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The generalized preprojective algebras are used to study nilpotent varieties and the geometric construc-
tion of the crystal graph in the symmetrizable cases [15]. We mention related algebras in [5,38].

Let K be a field. Let @ be a finite acyclic quiver. Denote by W(Q) its Weyl group and by II(Q) its
preprojective algebra [12,33]. Each vertex i € Qg gives rise to an idempotent e; in II(Q). Denote by I; the
two-sided ideal of TI(Q) generated by 1 — e;, and by (I; | i € Qo) the monoid generated by these ideals. The
bijection established in [3,29]

Oq: W(Q) — (i | i € Qo)

sends the simple reflection s; to I; for each i € Qg.

Let (C, D, ) be a Cartan triple, that is, C' is a symmetrizable generalized Cartan matrix [23], D is the
symmetrizer and 2 is an acyclic orientation of C. Assume that the rows and columns of C' are indexed by
a set A. Denote by W(C) the Weyl group and by II(C, D, Q) the generalized preprojective algebra in the
sense of [14]. For each j € A, we denote by e; the corresponding idempotent in II(C, D, §2). Denote by Lj;
the two-sided ideal of II(C, D, §2) generated by 1 — e;. The bijection established in [10]

Oc: W(C) — (Ly |j € A)

sends the simple reflection r; to Lj for each j € A.

The consideration above is closely related to tilting theory. In non-Dynkin cases, the monoids (I; | ¢ € Qo)
and (L; | j € A) above coincide with the sets of cofinite tilting ideals in II(Q) and II(C, D, ), respectively
[21,3,10]. In Dynkin cases, they are bijective to the corresponding sets of isomorphic classes of basic support
7-tilting modules [29,10].

The folding process is classic in Lie theory [34] and plays a role in the representation theory of quivers
[35,18]. Let G be a finite group which acts on @ by quiver automorphisms. One associates a Cartan triple
(C,D,9) to the G-action. The rows and columns of both C' and D are indexed by the orbit set Qy/G of
vertices in @, and the entries of the diagonal matrix D are the cardinalities of certain stabilizers. By [34,17],
there is a well-known isomorphism

v W(C) — W(Q)Y,

which sends simple reflections 75 to [] s;. Here, W (Q)“ denotes the subgroup formed by G-invariant elements

i€
in W(Q).
In view of the bijections ©¢g, ©¢ and the isomorphism %, it is natural to expect that the ideal monoids
(I | i € Qo)© and (L; | j € Qo/G) are isomorphic. We confirm this expectation; see Proposition 6.5.

Proposition A. Let G be a finite group which acts on a finite acyclic quiver Q. Consider the associated
Cartan triple (C,D,Q). Then there is a unique isomorphism U between monoids making the following
diagram commute.

w(C) w(Q)“

oc| |6

(Lj € Qo/G) (I | i€ Qo)

Here, @g denotes the restriction of ©g on W(Q)Y.
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We mention a similar commutative diagram in Remark 5.7, where we replace (L;j | j € Qo/G) by a certain
ideal monoid (I;#G | j € Qo/G) of the skew group algebra II(Q)#G.

The isomorphism ¥ suggests that the two preprojective algebras II(Q) and II(C, D, Q) might be closely
related. The aim of this work is to relate these two preprojective algebras in a specific situation; see Theo-
rem 7.2.

Theorem B. Assume that char(K) = p > 0 and that G is a cyclic p-group. Assume that the G-action on Q
satisfies Go = Gg(a) N Gya) for any arrow o in Q. Then there is a Morita equivalence

F: T(Q)#G-Mod — II(C, D, Q)-Mod
such that
UU(I) = O (I4G) (1.1)
for each I € (I; | i € Q)¢

Here, @ denotes the isomorphism between the ideal monoids induced by the Morita equivalence F'; see
Proposition 4.3. For each arrow « with the starting vertex s(«) and terminating vertex ¢(«), we denote by
Go, Gs(a) and Gy(q) their stabilizers.

The identity (1.1) indicates that, in a certain sense, the isomorphism ¥~! is categorified by the Morita
equivalence F' and the induction functor —#G.

The proof of Proposition A relies on the fact that these ideal monoids are isomorphic to the corresponding
Weyl monoids [37]. Moreover, we establish an analogue of the isomorphism v for the Weyl monoids in
Proposition 5.4. The proof of Theorem B relies on the Morita equivalence in [8] between the skew group
algebra of K@ and the algebra H(C, D, ) in [14]. We also use general results on 2-preprojective algebras
of arbitrary algebras, which are implicit in [26]. When @Q is of type A and G is of order 2, such a Morita
equivalence F is also established in [25].

The paper is structured as follows. We recall the definition of n-preprojective algebras of an arbitrary
algebra in Section 2. We study skew group algebras, compatible bimodules and their induced bimodules in
Section 3. We prove that the skew group algebra of a preprojective algebra is isomorphic to the preprojective
algebra of the skew group algebra in Theorem 3.13. In Section 4, we prove that any Morita equivalence
between two algebras extends naturally to a Morita equivalence between their preprojective algebras; see
Proposition 4.7. We study Weyl groups and Weyl monoids [37] associated to quivers and Cartan matrices
in Section 5.

We recall from [14] the generalized preprojective algebra and prove Proposition A in Section 6. In final
section, we prove Theorem B, which is illustrated with an explicit example.

Throughout this paper, we work over a field K. Unadorned Hom and tensor functors are all over K. By
default, a module means a left unital module. For an algebra A, we denote by A-Mod the category of all
A-modules.

2. Tensor algebras and preprojective algebras

In this section, we fix notation and recall some well-known facts on tensor algebras and preprojective
algebras.

Let A be an algebra, and V an A-A-bimodule on which K acts centrally. The associated tensor algebra
T4(V) is given by

TA(V)=AaVaV®2g...0V%ng...
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where V®4m ig the n-fold tensor product of V.

Let C be any category with an endofunctor E: C — C. By a representation of E, we mean a pair (X, «)
consisting of an object X in C and a morphism «a: E(X) — X. A morphism f: (X,a) — (Y, ) between
representations is given by a morphism f: X — Y in C satisfying

foa=poE(f).

These data form the category of representations of F, denoted by rep(E); see [33, p. 469] and [6, Subsec-
tion 2.1].
The following fact is standard.

Lemma 2.1. Let C' be another category with an endofunctor E’. Assume that there is an equivalence F: C —
C' of categories such that FE is isomorphic to E'F. Then we have an induced equivalence F: rep(E) —
rep(E’).

Proof. Assume that we are given a natural isomorphism n: E'F — F'E. The induced functor F sends a
representation (X, «) of E to (F(X), F(«) onx) of E’. Similarly, one constructs a quasi-inverse of . 0O

Let A be an algebra, and V' an A-A-bimodule. Consider the endofunctor
V ®4 —: A-Mod — A-Mod.
There is an isomorphism of categories
Ta(V)-Mod — rep(V ®4 —), (2.1)

which sends a T4 (V)-module X to the representation (X,«), where X is the underlying A-module and
a(v®4 ) =vx for v € V and = € X; compare [33, Lemma 2].

