Chapter 4

Nonlinear Oscillators

4.1 Weakly Perturbed Linear Oscillators

Consider a nonlinear oscillator described by the equation of motion
P+ 22z =ch(x). (4.1)

Here, € is a dimensionless parameter, assumed to be small, and h(x) is a nonlinear function
of x. In general, we might consider equations of the form

i+ 22x=eh(x, ), (4.2)

such as the van der Pol oscillator,
i+ p(® -0+ 2Br=0. (4.3)
First, we will focus on nondissipative systems, i.e. where we may write mi = —0d,V, with

V(x) some potential.
As an example, consider the simple pendulum, which obeys
0+ 22sinh =0, (4.4)
where 22 = g/¢, with ¢ the length of the pendulum. We may rewrite his equation as
0+ 220 =20 —sin)
=2080° — 202507+ ...
The RHS above is a nonlinear function of §. We can define this to be h(6), and take e = 1.

(4.5)

4.1.1 Naive Perturbation theory and its failure

Let’s assume though that € is small, and write a formal power series expansion of the solution
x(t) to equation 4.1 as

rT=x+ex, +E Tyt (4.6)
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We now plug this into 4.1. We need to use Taylor’s theorem,
h(ﬂfo +n) = h(5170) + h/(xo) n+ % h”(xo) 772 + .. (4.7)

with
n=ex, +eTy+ ... . (4.8)

Working out the resulting expansion in powers of € is tedious. One finds
h(z) = h(zy) + e (vg) 2, + € {h/(xo) Ty + 3 0" (z0) x2} +.... (4.9)
Equating terms of the same order in €, we obtain a hierarchical set of equations,

iy + 23z, = h(x,) (410)
G+ Q2 xy = W (70) 2, '
g+ 025 Ty = W (z)) 3y + 3 W' () a3t

et cetera, where prime denotes differentiation with respect to argument. The first of these
is easily solved: x,(t) = A cos(£2yt + ¢), where A and ¢ are constants. This solution then
is plugged in at the next order, to obtain an inhomogeneous equation for x,(t). Solve for
x,(t) and insert into the following equation for z,(t), etc. It looks straightforward enough.

The problem is that resonant forcing terms generally appear in the RHS of each equation
of the hierarchy past the first. Define § = ()t + . Then z,(f) is an even periodic function
of # with period 27, hence so is h(z,). We may then expand h(mO(H)) in a Fourier series:

h(Acosf) = ihn(A) cos(nf) . (4.11)
n=0

The n =1 term leads to resonant forcing. Thus, the solution for z(t) is

1 o ha(A) hi(A) , .
z,(t) = Q_S ; T2 cos(nf2yt + ny) + 20, t sin(25t + ¢) , (4.12)
(n£1)

which increases linearly with time. As an example, consider a cubic nonlinearity with
h(z) = r 23, where r is a constant. Then using

cos®0 = 3 cos 6 + 1 cos(30) , (4.13)

we have hy = %TA?’ and hy = %rAij’.
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4.1.2 Poincaré-Lindstedt method

The problem here is that the nonlinear oscillator has a different frequency than its linear
counterpart. Indeed, if we assume the frequency (2 is a function of €, with

Q) =Dy +eR + 2+ ..., (4.14)
then subtracting the unperturbed solution from the perturbed one and expanding in € yields
cos(£2t) — cos(£2yt) = —sin(2t) (2 — 2y) t — & cos(2t) (2 — 2,)* > +
= —e sin(£2t) 2,t — 62{ sin($2yt) 25t + & cos(£2,t) Q%tz} +0(é) .
(4.15)

What perturbation theory can do for us is to provide a good solution up to a given time,
provided that e is sufficiently small. It will not give us a solution that is close to the true
answer for all time. We see above that in order to do that, and to recover the shifted
frequency {2(¢), we would have to resum perturbation theory to all orders, which is a
daunting task.

The Poincaré-Lindstedt method obviates this difficulty by assuming {2 = §2(e¢) from the
outset. Define a dimensionless time s = (2t and write 4.1 as

d>
Q2dx2+90x—eh( z) (4.16)
where
x:x0+eazl+62x2+... (4.17)
92:a0+ea1+62a2+.... '
We now plug the above expansions into 4.16:
d% d%c d%
2 0 1 2 7Ty
(a0+ea1+e a2+...)<ds2 +e€ ds2 +e€ ds2 +>
+ 25 (zg+ex; +E a5+ ...) (4.18)
= eh(xy) + W (zy) 2, + € {h’(mo) To + 2 1 (z4) x%} -
Now let’s write down equalities at each order in e:
d2
(10 d 5 + ‘QO 0 =0 (419)
d2 d%
al2 d2x0 d2z1

G 7% L Ofay = W (wg) ) —ay —— g2 Mgge o (4.21)
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et cetera.

The first equation of the hierarchy is immediately solved by

ag = 22 , zy(s) = A cos(s + ¢) . (4.22)
At O(e), then, we have
) —2 —2
T2 +xy = 025" h(Acos(s + @) + 257 ag Acos(s + ¢) . (4.23)

The LHS of the above equation has a natural frequency of unity (in terms of the dimen-
sionless time s). We expect h(z,) to contain resonant forcing terms, per 4.11. However, we
now have the freedom to adjust the undetermined coefficient a; to cancel any such resonant
term. Clearly we must choose

hi(A)
e (4.24)
The solution for z;(s) is then
1 o ha(4)
x(s) = = E cos(ns +ny) , (4.25)
! 2% ~= 1-n?
(n#1)

which is periodic and hence does not increase in magnitude without bound, as does 4.12.
The perturbed frequency is then obtained from

hi(A)
A

hi(A)

22 =05 -
2A0,

e+0(@) = 0(e)=102,— e+ O() . (4.26)

Note that {2 depends on the amplitude of the oscillations.

As an example, consider an oscillator with a quartic nonlinearity in the potential, i.e.
h(z) = rz3. Then

h(Acos) = 3rA3 cos 6 + 1rA3 cos(30) . (4.27)
We then obtain, setting € = 1 at the end of the calculation,
A2
Q-—0,- (4.28)
812,

where the remainder is higher order in the amplitude A. In the case of the pendulum,
0+ 0250=1250250°+0(0°) (4.29)
and with r = £ 22 and 6,(t) = 6, sin(£2t), we find

2r 27
T(oo)zﬁza-{lJr%ngr...}. (4.30)
0
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One can check that this is correct to lowest nontrivial order in the amplitude, using the
exact result for the period,

4
T(6y) = o K(sin® 16o) , (4.31)
0

where K(x) is the complete elliptic integral.

The procedure can be continued to the next order, where the free parameter a, is used to
eliminate resonant forcing terms on the RHS.

A good exercise to test one’s command of the method is to work out the lowest order
nontrivial corrections to the frequency of an oscillator with a quadratic nonlinearity, such
as h(z) = rz?. One finds that there are no resonant forcing terms at first order in ¢, hence
one must proceed to second order to find the first nontrivial corrections to the frequency.

