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Abstract

Abstract

In this paper, several nonlinear properties of weakly nonlinear oscillation
equations are studied by using the multi-scale method.

The first chapter introduces the research background, domestic and foreign
research progress and research purpose of this article.

In Chapter 2, we study the multi-wave initial value problem for the weakly
nonlinear Klein-Gordon wave equation. By using the multi-scale method and
introducing the formal asymptotic expansion of the solution, the quantitative
relationship that the first approximate solution of the equation depend on the velocity
of wave propagation is obtained. The results show that the propagation velocity
(phase velocity) of wave is larger than that of wave propagation deduced by single
initial wave. Finally, Mathematica is used for numerical simulation, and the
simulation results show that the multi-scale method is efficient.

On the basis of the research in the second chapter, the third chapter discusses the
problem of single plane wave and double wave initial value with three-sided weak
nonlinear terms and five weak nonlinear equations. In the first section, the problem of
individual plane wave initial values with three-way weak nonlinear terms and five
weak nonlinear equations is considered, and the frequency range characteristics of the
first approximation solution and wave propagation of the equation are obtained by
means of multiple-scale methods. In the second section, considering the problem of
double-wave initial values with three-way weak nonlinear terms and five weak
nonlinear terms, similarly, the first approximate solution of the equation is obtained
by using multi-scale method, and the results show that the frequency characteristics of
the solution become more complex due to nonlinear factors when multi-wave
propagation.

In Chapter 4, Duffing-van der Pol oscillation equation with cubic weak nonlinear
term and external excitation term is studied. By using the multi-scale method and

introducing the formal asymptotic expansion of the solution, the first approximate

II



Abstract

solution of the equation, the dependence of the amplitude and nonlinear effect of the
system, and the dependence of the amplitude and frequency parameters of the system
are obtained.

Keywords: Wave equation; multi-scale method; nonlinear property; asymptotic

expansion; first term approximate solution
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o,u(x,0)=a,m, sin(k,x)+ a,w, sin(k,x).
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u(x,t) = f; A(k) &R0 gk + JiB(k) /e g (2.2)
A AR B2 ISR AF e R, A, R A EER. 8L 5I A
EZ NS
0 =hkx—owt,x, =ex,t, = &, (2.3)
M55 HEZ 1 Klein-Gordon 3% 5 77 1% I f# 1JE X il fg I 20
u(x,t) ~uy(kx —ot) + suy (x,t)+---. 2.4
531 55 E 28 PEKlein-Gordonit 5 5 F2 1) 18 T ALL A N

u(x,t) ~ acos(kx — Awt). (2.5)
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Je It
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u(x,t) ~ oy cos(kyx —A ) + o, cos(k,x — A, w,t). (2.10)

J
|
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0, Uy (x,,0,x,,0) = @y sin(kyx; ) + o, 0, sin(kyx;) + o305 sin(ksx, ).

R (2.19) W@ E
uo = Ai(x2,22) €08(@)) + A2 (x2,12) €08(@,) + A3(x2512) COS(¢3). (2.20)
A



3 % Klein-Gordon i 5 7 72 2 B £ 48 1 AR 26 e

¢ =kix1—ort1+ 01 (x2-12),
By =krxi—wati+02(x2,12), (2.21)
dy=kyxi—wst1 +03(x2,12)-

/H\:EP’ Al’ AZ’ A3’ 01’ 02’ 037\%?%?:)(2’ tzE@ff%lgliﬁ, #Eg‘ﬁjﬁﬁ/@%ﬂﬁlﬁ%

4, AP
A1(x2,0) = a1, 42 (x2,0) = a2, 43(x2,0) = a3 (2.22)

01(x2,0) = 02(x2,0) = 93(x,0) =0. (2.23)
AP (2.13) PRIART O(e) T, 153
8ilu1 = aflul +u; =20, 0, uy+20,0, uy + ug. (224
M (2.24) a7 LLAS 2]
up = %(Af + 24,45 + 24,43 ) cos(¢) + %(Ag +24, A7 +24,437 ) cos(¢,)
+%(A33 + 24, A% + 24,43 ) cos(¢;) +%Aﬁ cos(3¢,) +%A23 cos(3¢,)
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T % A A5 (A; cos(¢y —245) + A; cos(y +2¢3) + A, cos(24 — ;)

+ 4, cos(24; + 4) +%A2A3<A3 cos(y —24) + A cos(y +24y)
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(2.25)
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u ~ o cos(kyx — Lawyt) + o, cos(k,x — A, wyt) + a5 cos(kyx — Aywst). (2.31)
A
A = 1+3—€2(0512 +20522 +20{32),
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A =1+3—‘92(0522 +202 +2a2),

o (2.32)
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8w,

WA IRER ], A=A AEN, o — DRI 22 52 31 5 Sh AN
UECM, WL, SIS DN BHIAAAE S AR IR RRE . O Bk B
FRARI IE R O .