Denote by A¢ = A ® A°P the enveloping algebra of A. We identify A-A-bimodules with left A®-modules,
which are also identified with right A°-modules.

Let e and f be two idempotents of A. Then Ae ® fA is naturally an A-A-bimodule, which is cyclic and
projective. We have a canonical isomorphism of A-A-bimodules

Hom ge(Ae ® fA, A®) — Af ® eA, 0 — swap(f(e ® f)). (2.2)

Here, swap(a ® b) = b® a, and the A-A-bimodule structure of Hom 4. (Ae ® fA, A®) is induced by the inner
A-A-bimodule structure on A¢. Similarly, for each n > 1, the n-th extension space Ext’i. (A4, A°) is naturally
a right A°-module, and thus an A-A-bimodule.

The following fact is well known.

Lemma 2.2. Assume that the algebra A is finite dimensional. Then we have an isomorphism of A-A-
bimodules

Ext’ic (A, A°) ~ Ext’y (DA, A)
for each n > 1.
Proof. The canonical map A® — Hom(DA, A), sending a ® b to (6 — 0(b)a), is an isomorphism of left A°-

modules. Therefore, we identify Ext’;. (A, A°) with Ext’y. (A, Hom(DA, A)), which is canonically isomorphic
to Ext’y(DA,A). O
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In view of [33, Theorem A], [20, Definition 2.11] and Lemma 2.2, the following definition is natural;
compare [14]. We mention that its derived analogue is due to [24, Subsection 4.1].

Definition 2.3. Let A be an algebra and n > 2. Then n-preprojective algebra of A is defined to be the tensor
algebra 11, (A) = T4 (Ext". (A, A°)).

Let Q = (Qo, @1; s,t) be a finite quiver, where Q) is the finite set of vertices, @ is the finite set of arrows
and the two maps s,t: Q1 — Qo assign to each arrow « its starting vertex s(a) and its terminating vertex
t(a). A path p = «,, - - - asay of length n consists of n consecutive arrows «;’s, that is, t(a;) = s(a;41) for
1 < ¢ < n— 1. Here, we write the concatenation from right to left. We observe that a path of length 1 is
just an arrow. For each vertex i, we associate a trivial path e; of length 0. Denote by KQ the path algebra,
which has a basis given by all paths in @) and whose multiplication is given by the concatenation of paths.

Denote by @Q the double quiver of @, which is obtained from @ by adding for each arrow a € Q; an
inverse arrow «o*. Following [33], the preprojective algebra of Q is defined by

Q) =KQ/( > aa* —a*a).

a€Q1

We mention the implicit appearance of the preprojective algebra in [27, Section 12].
The following result is well known; compare [33, Theorem A].

Lemma 2.4. Let Q be any finite quiver. Then there is an isomorphism 1(KQ) ~ I1(Q) of algebras.
Proof. Write A = K(Q. We have a canonical bimodule projective resolution of A.

o
0— @ Aey(a) @ Ka ® egq)A — @ Ae;, ®e;A— A— 0 (2.3)
acQy 1€Qo

Here, 8(et(a) Ra® es(a)) = a ® €5(a) — €i(a) @ @ and the unnamed arrow on the right is given by the
multiplication in A. Applying Hom ge(—, A¢) to this sequence and using the isomorphism (2.2), we infer
that Ext}.(A, A°) is isomorphic to the cokernel of the following morphism

@ Ae; ® ;A 2, @ Aega) @ Ka™ ® ey) 4, (2.4)
1€Qo a€Q
which is given by
D'(e; ®e;) = Z e ®@a— Z BB ®e;.
{e€Q1 | s()=i} {B€Q1 | t(B)=1}

Here for each o € Q1, we identify Ae;q) ® Ka @ eyq)A with Aey o) @ €5y 4, and Aego) @ Ka™ @ eq)A
with Aes(a) ® et(a)A.
We observe that the tensor algebra

Ta( EB Aega) @ Ka™ ® eyayA)
aEQ

is naturally isomorphic to the path algebra K@ of the double quiver Q. Then the required isomorphism
follows immediately. O



6 X.-W. Chen, R. Wang / Journal of Pure and Applied Algebra 229 (2025) 108141

3. Skew group algebras and induced bimodules

In this section, we will recall basic facts on skew group algebras, and study their induced bimodules. We
prove that the n-preprojective algebra of a skew group algebra is isomorphic to the skew group algebra of
the n-preprojective algebra; see Theorem 3.13.

We emphasize that many results in this section are implicitly due to [26]. We provide full proofs for
completeness, since the setting there is very different. We mention related work on skew group algebras of
quiver algebras [9,16,36].

3.1. Compatible bimodules and induced bimodules

Let A be an algebra. Denote by I(A) the ideal monoid of A, which consists of two-sided ideals of A and
whose multiplication is given by the multiplication between ideals. Let G be a finite group, which is written
multiplicatively and whose identity is denoted by 1¢.

We fix a G-action p: G — Aut(A) on A by algebra automorphisms. Write p(g)(a) = g(a) for any g € G
and a € A. The skew group algebra is given by A#G = A ® KG, whose typical element is denoted by a#g
and whose multiplication is defined by

(a#tg)(b#th) = ag(b)F£gh.

The following identity

(1a#g)(a#le)(1a#g™") = g(a)#la (3.1)

will be used. We view A as a subalgebra of A#G by identifying a with a#1g. Consider the projection
pr: A#G — A, which sends a#g to d4,1,a.

Lemma 3.1. Let M be a left A#G-module. The following two statements hold.

(1) The space Homyu(M,A) becomes a right A#G-module in the following manner: for any 6 €
Hom (M, A), the element 0(a#tg) € Hom (M, A) sends each m € M to g~ (0((1a#g)m)a).
(2) The projection above induces an isomorphism of right A#G-modules

HOHIA#G(M, A#G) — HOI’IlA(]\f7 A)

Proof. The proof of (1) is routine. For (2), we refer to [32, Subsection 1.1 (B)]. The inverse map sends
0 € Homu(M,A) to ¢: M — A#G, which is given by (m — deggH((l#g’l)m)#g); compare [32,
Lemma 1.2]. O

A two-sided ideal I of A is called G-invariant if g(I) = I for all g € G. Denote by I(A)¢ the sub monoid
of I(A) formed by G-invariant ideals.

We observe that the decomposition A#G = @gec(A#g) makes A#G a G-graded algebra. A two-sided
ideal J of A#G is G-graded if J = @gec(J N (A#g)). Denote by I(A#G)¢ the sub monoid of I(A#G)
formed by G-graded ideals.

The following results are elementary.

Proposition 3.2. Let I be a two-sided ideal of A and J a two-sided ideal of A#G. Then the following results
hold.
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(1) The subspace {a € A | a#lg € J} is a G-invariant two-sided ideal of A.

(2) The subspace I#G = {3 cqaqs#g | ag € I} is a two-sided ideal of A#G if and only if the ideal I is
G-invariant.

(8) There is an isomorphism I(A)¢ — I(A#G)q of monoids, sending any G-invariant ideal I' to I'#G.