4.2 Multiple Time Scale Method

Another method of eliminating secular terms (i.e. driving terms which oscillate at the
resonant frequency of the unperturbed oscillator), and one which has applicability beyond
periodic motion alone, is that of multiple time scale analysis. Consider the equation

i4+x=¢€h(z, ), (4.32)

where € is presumed small, and h(z, %) is a nonlinear function of position and/or velocity.
We define a hierarchy of time scales: T, = €*t. There is a normal time scale T, = ¢, slow
time scale T = €t, a ‘superslow’ time scale T;, = €’t, etc. Thus,

d 9 o 5, 0 0
@ oT, ‘or,  “am, T 7;06 aT, (4.33)
Next, we expand
2(t) =Y €a, (T, Ty,...) . (4.34)
n=0

Thus, we have
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We now evaluate this order by order in e:

82
O(%) - (——+ﬂ>x =0 (4.36)
T 0
0? 0% ox
1 0 0
|l = +1 = -2 h — 4.37
o) <8T02 " >$1 o1, 0Ty " (mo, 8T0> (4.37)
02 0%, 0% %
O(e?) :(———+1>x = -2 - e (4.38)
T 2 o1, 0T, =~ 0T,0T, OT?
+ oh + oh al‘l + al‘o
—_ x —_ —_ —_
ox| "t oi| \oT, 0Ty)’
tegedg} {egiig}
et cetera. The expansion gets more and more tedious with increasing order in e.
Let’s carry this procedure out to first order in e. To order €°,
zy = A cos (T, + ) , (4.39)

where A and ¢ are arbitrary (at this point) functions of {7}, T, ... }. Now we solve the
next equation in the hierarchy, for x;. Let 0 =T}, + ¢. Then 8%“0 = % and we have
99

0 0A . .
<ﬁ + 1> = 28—Tl Sln6+2A8—Tl cos + h(Acos,—Asinb) . (4.40)

Since the arguments of h are periodic under 8 — 6 4 27, we may expand h in a Fourier
series:

h(8) = h(Acosf, —Asinf) = i a,(A)sin(k0) + i Bi(A) cos(k0) . (4.41)
k=1 k=0
The inverse of this relation is .
Wm:/%mm (4.42)
and, for k > 0, 0
2 27
a,(A) = /% h(0) sin(k0) , BL(A) = /? h(0) cos(kf) . (4.43)
0 0

We now demand that the secular terms on the RHS — those terms proportional to cos 6 and
sin @ — must vanish. This means

0A

Do B
2Aaﬁ+5w®_o.

(4.44)
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These two first order equations require two initial conditions, which is sensible since our
initial equation & + = = e h(z, &) is second order in time.

With the secular terms eliminated, we may solve for xzi:

= A A
T, = Z { (fk_( kg sin(k0) + fk_( kl cos(k@)} + Cycost + Dysinf . (4.45)
kA1

Note: (i) the k = 1 terms are excluded from the sum, and (ii) an arbitrary solution to the
homogeneous equation, i.e. eqn. 4.40 with the right hand side set to zero, is included. The
constants Cy and D, are arbitrary functions of 77, T, , etc. .

The equations for A and ¢ are both first order in 77. They will therefore involve two
constants of integration — call them A, and ¢,. At second order, these constants are taken
as dependent upon the superslow time scale T,,. The method itself may break down at this
order. (See if you can find out why.)

Let’s apply this to the nonlinear oscillator Z+sinx = 0, also known as the simple pendulum.
We’ll expand the sine function to include only the lowest order nonlinear term, and consider

i+$:%e:p3. (4.46)

We’'ll assume ¢ is small and take ¢ = 1 at the end of the calculation. This will work provided
the amplitude of the oscillation is itself small. To zeroth order, we have x, = A cos(t + ¢),
as always. At first order, we must solve

2
<8 +1> x1:2%sin9+2A% cos9+%A2cos?’9

092 aT, ot
94 96 (4.47)
= 28—Tl Sin9—|—2Aa—T1 cos 0 + 5 A® cos(30) + %A?’ cosf .
We eliminate the secular terms by demanding
0A dp 1
o, =0 , T, 6 A7, (4.48)
hence A = A, and ¢ = —% AT, + ¢, and
z(t) = Agcos (t — = e A2t +
() = Agcos (t — f5 e Agt + &) (4.49)

— a3 €AY cos (3t — 2 eAGt+3¢,) + ...,

which reproduces the result obtained from the Poincaré-Lindstedt method.

4.2.1 Duffing oscillator

Consider the equation
i+ 2epui +x4ex®=0. (4.50)
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This describes a damped nonlinear oscillator. Here we assume both the damping coefficient

it = eu as well as the nonlinearity both depend linearly on the small parameter e. We may

write this equation in our standard form & + z = € h(z, @), with h(z, i) = —2ui — 3.

For € > 0, which we henceforth assume, it is easy to see that the only fixed point is
(x,4) = (0,0). The linearized flow in the vicinity of the fixed point is given by

% <i> - <_O1 _216,) (i) +0(°) . (4.51)

The determinant is D = 1 and the trace is T = —2eu. Thus, provided ep < 1, the fixed
point is a stable spiral; for ey > 1 the fixed point becomes a stable node.

We employ the multiple time scale method to order e. We have z, = A cos(T;,+ ¢) to zeroth
order, as usual. The nonlinearity is expanded in a Fourier series in 6 = T;, + ¢:

h(mo, g—%> = 2uAsinf — A3 cos® 6

(4.52)
=2uAsinf — %A?’ cosf — %Ag cos 36 .
Thus, a;(A) = 2pA and §,(4) = —%Ag. We now solve the first order equations,
oA L
o) = pd = AT) = Ay (4.53)
1

as well as

2

99 Bi(A) 3,0 our _ 3AC (1 _ -,
5T = 34 S = (1)) = ¢y + Tou (1—e ). (4.54)

After elimination of the secular terms, we may read off
z,(Ty, Ty) = 5 A%(T}) cos (3T}, + 36(T})) - (4.55)

Finally, we have

_ —eut 3‘43 o —2eut
x(t) = Age cos (t+ Tou (1—e )+ &
QW

042 (4.56)

1 A3 —3eut 0 —2ept

+LeAde “cos(?)t—l—@(l—e 1) + 36,

4.2.2 Van der Pol oscillator

Let’s apply this method to another problem, that of the van der Pol oscillator,
ite(@®—Di+z=0, (4.57)

with ¢ > 0. The nonlinear term acts as a frictional drag for x > 1, and as a ‘negative
friction’ (i.e. increasing the amplitude) for = < 1. Note that the linearized equation at the
fixed point (z = 0,4 = 0) corresponds to an unstable spiral for e < 2.
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For the van der Pol oscillator, we have h(z, %) = (1—2?) 2, and plugging in the zeroth order
solution x, = A cos(t + ¢) gives

h(xo, %> = (1 — A200826) (—Asin@)

oT, (4.58)
=(— A+ 1A% sin6 + 1 A3 sin(30) ,
with 6 =t + ¢. Thus, oy = —A + %A?’ and 8, = 0, which gives ¢ = ¢, and
26—T1_A—ZA . (4.59)
The equation for A is easily integrated:
8dA 2 1 1 A
N =T -0 <Z‘ A-2 A+ )dA dIn (A —4>
9 (4.60)
== AT) = 7
\/1 - (1- A_(%) exp(—1})
Thus,
2 cos(t + qbo) (4.61)

This behavior describes the approach to the limit cycle 2 cos(t + ¢,). With the elimination
of the secular terms, we have

1 .
I 3t+3
2, (t) = — A3 sin(36) = — 15in (31 + 30,) - (4.62)
[1 -(1- Aig) exp(—et)
4.3 Forced Nonlinear Oscillations
The forced, damped linear oscillator,
T+ 2uk +x = fycos 2t (4.63)
has the solution
z(t) =z, (t) + C(£2) cos (2t + 6(£2)) , (4.64)

where 7, (t) = Ay eM! + A_ et is the solution to the homogeneous equation (i.e. with
fo=0), with Ay = —p£+/p? — 1 the roots of A2 +2uX+1 = 0. The ‘susceptibility’ C' and
phase shift § are given by

1

— ~ tan-! 28?2
= V2 =102 422 o) =t <1 - 92) ' (465)
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The homogeneous solution, x, (), is a transient and decays exponentially with time, since
Re(A+) < 0. The asymptotic behavior is a phase-shifted oscillation at the driving frequency
1.

Now let’s add a nonlinearity. We study the equation
I+ x =eh(x, &)+ ef, cos(t + evt) . (4.66)

Note that amplitude of the driving term, ef, cos({2t), is assumed to be small, i.e. propor-
tional to €, and the driving frequency {2 = 1 + ev is assumed to be close to resonance.
(The resonance frequency of the unperturbed oscillator is wyes = 1.) Were the driving fre-
quency far from resonance, it could be dealt with in the same manner as the non-secular
terms encountered thus far. The situation when {2 is close to resonance deserves our special
attention.