A, — B, XFEA n DR EIE Y

Ou=0Mu+u+en,

u(x,0) = Z a; cos(k,x), (2.33)
i=1

0u(x,0) =" a;, sin(k,x).
i=1

WAV =Bk 0T, I (2.15) M2 ERE, H2E RN E UL
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8a; Jj#i

WHFCA KRB, £ 2D PALSRIN, Hh— DL R =52 20 73 4 2
s, R, AN MR 2 A B IR D BT i
PARIF IR CRHIED .

23 BEMHRE
ANTWUEAR R 2 EREFEPAE KM, AL 4E 24
Klein-Gordon 7% 2/) /5 72 B #]H ] 3t

Ou=0u+u+eu’,
u(x,0) = a; cos(k;x) + a, cos(k,x) + a5 cos(kyx), (2.36)
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. 1 1 ATRAR Y, TARAEI A x=+10 4bH B T APk, 3% J2& i1 T Mathematica
FEBUE SR AR 52 3 B 3 W BN LA . 28 EAl4g, RSO 2 R EETT
2010 9544t Klein-Gordon 51 75 12 1) 2 W A% 3 HAT U A Rk
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FEE DRSS T R R AR R R

B8 DRGNS TR IR T
3.1 515

A E R, JATREE, X §5AEL& Mt Klein-Gordon AR, 1E£
BALHERS, o — DAL RN 22 2 A2 DB, B 53402 N BHIA
FESAEAF I AL R T OFHIED B O SRR T (D)« AREE %
& B S IR S AR I B 5 RE A 7]

Ou=0u+u+ew’ +u’),— o< x<c,t>0,
u(x,0)=F(x), 3.1
ou(x,0)=G(x).

fE E—F MR B, i B SR G T e, IR IR AR AR R AR 1Y
ARV o B R o ATl e A A ) 22 RS, DR m R Sg AR AR T iR
P AP T EATEL [ REURT XU A 1F) R, 45 0 B e R 5 A Btk i 5 7 R A% i id
EL NPT ES Ry d
3.2 FRFF SRR BN IR BB EK )& )R

% 8 HA LR GG AR LB B 7 AR 0 B 1 T AR 1) AL

Ou=0u+u+e(w’ +u’),—oc< x <oc,t >0,

u(x,0)=acos(kx), (3.2)
o0,u(x,0)=awsin(kx).

Hbho=v1+k*> Hk>0.

FJINZEHRE
X, =X,xXx, =&X,t, =1,t, = ¢&t, (3.3)
A B s i e ot =X
u~uo(xrt1>x2,12) FEu(x1,t1,x2-12) ++°+. (3.4)
HRE (3.2) A
(0% +5°0% +260, 0, )u=(0; +£20; +260, 0, u+u+e(’ +u’). (3.5

P (3.5) PIAR o()Ti, 153
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8ilu0 = ﬁtzluo +u,,
uy(x,,0,x,,0) = a cos(kx,), (3.6)
0, uy(x,,0,x,,0) = awsin(kx,).

uo = A(xz,12)cOSP. (3.7)

Hrr, ¢=hkx, —at +0(xp,12), AFIORIKT x, Filty AT AL, W6 WIUR %

as
A(x2,0) = &, 0(x2,0) = 0. (3.8

P (3.5) BIAM O(e)Iit, 153
8§]u1 = ﬁtzlul +u, —28x18x2u0 +28t16t2u0 +u8 +ug

= Ouy +u, +2(w0, +ko, )Asing
+2A[(w0, +k8x2)0+%,44+§,42]cos¢ (3.9
+ e A cos(39) + 1 A cos(3¢) + 1 A5 cos(54)

16 4 16 ‘

£ B, AR AR, v R, i

(a)812+k8x2)14=0, (3.10)
A
(wat2+kax2)9=—%A4—§A2. (3.11)

MW A TR (3.10) HIEEAN:
A= A(wx, —kt,), (3.12)
45630 3.6 MNP &M1HS, A REE, IFH A=a, &MEESNTTHE (31D
FRIE AR -
ez—é(glzﬁ +34%)t,. (3.13)

