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THE AUSLANDER ALGEBRA OF THE TRUNCATED
POLYNOMIAL ALGEBRA

XIAO-WU CHEN

Let k be field and p > 1. Denote by A = k[t]/(t*T!) the truncated polynomial
algebra. Denote by A-mod the category of finite dimensional left A-modules. Then
E = @f:ll k[t]/(t?) is an additive generator for A-mod.

Consider the Auslander algebra A = End4(F). It is well known that A is given
by the following quiver
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subject to the relations bya; = 0 and a;b; = b;41a,41 for 1 <i < p — 1. Here, each
vertex i corresponds to the A-module k[t]/(t"). Therefore, the arrow a; corresponds
to the embedding k[t]/(t") — k[t]/(t*1), sending 1 to ¢t. The arrow b; corresponds
to the canonical projection k[t]/(t*+1) — k[t]/(t?).

For each vertex ¢, denote by e; the corresponding primitive idempotent of A. We
have a natural identification

ejNe; ~ Homa(k[t]/(t), K[t] /().

Recall that each homomorphism of A-modules has a unique factorization as the
composition of an epimorphism followed by a monomorphism. Therefore, the fol-
lowing terminology is natural: a path from ¢ to j is normal, if it is of the form

aj—1--appragby - - bi_abi_y

for some ! < min(s, j). By convention, if [ = 4, the path is a;_1 ---a;; if [ = j, the
path is b; ---b;_1; if | =4 = j, it is the trivial path e;.

The above identification yields the following observation. In this way, we obtain
a basis of A consisting of normal paths.

Lemma 1. The set of normal paths from i to j forms a basis for e;Ae;. O
The following fact is standard. For an algebra B, denote by Z(B) its center.

Lemma 2. There is an isomorphism
P
i=1

The central element Y 7_, a;b; is denoted by ¢.

Proof. The isomorphism Z(A) ~ Z(A) holds for any algebra A of finite represen-
tation type and its Auslander algebra A.
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Since Z(A) is isomorphic to Z(proj-A), the center of the category of finite di-
mensional projective right A-modules. By the equivalence

A-mod — proj-A, X + Homyu(E,X),
we identify Z(proj-A) with Z(A-mod). The latter is well known to be isomorphic
to Z(A). O
Recall that an involution ¢ on an algebra B means an isomorphism o: B — B°P
of algebras satisfying 0% = Ids.

Lemma 3. There is an involution o on A satisfying o(e;) = e;, o(b;) = a; and
a(ai) = bi. U

We are interested in the indecomposable projective A-modules Ae,;; and e, 1A,
both of which are also injective. The linear map

0. €p+1A6p+1 — k

is defined such that its value on the longest normal path is one, and its values on
other normal paths are zero.

Lemma 4. There is an isomorphism of left A-modules
Aepr1 — Homy(epr1A k), x> 6(—x).

The left A-module Ae,41 takes the following shape, as illustrated for the cases
p =2 and p = 3. Here, we denote the left action of a;’s by —, and the left action
of b;’s by —».

€3 €4

\b \b
N N

a2b2 b\lbg CL3b3 b2b3
Ny v SN
a1bibz azbabs b1b2bs
v v N
a2a1b1b2 a3a2b2b3 alb\1b2b3
Ny
the case p = 2 012(11\[)1 b2b3
v
a3a2a1b1b2b3

the case p = 3
Here, the left action by the central element ¢ is given by the dotted arrows.
The following filtration of Aepi:
Abiby b, CTAby---b, - C Aby, C Aepia
consists of projective A-modules, whose factors are the A-modules in the quasi-
hereditary structure of A. There is another filtration
Aap-~-a2a1b1b2---bp Q Aap---a2b2-~-bp Q g A(lpbp Q A(ip_|_17

whose corresponding quotient modules are all injective and whose factors are the
V-modules.
We have an exact sequence

0— Abp—i+1 cee bp—lbp ic) A€p+1 L) Aap s a2b7 cee bp — 0
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for each 1 < ¢ < p, where m;(ept1) = ap---a;b;---bp; it is indeed a projective
resolution of Aay - - - a;b; - - - by,. Therefore, we have an epimorphism

T Aap~--aibi-~-bp — Aap-~-aiai_1bi_1bi---bp

given by m(ap - ab;---by) = ap---a;a;—1b;—1b;---by for 2 < i < p;ifi =p+1,
we mean the projection cover m: Ae,11 — Aayby, given by m(epy1) = apb,. Here,
we abuse the notation for .
We set T; = Aap---a;b;---by, and Tpy1 = Aepyi. Consequently, we have the
following diagram of morphisms.
C inc C inc C inc C inc
T1 TQ ce Tp A€p+1

s T s s

We observe that T' = @f;l T; is the characteristic tilting module over A. Hence,
by the above diagram, it is not hard to see that End,(T) is isomorphic to A, that
is, the algebra A is Ringel self-dual. We refer to [1, Section 7] for more details.

Dually, the right A-module e, 1A has the following shape, where the right action
by ¢ is denoted by the dotted arrows.

ag/ 1 a3/ 1
VAR AR

a2aq azbs azas azbs
Ny SNy
aza1by azasa; agazbs
Ny Sov Ny
a2a1b1by agazaiby = agazbibs
Ny
the case p = 2 a3a2a1b1 b2
Ny
a3a2a1b1b2b3

the case p =3

Remark 5. The shapes of the A-module Ae,y; and epi1A coincide with the
Auslander-Reiten quiver for the path algebra of a linear quiver. This seems to
be mysterious.
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