At order €%, we still have z, = A cos(Tj, + ¢). We write
Q=t+evt=Ty+vI =0—-v¢ (4.67)

where 0 = T, + ¢(T}) as before, and ¥(T}) = ¢(T}) — vT;. At order €', we must then solve

2
<% + 1>:1:1 =2A"sinf + 2A4¢' cos O + h(Acos@ , —AsinH) + fpcos(6 — )

= Z (ak sin(k0) + f,, cos(k‘@)) + <2A/ + a; + fysin 1/)) sin 0 (4.68)
KA1

+ <2A¢' + 2Av + B, + fycos 1/1) cosf ,

where the prime denotes differentiation with respect to 7;. We thus have the N = 2
dynamical system

dA

d—Tl = —%al(A) — %fosinﬂ)

W B (4.69)
T, 24 24 '

If we assume that { A, ¢} approaches a fixed point of these dynamics, then at the fixed point
these equations provide a relation between the amplitude A, the ‘detuning’ parameter v,
and the drive f:

PA) = oy ()] + [2a+5,4)] = 2. (4.70)

In general this is a nonlinear equation for A(fy,v). The linearized (A, ) dynamics in the
vicinity of a fixed point is governed by the matrix

OAJOA 0A)OY —3a4(4)  vA+35(4)
M=1 , = . (4.71)
OPJOA O/ Al E)
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20 L I B Y N B B | L — I E——

15 f_ 1 solution _f

Q - 3 solutions .
3 10f =
™~ - ]
S :_ 1 solution _:
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0 & 4 6 8 10
K=v/u

Figure 4.1: Phase diagram for the forced Duffing oscillator.

If the (A, ) dynamics exhibits a stable fixed point (A*, "), then one has
xo(t) = A% cos(Ty + v + %) = A" cos(2t + %) . (4.72)

The oscillator’s frequency is then the forcing frequency {2 = 1 + er, in which case the
oscillator is said to be entrained, or synchronized, with the forcing. Note that

F'(A%)

detM —
€ RA*

4.3.1 Forced Duffing oscillator

Thus far our approach has been completely general. We now restrict our attention to the
Duffing equation, for which

o (A) =24 ,  B(A)=-34°, (4.73)
which yields the cubic equation
AS— Byt + (2 + 7)) A - D fF=0. (4.74)
Analyzing the cubic is a good exercise. Setting y = A2, we define
Gly) =y’ — Loy + 8w’ + )y, (4.75)

and we seek a solution to G(y) = %f&. Setting G’(y) = 0, we find roots at

yr =SB /02— 32 (4.76)
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If 2 < 3u? the roots are imaginary, which tells us that G(y) is monotonically increasing
for real y. There is then a unique solution to G(y) = % /3.

If 2 > 3p2, then the cubic G(y) has a local maximum at y = y_ and a local minimum at
y=1y,. Forv < —/3 11, we have y_ < y, < 0, and since y = A? must be positive, this
means that once more there is a unique solution to G(y) = % fa.

For v > /3, we have y, > y_ > 0. There are then three solutions for y(v) for f, €
[fo_,fo'"], where féE = %\/G(ij). If we define kK = v/, then

f§:§u3/2\//£3+9/4:|:\//£2—3. (4.77)

The phase diagram is shown in Fig. 4.1. The minimum value for f; is f, . = 3})% 32,
which occurs at k = /3.

Thus far we have assumed that the (A,1) dynamics evolves to a fixed point. We should
check to make sure that this fixed point is in fact stable. To do so, we evaluate the linearized
dynamics at the fixed point. Writing A = A* + 0A and v = ¥* + 1, we have

d (dA 0A
— =M 4.78
a1 (5) = (50) “)
with
0A 0A
9A oY —l —%fo cos v — vA — %A?’
M — ) ) — =
g—ﬁ g% %A—I—szocoszﬁ zf—gsinqﬁ A4 — 1
(4.79)
One then has T'= —2u and
D=2+ (v—-324% (v - 24?) . (4.80)

A A

\ _/

f0<f0,c fO:fO,c f0>f0,c

Figure 4.2: Amplitude A versus detuning v for the forced Duffing oscillator for three values
of the drive fy. The critical drive is fo. = 354 p3/2. For fo > fo,c, there is hysteresis as a

function of the detuning.
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STABLE

SPIRAL
SADDLE

STABLE

Figure 4.3: Amplitude wversus detuning for the forced Duffing oscillator for ten equally
spaced values of fy between 1?2 and 10 3/2. The critical value is fo,c = 4.0525 w32, The
red and blue curves are boundaries for the fixed point classification.

Setting D = %Tz = 112 sets the boundary between stable spiral and stable node. Setting
D = 0 sets the boundary between stable node and saddle. The fixed point structure is as
shown in Fig. 4.3. Though the amplitude exhibits hysteresis, the oscillator frequency is
always synchronized with the forcing as one varies the detuning.

4.3.2 Forced van der Pol oscillator

Consider now a weakly dissipative, weakly forced van der Pol oscillator, governed by the
equation

i+ e(@? —1)i+x=efycos(t +evt) , (4.81)
where the forcing frequency is {2 = 1 + ev, which is close to the natural frequency w, = 1.
We apply the multiple time scale method, with h(z,2) = (1 — 22)&. As usual, the lowest
order solution is z, = A(T})cos (Ty + ¢(T})), where Ty, =t and T} = et. Again, we define
0 =1T,+ ¢(1y) and (1)) = ¢(T}) — v1;. From

h(Acosf,—Asinf) = (%A3 — A) sinf + %AS sin(30) , (4.82)
we arrive at
82 (92350 8%0
(W i 1)”61 - oo +h<x°’ a—To>

= (%A3 — A+ 2A" + fysin 1/1) sinf + (2A ' +20A + f, cos w) cosf + %A?’ sin(36) .
(4.83)
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— T T T I R
L S N _
4— D>q f2=32/27 -
D<o ’ 4D<T =
N i 30> T _
< L SP o
2 5
UN v — \\:::\9_8\
P R
0 —*;;j;:;:7:E:|:1:I:K:CJE\‘J:?};:;‘:{;E;;;
0 0.05 0.1 0.15 0.2
U2

Figure 4.4: Amplitude versus detuning for the forced van der Pol oscillator. Fixed point
classifications are abbreviated SN (stable node), SS (stable spiral), UN (unstable node), US

(unstable spiral), and SP (saddle point).

We eliminate the secular terms, proportional to sin @ and cos 6, by demanding

dA

d—ﬂ = %A— %Ag — %fOSiHTZJ
L2 = -V - ﬁcosw .
dT 24

(4.84)

(4.85)

Stationary solutions have A’ =4’ = 0, hence cost) = —2vA/f,, and hence

f3 =4 4 (1 142)%4°
=LA 1A (14 4?)A%.
For this solution, we have
xy = A" cos(Ty + vT} + %),
and the oscillator’s frequency is the forcing frequency 2 =1+ ev.

To proceed further, let y = A?, and consider the cubic equation

Gly) =&y -3+ QL+ 4y =f3.

(4.86)

(4.87)

(4.88)
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1.5 SN —

=
g 1 — ]
N— | ]
SN/SP/UN
0.5 | / snssprus —
-~ S SN/SP/US ]
T P SN S S
0.076 0.078 0.08 0.082 |
0 1 L L 1 | 1 1 ! I l ! L L L
0] 0.05 0.1 0.15
V2

Figure 4.5: Phase diagram for the weakly forced van der Pol oscillator in the (12, f2) plane.
Inset shows detail. Abbreviations for fixed point classifications are as in Fig. 4.4.