192 FLR 354 2 1 Klein-Gordon 3 51 7 72 IR AR 04 1 T AL -
u ~ acos(kx — Aamt). (3.14)
o
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& S5 4 2
A=1+—(=a" +a).
8w? (2 )

WEFAIRR W], PAEALIRIN, PERAMRIEAH IS, IRIEEOC, SRS, P

PR d LR

3.3 BRFSSIRE MK B A IR RIBUK )R B) T
% 8 TR §93E LM Klein-Gordon 3% 30 5 R B X WIAE iR 2 «
Qlu=0u+u+e(’ +u’),— o< x<wc,t>0,
u(x,0)=a, cos(k,x)+ a, cos(k,x),
o,u(x,0)=qaw,sin(k,x)+ a,w, sin(k,x).
X @, = W%nm: 1+k; » Hk#k,.
He=01, BERFERIHILANE T RREA TR E
U =108k X—wit)+ arco8(kr X — @y ).
FINZEHRE
X, =X,X, =&X,1, =1,1, =¢&l,
AN R 2 I T 2
u~uo(x1,t1,x2,12) + Eur (x15t1,x2,12) +++ -

JIFE (3.15) A

(02 +£702 +260, 0, )u=(0; +£°0; +2£0, 0, )u+u+e@’ +u).

T (3.19) B & Wi, 193]
Giuo =6,21u0 +uy,

uy(x1,0,x,,0) = &, cos(kyxy) + e, cos(kyx,),

W
uo = A1 (x2,12) COS(d)) + A2 (x2,12) COS(¢,).
A A
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¢ =kixi—ort1+01(x2-12),
@, =kaxi—wrt1+ 02 (x2,12)-

Hrb, Ay, Ay, 0,0, ZRT x2 M 6 AT R T WIIE %A
A (x2,0) =y, 45(x2,0) =, ,0,(x2,0) = 6, (x,,0) = 0. (3.22)

P (3.19) Wil e L, 53
6§1u1 = 6,21u1 +u; =20, 0, uy+20,0, u, ug +up. (3.23)
MR (3.21) 153
= %Al(Af +24;)cos ¢, +%A2 (4; +24})cos ¢, +%A13 cos(3¢,)
+%A§ cos(3¢2)+%A12A2 cos(2¢, —¢2)+%A12A2 cos(2¢, + ¢,)
+%A1A22 cos(2¢, — ) +%A1A22 cos(2¢, + @)

7l

U % cos¢1+—5A A; cos g, + 15 < A4, cos g+ A5 cos g, + 45 A5 A7 cos g,

%SA A cosg,+ 56 A cos(3p,) += A )45 cos(3¢) +— = A5 cos(5¢,) +%A25 cos(3¢,)
+ % A5 A7 cos(3¢,) + e A25 cos(54,) + " A14A2[cos(2¢1 +,)+cos(2¢, — ¢,)]
+%A5‘A2[cos(4¢1 +¢,) + cos(4¢; —¢2>]+1§A3A5[cos<¢1 +2¢,) + cos(¢y —24,)]

+ g A A3 [cos(3g, +26,) + cos(3h —2,)]+ g A7 A5[cos(2, +34,) +cos(2¢, —3¢,)]
+§A12A§[cos<2¢1 + ) +cos(24, —¢2>]+§A1A;‘[cos<¢l +24,)+ cos(¢h —24,)]

+%A1A;‘[cos<¢1 +44,) +cos( —44,)].

7E B, SRR A KT G54 =20, Oxy Uy 20, 0y U P H:
HE, 173
(k; 0y, +@;0,)4; =0, (3.24)
A
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1.5 15
(ki 0., +,0,)0, =212 A +1547 43 +?A;‘ +3(47+240)]. (325
Arhiz j. SRR (3.24) HIIEMEN:
4 = A(o.x, —kity). (3.26)

g (3.15) MHIWIIGREIEE, 4 =¥, FH A4 =a,, WLIEKETT
2 (3.25) HEEAN:

1.5 15
(kow, + k)6, = —g[EA;‘ +154°4; +?A;1 +3(4} +24)(0,x, —k t,) (327)
+c,(wx, —kt,).
NI
0, =— ! 5A4+15A2A2+15A4+3 A? 1247
i = %[E i i TS A (4 D, (3.28)

a3 (3.15) FRRIIRSIE, 5 3E R E5ARLE Klein-Gordon 550 757 FE
ERSBUR PN CPSE
u ~ a, cos(kyx — A wt)+a, cos(kyx — A,w,t). (3.29)
A

