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YIRS R

MRS BT TG T 19 28 J5 1. PEnS(H. Poincaré)Ss A\ A 51
BEVEM AR . 0T AR MER S Il IR T, Rl TR AR I AR Lk
PEARSN I, — M T IHIEAT 20T e — 2 SEERAT I . SERANE f LSS IE
G, i A — S5 e IR ) R G RE A B 4 ie, Rk
JEBR IR . o) — T TR BRI, X AR P R BN R ST IR 5 T
BB A e R R ik B VR SR R R AT )T
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Wi o ATV — B Ty SR, S 10 B A% S HH RS A A AT i 1)
Wesb>, JEE I REEE L AR MR B R SE I AR AT A

HHT, TEARSAMEARS) 5 a7 (R b i a7 vk 2 s 1-4], 4
o, L-P #Eshik. SFI9vL. KBM ik, ZUSVES . SEhiE 2 g EA /N
SRR, MEZEA TR RS, 1, P2 EAE SN SEL
iAh, BMEATIXREISEL, sl As B AT IE T i BT — A N
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1.2 TP R H

DR P i (HB)VE[1-41 2 SR AR e V4R 2y ) 75048 b7 168 30 J) 39 Af 1) 20
o 17T Fourier U@ ARSI JT R . B SR Ry
RUBANEER ARG R P e I N o, BUANEER R h & /5
o & LA LUR T IR i — AR S e B AT A AR I 5 A
TR AR S IR AR LR AR R AL, IR T s R BRI M R 4%
N IE ) A A R 7 R A, A IAZ T VA SRATGR i A 23 o) S It o 32 3
T[S, 6]

AR LR R, e g Y T S I T A, e PR
WPBCPHVAT]: A BARDCP BR8] kT o LR e R 7 1 i e 1
Hr5[9]: PN TA] RO BE 1 I P AT [10]55 . Ak, Lauetal. [11] $&H 7145
BT (THBYE 1207 0] FH RS 7R 45 K (¥ A 9 30 o) 7. SR T, THB
JHEIE R RTI H O EAR G AR ) IA 2 . Wu etal. [12] 32T
ANAE BTG (LHB)E, 25 RS R AR S TR S T AL Settk ik, 5]
WA ZMAL T 7. HAT, LHB J5ik Ok 17— R 519E
MRS IR B [13-16]0 #RIMT, LHB J57A[12- 1614 T4 37 s i 10 A A e e
JE AR, 33K 2 DR kg 2% 7 ¥ S S e A 30 AR B 75 AR AT SR A 52 2 1) DG T A
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BT, Wuetal. [19] $#H T At s AR Gtk e ) SR Ge A J4 1A
AW (NHB)E, 20722 18 4 G AR (Ze Ak J7 v AP
FAFEIR . NHB J5i2 Gl —olesleny, A0 JLAD a7 B frg s AQ R T
SR LT E T, B0 R T 17 B MBS R A AN 2 AR e
AT - NHB J77% U T AEZE 1 jerk J7#2[20], Duffing-Harmonic
PP [21], FEBAE v K st E 4 22 b S L RIS Bl FE[22] 55 oA 2k
PEPRB) . T2 ), IR LSk 1A [ 12-16, 19-22]475 7 Pk
SITRAIREIFT AL R — 0 SO 5, Wu et al 2 BiliE I £
EIE VR IE LT [23 R 7324, 251 R EACKE LHB J7A R NHB J5
B AR RN IR R

1.3 AL FEETAE

AR R I A e PR ST T o0 Rl 1 AR AT 3 A
B B 1 P RO 2 AR SRR A AR ORI T R K
AR e B2 R R0 1 B R 43 A1 B RISl 37 by S PR e AT
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BFE FUNEBCFEIE

2.1 )@
BN AR L RS R G

i+ fu)=0, u(0)=4, u0)=0 2.1)
A, “7 BRI e SRAT, R T RE - f(u) 2w 1A R B
fw)=—fW), Buz0Muf()>0. B, u=0 RGP L, &
GO AEXTRIX (] [~ 4, A] AR

A% 2 (] ek 7 A A R L HR B R (2. 1) AT A A SR S g g 2
WP [19]

