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lllÑÑÑ©©©ÙÙÙµµµõõõ���©©©ÙÙÙ(Multinomial Distribution)
ëëëYYY©©©ÙÙÙµµµpppddd©©©ÙÙÙ(Multivariate Gaussian Distribution)
���êêê...©©©ÙÙÙxxxµµµExponential Family

Ý�=

¯�µ�k¥qÚØ¥qüa

ü«�Uµ Bernoulli Random Variable
Ý�g(JµBernoulli Distribution
ÝNg(Jµ Binomial Distribution

¯�µÝ¥�¹e§U¥q«�[©�Ka
K«�Uµ Categorical Random Variable
Ý�g(JµCategorical Distribution
ÝNg(Jµ Multinomial Distribution
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õ�©Ù

K�«�§Ý¥(vÝ¥)1k�«�½Â�µxk = 1(0)

Ý¥1k�«��VÇ½Â�µp(xk = 1) = µk

|^�þx = (x1, x2, ..., xK )>�L,�gÝ�=�(J

ÝNg�31k�«�Ý¥mkg�VÇ=�õ�©Ùµ

p(m|µ, N) =

(
N
m

) K∏
k=1

µmk
k

õ�ªÐmµ(
K∑

k=1

µk

)N

≡
∑
m

p(m|µ, N) ≡ 1
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þ�§��§A~

þ�

E [m] =
∑
m

p(m|µ, N)m = Nµ

��

Cov [m] = E [mm>]− E [m](E [m])> =

{
Nµi(1− µi) i = j
−Nµiµj i 6= j

A~

K = 2, N = 1µBernoulli Distribution
K = 2, N > 1µBinomial Distribution
K > 2, N = 1µCategorical Distribution
K > 2, N > 1µMultinomial Distribution

ÚÚÚddd VVVÇÇÇ©©©ÙÙÙ



ëëëêêêzzz���{{{

���ëëëêêêzzz���{{{

lllÑÑÑ©©©ÙÙÙµµµõõõ���©©©ÙÙÙ(Multinomial Distribution)
ëëëYYY©©©ÙÙÙµµµpppddd©©©ÙÙÙ(Multivariate Gaussian Distribution)
���êêê...©©©ÙÙÙxxxµµµExponential Family

pd©Ù(��©Ù)

Ïäkéõ�{�5�Ã?Ø3

3,
��^�eU¦����©Ù

¥%4�½n

D��þx�pd©Ù

N (x |µ,Σ) =
1

(2π)D/2|Σ|1/2 exp
{
−1

2
(x − µ)>Σ−1(x − µ)

}
�g.(Quadratic Form)

∆2 = (x − µ)>Σ−1(x − µ)

∆´ê¼ål(Mahalanobis Distance)
Σ´ü 
�§∆�îªål(Euclidean Distance)
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�g.�AÛ)º

ΣéA�A��þÚA��©O�uiÚλi

yi = u>
i (x − µ)

∆2 = (x − µ)>

[
D∑

i=1

1
λi

uiu>
i

]
(x − µ) =

D∑
i=1

y2
i

λi
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p�Ý

��Ý

E [x ] =

∫
N (x |µ,Σ)xdx =

∫
N (x |0,Σ)(x + µ)dx = µ

��Ý

E [xx>] =

∫
N (x |µ,Σ)xx>dx =

∫
N (x |0,Σ)(x+µ)(x+µ)>dx

=

∫
N (x |0,Σ)xx>dx + µµ> = Σ + µµ>

n�Ý´º
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3M

:�O(Point Estimation)¥�~��n�Vg
Mean(²þê/þ�)

Mean =

∫
p(x)xdx

Mode(¯ê/���)

Mode = argmax p(x)

Median(¥ ê)∫ Median

−∞
p(x)dx =

∫ ∞
Median

p(x)dx =
1
2

pd©Ùµ/n��N0
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���Ý


Σ = {σij}µ General Covariance Matrix
Σ = diag(σ2

i )µDiagonal Covariance Matrix
Σ = σ2Iµ Isotropic Covariance Matrix

Λ ≡ Σ−1
µPrecision Matrix
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^�©ÙÚ>�©Ù