5 15
A :1+8L2(Ea14 +15ata; +?a§ +3(af +2a3)),
|

A :1+$(§a; +15a5a; +%a14 +3(a; +2a})).
2

WEFAIRRMY, Xt T A TR D5 9 AR AE T A 7 FE A iR L, 32
BSLABB IR, TTRE AR RIS R 2 ARG R e, BIPR AU 22K, T H

EHILT o Fla, M X T alas .
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FEZE  FH5IELETE Duffing-van der Pol PR e E | 35 R s e

AEAEH 2 ERIETE, WA =R 07 553 4R UM — A S0 5B 050 T )
Duffing-van der Pol 772
u"+u+su(’ —Du' +eu’ = F cos(or). (4.1
K FfMo2EH, uRIEFEH, ¢ 2/NSEL @ -Du' NIELMHEHETL
Wt R IRIE -5 AER MRS A REHRIE 50K 2 AR R .
FINZEHRE
t, =t,t, = &t, (4.2)
WRA =07 AR ZNE TR — AN ZMEBEUR) T #) Duffing-van der Pol 772 (4.1)
IR 2 REIE R TN
u(t;e) =uy(t)+su (£)+---. (4.3)
¥ 43 AT @D, 173
(07 +268,,0,+&" 07 u+u+eu(u’ —1)(0, +&9, Ju=Fcos(ar). (4.4
SR (4.4) BIAM & TN RE, 153
0; uy +uy = F cos(ar). (4.5)

AT 3 31 g B3 AR TE 4N

F
uo = A(t,)cos(t, +0(t,)) + . cos(at,). (4.6)

PP (4.4) PIIAH) e TR R4 153
éf]ul +u; =—20,0, u, — p(ug —1)0, u, —uy. 4.7

B (4.6) AR (4.7 735
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BP0 §ydkgkit Duffing-van der Pol )5 FE 1 AR ge bk 1k

Oflul +u; =2A4'cosfsint, +2A'sinfcost, + 2460 cos@cost, —2A460'sin Osin¢,

2

1 . 1 . . .
—,u[—ZA3 cos@sint, —ZA3 sin @ cost, —%A3 sin(3¢, +36) - 5 4 5-cosdsiny

1-w?)
2 2 3
—L”siHQCOS 4 —ALzsin(a)t1 +2t,+26) —F—“sin(a)tl)
2(1- %) 41— %) 41— w?)
34F% P o
—————sinQat, +#, + )+ AF > sin Qat; 1, —9)—F—2351n(3a)t1)
4(1-w") 4(1-w") 4(1-w")
A’F A’F F .
—————-sin(at, +24 +20) + s—sinCet; =24 —29)—A—Fzsm( )
2(1-w?) 4(1-w”) 2(1-w7)
A’F
—————sinQat, —t, -]+ u[-AcosOsint, — Asin O cost, — sin Caot))
2(1—602)2 1 1 ] /,l[ 1 1 1-(02 1 ]
o] ’
—EA3 cos@cost, +§A3 sin @sint, —— A° cos(3t, +36) —i“cosé’cos t
4 4 4 2(1-w?)
2 2 2
314;]:22sin9sint1 34 F2 cos(a)tl)—Lcmos(a)tl+2t1+29)
21— %) 2(1- %) 41— %)
2 2
—%cos( ot, —2t, —26’)—4(?4—1:220%(2@1‘1 +4+60)
- -
AF? 3 3
—3—22cos(2a)t1—t1—6’)—3—23cos(a)t1)— F 5= cos Gary.
4(l-w 4(1-w") 4(1-w")
(4.8)

*w%i@@>mawmuﬁﬁ,ﬁﬁﬁﬁ¢&%m,#ﬂéwzqéﬁl
B, 2 (4. 8) A NIRRT, BT LA R A BRI 2

ﬁi%ﬁ%wz%%%%o%%%A

1
a):§+50'. (4.9)

Her, o=0(0). #30 (4.9 AKX (4.8) 53
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2

5 2c0s6’

. 1
O2uy +u; =[2A4'cos@—2A46'sin @ — p(—— 4> cos 6 —
| 4 2(1- %)

3 3AF?

3 5. )
————cos(30t,)— Acos@)+— A4’ sinf ————sin &
4(1- @)’ (o) "3 2(1-w?)?

F3 . . . 1 5.
+——+———sin(3ot, )]sint, +[2A4'sin@+2 460" cos@ — u(—— A’ sin @
4(1—6{)2)3 ( 2)] 1 [ /u( 4

2 3
oA 53 Si116’—F—z3sin(3<7t2)—Asin6?)—§A3 cos 6
2(1-w?) 4(1- %) 4

3AF? F? 1
—————cos@+————cos(3ot, )]cost, — u[—— A sin(3¢, + 36
2(1_0)2)2 4(1_0)2)3 ( 2)] 1 ;Ll[ 4 ( 1 )

F? 1 3AF?