Proof. We use (3.1) to verify (1). The “only if” part of (2) follows from (1), and the “if” part is straightfor-
ward.

The isomorphism in (3) follows immediately from (1) and (2), whose inverse map sends any G-graded
ideal J' of A#G to {a € A | a#1g € J'}, which belongs to I(4)¢ by (1). O

The group G acts on the enveloping algebra A° by algebra automorphisms, that is, g(a®b) = g(a) ® g(b).
Denote by A = A°#G the corresponding skew group algebra. We observe an algebra embedding

A < (A#G)°, (a @ b)#g = (aftg) @ (g7 (D)#g 7). (3-2)

In view of this embedding, we might call A the diagonal subalgebra of (A#G)¢; compare [26, Subsection 3.1].
We observe that (A ® G)¢ is free both as a left A-module and a right A-module. We have an isomorphism
of algebra

A— A%, (a@b)#g— (g7 ()@ g (a)#g " (3.3)
The following notion is implicitly due to [26, Subsection 3.1].

Definition 3.3. By a G-compatible A-A-bimodule, we mean an A-A-bimodule M with a K-linear G-action
satisfying that

g(amb) = g(a)g(m)g(b)

for any a,b € A and m € M. Here, we denote by g(amb) and g(m) the g-actions on the elements amb and
m, respectively.

Remark 3.4. We observe that a G-compatible A-A-bimodule structure is equivalent to a left A-module

structure, and is also equivalent to a right A-module structure; compare (3.3). More precisely, let M be a
G-compatible A-A-bimodule. Then M is naturally a left A-module with the following action

((a ®b)#tg)m = ag(m)b.
Similarly, M is naturally a right A-module given by
m((a @ b)#g) = g~ (bma).

Definition 3.5. Let M be a G-compatible A-A-bimodule. The induced bimodule M#G = M ® KG is a
bimodule over A#G defined as follows

(a#tg)(m#h)(a'#g') = ag(m)gh(a’)#ghg'
for any a,a’ € A, m e M and g,h,¢ € G.

The following remark justifies the terminology above.
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Remark 3.6. Let M be a G-compatible A-A-bimodule. Then there is an isomorphism
(A#G) @4 M — M#G, (a#g) @4 m +— ag(m)#g

of left A#G-modules. Therefore, the left A#G-module structure on M #G is induced from the left A-module
structure on M. A similar remark works on the right side.

Example 3.7. Let I be a G-invariant two-sided ideal of A. Then G acts on I. Therefore, as an A-A-bimodule,
I is G-compatible. We observe that the corresponding induced bimodule structure on [#G is the same as
the one inherited from the two-sided ideal I#G of A#G.

The following results are essentially due to [26, Lemma 3.1.1].

Lemma 3.8. Let M be a G-compatible A-A-bimodule. Then the following statements hold.

(1) There is an isomorphism (A#G)® @a M ~ M#G of left (A#G)®-modules.
(2) There is an isomorphism M @a (A#G)¢ ~ M#G of right (A#G)°-modules.

In (1), we view M as a left A-module. Then using the algebra embedding (3.2), we have the induced left
module (A#G)¢ ®a M. A similar remark holds for (2).

Proof. The isomorphism in (1) sends ((a#g) @ (b#h)) @a m to ag(mb)#gh. The isomorphism in (2) sends
m ®a ((a#g) @ (b#h)) to bh(ma)#hg. We omit the details. O

Let M and N be two G-compatible A-A-bimodules. Then the A-A-bimodule M ® 4 N is G-compatible
with the diagonal G-action. The proof of the following result is routine.

Lemma 3.9. Let M and N be two G-compatible A-A-bimodules. Then there is an isomorphism of
(A#G)-(A#G)-bimodules

(M ®a N)#G — (M#G) Qapc (N#G),
which sends (m ® 4 n)#g to (m#le) @axa (n#g). O

Let V be a G-compatible A-A-bimodule. Then G acts naturally on the tensor algebra T4 (V') by algebra
automorphisms in the following manner: for g € G and v; ®4 v2 @4 -+ @4 v, € VA" we define

g1 ®Av2 @A - ®avy) = g(v1) ®a g(v2) @a -+ @4 g(vn)-
We form the skew group algebra Ta(V)#G.

Proposition 3.10. Let V' be a G-compatible A-A-bimodule with V#G the induced bimodule over A#G. Then
we have an isomorphism Ta(V)#G ~ Tayxc(VH#G) of algebras.

Proof. By applying Lemma 3.9 repeatedly, we infer an isomorphism
bp: VARG — (VH#G)PA#cn

for each n > 1, which sends (v1 ® 4 V2 ®4 - -+ ®4 v, )#g to
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(n#le) ®ara (2#le) Qaxc - Qarc (VnHg).

It is direct to verify that these isomorphisms ¢,, give rise to the required isomorphism of algebras. O
3.2. Skew group algebras of preprojective algebras

Let M be a G-compatible A-A-bimodule. Consider the dual A-A-bimodule Hom 4 (M, A®). It is naturally
G-compatible by the contragredient G-action: for each g € G and 6: M — A°, we define g(6): M — A°
such that g(0)(m) = g(0(g~1(m))). Then we have the induced bimodule Hom 4¢ (M, A®)#G over A#G.

The following result is essentially due to [26, Lemma 3.3.1], where the diagonal subalgebra A plays a
role.

Lemma 3.11. Let M be a G-compatible A-A-bimodule. Then we have an isomorphism of (A#G)-(A#G)-
bimodules

Hom e (M, A°)#G ~ Homaug) (M#G, (A#G)°).

Proof. Recall that A = A°#G. By Lemma 3.8(1), we identify the induced bimodule M#G with (A#G)°®a
M. By the Hom-tensor adjunction, we have the first isomorphism in the following identity.

Hom azuc)- (M#G, (A#G)°) ~ Homa (M, (A#G)°)
~ Homa (M, A) ®a (A#G)°
~ Hom e (M, A%) @a (A#G)°
~ Hom ge (M, A%)#G

Here, the second isomorphism follows since (A#@G)® is a finitely generated free left A-module, the third one
follows by applying Lemma 3.1(2) to the left A-module M, and the last one follows from Lemma 3.8(2). O

Let M be a G-compatible A-A-bimodule. For each m > 1, we observe that the A-A-bimodule
Ext’ye (M, A®) is naturally G-compatible. Indeed, we take a projective resolution P® of M as a left A-
module. Therefore, each component P~" is a G-compatible A-A-bimodule, whose underlying A- A-bimodule
is projective. Each component of the dual complex Hom 4. (P*®, A¢) is naturally G-compatible. Consequently,

Ext. (M, A°) = H" (Hom 4. (P*, A°))

is a naturally G-compatible A-A-bimodule. Then we form the induced bimodule Ext’.(M, A®)#G over
A#G.

Lemma 3.12. Let M be a G-compatible A-A-bimodule. Then for each n > 1, we have an isomorphism of
(A#G)-(A#G)-bimodules

EXth (]\/[7 Ae)#G >~ EXt?A#G)C (M#G, (A#G)e)
Proof. By Ext’}. (M, A®) = H"(Hom . (P*, A°)), we infer that
Ext’ie (M, A)#G = H" (Hom 4 (P°®, A°)#G).