Setting G'(y) = 0, we find the roots of G'(y) lie at y, = 3 (2= u), where u = (1 —121%)1/2.
Thus, the roots are complex for v? > 1—12, in which case G(y) is monotonically increasing,
and there is a unique solution to G(y) = f2. Since G(0) = 0 < fZ2, that solution satisfies
y > 0. Fory2<%7
f3 < G(y_) = Guax, the cubic equation G(y) = fZ has three real, positive roots. This is
equivalent to the condition

there are two local extrema at y = y,. When G, = G(y,) <

8 .3 8,2 32 2 8 .3 8,2

We can say even more by exploring the behavior of eqs. (4.84) and (4.85) in the vicinity of
the fixed points. Writing A = A* + §A and ¢ = ¢* + ¢, we have
*2 *
d 0A F(1—24*%) vA 0A
L\ oy —v/A* $(1—1A) ) \6y

The eigenvalues of the linearized dynamics at the fixed point are given by A\, = %(T +
VT? — 4D), where T" and D are the trace and determinant of the linearized equation.
Recall now the classification scheme for fixed points of two-dimensional phase flows. When
D < 0, we have A_ < 0 < A, and the fixed point is a saddle. For 0 < 4D < T2, both
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Figure 4.6: Forced van der Pol system with € = 0.1, v = 0.4 for three values of fy. The
limit entrained solution becomes unstable at fo = 1.334.

eigenvalues have the same sign, so the fixed point is a node. For 4D > T2, the eigenvalues
form a complex conjugate pair, and the fixed point is a spiral. A node/spiral fixed point is
stable if 7' < 0 and unstable if 7" > 0. For our forced van der Pol oscillator, we have

1 4%2
_ﬁA

4.91
(1—A*2—{—%A*4)—|—I/2. ( )

w=

T
D

From these results we can obtain the plot of Fig. 4.4, where amplitude is shown versus
detuning. We now ask: for what values of fo2 is there hysteretic behavior over a range
Ve [1/_, v +] ? Suppose, following the curves of constant fZ in Fig. 4.4, we start somewhere

in the upper left corner of the diagram, in the region D > 0 and f3 < % Now ramp
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up v? while keeping fg constant until we arrive on the upper branch of the D = 0 curve.
An infinitesimal further increase in v? will cause a discontinuous drop in y = A% to a
value below the saddle point region. Clearly if f3 = 1, we will wind up on a branch of
this curve for which A%2 < 2, which is unstable, and so in order to end up on a stable
branch, we must start with f3 > 1. To find the minimum such value of fZ for which this
is possible, we first demand G(y) = 0 as well as D = 0. The second of these conditions
is equivalent to G’(y) = 0. Eliminating y, we obtain the equation (2 + u)?(1 — u) = f3,
where u = v/1 — 1202 as above. Next, we demand that G(y) = 0 at y = 2 (i.e. the blue line
in Fig. 4.4) for the same values of f3 and v*. Thus says fZ = %(7 — 4u?). Eliminating fZ,
we obtain the equation

S24u)?(l—u)=3(7—4u?) |, (4.92)
which is equivalent to the factorized cubic (4u—1)(2u+1)? = 0. The root we seek is u = I,
corresponding to v? = % . % and f02 = %. Thus, hysteretic behavior is possible only in

the narrow regime fg € [%, %] The phase diagram in the (v, fg) plane is shown in Fig.

4.5. Hysteresis requires two among the three fixed points be stable, so the system can jump
from one stable branch to another as v is varied. These regions are so small they are only
discernible in the inset.

Finally, we can make the following statement about the global dynamics (i.e. not simply in
the vicinity of a fixed point). For large A, we have

dA

dy
_ 143
—d1 —5A% .. , =

— =—Vv+.... 4.93
T (4.93)
This flow is inward, hence if the flow is not to a stable fixed point, it must be attracted
to a limit cycle. The limit cycle necessarily involves several frequencies. This result — the
generation of new frequencies by nonlinearities — is called heterodyning.

We can see heterodyning in action in the van der Pol system. In Fig. 4.5, the blue line
which separates stable and unstable spiral solutions is given by f02 =82+ % For example,
if we take v = 0.40 then the boundary lies at f, = 1.334. For f, < 1.334, we expect
heterodyning, as the entrained solution is unstable. For f > 1.334 the solution is entrained
and oscillates at a fixed frequency. This behavior is exhibited in Fig. 4.6.

4.4 Synchronization

Thus far we have assumed both the nonlinearity as well as the perturbation are weak. In
many systems, we are confronted with a strong nonlinearity which we can perturb weakly.
How does an attractive limit cycle in a strongly nonlinear system respond to weak periodic
forcing? Here we shall follow the nice discussion in the book of Pikovsky et al.

Consider a forced dynamical system,

Y=V(p)+eflpl). (4.94)
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When ¢ = 0, we assume that the system has at least one attractive limit cycle v(t) =
~(t + T). All points on the limit cycle are fixed under the Tj-advance map 91, where
g-p(t) = ¢(t + 7). The idea is now to parameterize the points along the limit cycle by a
phase angle ¢ which runs from 0 to 27 such that ¢(t) increases by 27 with each orbit of the
limit cycle, with ¢ increasing uniformly with time, so that b= wy = 27 /T},. Now consider
the action of the Tj-advance map 9r, on points in the vicinity of the limit cycle. Since
each point vy(¢) on the limit cycle is a fixed point, and since the limit cycle is presumed
to be attractive, we can define the ¢-isochrone as the set of points {¢} in phase space
which flow to the fixed point (¢) under repeated application of 9r,- The isochrones are

(N — 1)-dimensional hypersurfaces.

Equivalently, consider a point ¢, € {2, lying within the basin of attraction (2, of the limit
cycle y(t). We say that ¢, lies along the ¢-isochrone if

. 6.\
Jim (cp(t) - ’y(t + o TO) ‘ ~0 , (4.95)
where ¢(0) = ¢,. For each ¢, € {2, there exists a unique corresponding value of d(pg) €
[0,27]. This is called the asymptotic (or latent) phase of .

To illustrate this, we analyze the example in Pikovsky et al. of the complex amplitude

equation (CAE),

dA
— = (1L +ia) A= (1+iB) |A]2A (4.96)
where A € C is a complex number. It is convenient to work in polar coordinates, writing

A = Re'®| in which case the real and complex parts of the CAE become

R=(1-R)R
) ) (4.97)
O =a—ppR".
These equations can be integrated to yield the solution
R
R(t) = 0
VR
(4.98)

O(t) = Oy + (a — B)t — BIn[RE + (1 — RE) e™]

=6+ (a—p)t+ In(R/Ry) .

Ast — oo, we have R(t) — 1 and 6(t) — w,. Thus the limit cycle is the circle R = 1, and
its frequency is wy = a — .

Since all points on each isochrone share the same phase, we can evaluate (b along the limit
cycle, and thus we have ¢ = wy- The functional form of the isochrones is dictated by the
rotational symmetry of the vector field, which requires ¢(R,0) = © — f(R), where f(R) is
an as-yet undetermined function. Taking the derivative, we immediately find f(R) = fIn R,
i.e.

#(R,0) =6 —BInR+c, (4.99)
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[SE]

Figure 4.7: Isochrones of the complex amplitude equation A = (1 +ia)A — (1 +iB)|A]2A,
where A = X 44Y.

where ¢ is a constant. We can now check that
QS:@—ﬁE:a—ﬁ:wo. (4.100)

Without loss of generality we may take ¢ = 0. Thus the ¢-isochrone is given by the curve
O(R) = ¢ + 8 In R, which is a logarithmic spiral. These isochrones are depicted in fig. 4.7.

At this point we have defined a phase function ¢(¢) as the phase of the fixed point along
the limit cycle to which ¢ flows under repeated application of the Tj-advance map g, . Now
let us examine the dynamics of ¢ for the weakly perturbed system of eqn. 4.94. We have

do _ 5~ 00 do;
dt <= dp; dt
= (4.101)
N 96
_w(]—’_gza fj( ’ )
j=1"71J

We will assume that ¢ is close to the limit cycle, so that ¢ —~(¢) is small. As an example,
consider once more the complex amplitude equation (4.96), but now adding in a periodic
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forcing term.

A
Cil_t = (1+ia)A—(1+iB)|A*A + e coswt . (4.102)

Writing A = X +4Y, we have

X=X—-aY — (X —BY)(X?+Y?) +ccoswt

. 5 ) (4.103)
Y=Y+aX - (BX+Y)(X*+Y7).
In Cartesian coordinates, the isochrones for the € = 0 system are
¢ =tan ' (Y/X) — $8In(X* +Y?) , (4.104)
hence
d
d—(f :w0+ag—§; coswt
X +Y
= Oé—ﬁ—g W cos wt (4105)

~wy—e(Bcosd+sing) coswt
=wy — eV 1+ 5% cos(¢p — ¢g) coswt .

where (% = ctn~'B. Note that in the third line above we have invoked R ~ 1, i.e. we
assume that we are close to the limit cycle.