2.2 HRHR e A
SINFA R =0, WITFEQ.DA

Qu"+ fu)=0, u(0)=4, u'(0)=0. (2.2)
X, 7 KR F AR RTHQ=0" FIAE FEIEREE T F(2.2)
(IR T 7 (KA 2 A F 00 e 0 b e ARSRMESR B IRIR 0 =,
WIT =27) 0 I u(r) FRACH T RIAGIRIE 4 o HHT f(u) 2 u K77 R AL,
HOTREQ.2) ) 5% u(7) I Fourier Bk s, AXF ¢ W HOofe T471E,
Rl

u(r) = ihm cos(2m—-1)r. (2.3)

A B IRE BT, BOTREQ2.2) T AGE Il



u,(r)=Acosrt. 2.4)

T AR f(—u) =—f(u), f(Acost) "] FEFF AU T Fourierd £%

f(Acost) = Zazn_l cos(2n—1)r (2.5)
n=1
X
4 oz/2
ay, = —J‘O f(Acost)cos(2n—Drdr, n=1, 2, - 2.6)
V4

FRQAHMQS)ATTHE2.2), {E4 K ITIEE N Fourier 204, #4% cost t
MRBCHE, A

—AQ=0. (2.7)
iR IrFEQ2.7), 15
Q(A)=a/A. (2.8)

T, AAUTREQDN S AR ATIE I A 3

T,(A) =27/ JQ,(A) , u,(t) = Acost, 7=,Q(4) 1. (2.9)
NS B AT VAP AV ST T R (2.2) BB A T T A

WY AU, R TREQ.2) I u () AR5 Q(A) Kom A
u=u, +Au, Q=0Q, +AQ, (2.10)
Xfru, Q NIRRT, Au,, AQ NRIIAIES S H Au, K7 127
JidAE . EXQVRNTTFER.2), P& RO T Au, R AQ, ZeEAL,
Qul'+ f(u,) + AQu! + QAu + £, (u,)Au, =0

Au, (0)=0, Au/(0)=0 (2.11)
A, AR u RN f 0w KRG, R Auy 1 AQ, AT ST
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WisE. M f,(—u)=f,w), % f, (u,) KIFourier FETFHH N

/. (ul)z%o+2b2n cos2nt (2.12)
n=1
A
by :ijoﬂ/zﬁ (u,)cos2(n—Nrdzr, n=1, 2, - (2.13)
7

N T BT AR, AW L TR QAT Auy ()
Au,(7) =x,(cost —cos37). (2.14)

#(2.5), (2.9), QIDMQAIHRATTFE2.11), 4R TTHEREA Fourier
28, 45 cost Ml cos3r WK RE R AZE, H

2a, - 24, + (b, —b, —2Q)x, —2AAQ, =0, (2.15)
(b, + b, — b, — by +18Q))x, + 2a, =0. (2.16)
FEICT x, K1 AQ, I ZHEARKOTT FE . (2.15)F1(2.16), 15

X, (A) = —2a,4” |D(A),

AQ, (4) =—a;[ (b, —b,) A—2a, | [D(4) (2.17)
A

D(A) = A[ (b, +b, —b, —b,) A+18a, .

PRI, 7R D)2 AN I ) 401 R0 o 1At Ay

T,(A) =27/ JQ,(4), Q,(4)=Q,(A)+AQ(4),

uy () =u, () + Au, () = X (A)cos 7+ Y(A)cos3r, 7=,JQ,(A) (2.18)
A

X(A)=A+x,(4), Y(4)=—x(4).

A LR R, BED U R T R Ze M ACEO RE A RV w) e 37 B vy



MR BT IE T AR o 5 2E45 R, ARV 2 15 BENS RO N D — A
IRHE IR U WAL T PR K Fourier RAE & REWS K H 8l 5y 3R o R
73 A KR Fourier 2 SOUE 3R H BN BESK H AR AL, W L% Rk 2 il R A
T I AR T A= e P A SR i
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3.1 i) @ tid

LERFFUR A TR RGN ARG B 8 il R, 538 BN R 40 4K
T B A AR L PSR B 1) [ 16, 26-30]

3[16, 28, 2917% L& ) 0 BRI T4

i +sign(u)|u|” =0,u(0) = 4,1(0)=0 (0< p<1) (3.1

X, p=n/m NEIIE, Wp=3/4,2/3,1/3--

JUE S BRSNS D (¥ Fourier 3R 30T LAJE ok 58 46 7% B 30K
[16], {HIEHISH R RN AR ERIR TFARTE, RIGFH
PP Y YAV S AR T 30 SR R A