Lemma 3.11 implies that there is an isomorphism of complexes
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HomAe (P., AP)#G >~ HOHI(A#G)e (P.#G, (A#G)P)

We observe that P*#G is a projective resolution of the induced bimodule M#G. Then we infer an isomor-
phism

H"(Hom e (P*, A%)#G) ~ Ext(s pcye (M#G, (A#G)°).
This completes the proof. O

Let G be a finite group and A an algebra with a G-action. For n > 2, the A-A-bimodule Extff‘:l(A, A€) is
naturally G-compatible. Therefore, the n-preprojective algebra IT,,(A) = T4 (Extzzl(A, A¢)) has an induced
G-action. We form the skew group algebra IL, (A)#G.

The derived analogue of the following result is due to [26, Theorem 3.5.4(1)].

Theorem 3.13. Keep the assumptions above. Then we have an isomorphism IL,(A)#G ~ II,(A#G) of
algebras.

Proof. By Lemma 3.12, we have an isomorphism of (A#G)-(A#G)-bimodules.

EXt] 4 (A#G, (A#G)®) ~ Bxtlyo (A, A)#G

It follows that II,,(A#G) is isomorphic to the following tensor algebra
Tapc(Ext’yc (A, A%)#G).
By Proposition 3.10, the algebra above is isomorphic to
Ta(ExtT (A, A9)#G = 1, (A)#G.
This completes the proof. 0O

Let G be a finite group which acts on a finite quiver ) by quiver automorphisms. Then G acts on the
path algebra K@ and the preprojective algebra II(Q). Here, we observe that g(a*) = g(a)* for g € G and
a € Q1. We form the corresponding skew group algebras KQ#G and I1(Q)#G.

Proposition 3.14. Keep the assumptions above. Then we have an isomorphism I(Q)#G ~ Ia(KQ#G) of
algebras.

Proof. The G-action on K@ induces a G-action on the 2-preprojective algebra II5(KKQ). By Lemma 2.4,
we have an isomorphism II(Q) ~ II5(K@). We claim that this isomorphism is compatible with the two
G-actions.

For the claim, it suffices to prove that the following statement is true: the induced G-action on
Ext%KQ)e (KQ, (KQ)¢) coincides with the one given by g(a*) = g(a)*. Indeed, the projective resolution
(2.3) is a complex of G-compatible KQ-KQ-bimodules. Applying Hom k). (—, (KQ)¢) to (2.3), we obtain
(2.4), whose induced G-action is given as follows: g(ae; ® e;b) = g(a)eg(;) ® e43)g(b) and

g(aes(a) ® " @ eya)b) = g(a)es(g(a)) @ 9(a)” @ ey(g(a))9(b)

for each i € Qg and « € Q. Since Ext%KQ)e(KQ, (KQ)®) is identified with the cokernel of &', the statement
above holds.
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The claim above implies an isomorphism II(Q)#G ~ II5(KQ)#G. Then the required isomorphism follows
from Theorem 3.13 immediately. O

4. Morita equivalences and bimodules

In this section, we recall known facts on Morita equivalences between two algebras. We prove that
any Morita equivalence between two algebras extends to a Morita equivalence between their preprojective
algebras; see Proposition 4.7.

Let A and B be two algebras. We fix a K-linear Morita equivalence

F: A-Mod — B-Mod

between A and B. There is an invertible B-A-bimodule P such that F' ~ P ® 4 —. Moreover, the bimodule
P fits into a set (P, Q;¢,v) of equivalence data, where @ is an A-B-bimodule, ¢: P ®4 Q — B is an
isomorphism of B-B-bimodules, and v: Q ®pg P — A is an isomorphism of A-A-bimodules. Moreover, these
data satisfy the associativity condition, that is,

d(z@ay)a’ =av(y @pa’) and y'd(z @ay) = V(Y @p 2)y, (4.1)

for any xz,2’ € P and y,y’ € Q. We refer to [1, Chapter II, § 3] for details.
The equivalence data induce another Morita equivalence

F¢=P®s—®4Q: A°*-Mod — B*°-Mod,
whose quasi-inverse might be chosen as Q ®p — ®p P.

Remark 4.1. Denote by £¢(A-Mod) the category of continuous endofunctors on A-Mod, that is, endofunctors
which preserve arbitrary coproducts. By Eilenberg-Watt’s theorem, we have an equivalence

A®-Mod — £°(A-Mod),

sending any A-A-bimodule X to the endofunctor X ® 4 —. Then we have the following square, which
commutes up to a natural isomorphism.

e

A¢-Mod B¢-Mod
E°(A-Mod) E°(B-Mod)

Here, the functor at the bottom sends H to FHF~!, where F~! is a quasi-inverse of F. This justifies the
notation F'¢ to some extent.

For each left B-module Y, we denote by add Y the full subcategory of B-Mod formed by direct summands
of finite sums of Y.

Lemma 4.2. Let X be an A-A-bimodule. Then we have add F(X) = add F¢(X) in B-Mod.

Proof. Recall that FI(X) = P®4 X and F°(X) = (P®4 X) ®4 Q. Then the required equality follows from
the fact that the underlying left A-module @ is a finitely generated projective generator. 0O



12 X.-W. Chen, R. Wang / Journal of Pure and Applied Algebra 229 (2025) 108141

Let I be a two-sided ideal of A. The following subspace of B
®p(I) = {finite sums Z¢(zi ®ayi) |z € PlLy; € Q}

= {finite sums ng)(:ﬂz ®ayi) |z € Py, € 1Q}

is a two-sided ideal of B.
The following result is implicit in [1, Chapter II, Theorem 3.5(6)].

Proposition 4.3. The assignment I — ®p(I) yields an isomorphism
Op: I(A) — I(B)
between the ideal monoids. Moreover, we have an isomorphism ®p(I) ~ F¢(I) of B-B-bimodules.

Proof. We identify two-sided ideals of an algebra with its sub bimodules. Consider the following sequence
of morphisms between B-B-bimodules.

Fe(I) 5 F(A) =Po4 A, Q~Po4Q -2 B

Here, the leftmost morphism is induced by the inclusion I < A. The image of this composite morphism
equals @z (I). This proves the final statement.

Since F¢(A) ~ B, the Morita equivalence F'¢ induces a bijection between two-sided ideals of A and those
of B. This bijection is essentially the same as ®p. Using the associativity condition (4.1), one verify that
Op(Il')=Pp(I)Pp(I’) for any two-sided ideals I and I’ of A. O

The following result will be useful to determine the isomorphism @ .

Proposition 4.4. Assume that I is a two-sided ideal of A and that J is a two-sided ideal of B. Then ®p(I) = J
if and only if add F(A/I) = add (B/J) in B-Mod.

Proof. Set ®r(I) = J'. By Proposition 4.3, we identify F¢(A) with B, and F¢(I) with J'. Applying F*© to
the following canonical exact sequence

0—I1—A—A/I —0,
we infer that F¢(A/I) ~ B/J'. By Lemma 4.2, we have
add F(A/I)=add (B/J)
in B-Mod. Then the lemma below implies the required statement. 0O
The following fact is well known.