We now define the function

N
. 0
F(¢,t) = 28—90- £ (v(9),1) - (4.106)
j=1 713 1(®)
The phase dynamics for ¢ are now written as
¢ =wy+eF(b,t) . (4.107)

Now F(¢,t) is periodic in both its arguments, so we may write

F(¢,t) =Y Fyye'hotien (4.108)
k,l

For the unperturbed problem, we have ¢ = w,, hence resonant terms in the above sum are
those for which kwqy + lw ~ 0. This occurs when w =~ I?;Wm where p and ¢ are relatively
prime integers. In this case the resonance condition is satisfied for £ = jp and | = —jq
for all j € Z. We now separate the resonant from the nonresonant terms in the (k,l) sum,
writing

d=wy+ed Fj, ;e P L NRT (4.109)
j

where NRT denotes nonresonant terms, i.e. those for which (k,l) # (jp,—jq) for some
integer j. We now average over short time scales to eliminate the nonresonant terms, and
focus on the dynamics of this averaged phase ().
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Figure 4.8: Left panel: graphical analysis of the equation 1/1 = —v +eG(¢). Right panel:
Synchronization region (gray) as a function of detuning v.

We define the angle 1) = p(¢) — qwt, which obeys

b =p(d) — qu
= (pwy — qw) + EpZFjprjq €V = —v4+eG) (4.110)
J

where v = qw — pw, is the detuning and G(¢) = p Zj Fi i €% is the sum over resonant
terms. Note that the nonresonant terms have been eliminated by the aforementioned av-
eraging procedure. This last equation is a simple N = 1 dynamical system on the circle —
a system we have already studied. The dynamics are depicted in fig. 4.8. If the detuning
v falls within the range [¢ G, , € Gpay), then ¢ flows to a fixed point, and the nonlinear
oscillator is synchronized with the periodic external force, with <¢> — %w. If the detuning
is too large and lies outside this region, then there is no synchronization. Rather, ()
increases on average linearly with time. In this case we have (¢(t)) = ¢y + Lwt + %1/)(75),

where
s

dyp dy
dt = ————— T,= [————— . 4.111

Gy —v /sGw)—v (4.110)
Thus, ¢(t) = £2,,t+¥(t), where ¥(t) = ¥(t+T) is periodic with period T}, = 27/2,,. This
leads to heterodyning with a beat frequency Qw(u, £).

Why do we here find the general resonance condition w = 2w, whereas for weakly forced,
weakly nonlinear oscillators resonance could only occur for w = w,? There are two reasons.
The main reason is that in the latter case, the limit cycle is harmonic to zeroth order, with
zy(t) = A cos(t + ¢). There are only two frequencies, then, in the Fourier decomposition
of the limit cycle: w, = £1. In the strongly nonlinear case, the limit cycle is decomposed
into what is in general a countably infinite set of frequencies which are all multiples of a
fundamental w,. In addition, if the forcing f(¢p,t) is periodic in ¢, its Fourier decomposition
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in ¢t will involve all integer multiples of some fundamental w. Thus, the most general
resonance condition is kwy + lw = 0.

Our analysis has been limited to the lowest order in £, and we have averaged out the
nonresonant terms. When one systematically accounts for both these features, there are
two main effects. One is that the boundaries of the synchronous region are no longer straight
lines as depicted in the right panel of fig. 4.8. The boundaries themselves can be curved.
Moreover, even if there are no resonant terms in the (k,1) sum to lowest order, they can be
generated by going to higher order in . In such a case, the width of the synchronization
region Av will be proportional to a higher power of e: Av o &, where n is the order of
where resonant forcing terms first appear in the analysis.

4.5 Relaxation Oscillations

We saw how to use multiple time scale analysis to identify the limit cycle of the van der
Pol oscillator when € is small. Consider now the opposite limit, where the coefficient of the
damping term is very large. We generalize the van der Pol equation to

E+p®x)i+2=0, (4.112)

and suppose > 1. Define now the variable
(4.113)

where F'(z) = ®(z). (y is sometimes called the Liénard variable, and (z,y) the Liénard
plane.) Then the original second order equation may be written as two coupled first order
equations:

= ,u(y - F(m)) (4.114)

x
y=——". (4.115)
1

Since p > 1, the first of these equations is fast and the second one slow. The dynamics
rapidly achieves y ~ F(x), and then slowly evolves along the curve y = F(x), until it is

forced to make a large, fast excursion.

A concrete example is useful. Consider F(x) of the form sketched in Fig. 4.9. This is what
one finds for the van der Pol oscillator, where ®(z) = 2* — 1 and F(z) = 2% —z. The limit

cycle behavior x;(t) is sketched in Fig. 4.10. We assume ®(z) = ®(—=z) for simplicity.

Assuming ®(z) = ®(—=x) is symmetric, F'(z) is antisymmetric. For the van der Pol oscillator
and other similar cases, F'(x) resembles the sketch in fig. 4.9. There are two local extrema:



4.5. RELAXATION OSCILLATIONS 23

Y
fast
- = =
; .
N
- \
N
N
= = i

Figure 4.9: Relaxation oscillations in the so-called Lienard plane (z,y). The system rapidly
flows to a point on the curve y = F'(x), and then crawls slowly along this curve. The slow
motion takes x from —b to —a, after which the system executes a rapid jump to x = +b,
then a slow retreat to z = +a, followed by a rapid drop to z = —b.

a local maximum at x = —a and a local minimum at = 4a. We define b such that
F(b) = F(—a), as shown in the figure; antisymmetry then entails F'(—b) = F'(+a). Starting
from an arbitrary initial condition, the y dynamics are slow, since ¢ = —u~ 'z (we assume

1> x(0)). So y can be regarded as essentially constant for the fast dynamics of eqn. 4.115,
according to which z(t) flows rapidly to the right if y > F(z) and rapidly to the left if
y < F(x). This fast motion stops when z(t) reaches a point where y = F'(x). At this point,
the slow dynamics takes over. Assuming y ~ F'(z), we have

X

y~ F(r) = Y= — ~F'(z), (4.116)
which says that
x
PR ———— if y~F 4.117
Pn s iy~ F@) (1117)
over the slow segments of the motion, which are the regions x € [—b, —a| and z € [a,b]. The
relaxation oscillation is then as follows. Starting at @ = —b, z(¢) increases slowly according
to eqn. 4.117. At x = —a, the motion can no longer follow the curve y = F(z), since
) = —p~ Lz is still positive. The motion thus proceeds quickly to x = +b, with
&~ M(F(b) - F(x)) ve[—a+b]. (4.118)
After reaching * = +b, the motion once again is slow, and again follows eqn. 4.117,

according to which z(t) now decreases slowly until it reaches © = +a, at which point the
motion is again fast, with

i~ M(F(a) - F(x)) ve[—b+a] . (4.119)
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t=0 =T t=2T

Figure 4.10: A sketch of the limit cycle for the relaxation oscillation studied in this section.

The cycle then repeats.

Thus, the limit cycle is given by the following segments:

x €[—b,—a] (>0) : jzz—m (4.120)
r €[—a,b] (& >0) : @~ p[F(b) — F(z)] (4.121)
x € [a,b] (. <0) : jzz—m (4.122)
x €[—b,a] (. <0) : @~ p[F(a) — F(z)] . (4.123)

A sketch of the limit cycle is given in fig. 4.11, showing the slow and fast portions.

