equation -33 -

e F 7 A AT AT SR A

[bm(t),bjn(t’)} —5(t—1) (12.9)

A .
/ dwe ) = ox5(t — t/) (12.10)

ﬂ:ﬂ t
/ c(to(t —t)dt' = c(t)/2 (12.11)

to

A (12.6), FA1455] Quantum Langevin J5 %

i == [0, Hoys] = |a el | re/2+ b (O] + e /2+ A0, (0)] [a.d] - (12.12)

TEEENE, X (12.12) 5P Noise Terms H, FATE X bo(w) A b(w) TE ¢ = to
BHEEAE, FRATAT AR to BUAE R G A B (112 2 ()R JoR & i i) s b X=X (12.3) 2
i, B X

= / dusb(w) = bin(t) + Ae(t)/2 (12.13)

HT b(w) SRGEFFN S, B, bin(t) + et)/2 WMRGEEAN Z, XM EREE
RIFE LS T .
FRMFEIE 1 > ¢, RBOTLA2.5) WS, e bfA
t1
b(w) = e”E1)p (w) — ﬁ(w)/ e~ W= et ar! (12.14)
t
KAy, AT RAE S
bout = \/12? /dw e_iw(t_tl)bl(w) (12.15)
I 2 Jia i UER DA St , FTAMS S5 th 3 72 X Langevin 7772
= —% la, Hyys) — [a, CT} [7¢/2 — \/7bout ()] — [ycf /2 — bl ] jad  (12.16)
PASCER (12.13) 3Rk
1
N / dusb(w) = bout (£) — \/Fc(t)/2 (12.17)
X (12.13) f1 (12.17) Besr, A
bout(t) — bin(t) = V/7e(t) (12.18)
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fits A BRI

oz
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