5
——sin(=t +0ty) ———————sin (=1, + 201, + )
4(1- )’ Ghron) 41-0*? 3 T

2 2
N PP v
4(1-w?) 3 4(1-w?)
A*F 1 AF?

———sin(—¢t, +ot,)+
21— 3 Y 41-0)

sin(gtl —ot, +26)

1 1 A’F 1
sin(=1, + ot,)]—— 4> cos(3t, +30) —3—2cos(—t1 +oty)
3 4 21-0%) 3

+

1-w?

~ 3A%F 3A%F
4(1-w?) 4(1-w?)
2 2
—%008(21‘1 +2012 +9)-%COS(%Z‘I —2012 +9)
- —Q
3F3
41-w*)?

COS(%Z‘]+JKZ+20)— cos(%tl—w2+29)

cos( %tl +0ot,).

(4.10)
N7 BRI, B
AF? F3
—“cosé’——“costz)
2(01-w”) 4(1-w7)

AF* o
3—22511'194'—23811'1(3012):0’
2(1-w") 4(1-w")

) |
2A’cos0—2/16”s1n6—u(—ZA3 cosf —
3
—Acos@)+ZA sin @ —
(4.11)

Al
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2 3
24'sin0+246 cosO— p(~~ A’ sin@—A—“sinQ—F—“sinGoTz)
4 2(1- %) 4(1-w?)
2 3
—Asin<9)—§A3 cos@—izzcoséwF—“cos(E»atz):O.
4 2(1- %) 4(1-w?)
(4.12)
H= 4.1 f1 4.12) a7
H 3 AFZ/U 2,3 F6
L+ A (A - —fiu (4.13)
(4 2(1- ) #A) (4 2(1- @) 16(1

Rl (4.9) A (4.13) [FR 2 RGHRIE 4 5AELYERN € MR GHRIE 4
5WEZH o Z AR R

2 2
Ear—SE -2y
4 2(8—90 w™ —60¢) 4 2(8-90°w” —60%)

6 6
i 9 F2

16(8—90*w* —60¢)°
RGN (4. 14) v DR R, JELRPERRL ¢ IS o 25200 R G HIIRTE 4

(4.14)

21



SRR ER BT AR [ LR AR R R WF 7T

BhE BEERYE

FE5 ARG F . ERE I 55 AR 25 W) R AR R BAT AR AT W g i RO T,
EJLAEER, 2B T2 ARG MR CAR, JRIR I 1V 2 SRRk sh
JiRE R TR 291300,

AR A A S B B 1 22 RT3, e BT 99 R R PR A1 AR
WA B AN T R YA IR . E5 5, 2 ERUET5L, Wt 7 BA =k
J7 §5 4RI Klein-Gordon 2077 F2 1) 2 WAIME R AL, 49 2005 R (¥ 0L ALLE
WEFEIRR W], 2B LRy, Horh— B AR 2 32 2 3 SN I RE I, sl
RV, TN AL SIS A AL FR . A B I I A AR I PRI (A
) o %, {EH Mathematica HEATAUE T H, 45 RR A K2 ERULTT
IR IR R

RS BN TN, WHE TR =07 99 AR AT 1007 59 4R
LA T )R B0 5 R I B P T B AR ATMEL 1)l o ] 22 EERUBETT i, SR
BT T, 3205 RERE UL, W 708 RAR B B n iy, @ iR
itk G E R 2%, PR, 1y Bk 2 HIURIE 158 3

FHITEHRE 7 HA =07 §5 AR LT SR 35l T ) Duffing-van der Pol #i
ZTRE, R, 2 ERET %, [N E IO, Rtk 4 54k
RN € MAGRIE A SHRSE o Z KB R o 88 RERH, AL
& MR ZH o R AGHRIE A .

Xt HA S e ) 95 A F MR TR B0 U R ) 22 IR I R, A AR 22 7 THHEAS
PATHE— DB T AR, BAMEM 2 ERIETE, EEV 7 BA =IkJ5
§9ARLRAETIAN 1L 7 S5 AR LR IS AR M WHME T o £E5 5 IR FE R, AT
WA AZARHE s R M e AR R, I OB O FOSE 86 . AR B 1 i
BLffi b, FRATHR] DL R — S A 2 i (1 B M PR
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