When g > 1 we can determine approximately the period of the limit cycle. Clearly the
period is twice the time for either of the slow portions, hence

b
o
T~ 2,u/dac () (4.124)

where F'(+a) = ®(+a) = 0 and F(+b) = F(Fa). For the van der Pol oscillator, with
d(x) =221, wehavea=1,b=2,and T ~ (3 — 2In2) p.
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E+pF(z)z+z=0 &
F(z)=-F(-2) , u>1 @~ p(F(b) — F(z))
F'(ta)=0 , F(b)=F(fa) '\
sy ool B
PR )
—b .\ a
; f =
—a / b T
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&~ p(F(a) — F(z)) FAST

Figure 4.11: Limit cycle for large p relaxation oscillations, shown in the phase plane (z, 2).

4.5.1 Example problem

Consider the equation
i+ p(lz] - Dit+z=0. (4.125)

Sketch the trajectory in the Liénard plane, and find the approximate period of the limit
cycle for p > 1.

Solution : We define

+%x2 —xz ifz>0
Flz)=1z|-1 = F()= (4.126)

—%xz—:n if x<0.

We therefore have
. . x
t=ply—-Flx)} , y= — (4.127)

with y = p~ '@ + F(x).

Setting F'(z) = 0 we find # = £a, where a = 1 and F(+a) = F3. We also find F(+b) =
F(Fa), where b = 1+ /2. Thus, the limit cycle is as follows: (i) fast motion from z = —a
to x = +b, (ii) slow relaxation from = = +b to x = +a, (iii) fast motion from x = +a to
x = —b, and (iv) slow relaxation from x = —b to x = —a. The period is approximately the
time it takes for the slow portions of the cycle. Along these portions, we have y ~ F(x),
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Figure 4.12: Relaxation oscillations for & + pu(|z| — 1) & + 2 = 0 plotted in the Liénard
plane. The solid black curve is y = F(z) = 12%sgn(z) — . The variable y is defined to be
y=pu"t3+ F(x). Along slow portions of the limit cycle, y ~ F(z).

and hence y ~ F'(z)&. But §y = —x/u, so

Fl(z)i ~ — dx (4.128)

x
0 x

which we integrate to obtain

a F’ 1+\/§ 1
T~ —2uldx ($):2,u/d3:<1—5>
1

) x (4.129)
= Qu[\/i—ln (1 + \/5)} ~ 1.066 p .
4.5.2 Multiple limit cycles
For the equation
P+ pF(x)i+x=0, (4.130)

it is illustrative to consider what sort of F'(x) would yield more than one limit cycle. Such
an example is shown in fig. 4.13.

In polar coordinates, it is very easy to construct such examples. Consider, for example, the
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Figure 4.13: Liénard plots for systems with one (left) and two (right) relaxation oscillations.

system

7 = sin(7r) + € cos 0

. 4.131
0=>br, ( )

with |e| < 1. First consider the case e = 0. Clearly the radial flow is outward for sin(7r) > 0
and inward for sin(7r) < 0. Thus, we have stable limit cycles at 7 = 2n + 1 and unstable
limit cycles at r = 2n, for all n € Z. With 0 < |¢| < 1, we have

7 >0 for re [2n+ %sin_1 €,2n+1— %sin_1 €] (4.132)
7 <0 for re2n+1+ %sin_1 €,2n+2— %Sin_1 €| (4.133)

The Poincaré-Bendixson theorem then guarantees the existence of stable and unstable limit
cycles. We can put bounds on the radial extent of these limit cycles.

stable limit cycle @ r€ [2n+1—21sinTle, 2n4+1+ Lsin ¢ (4.134)
unstable limit cycle : 1r¢€ [2n - %sin_1 €, 2n + %sin_1 e] (4.135)

Note that an unstable limit cycle is a repeller, which is to say that it is stable (an attractor)
if we run the dynamics backwards, sending ¢t — —t.
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(a) (b) (c)

Figure 4.14: Three instances of ®(z).

4.5.3 Example problem

Consider the nonlinear oscillator,
T+pu®x)i+z=0, (4.136)

with p > 1. For each case in fig. 4.14, sketch the flow in the Liénard plane, starting with
a few different initial conditions. For which case(s) do relaxation oscillations occur?

Solution : Recall the general theory of relaxation oscillations. We define

y=24 /dx'(I)(x') _— + F(z) (4.137)
K K
in which case the second order ODE for the oscillator may be written as two coupled first

order ODEs:
T

== a'cz,u(y—F(x)) . (4.138)
Since p > 1, the first of these equations is slow and the second one fast. The dynamics
rapidly achieves y ~ F(x), and then slowly evolves along the curve y = F(x), until it is

forced to make a large, fast excursion.

To explore the dynamics in the Liénard plane, we plot F'(x) versus x, which means we must
integrate ®(z). This is done for each of the three cases in fig. 4.14.

Note that a fixed point corresponds to = 0 and & = 0. In the Liénard plane, this means
r =0 and y = F(0). Linearizing by setting = dx and y = F(0) + dy, we have!

d (éx\  (poy—pF'(0)ox\ [(—pF'(0) wp\ [z

(o) = (Mo ) = (O ) (3 (4.139)
The linearized map has trace T'= —p F'(0) and determinant D = 1. Since p > 1 we have
0<D< iT2, which means the fixed point is either a stable node, for F’(0) > 0, or an

We could, of course, linearize about the fixed point in (z,1) space and obtain the same results.
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unstable node, for F'(0) < 0. In cases (a) and (b) the fixed point is a stable node, while in
case (c) it is unstable. The flow in case (a) always collapses to the stable node. In case (b)
the flow either is unbounded or else it collapses to the stable node. In case (c), all initial
conditions eventually flow to a unique limit cycle exhibiting relaxation oscillations.

Y Y ()
> —_— —_—
JR—— ——]
T €T
€T
" -—
(a) (b) ()

Figure 4.15: Phase flows in the Liénard plane for the three examples in fig. 4.14.

4.6 Appendix I : Multiple Time Scale Analysis to O(e?)

Problem : A particle of mass m moves in one dimension subject to the potential
2,2 5 27
U(z) = imwi 2® + temwg - (4.140)

where € is a dimensionless parameter.

(a) Find the equation of motion for x. Show that by rescaling z and t you can write this
equation in dimensionless form as

d*u

72 +u=—eu? . (4.141)

Solution : The equation of motion is

mi = —U'(z)
Y (4.142)
= —IMWT — emwy —

We now define s = wyt and v = z/a, yielding

2
d*u 9

@ +u=—€u (4.143)

(b) You are now asked to perform an (9(62) multiple time scale analysis of this problem,
writing
Ty =s , T, =e€s , Tzzezs,
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and
u:u0+eu1+62u2+... .
This results in a hierarchy of coupled equations for the functions {w,}. Derive the first

three equations in the hierarchy.

Solution : We have J 3 3 3
2
— = — — — + ... 4.144
ds o1, ‘or, oL, (4.144)

Therefore

0 12 120, 2(u+u+2u+ )+ (ot ew +Euy+ .. )
e € — € — € € € €
2
:—e(u0+eu1+62u2+...> .
(4.145)

Expanding and then collecting terms order by order in €, we derive the hierarchy. The first
three levels are

2—2}@ by =0 (4.146)
0

8—T'02 + Uy = —2 8T0 aTl — Ugy (4147)
0, Pug  Pug . O,

— =-2 — -2 -2 . 4.14
oT2 """ ar,o1, or?  CoT,01, o™ (4.148)

(c) Show that there is no frequency shift to first order in e.

Solution : At the lowest (first) level of the hierarchy, the solution is

UO = A(Tl, T2) COS (TO + qb(Tl, T2)) . (4149)
At the second level, then,
62’&1 0A . 8¢ 2 2
8—T02 +u; =2 aT, sin(T} + ¢) + 24 ar, cos(Ty + @) — A% cos (T + ¢) . (4.150)

We eliminate the resonant forcing terms on the RHS by demanding

9 _
or,

oA

— = d . 4.151
o, 0 an 0 (4.151)

Thus, we must have A = A(T,) and ¢ = ¢(T,). To O(e), then, ¢ is a constant, which means
there is no frequency shift at this level of the hierarchy.