N, p=1/3, p=2/3F p=3/4 KB EAANH AW B V75
VEE Sy BRI (RS o

3.2 MR T+ sign(u)|u|1/3 = 0 KA B UL R

F I8 NI [ 16]
ii +sign()|u” = 0. (3.2)
FINFAZE T =0, WITFG2)ZEH
Qu") +u=0,u(0)=4,u'(0)=0. (3.3)
L, 7 RRXHIALE RS, Q=0 B WIERUERTFL(3.3)
I 2 2% T o B LA 270 DAy Sl ST %) Jed S0 o e, R 2 0 st Al e M i 20 )
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w=Q", AT B u(r) TR TR0 4 o
AT AT BT E B AL 7 FR(3.3) A IRIE I
u,(r)=Acosr. 3.4)

PG HRANTTHEB.3), L RITTFERE A Fourier 44k, 54 cost Wi &
BOAE, WS

4

Q=17 (3.5)
e, JIRR(3.2) B AN IE T A SR JE Sk

T,=27/Q° ,u,(t)= Acost, 7 =Q}°. (3.6)

T4 B AT VR RN N T R (B.3) I B AT IE T AR
e AT, R TR 3) I AR (o) FIARER IR 7N IR TT Q(A) Komh
u=u,+Au,Q=0Q, +AQ, (3.7
X u, O NBRAIFESY, Au,, AQ AR IE > B Au, K7 127
FIIE A G DRNTTFEB.3), PR 45 R TR T Au, T AQ, Ze P4k,
%

(Q, +AQ, ) (uf) +39, () A +u, +Au, =0, Au, (0) = 0,A, (0)=0. (3.8)
A, FEKRI Au, M1AQ, R BB ETERE . ik, G2 J7RE(3.8)
WA 1) Au, () H

Au,(7) =x,(cost —cos37). 3.9

¥ 3X(3.6), BHRNTTFE3.8), 45 R FE/E N Fourier 2044, 14 cost All
cos3t W R M ANE, H

28x, —34°AQ, =0, (3.10a)



196x, — A(4+34°AQ, ) =0.

FEICT x, K1 AQ, 2 AR FE41.(3.10), 15

A 28
X =—

L AQ =
41 1234
DRI, TR (3.2) R 5 A i b 3 A e ST R A A

64

I=27/Q, Q,(4)= 7

u, ()=, (z)+ A, (7) = X (A)cosz +Y (A)cos3r, 7=Ql° 1.

A

w4, 4
41 41

3.3 FELRHEIRT ii + sign@)|ul” = 0 IFENTIELT 7

BN TR
i+ sign(u)|u|2/3 =0.

FINFAL R T =t , KRB I3)ZIEN
Q(u") +sign(u)u® =0,u(0)=4,u'(0)=0

(3.10b)

(3.11)

(3.12)

(3.13)

(3.14)

L, 7 RoRAHAZ R KT, Q=0 B FERESTHEG3.14)
(R 5C T 7 IR RA 22 D J ST ACD o 300 ek 0, AT 1) D Al e P 3 3 110 3 %

w=0", FIMIT KRR u(r) HARI T IR A o
A B IRE BT, O REG.14) A dRIE L

u,(r)=Acosr.

10

(3.15)



P BAHRATTHEB14), B RTTFEREN Fourier 4%, % cosz Wi
32

e, A TTRR(3 A3 EE — AN E AT A TR A A

T, =27/QV° ,u,(t) = Acost, 7 =Q) . (3.17)
N IS A VAR BT L N T R (3. 14) ) B A AT E A

filto BRI, K ITREG 1A IR IR w(r) R K 7S IR0 Q(A4) %

I~

w=u, + A, Q=Q, +AQ, (3.18)
Kefu, O WIRIEEIS, Au, AQ WIRIKEIE S H Au, 7 10127
g RGN TTFEB.14), FRE4E R TR T Au, M AQ, 2t
., 1%