Lemma 4.5. Assume that both J and J' are two-sided ideals of B. Then J = J' if and only if add (B/J) =
add (B/J') in B-Mod.

Proof. Tt suffices to prove the “if” part. The annihilator ideal of the left B-module B/.J equals J. Moreover,
for any E € add (B/J), J is contained in the annihilator ideal of E. Then the required equality follows
immediately. O
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The following result is implicit in [24, Proposition 3.10(e)].

Lemma 4.6. Let F': A-Mod — B-Mod be the given Morita equivalence. Then for each i > 0, the following
diagram

A-Mod B-Mod
EthAe(A»Ae)‘@A—l \LExthe(B,Be)(@B—
A-Mod B-Mod

commutes up to a natural isomorphism.
Proof. Since F' ~ P ®4 —, it suffices to show an isomorphism of B-A-bimodules
P ®4 Ext). (A, A°) ~ Ext’;. (B, B®) ®p P.

For this end, we observe that the Morita equivalence F'¢ sends A to B, and A°¢ to P ® Q. Therefore, we
have the following isomorphism of A-A-bimodules.

Ext’y. (A, A®) ~ Ext’. (B, P ® Q) (4.2)
Since P ® @ is a finitely generated projective B®-module, we have
Exth. (B, P ® Q) ~ Ext%. (B, B®) ®p- (P ® Q) = Q ®p Extk. (B, B®) ®p P. (4.3)
Consequently, we have the following isomorphisms.

P @4 BxtYy. (A, A°) ~ P®4 Exth. (B,P® Q)
~ P®4 (Q ®p Exth. (B, B®) ®p P)
~ Exth. (B, B%) @p P

Here, the first isomorphism uses (4.2), the second one uses (4.3) and the last one uses the isomorphism
¢: P®4 Q — B. This completes the proof. O

The following result shows that any Morita equivalence between A and B extends to a Morita equivalence
between their n-preprojective algebras II,,(A) and II,,(B) for n > 2. We emphasize that the result is
essentially due to [24, Proposition 4.2].

Proposition 4.7. Let F': A-Mod — B-Mod be a Morita equivalence and n > 2. Then there is a Morita
equivalence F' making the following diagram commute up to a natural isomorphism.

A-Mod r B-Mod

o,

IT,, (A)-Mod 11, (B)-Mod

Here, we identify any A-module X with the corresponding II,,(A)-module X on which Ext’j.'(A, A¢)
acts trivially. This yields the unnamed vertical arrow on the left side. Similar remarks work for the right
side.
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Proof. By combining Lemmas 4.6 and 2.1, the given Morita equivalence F' induces an equivalence
F: rep(Ext"-1 (A, A°) @4 —) — rep(Ext?y. ' (B, B) ®p —).

By the isomorphism (2.1), we identify I, (A)-Mod with rep(Ext’j. ' (A, A°) ®4 —), and IL,(B)-Mod with
rep(Ext’y. (B, B) @ —). This completes the proof. O

5. Weyl groups and monoids

In this section, we study Weyl groups and monoids associated to quivers and Cartan matrices. In the
folding process, we prove that the Weyl monoid of a Cartan matrix is isomorphic to the invariant monoid
of a quiver; see Proposition 5.4. We refer to [23, Section 3] for Weyl groups and [37] for Weyl monoids.

Let @ be a finite acyclic quiver. Denote by W (Q) its Weyl group. It is generated by simple reflections
{si | i € Qo}, which are subject to the following relations: s? = 1; (s;s;)? = 1 if there is no arrow between i
and j; (sisj)?’ = 1 if there is precisely one arrow between ¢ and j.

Denote by WM(Q) the Weyl monoid, which is a monoid generated by {h; | i € Qo} subject to the
following relations h? = hs; hihj = hjh; if there is no arrow between ¢ and j; hihjh; = hjh;h; if there is
precisely one arrow between ¢ and j.

By [37, Theorem 1], there is a bijection

pq: W(Q) — WM(Q)

given as follows: for any reduced expression w = $;,8;, -+ S, in W(Q) with i1,d2,--- ,i, € Qo, we have
pQ(w) = hi hiy -+ hi,.

The above consideration works well for Cartan matrices. Let C' = (¢;;) € M,(Z) be a symmetrizable
generalized Cartan matriz. Therefore, the following conditions are fulfilled.

(C1) ¢;; = 2 for each i;

(C2) ¢i; <0 forall i # j, and ¢;; < 0 if and only if ¢j; < 0;

(C3) There exists a diagonal matrix D = diag(ci, c2,- -, ¢,) with each ¢; a positive integer such that DC
is symmetric.

Such a matrix D is called a symmetrizer of C.

Denote by W(C') the associated Weyl group, which is generated by simple reflections {ry,ro, -+ ,r,}
subject to the following relations: 72 = 1; (r;7;)% = 1if ¢;; = 0; (ryr;)® = 1if ¢ijc5 = 1; (riry)* = 1 if
cijcii = 2; (riry)® = 1if ¢;5c5 = 3.

Similarly, the Weyl monoid WM (C) is a monoid generated by {f1, f2,- -, fn} subject to the relations:
f2=fu fifi = fifiif cij = 05 fifjfi = fififs if cijeji = 15 (fify)? = (3.0 if cijes = 25 (fif5)® = (fi )’
if ¢;5¢55 = 3.

By [37, Theorem 1], there is a bijection

pe: W(C) — WM(C)

given as follows: any reduced expression w = r;, 1, -+ - 14, in W(C), we have pc(w) = fi, fir -+ fi,.-
Remark 5.1. For any Coxeter group W with the Coxeter matrix M, one defines the corresponding Cozeter
monoid WM in [37]. There is a similar bijection p: W — W M; see [37, Theorem 1]. When M arises from
a Cartan matrix C, the bijection p coincides with po. We mention that the monoid algebra of WM is
isomorphic to the 0-Hecke algebra [30]; compare [4, Theorem 4.4].
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Each finite acyclic quiver @ gives rise to a symmetric Cartan matrix C in the following way: the rows
and columns of C are indexed by Qq; for i # j, we have

¢ij = —|{arrows between i and j}|.

The two Weyl groups W(Q) and W(C) coincide. Similarly, the two Weyl monoids WM (Q) and WM (C)
coincide. Moreover, pg = pc.
The following example, known as the folding process, is our main concern.

Example 5.2. Let G be a finite group acting on a finite acyclic quiver Q). Denote by Qo/G the set of G-orbits,
whose elements will be denoted by bold letters. Since @ is acyclic, there is no arrow between any two vertices
in the same orbit.

We associate a Cartan matrix C to this action as follows. The rows and columns of C' are indexed by
Qo/G. The entries are given by

—Nij
3l

Cij = y

where NVj ; counts all arrows in @ between the orbits i and j. The symmetrizer D = diag(ci)icq,/c of C is
given such that

&= 1Cl
1 o *
i

The group G acts on W(Q) by group automorphisms. By [34, §11] and [17, Proposition 3.4], there is a
well-known isomorphism of groups

P W(C) — W(Q),

which sends r; to [[,¢; s;. Here, we denote by W(Q)® the fixed subgroup. We refer to [18, Lemma 3(3)] and
[11, Theorem 1] for more recent treatments.

