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THE SIGNS IN THE BAR RESOLUTION

XIAO-WU CHEN

ABSTRACT. We analyze the mysterious signs appearing in the bar resolution
of a differential graded algebra.

Let k£ be a commutative ring. Let A be a dg unital algebra over k. The differential
of A is denoted by d4. In what follows, the unadorned tensors are over k.

For each n > 0, we always consider A ® A®" @ A as a dg A-bimodule with the
outer action. We identify A ® A®° ® A with A ® A. The following exact sequence
of dg A-bimodules is well known:

S ARAPT AL ARATT IR A s A ARAD A Al A0

Here, p is the multiplication map of A and 9 is given by an alternating sum

8(0’0 Ra1@: - Dan ®an+1) = Z(—l)ia()@ ®a;—1®ai0i4+1 P42 @ - Q g1
=0

The above exact sequence implies that A is quasi-isomorphic! to the total com-
plex

B =Pr (4o A% o A).
n>0
The typical element in " (A @ A®" ® A) will be written as
s"(a0,n41) = 8" (AR a1 @+ @ ap @ Ant1),

whose degree is Z?:Ol(|ai| —1). The differential d’ of B’ equals df, + dl, where
the internal differential d{, is the original differential of the shifted tensor product
YA ® A®" @ A), and the external one is induced by 9. More precisely, we have

n+1

i—1
dfys™ (a0 i) = (1) 2=l s (a0 ;3 @ da(a:) @ aiprn),
i=0
and
n .
ds™(@0ms1) = Y _(=1)" 8" Ha0,i-1 @ Gii1 @ Gigani1).
=0

In what follows, we write 3(A) as sA; it is a more convenient notation. For each
n > 0, there is an canonical isomorphism of dg A-bimodules.

On: XA A" R A) — AR (sA)®" @ A

s"(ao,nt1) — (—1)2?:‘]@_7:)'&""@0 ® $a1,n @ Apy1
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IThis reasoning here is not quite right. We observe that the sections in proving the exactness
are compatible with internal differentials. Therefore, the induced sequence on cocycles is also
exact. Then we apply [USTC Algebra Notes, No. 5, Proposition 5].
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Here, sa1,, = sa; ® saz ® - - ® sa,, and the sign is due to the Koszul sign rule. We
understand ¢q as the identity map.
There is a unique map dex making the following diagram commute.

SHAQ AT @A) — " L AR (sA)®m e A
s dex
bn—1 v

Y AR AP TIRA) ———= AR (sA)®" 1o A
It is a good exercise to show that dey is given by the following formula.

dex(ag @ sa1,n @ Gpy1) = (—1)®{aga; @ 5020 @ Ant1+

n—1
Z(—l)e"’ao ® 801,11 ® $(0;0;41) @ SGit2n @ ant1 — (—1) tag ® $a1,n—1 ® AnGpt1}
i—1

Here, the rather mysterious signs are determined by ¢; = Z;zl(|aj| —1) for1 <
1 <n.
Following [1, Section 1], the bar resolution of A is defined as follows:

o0

B=PAx(s4)" oA

n=0

as a direct sum of graded A-A-bimodules, and its differential d = di, + dex. The
internal differential d;, is given by the ones of the tensor products A ® (sA4)®™ @ A
and the external differential dey is described as above. More explicitly, we have

din(ao ® a1, ® any1) = da(ao) @ sai, @ any1+

(—1)|a°|{2(—1)”_1+1a0 ® sa1,—1 ® sda(a;) @ 5Gi41,n @ apy1 + (—1)"ag @ sa1,, @ da(ant1)}-
i=1

We observe that ¢,, is compatible with the internal differentials. Then we infer an
isomorphism of dg A-bimodules

@¢n;B’—>B.

n>0

In comparison with B’, the bar resolution B is more convenient.
Denote by ¢ the differential of the Hom complex Hom ge (B, A). There is an
isomorphism of graded spaces

C*(A,A) = || Hom((sA)®", A) — Hom- (B, A), f — f,
n>0

which sends f € C*"(A, A) = Hom((sA)®", A) to f: B — A given by 1 ® 5a1,m ®
1 — Onmf(sai,,). This isomorphism transfers ¢’ to a differential on C*(A, A),
denoted by § = i, + dex. More precisely, i, (f) lies in C*"(A, A) and is given by

5in(f)(5a1,n) = 51/11(f)(1 @ 5a41,n Q 1)
=daf(sarn) — (~D)f(din(1 @ sa1,, ®1))
= daf(sarn) + > (DY f(sari 1 @ sda(a;) @ saigrn).

i=1

2



USTC Algebra Notes No.10

We have that Jex(f) lies in C*"F1(A, A) and is given by
Sex(f)(8a1m11) = (*1)”‘ f(dEX(l Q@ a1n+1 @ 1))
(—1)*ay f(sazne1) + (=1 f(sa1,0)an4
1

+ (—1)‘f|+q+1f(3a1,i71 ® 5(a;Qi41) @ $Ait42,n+1)-

1=

Here, we use the fact that f(av) = (=1)l9"/laf(v) for any a € A and v € A ®
(sA)®™ @ A. Then we obtain the Hochschild cochain complex (C*(A, A),d) of A.
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