(9, +A0,) () +39, () Auy'+sign (u, )u? +2Ju,|Au, =0,

Au, (0)=0,Au,(0)=0. (3.19)
A, BRI A, MTAQ K BB E . D9k, BUH 2 5 FE(3.19)
FIHIZAEI) A, (7)

Au,(7) = x,(cos T — cos37). (3.20)
F:(3.17), (3.20)fRA T FE(3.19), 45 K7 2 JyFourierdhi £, Fi4 cost
Fl cos 37 Wit RE A%, A
1604 —45 A7), — 45 ATAQ + (256 + 270 A7), )x, =0, (3.21a)

2244 -105A4270), —105A7AQ +5(~256 + 107147, )x, =0 . (3.21b)

fEICT x, R AQ, M ZHEAREUT FE1.(3.21), 15
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L 4484
L 5632+1417547Q),

262144 830800472, + 2126254°1°Q)

AQ, -
84480Ar —2126254°7°Q),

AL, T RE(3.13) I3 A A 3 4 S0 A0 A e A

80288
20985 Ar

T, =27/Q° ,Q,(4) =

u, (t)=u, (v)+Au, (r)=X(A)cost+Y (A)cos3r,c=Q)° ¢.

A
yol4134 144
1399

1399

34 FELEHERRT i+ signGu* = 0 HIRBHTEI AR

% B8 N RIS RE

U+ sign(u)|u|3/4 =0.

SINFIAR R 7 = oo, FRREITRER.24) 205 el K

Qu") ~|uf =0,u(0)=4,u'(0)=0

(3.22a)

(3.22b)

(3.23)

(3.24)

(3.25)

A, 7 RO E T KT, Q=0 B ¢ KRR T (3.24)

(IR DG T ¢ Lk 2 b IR LSRR 4. R MRS IR 0 = Q'

JESAT B J5 SYI0E (o) FRAASE T3 A
AP B IRE BT, O RE(3.25) A AR

u,(r)=Acosr.

(3.26)

B B.26) AN TTHE(3.25), 4T RTTREE N Fourier B4, 4 By =%,
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=
&3

Q,(4) = ;jﬁ (3.27)

T, JTRR(3.24) IR AT IEAT I R A
T, =27/Q u, ()= Acost,7 = Q% (3.28)

NI S W VA RS T AT VA L T R (3.25) I S AN AT E I
filto BTSRRI, R ITRE3.25) B IR w () AR ) )\ IR T Q(A4) &
NA
u=u, + A, Q=0 +AQ, (3.29)
Kfru, Q NIRRT, Au,, AQ ARIIA IS H Au, 7 127
F e . BB 29ATTHEGB.25), HRERTFERT Au, FTAQ, etk
., 14

(Q, + A0, ) (u]) +42, (u) Au~|u,|” —3sign (u, Yuldu, =0,

Au, (0)=0,Au](0)=0. (3.30)
A, R A, FAQ, W] HHE BT AT E . O T 3R 58 AN IE T
filt, A4 LT REB.30) PRSI Au (7) A
Au, () = x,(cos T — cos37) . (3.31)

#0328 MB.3NRATTFE(3.30), 45 R T FE e IF A Fourier e 5, 4
W cos 2t WM R BN, H

—16644%x, +4574°AQ, =0, (3.32a)
1124 -26336x, +31574°AQ =0. (3.32b)

fEICT x, R AQ, 2 HEAREUT 12 41.(3.32), 15
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T4, 5824

018 T T 2065547 (333)
DRI, TR (3.24) B 58 AT IE I S 1A A 0

T,=2z/Q",

u, (t)=u,(7)+Au, (r)=X(A)cost+Y(A)cos3r,r=Q} t (3.34)
A

%= Togssar” ¥ o ' o0

3.5 — M HCR ARG IR T KT R IT AR
ST REG DA BTG T R, BATTRE 2 20 2 LU P R 0L

g

D) Hm hFEE, TRGC.HEN

Q(u")" +sign(u)fu" =0,u(0)=A4,u'(0)=0 (3.35)

A, 7 FORHAR R KT, Q=0 KRS p=1/3Fp=2/3

. T2 ERRE, T35 N Z AL T RE N
(9, +A0, ) ()" +m€, (u?)"™ Auf +sign (u, ||+ nlu, | Au, =0,

Au, (0) = 0,Au/(0)=0. (3.36)
2) Hm ABEEN, TEGCDEA
Qu")" —|u|" =0,u(0)=A4,u'(0)=0. (3.37)

L, 7 RRXNFHLR KT, Q=0 KPLFEE p=3/4HF.