The following useful fact can be found in [11, Lemma 2]; compare [17, Proposition 3.4].

Lemma 5.3. Keep the notation above. Let w = 1y, 1y, -+ -1i,, be a reduced expression in W(C). Then the
expression Y(w) = ( [1 su)( I si) - ( TI $i,.) s also reduced in W(Q). O

i1 €17 ip€io G €l

The G-action on @ induces a G-action on WM (Q) by monoid automorphisms. Denote by MW (Q)¢
the submonoid formed by G-invariant elements. We observe that the bijection pg is compatible with the
G-actions. In other words, we have

PQ(g(w)) = g(pq(w))

for any g € G and w € W(Q). Here, we use implicitly the fact that the G-action preserves reduced expressions
in W(Q). Consequently, we have the restricted bijection

PG W(Q)F — WM(Q),

We obtain an analogue of the isomorphism 1 for Weyl monoids in the following result, which seems to
be expected by experts.
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Proposition 5.4. Keep the assumptions in Example 5.2. Then there is a unique isomorphism ¢': WM (C) —
WM (Q)Y of monoids making the following diagram commute.

(U

w(C) w(Q)¢
WM(C) —  wM(Q)©

Proof. The commutativity implies that 1’ = pg oo pgl, which shows the uniqueness of such a map. It
remains to show that this map ¢’ is indeed a morphism of monoids.

We claim that the elements in {'(fi) = [[,c; hi | i € Qo/G} satisfy the defining relations of WM (C').
Since there are no arrows between vertices in the G-orbit i, we infer from h? = h; that ¢'(fi)? = '(fi).
Similarly, if ¢; ; = 0, there are no arrows between i and j. Then we deduce that '(f;)¢'(f;) = ¥'(f;)¢' (fi)-

Assume that cjjc;; = 1. Since myryri is a reduced expression in W(C), Lemma 5.3 implies that
(ITici 8:) (I L¢3 85) (ILses 8i) is a reduced expression in W(Q). Then by the construction of pg, we have
the second equality in the following identity.

O (e () (F) = ([T e [T ) ([T 1)

i€i JEJ i€i

= po(([T s T s T s

i jej  i€i
= pQ(riryri).
Similarly, we have
Y (F)Y () = poib(ryrirs).
Since riryri = ryriry holds in W(C), we infer the desired identity
V()Y (Fr) =& () ()Y ()

in WM (Q). A similar proof works for the cases ¢; jcj; = 2 and 3. This completes the proof of the claim.
By the claim, we have a well-defined morphism

" WM(C) — WM(Q)®

between monoids such that " (f;) = ¢¥'(f;) for each i € Qp/G. By Lemma 5.3, it is direct to check that
¢ o pc = p§ o 1. This will force that ¢” = ¢, which completes the proof. 0O

Let @ be a finite acyclic quiver. For each i € Qq, write I; = II(Q)(1 — e;)II(Q); it is a two-sided ideal of
I1(Q). Denote by (I; | i € Qo) the sub monoid of I(II(Q)) generated by these ideals I;.

The following isomorphism is essentially due to [3, Theorem II1.1.9] and [29, Theorem 2.14].
Theorem 5.5. Let Q) be a finite acyclic quiver. There is an isomorphism

Oh: WM(Q) — (I; | i € Qo)

between monoids, which sends h; to I; for each i € Qy. Consequently, we have a bijection
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Oq =0 o pq: W(Q) — (Ii | i € Q).

Proof. The well-definedness of the morphism O, is due to [3, Proposition III.1.8]. It is clearly surjective.
For the injectivity, we refer to the proofs of [3, Theorem III.1.9] and [29, Theorem 2.14]. O

Let G be a finite group which acts on Q. For each i € Qo/G, we write

L=]]5

i€i

This is well defined, since I; and I; commute for 4, j € i; see [3, Proposition III.1.8]. We observe that I; is
a G-invariant ideal of II(Q). Then L;#G is a two-sided ideal of II(Q)#G; see Proposition 3.2. Denote by
(Ii#G | i € Qo/G) the sub monoid of I(II(Q)#G) generated by Li#G.

Proposition 5.6. Let G be a finite group which acts on a finite acyclic quiver Q. Then there is an isomorphism
of monoids WM (Q)¢ — (Li#G |i€ Qo/G).

Proof. The bijection pg restricts to the bijection pg: W(Q)Y — WM(Q)C. Since W(Q)¢ is generated

by {[L;c; i | i € Qo/G}, it follows that the monoid WM (Q)® is generated by {[[;c; hi | i € Qo/G}. The

isomorphism in Theorem 5.5 implies the following observation: (I; | i € Q)¢ is generated by {I; | i € Qo/G?}.
By the isomorphism in Proposition 3.2(3), we have an injective morphism of monoids

(I; | i € Qo)? — IIUQ)#G), I — I#G.

The observation above implies that the image of this morphism is precisely (L#G |i € Qo/G). Combining
this with the isomorphism @’Q in Theorem 5.5, we complete the proof. O

Remark 5.7. Recall from Example 5.2 that the Cartan matrix C' is associated to the G-action. Recall that
Og = @’Q o pg. By the commutative square in Proposition 5.4, we have the following commutative square
consisting of bijections.

w(C) w(Q)“

| -

(L#G |ie Qu/G) — (I; | i € Qo)°

Here, the unnamed vertical arrow is given by (—#G) o (@’QG) o’ o pc.
6. Algebras associated to Cartan triples

In this section, we recall the generalized preprojective algebras from [14] and prove Proposition 6.5, which
is Proposition A in Introduction.

Recall from [8] that a Cartan triple (C,D, ) consists of a Cartan matrix C' = (¢;;) € My(Z), its
symmetrizer D = diag(cy, ca, - - - , ¢, ) and an acyclic orientation 2. Here, we recall that an acyclic orientation
Qon C is asubset of {1,2,--- ,n} x {1,2,---,n} subject to the following conditions.

(01) {(4,7),(4,1)} N Q # 0 if and only if ¢;; < 0;
(02) for each sequence (i1, 42, ,it,9¢+1) with ¢ > 1 such that (is,is41) € Q for all 1 < s < ¢, we necessarily
have il 7& it+1.



18 X.-W. Chen, R. Wang / Journal of Pure and Applied Algebra 229 (2025) 108141

Let @ = Q(C, Q) be the finite quiver with the set of vertices Qo = {1,2,--- ,n} and with the set of
arrows

Qr={al:j—»i|(i,j) €21 <g<ged(eiy,cii)}Ufeini—i|l<i<nl).