(d) Find uy(s) and uy(s).
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Solution :The equation for u; is that of a non-resonantly forced harmonic oscillator. The
solution is easily found to be

uy = —5 A% + LA cos (2T, + 29) . (4.152)

We now insert this into the RHS of the third equation in the hierarchy:

a2”2 82’&0

org 2T 2or,or, 2t (4.153)
204y 0¢ 142 142
=2 aT, sin(Ty + ¢) +24 oT, cos(Ty + ¢) — 2A cos(Ty + ¢) { — 5 A% + 5 A% cos(2T} + 2¢)}
04 0 o 4 s
=2 8—T2 sin(Ty + ¢) + <2A 8—T2 +gA ) cos(Ty + ¢) — gA” cos(3T, + 39) .

Setting the coefficients of the resonant terms on the RHS to zero yields

a7,
oo o o (4.154)
Therefore,
ug(s) euy(s)

u(s) = Ay cos(s— 5 As) + teAfcos (25— 3Afs) — 5 AF +O(€%)  (4.155)

4.7 Appendix II : MSA and Poincaré-Lindstedt Methods

4.7.1 Problem using multiple time scale analysis

Consider the central force law F(r) = —k =3,
(a) Show that a stable circular orbit exists at radius r, = (¢2/uk)"/ g
Solution : For a circular orbit, the effective radial force must vanish:
2 2 k
Fgr)=—=+F(r)= s =0. (4.156)

Solving for r = 7, we have 1, = (2 / k) B The second derivative of U.g(r) at this point
is

32 ;7
li(rg) = —Flg(rg) = — +(8°=3) —% =—1 . 4157
ff( 0) ff( 0) /U‘é ( )7“61_62 ,l“"é ( )

which is manifestly positive. Thus, the circular orbit at r = r is stable.
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(b) Show that the geometric equation for the shape of the orbit may be written

d*s
W +s= K(S) (4.158)
where s = 1/r, and
s 1-5
K(s) = so <—> , (4.159)
50
Solution : We have previously derived (e.g. in the notes) the equation
L T F(s™) (4.160)
a2 T T s ' '
From the given F(r), we then have
d?s nk _g2
R AP = K(s), (4.161)

where s, = (uk/02)Y5* =1/ro, and where

K(s) = s <§—0>1_52 . (4.162)

(c) Writing s = (1 + u) s, show that u satisfies

1 d?u
@W—ku:alzﬂ—i—%ug—k.... (4.163)
Find a, and a,.
Solution : Writing s = s, (1 + u), we have
d?u 1-32
= 14 (1= ) ut ()1 - B) o (1164)
+g(-1= ) (=1 -’ + ...
Thus,
1 d*u
Fw+u:alu2+a2u3+---, (4165)
where

a;=—-31-5% , ay=31-p%. (4.166)
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(d) Now let us associate a power of € with each power of the deviation v and write
1 d*u .
B? d¢?
Solve this equation using the method of multiple scale analysis (MSA). You will have to go
to second order in the multiple scale expansion, writing

X=8¢p , Y=eB¢o , Z=e*b¢ (4.168)

u=ca;u®+etayud+... (4.167)

and hence L4 9 9 9
2
- — = — — — 4+ ... . 4.169
Gds ox "oy TS az " (4.169)
Further writing
u=ug+eu; +eluy+ ..., (4.170)

derive the equations for the multiple scale analysis, up to second order in &.

Solution : We now associate one power of ¢ with each additional power of u beyond order

u'. In this way, a uniform expansion in terms of € will turn out to be an expansion in

powers of the amplitude of the oscillations. We’ll see how this works below. We then have

1 d?u

?W+u:alsu2+a2€2u3+... , (4.171)
with € = 1. We now perform a multiple scale analysis, writing
X=pBp , Y=ch¢ , Z=£2p¢. (4.172)

This entails 1 d 9 9 9
- = - 2_
3 do 8X+€8Y+€ 8Z+.... (4.173)

We also expand u in powers of ¢, as
u=ug+eu; +etuy+... . (4.174)
Thus, we obtain

(O +e0y +220,+...)" (ug+2uy +2uy +...) + (ug + ey +2uy +...)

(4.175)
=cay (uy+euy +euy+... )2 +e2ay (ug +euy +2ug+...)° + ... .
We now extract a hierarchy of equations, order by order in powers of &.
We find, out to order £2,
82
O(e") a—;g g =0 (4.176)
1 82u1 82'&0 2
O(e) %2 +uy = _2W +a; uj (4.177)
0%u 0% 0%, 0%u
O(e?) 8—X22+u2:_28Z83( - OYS _28281)( + 2a, ug uy + ay uy - (4.178)
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(e) Show that there is no shift of the angular period A¢ = 27/ if one works only to
leading order in €.

Solution : The O(£”) equation in the hierarchy is solved by writing

uy = A cos(X + ) , (4.179)
where
A=AY,Z) | b=b(Y,2). (4.180)
We define § = X + (Y, Z), so we may write uy = Acosf. At the next order, we obtain
0%y 0A | o 9
— =2— 2A — A
992 + uy Y sin 0 + Y cosf +a; A% cos .
= 22—;}, sinf + 2A g—;ﬁ cos 6 + %alA2 + %a1A2 cos 26 .

In order that there be no resonantly forcing terms on the RHS of eqn. 4.181, we demand

0A o
The solution for u; is then
uq(0) = %alAz - %a1A2 cos 26 . (4.183)

Were we to stop at this order, we could ignore Z = £28¢ entirely, since it is of order &2,
and the solution would be

u(p) = Ay cos(Bo + 1) + %&?alAg — %&?alAg cos(28¢ + 21) . (4.184)

The angular period is still A¢ = 27/, and, starting from a small amplitude solution at
order € we find that to order ¢ we must add a constant shift proportional to Ag, as well as
a second harmonic term, also proportional to A%.

(£) Carrying out the MSA to second order in ¢, show that the shift of the angular period
vanishes only if 32 =1 or % = 4.

Solution : Carrying out the MSA to the next order, O(¢?), we obtain

2 A
—88:22 + Uy = Zg_Z sinf + 24 g—g cos + 2a,; Acosd (%alA2 - %a1A2 cos 20) + a2A3 cos>6
_ 22—2 sing + 2A§—§ cosf+ (§at + Fag) A% cosf + (- gai + fa,) A% cos 30 .

(4.185)

Now in order to make the resonant forcing terms on the RHS vanish, we must choose

0A

2 = 0 (4.186)
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as well as
oY
(4.187)
= 214(ﬁ2 - 4)(52 -1).
The solutions to these equations are trivial:
AZ)=4y , D(2Z)=1y— (B - 1)(B*-)A]Z . (4.183)
With the resonant forcing terms eliminated, we may write
0%uy _ 1,20 1) 43 9
Sz T U2 = (—3af + jay) A% cos 30 (4.189)
with solution
uy = o=(2af — 3a,) A cos 30
(4.190)
= o5 82 (8% — 1) Af cos (3X +3¢(2)) .
The full solution to second order in this analysis is then
u(@) = Ay cos(B'd + 1) + %&?alA% — %&?alA% cos(26'¢ + 2¢,)
4.191
+ %52 (2&% — 3a,) Ag cos(35'¢ + 31,) - ( )
with
=8 {1- 4 (B -1)(8* - 943} . (4.192)
The angular period shifts:
2w 27
A¢:ﬁ:F.{1+§52 (ﬁQ—l)(ﬂ2—4)A3}+(’)(s3). (4.193)

Note that there is no shift in the period, for any amplitude, if 32 = 1 (i.e. Kepler potential)
or 3% = 4 (i.e. harmonic oscillator).

4.7.2 Solution using Poincaré-Lindstedt method

Recall that geometric equation for the shape of the (relative coordinate) orbit for the two
body central force problem is

d?s

W‘l‘S:K(S)

(4.194)
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where s = 1/r, s, = (I?/ k)Y A% is the inverse radius of the stable circular orbit, and

flr)= —krB*=3 is the central force. Expanding about the stable circular orbit, one has
d2y 52 _ 1K//( ) 2 1K///( ) 3 (4 195)
W+ y—§ 80y+6 80y+..., .

where s = 5,(1 + y), with
K's) = (- ) (2)

K"(s) = 62 (1 - 6?) (—°> (4.196)

62

s 2+32
K70 = - P (L)

Thus,

d2y 52 . 2 2 3 (4 197)

d752+ Yy=€a;y +e ayy" .
with e = 1 and

o =350 5

ay=+g 21— (1+57) .
Note that we assign one factor of € for each order of nonlinearity beyond order y'. Note
also that while y here corresponds to u in eqn. 4.165, the constants a o here are a factor
of 4% larger than those defined in eqn. 4.166.