BT RN, JTREQ36) MM I TT RN
(Q +AQ, ) (u))" +mQ, (u,f)m_1 Au} —|u,|" = nsign (u, )|uk|"_l Au, =0,
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Au, (0) = 0,Au (0) =0

BB T REG. DA B I R I T, [31]

1

4 2(1—p)7rr(jAl_2p

p+l1

_ I-p
(1 p)r(2+2p]
A, T() R

I(4)=

(3.38)

(3.39)

KA g A T A T, SRS 8 T, (3.39) 1 b T-363.1. K3.1K M

A A AT A 3L A AT AR v (VA A L o

R 3.1 BENTEIE SR A B

p T,/A" " LT, L/T,
/4 6.13019 1.00922 0.999639
57 6.10813 1.01889 1.00257
23 6.07863 1.01255 1.00025
3/5 6.03718 1.02195 1.00049
12 5.97467 0.990007 0.993446
37 5.92979 1.03596 0.998399
13 5.86966 1.02034 0.993880
1/ 5.81679 1.01103 0.973650
15 5.78495 1.03626 0.985695
16 5.76368 1.02737 0.964364
17 5.74847 1.04690 0.983110
18 5.73705 1.03885 0.963546
1/9 5.72816 1.05453 0.984296
1/10 5.72105 1.04729 0.966687
11 5.71522 1.06032 0.987365
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WMAa=1. ¥ p=3/4, p=2/3, p=12, p=1/3, p=1/aFlp=1/5
SK I (K5 A R S A0 e, () DAL AR 5 D 2 3. 1) R A5 R T30 A1 S M08 e, ()
() 26— NN 390 PR T T PR3, 1-3. 61 o 3K 2% ] 2 A AR 0T B
w, (¢) A B v RO RG 5

Periodic solutions u(f)

Time ¢

Bl 3.1 &fEE A B RS I R BRI (p =3/4,4=1) .

Periodic solutions u(z)

Time ¢

B 3.2 &fEET A B RS R (p=2/3,4=1) .
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Periodic solutions u(¢)

& 3.3 &AL A AR R (p=1/2,4=1).

Periodic solutions u(f)

Time ¢

&l 3.4 SfETEE AR R RNER (p=1/3,4=1).
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Periodic solutions u(f)

Periodic solutions u(?)

Bl 3.6 SARHTIEL ARSI AR (p =1/5,4=1) .
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Wi o B ST > R R T P RO 2 AR, AR R AR T
(RPN T ATk A g R N 1Bl BOR G (Nt BN A 2 vA o € 5 R EIVA L
b AT A o

2 R g e AN DOR U B ELAE p < 1DIFSEIE 1IN AR AR e (IR 1

FEREo AEAE p << 1IN, 25 IR MR BEAN R, 5 2t — DI
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Abstract

Analytical (approximate) solutions can supply explicit expressions of the
solution and allow the direct discussion of the influence of parameters and
initial conditions on the solution. The analytical approximate methods are
important methods. The perturbation method is one of the most commonly
used analytical techniques for solving nonlinear oscillations with a small
parameter. However, the use of perturbation theory in many important
practical problems is invalid, or it simply breaks down for parameters beyond
a certain specified range. In many cases, one can apply the harmonic balance
method to determine analytical approximate periods and periodic solutions to
the conservative single-degree-of-freedom nonlinear oscillation systems with
odd nonlinearity, even these analytical approximations are valid for larger
amplitude. However, applying the method of harmonic balance to construct
higher-order approximate analytical solutions is very difficult, since it requires
analytical solution of algebraic equation(s) with very complex nonlinearity.

Newton-harmonic balance method is an improved HB method. The most
interesting features of the Newton-harmonic balance method are that it can be
used to construct analytical periods and periodic solutions with high accuracy,
and requires solution of simple linear algebraic equations only instead of
nonlinear algebraic equations without analytical solution. In this paper,
analytical approximations to the fractional power nonlinear oscillators are
constructed.