Here, for any nonzero integers c, ¢, their greatest common divisor ged(c, ¢’) is defined to be positive.
Following [14, Subsection 1.4] and [13], we associate a finite dimensional algebras H(C, D, ) to any
Cartan triple (C, D, ) as follows

H(C,D,Q) =KQ/I,

where K@ is the path algebra of @ = Q(C, ), and I is the two-sided ideal of KQ generated by the following
set

ek el g al(-Jg-) — agf)af k€ Qo (1,7) €, 1< g <ged(cij,cii) }-

Here, €;" is called the nilpotency relation, and 5ng(L‘ <) gg) a(g)E;Cd(c’ ) the commutativity relation.
Let (C,D,Q) be a Cartan triple. The opposite orientation of Q is Q°P = {(4,7) | (i,5) € Q}. Set
Q = QUQ°P. For each (i, j) € Q, we define

N 1, if (4,5) €
sgn(i, j) = { —1, if (i,j) € Q°P.

Denote by Q = Q(C Q) the quiver obtained from @ = Q(C, ) by adding a new arrow 2NN j for

i
(), : j — 1. We mention that Q is not the double quiver of @), since we do not double the loops.

each arrow oy
The followmg definition is taken from [14, Subsection 1.4]; compare [5, Subsection 5.1] and [38, Section
3]. We refer to [14, Subsection 1.7], where the relationships among these constructions presented in the

aforementioned literature are explicitly discussed.

Definition 6.1. Let (C, D, ) be a Cartan triple and set Q= @(C, Q). The generalized preprojective algebra
is defined to be

(C,D,Q) =KQ/I,
where the two-sided ideal I of K@ is determined by the following relations.

(P1) For each vertex i € Qo, we have the nilpotency relation &;* = 0.

(P2) For each (i,7) € Q and 1 < g < ged(cij,cji), we have the commutativity relation sng(Cl J>o¢£?) -
(9) _medtere;y
g

(P3) For each vertex i € QQg, we have the mesh relation

Q,

ged(cij,cji) ng(Cz cj) 1-1

Z Z Z bgn(i,j) 6ia§j)o¢(g) ng(zﬁi =0.

{i€Qo | (i,))ey  9=1

The following result is essentially due to [14, Theorem 1.6].



X.-W. Chen, R. Wang / Journal of Pure and Applied Algebra 229 (2025) 108141 19

Proposition 6.2. Let (C, D, Q) be a Cartan triple with H = H(C, D,QY). Then we have an isomorphism of
algebras

I1(C, D, Q) ~ I, (H).

Proof. Since the algebra H is finite dimensional, by Lemma 2.2 we have an isomorphism Ext. (H, H¢) ~
Exty (DH, H) of H-H-bimodules. Then the required isomorphism follows from [14, Theorem 1.6]. O

For each vertex i € g, we denote by e; the corresponding idempotent of II(C, D, Q). Denote by L; the
two-sided ideal generated by 1 — e;. Denote by (L; | i € Qo) the sub monoid of I(II(C, D, §2)) generated by
these L;’s. Consider the Weyl group W(C'), whose simple reflections are denoted by r; for each i € Qq.

The following result is essentially due to [10, Theorem 4.7].

Theorem 6.3. Let (C, D, Q) be a Cartan triple. There is an isomorphism
O WM(C) — (L | i € Qo)
of monoids, which sends f; to L;. Consequently, we have a bijection
Oc =0O¢opc: W(C) — (L; | i € Qo).

Proof. The well-definedness of the morphism O, is due to [10, Proposition 4.6], which is clearly surjective.
For the injectivity, we refer to the proof of [10, Theorem 4.7]. O

In the example below, we see that the isomorphism in Theorem 6.3 extends the one in Theorem 5.5.

Example 6.4. Let @ be a finite acyclic quiver. Then it corresponds to a symmetric Cartan matrix C. Denote
by Ig, the identity matrix with rows and columns indexed by Q. The set )1 of arrows yields an acyclic
orientation €2 on (g in the obvious manner: there is an arrow from ¢ to j in @ if and only if (4,4) belongs
to Q.

We have algebra isomorphisms KQ ~ H(C, I,, Q) and II(Q) ~ II(C, Ig,,?). Since WM (Q) = WM(C),
therefore in this situation, the isomorphisms in Theorem 6.3 coincide with the one in Theorem 5.5.

Let G be a finite group, which acts on a finite acyclic quiver @. Following the folding process in Exam-
ple 5.2, we denote by (C, D, Q) the associated Cartan triple. Here, the rows and columns of C and D are
indexed by the orbit set Qy/G. The acyclic orientation 2 is defined to such that (j,i) belongs to Q if and
only if there is some arrow from the orbit i to the orbit j in Q. We mention that each Cartan triple arises
in this way; compare [8, Remark 6.9] and [28, Section 14.1]

Write II = II(C, D, ). Each vertex i in Q(C,Q)g = Qo/G gives rise to an idempotent e; of II. Recall
that Li = H(l — ei)H.

The following square compares the bijections in Theorems 5.5 and 6.3.

Proposition 6.5. Keep the assumptions above. Then there is a unique isomorphism ¥ between monoids
making the following diagram commute.

w(C) w(Q)“¢

oc| |6

(Li | i€ Qo/G) (I; | i € Q)¢

1S
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We mention that U(L;) = I; for each i € Qp/G.

Proof. The uniqueness of ¥ is clear, since the other three maps in the square are all bijections. Recall that
O¢ = Op o pc and O = O o pg. In view of the commutative square in Proposition 5.4, it suffices to take

W= 6 0y 0 (0.
As a composition of three isomorphisms between monoids, ¥ is an isomorphism of monoids. O
7. The main result

In this section, we establish a Morita equivalence involving preprojective algebras in the folding process.
We assume that char(K) = p > 0 and that G = (o | o?" = 1) is a cyclic p-group for some a > 1.

Let @ be a finite acyclic quiver. For each vertex i € @y, we denote by S; the 1-dimensional simple
KQ-module concentrated in the vertex i. It is naturally a simple II(Q)-module. Recall that I; = II(Q)(1 —

e;)II(Q). We observe that I; = Y II(Q)e;II(Q). Then we have an exact sequence
J#i

0 — I, —I(Q) — S —0

of left TI(Q)-modules.
Fix a G-action on ). We assume that the action satisfies the following condition.

(¥) For each arrow a in @, we have G, = G(a) N Gy(a). Here, G, G5o) and Gy, denote their stabilizers.

We denote by (C, D, ) the associated Cartan triple. Write H = H(C, D, ) and Il = II(C, D, Q). Each
vertex iin Q(C,Q)o = Qo/G gives rise to an idempotent e; of H, which is also an idempotent of II. Following
[14, Subsection 3.2], we denote by E; = H/H (1 — e;)H the generalized simple module over H concentrated
in i. We mention that Fj is naturally isomorphic to Ke]/(e“t). We view E; as a module over II. Recall that
L; =TI(1 — e;)IL. Then we have an exact sequence

0—Li— 1 —FE; —0 (7.1)

of left II-modules.
The following Morita equivalence is due to [8], which is based on [7].

Proposition 7.1. Keep the assumptions above. Then there is a Morita equivalence
U: KQ#G-Mod — H(C, D, Q)-Mod
such that U((KQ#G) ®kq Si) ~ E; for each i € Qo/G and i € i.