(4.198)

We now apply the Poincaré-Lindstedt method, by defining 8 = € ¢, with

P =MW +eW+203+... (4.199)
and
Y(0) = y(0) + ey, (0) + € yo(0) + ... . (4.200)
We therefore have p p

and
(B + e+ + ... ) (vh + eyl + v + .. )+ 8% (yo + ey + Eyp +...)

2 3
:eal(yo—l—ey1+e2y2—|—...) +62a2(y0—|—ey1—|—e2y2—|—...) .
(4.202)

We now extract equations at successive orders of €. The first three in the hierarchy are
Q(2) yg + 52 Yo=0
QP ys + Byl + By, = a3 (4.203)

Q%y8+9%y/1/+9(2)yé/+52y2 :2@1?4091‘1“1298 )
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where prime denotes differentiation with respect to 6.

To order €, the solution is Q2 = 42 and
Yo(0) = A cos(6 +0) , (4.204)

where A and ¢ are constants.

At order €', we have

B2 (ul +w) = Oy + ay
= Q% A cos(0 + ) + a; A% cos*(0 + 9) (4.205)
= O A cos(0 +6) + 5 a; A* + § a; A% cos(260 + 26) .

The secular forcing terms on the RHS are eliminated by the choice Q2 = 0. The solution is
then
a1A2

yl(e) = 252

{1 — Lcos(20 + 25)} . (4.206)

At order €2, then, we have

52(y§/ —|—y2) =03 v — QFyl + 2a;y1y; +ag Z/g

2 43

= Q3 Acos(f + 6) + ag;l {1 — Lcos(20 + 25)} cos(f + &) + ay A3 cos? (0 + 6)
5 2A3 2A3

_ {Qg + géz +3 a2A3}Acos(9 o)+ { = “6152 +1 a2A3} cos(30 + 30) .

(4.207)
The resonant forcing terms on the RHS are eliminated by the choice
03 =~ (3672l + fay) A°
= -4 (-5 51— +3(1+5)] (4.208)
— LB (1- ) (4— ).

Thus, the frequency shift to this order vanishes whenever 82 = 0, 82 = 1, or 82 = 4. Recall
the force law is F(r) = —C 15°=3 0 we see that there is no shift — hence no precession —
for inverse cube, inverse square, or linear forces.

4.8 Appendix III : Modified van der Pol Oscillator

Consider the nonlinear oscillator

i+e(@'—Di+z=0. (4.209)
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Figure 4.16: Sketch of phase flow and nullclines for the oscillator # + € (z* — 1) & + 2 = 0.
Red nullclines: ©¥ = 0; blue nullcline: & = 0.

Analyze this using the same approach we apply to the van der Pol oscillator.

(a) Sketch the vector field ¢ for this problem. It may prove convenient to first identify the
nullclines, which are the curves along which & = 0 or v = 0 (with v = ). Argue that a
limit cycle exists.

Solution : There is a single fixed point, at the origin (0,0), for which the linearized

dynamics obeys
d €Ty 0 1 T 4
()= (% (%) +outn o

One finds T = € and D = 1 for the trace and determinant, respectively. The origin is an
unstable spiral for 0 < € < 2 and an unstable node for € > 2.

The nullclines are sketched in Fig. 4.16. One has
1 =z
x v , ) G R ( )
The flow at large distances from the origin winds once around the origin and spirals in. The
flow close to the origin spirals out (e < 2) or flows radially out (e > 2). Ultimately the flow

must collapse to a limit cycle, as can be seen in the accompanying figures.

(b) In the limit 0 < ¢ < 1, use multiple time scale analysis to obtain a solution which
reveals the approach to the limit cycle.

Solution : We seek to solve the equation

i4+x=ch(x, ), (4.212)
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with
h(z,) = (1 -2 . (4.213)

Employing the multiple time scale analysis to lowest nontrivial order, we write 7|, = t,
T = et,
rT=xy+ex; + ... (4.214)

and identify terms order by order in e. At O(e"), this yields

2
a_x; + Ty = 0 = Ty = Acos(TO + gb) , (4215)

where A = A(T}) and ¢ = ¢(T}). At O(e'), we have

82331 (92%0 8950
—2—|—33‘1:—2 +h<$0,a—%>

0A . 0o )
= 28—T1 s11a(9—|—2Aa—T1 cos + h(Acos,—Asin6) (4.216)

with 6 =T, + ¢(1}) as usual. We also have

h(Acos,—Asinf) = A’sinf cos ) — Asin 6
= (§4° — A) sinf + & A”sin 30 + & A°sin56 . (4.217)
To eliminate the resonant terms in eqn. 4.216, we must choose

99 _
or,

0A
il /R N 1
o1, ’

L 0. (4.218)

D=

The A equation is similar to the logistic equation. Clearly A = 0 is an unstable fixed point,
and A = 84 ~ 1.681793 is a stable fixed point. Thus, the amplitude of the oscillations
will asymptotically approach A* = g1/4, (Recall the asymptotic amplitude in the van der
Pol case was A* = 2.)

To integrate the A equation, substitute y = %A% and obtain
dy ! Y’ >
dly = —— = =dIn = (T = — . 4.219
Py(l-g?) T 12 1) 1+ (yg 2 — 1) exp(—2T7) (4.219)
We then have
< 1/4

A(Ty) = 84 Jy(T)) = : 4.220
@) )=\ 13 (845% — 1) exp(—2T7) (4.220)

(c) In the limit € > 1, find the period of relaxation oscillations, using Liénard plane
analysis. Sketch the orbit of the relaxation oscillation in the Liénard plane.
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Figure 4.17: Vector field and phase curves for the oscillator & + € (z* — 1) & + z = 0, with

e = 1 and starting from (xg,v9) = (1, 1).

Figure 4.18: Solution to the oscillator equation &+ € (2* —1) 42 = 0 with € = 1 and initial
a relaxation oscillation for this moderate value of e.

conditions (z, vg)
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Solution : Our nonlinear oscillator may be written in the form

dF (z)

T +e€ at

+2=0, (4.221)

with
Fz)=12" - . (4.222)

Note F' = (z* — 1) &. Now we define the Liénard variable

+ F(z), (4.223)
and in terms of (x,y) we have
= e[y - F(az)] . g=-2 (4.224)

As we have seen in the notes, for large ¢ the motion in the (x,y) plane is easily analyzed.
2(t) must move quickly over to the curve y = F(z), at which point the motion slows down
and slowly creeps along this curve until it can no longer do so, at which point another big
fast jump occurs. The jumps take place between the local extrema of F(z), which occur
for F'(a) = a* —1 =0, i.e. at a = £1, and points on the curve with the same values of
F(a). Thus, we solve F((—1) = 2 = £b° — b and find the desired root at b* ~ 1.650629. The
period of the relaxation oscillations, for large e, is

F’ b
T~ 2e/da: Flo) _. [%x‘* —2In x] ~ 2.20935 ¢ . (4.225)
x a

(d) Numerically integrate the equation (4.209) starting from several different initial condi-
tions.

Solution : The accompanying Mathematica plots show x(¢) and v(t) for this system for
two representative values of e.
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Figure 4.19: Vector field and phase curves for the oscillator & + € (z* — 1) & + = = 0, with
e = 0.25 and starting from (xg,v0) = (1,1). As e — 0, the limit cycle is a circle of radius
A =814 ~1.682.

Figure 4.20: Solution to the oscillator equation i + € (4 — 1) 4 + 2 = 0 with € = 0.25 and
initial conditions (zg,v9) = (1,3). «(t) is shown in red and v(t) in blue. As e — 0, the
amplitude of the oscillations tends to A* = 8'/4 ~ 1.682.