Consider the following nonlinear equation
ii +sign(u)[u|” =0,u(0) = 4,1(0)=0 (p<1) (D)
where p =n/m is a fraction, such as p =3/4,2/3,1/3---

By introducing an independent variable z = @¢ , and Eq.(1) can be rewritten

as



Q(u")" —[-sign()]"[u]" =0,u(0) = 4,1(0)=0. )

where a prime represents derivative with respect to7 , and Q = @>". The new
independent variable is chosen in such a way that the solution to Eq.(2) is a
periodic function of 7 of period 27 . The corresponding period of the

nonlinear oscillation is given by 7T = 27/w. Here, both the periodic solution

u(7) and frequency @ dependonA.

1. mis odd
Equation (2) can be rewritten as
Q(u")" +sign(u)u]" =0,u(0)=4,u'(0)=0. (3)
Following the single term HB method, we first set
u,(r)=Acosrt 4)
which satisfies the initial conditions in Eq.(3). Substituting Eq.(4) into Eq. (3),
and setting the coefficient of cosz to zero. Solving the equation in unknown
Q yields the first analytical approximation Q of €. Hence we get the
initial approximation of Eq.(3) as
T, =27/Q0°™ Ju,(t)= Acost,7 ="t . (5)
We can obtain further approximate solutions to Eq.(3) by combining

Newton’s method with the harmonic balance method. The periodic solution

u(r)and 2m power of frequency @ of Eq.(3) can be expressed as

u=u, +Au, ,Q=Q +AQ,, k=12, (6)

where Au, is the correction part to be determined later, they are periodic

functions of 7 of period 27 .Substituting Eq.(6) into Eq.(3), and linearizing

the resulting equation with respect to the correction terms Awu, and ACQ,

yield



(Q, + A0 ) (u])" +mQ, (u])" Au) +sign (u )|u,|" +nlu | Au, =0,
Au, (0) = 0,Au! (0) = 0. %)

The HB method will again be applied to solve Eq.(7) for Au,and AQ, .

The Au,(r) in Eq.(7) can be set as

Au, (r)=lz:‘xi{cos[(Zi—l)z':I—cos[(2i+1)r]}. (8)

Substituting Eq.(8) into Eq.(7), and setting the coefficient of

cos7,co0s37,---,cos(2k +1)r to zeros .We can get the linear algebra equations
with unknowns x,, x,,---,x, and AQ, , from which we can obtain the (k+1)h

analytical approximate periods and periodic solutions.

2 mis even
For this case, Eq. (2) can be rewritten as
Qu")" —|u] =0,u(0)=4,u'(0)=0. 9)
Following the single term HB method, we first set
u,(r)=Acost (10)
which satisfies the initial conditions in Eq.(9). Substituting Eq. (10) into Eq.(9),
and setting the constant term to zero. Solving the equation in unknown Q,
one gets the first analytical approximation €, of Q. Hence we get the initial
approximation to Eq. (9) as
T, =27/Q0°™ Ju,(t)= Acost,7 ="t . (11)
We can achieve further approximate solutions by combing Newton’s
method and the harmonic balance method. The periodic solution and 2m

power of frequency @ of Eq. (2) can be expressed as

u=u, +Au, ,Q=Q, +AQ,, k=12, (12)

il



where Au, is the correction part to be determined later, they are periodic

functions of 7 of period 27z .Substituting Eq.(12) into Eq.(9),and linearizing

the resulting equation with respect to the correction terms Awu, and ACQ,
yield
(Q, +AQ ) (u])" +mQ, (u])" Au) ~|u,[" —nsign (u, )|, | Au, =0,
Au, (0)=0,Au; (0)=0. (13)
The HB method will again be applied to solve Eq.(13) forAu,and AQ, .

The Au,(r) in Eq.(13) can be set as

Au, (r)=lz:‘xi{cos[(Zi—l)z':I—cos[(2i+1)r]}. (14)

Substituting Eq.(14) into Eq.(13), and setting the constant term and the

coefficient of cos27,cos4r,---,cos2kr to zeros, we can get the linear
algebra equations with unknowns x,,x,,--,x, and AQ, , from which we can

obtain the (k+1)th analytical approximate periods and periodic solutions.

It should be clear that the procedures of constructing approximate solutions
to fractional power nonlinear oscillators mentioned above are very simple.

These analytical approximations are valid for all fractions p <1 and near to

1.
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