éÜ©Ù§^�©Ù§>�©Ù'X

p(x , y) = p(x)p(y |x)

éÜüg.∆2
xy(

x − µx
y − µy

)>(
Λxx Λxy
Λyx Λyy

)(
x − µx
y − µy

)

=
(x − µx)>Λxx(x − µx) + (x − µx)>Λxy (y − µy )+

(y − µy )>Λyx(x − µx) + (y − µy )>Λyy (y − µy )

= (x − µx)>Λ′
xx(x − µx) + (y − µ′

y )>Λyy (y − µ′
y )

Λ′
xx = Λxx − ΛxyΛ

−1
yy Λyx = Σ−1

xx (Schur Complement)
µ′

y = µy − Λ−1
yy Λyx(x − µx) = µy + ΣyxΣ

−1
xx (x − µx)
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^�©ÙÚ>�©Ù

>�©Ù

p(x) =

∫
p(x , y)dy = N (x |µx ,Σxx)

^�©Ù(�5pd�.)

p(y |x) =
p(x , y)

p(x)
= N (y |µy |x ,Σy |x)

µy |x = µy + ΣyxΣ
−1
xx (x − µx)

Σy |x = Λyy = Σyy −ΣyxΣ
−1
xx Σxy

üöþ�pd©Ù§��½,(½öüpd¦ÈE´pd)
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ØØØ���ÝÝÝ���OOO(Kernel Density Estimators)
���CCC���{{{(Nearest-Neighbour Methods)

��ã

��ã½Âe�PDF

pi =
ni

N∆i

êâþÚ«m�'X«m��µ²¶«m��µk

`:µ��ïá§N´O�
":µ

éêâþ9�;þ�¦p

/«m0ê��ê�ê?O�
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ØØØ���ÝÝÝ���OOO(Kernel Density Estimators)
���CCC���{{{(Nearest-Neighbour Methods)

õ��¹e�VÇ�Ý

éuD��þx ,�Ä�¹x��«�Rþ�VÇ

P =

∫
R

p(x)dx

ykN���§á\R�kK�§¿b�
Rv
�§¦�p(x)�~ê
Rv
�§¦�k:á\

K�â��©Ùk

P = K/N

,	b�«�R�Nþ�V§K

P = p(x)V

¤±

p(x) =
K

NV
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ØØØ���ÝÝÝ���OOO(Kernel Density Estimators)
���CCC���{{{(Nearest-Neighbour Methods)

�½V§�OK

Kernel Density Estimator (Parzen Estimator){
V = hD

K =
∑N

n=1 k
(x−xn

h

) =⇒ p(x) =
1
N

N∑
n=1

1
hD k

(
x − xn

h

)
Ø¼ê(ParzenI¼ê)AÛ¿Â

k(u) =

{
1 |u| ≤ 1/2
0 otherwise

k(u) =
1

(2π)D/2 exp
{
−‖ u ‖2

2

}
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�½K§�OV

�C�{(KNN){
K (constant)
V = hD =⇒ p(x) =

1
NhD K

hØäO�§��«�U
�¹K�Ôö��
KNNg�^u©a¯K(©a�Øþ�´ü�nØ©a�Ø)

p(x |Ck ) = Kk
Nk V

p(x) = K
NV

p(Ck ) = Nk
N

=⇒ p(Ck |x) =
p(x |Ck )p(Ck )

p(x)
=

Kk

K

Ø¼êÚ�C�{���¯KÑ´��3��Ôö8
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pd·Ü�.(GAUSSIAN MIXTURE MODEL)

pd©Ùduü¸�Û�5§ØUéÐ[Ü�
¢Sêâ

GMM½Â

p(x) =
M∑

m=1

wmN (x |µm,Σm)

Mv
��§�±[Ü?¿E,©Ù
Ã{��¦^MLE?1ëê�O§I�Ú\EM�{
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