Proof. This is due to [8, Theorem 7.8]. We observe that the folding projection f therein sends simple roots
to simple roots. It follows that the Morita equivalence U sends (KQ#G) ®kq S; to E;. O

Recall the bijection O¢g: W(Q) — (I; | i € Qo) in Section 5 and the bijection O¢: W(C) — (L; | i €
Qo/G) in Section 6. The bijection ©¢ restricts to a bijection

0%: W(Q)° — (I; |i € Qo)©

between the subsets formed by G-invariant elements. Recall from Example 5.2 the isomorphism ¢: W (C) —
W(Q)Y, which sends the simple reflections 7; to [
The main result of this work is as follows.

jei Sy
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Theorem 7.2. Assume that char(K) = p > 0 and that G is a cyclic p-group which acts on a finite acyclic
quiver Q satisfying (x). Keep the notation above. Then there is a Morita equivalence

F: I(Q)#G-Mod — TI(C, D, Q)-Mod

such that the following diagram commutes.

w(C) w(Q)©

oc| |os

(i i€ Qo/G) <" T* i1 i Qu)©

For the bottom map ®r o (—#G), we observe that each element J in (I; | i € Qo)¢ is G-invariant, and
that J#G is a two-sided ideal of II(Q)#G. The isomorphism @ : I(II(Q)#G) — I(II(C, D, )) is given in
Proposition 4.3.

Proof. Write H = H(C, D,)). We divide the proof into four steps.

Step 1. By Lemma 2.4, we identify II(Q) with the 2-preprojective algebra II5(KQ). Therefore, by The-
orem 3.13 the skew group algebra II(Q)#G is isomorphic to Iy (KQ#G). Applying Proposition 4.7 to the
Morita equivalence in Proposition 7.1, we obtain a Morita equivalence

U: I (KQ#G)-Mod — Iy (H)-Mod.

By Proposition 6.2, we identify Iy (H) with TI(C, D, ). Combining these isomorphisms and U, we obtain
the required Morita equivalence F'.

Step 2. We claim that

F(IL(Q)#G) @mq) Si) ~ Ei

for each i € Qp/G and i € i.
For the claim, we recall the isomorphism

0: U((KQ#G) ®ko Si) — Ex

in H-Mod. We view KQ#G as a quotient algebra of II(Q)#G, and H as a quotient algebra of TI(C, D, Q).
Then 6 might be viewed as an isomorphism in II(C, D, 2)-Mod. The natural map

((Q)#G) @) Si — (KQ#G) ®kq Si

is an isomorphism, since both vector spaces are naturally identified with KG ® S;; compare [8, (7.1)]. Since
U extends U, we deduce the claim.

Step 3. For each i € Qo/G, we recall that I; =[]
that @F(L#G) = Li.

Since the ideal I; is generated by {e; | [ ¢ i}, the quotient algebra II(Q)/I; is isomorphic to a product of
K indexed by i. Consequently, as a left II(Q)-module, we have

jeilis which is a G-invariant ideal of TI(Q). We claim

(Q)/I ~ P S;. (7.2)

JEi



22 X.-W. Chen, R. Wang / Journal of Pure and Applied Algebra 229 (2025) 108141

Here, we mention that II(Q)/I; is naturally a G-compatible bimodule over II(Q). Therefore, we have the
induced bimodule (II(Q)/L;)#G over II(Q)#G.

By combining Remark 3.6 and (7.2), we have the second isomorphism in the following identity consisting
of isomorphisms in II(C, D, 2)-Mod.

F(IQ)#G)/(L#G)) ~ F(IH(Q)/ L) #G)

~ @ F(IQ)#G) ®u(o) S5)
jJEi

~@ E~ 1n(C,D,0)/L
jEi JEi

Here, the third isomorphism uses the claim in Step 2, and the last one follows from (7.1). Apply Proposi-
tion 4.4, we infer that ®p(I;#G) = L;, as required.

Step 4. Recall from the proof of Proposition 5.6 that
<I7,' | 1€ Q0>G = <Il | ie Qo/G>
Then by Step 3, the following composition of morphisms between monoids is well-defined.
G #G
(£ | i € Qo) <I#G\1€Q0/G> = (Li |[1€ Qo/G)

By the isomorphisms in Propositions 3.2(3) and 4.3, this composite morphism is an isomorphism. Since
it sends I; to L;, we infer that it coincides with the inverse of ¥ in Proposition 6.5. Now, the required
commutativity follows from Proposition 6.5 immediately. O

Remark 7.3.

(1) Tt might be of interest to compare the two commutative squares in Remark 5.7 and Theorem 7.2.
(2) When Q is of type A and G is of order 2, such a Morita equivalence F is established in [25, Lemma 5.4]
independently by a different method.

We illustrate the main result with an explicit example.

Example 7.4. Let K be a field of characteristic two, and let @ be the following quiver of type As.

’
[ [}

2 1 2/

The preprojective algebra I1(Q) is given by the following quiver

’
[ [e3%

e e

o o’ *

subject to the relations a*a = 0 = o’*a’ and aa™ + &’a’* = 0. Let G = {1g,0} be a cyclic group of order
two, and let o act on @ by interchanging a and «’. This action extends a G-action on II(Q) by o(a*) = o'*
and o(a/*) = o*.

The associated Cartan triple (C, D, ) is of type By and given as follows:

c= (_22 _21> , D = diag(2,1), and Q = {(1,2)}.
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The generalized preprojective algebra II(C, D, ) is given by the following quiver

12
(4 e —— o ")
€1 1 2 €2
T — 7 U
Q21

subject to relations 6% =0 =¢g, e1a12021 + a1202161 = 0, and azy1a12 = 0. In practice, we omit the loop
€2. Theorem 7.2 yields a Morita equivalence F' between II(Q)#G and II(C, D, Q).
Consider the isomorphism 1: W(C) — W(Q)%, which sends 1 to s1, and ra to s350 = s3/52. We have

(bF(Il#G) = Ll and ¢F((1212/)#G) = L2.
The bijection ©¢ sends the longest element 1797172 to the zero ideal, that is,
LiLaL1L2 =0

in II(C,D,Q); see [10, Proposition 4.2]. Accordingly, the bijection ©¢ sends the longest element
P(rirarire) = 818282815282 to the zero ideal, that is,

LIy 1 Iole =0
holds in II(Q); compare [29, Theorem 2.30].
CRediT authorship contribution statement
Xiao-Wu Chen: Writing — original draft. Ren Wang: Writing — original draft.
Declaration of competing interest

The authors declare that they have no known competing financial interests or personal relationships that
could have appeared to influence the work reported in this paper.

Acknowledgements

We thank the two anonymous referees for helpful comments. We thank Professor Ming Fang for helpful
suggestions and the reference [30], and Professor Yuya Mizuno for the reference [25]. The project is supported
by National Key R&D Program of China (No. 2024YFA1013801) and National Natural Science Foundation
of China (Nos. 12571036, 12325101 and 12131015).

References

[1] H. Bass, Algebraic K-Theory, W. A. Benjamin, Inc., New York-Amsterdam, 1968.

[2] LN. Bernstein, I.M. Gelfand, V.A. Ponomarev, Coxeter functors and Gabriel theorem, Russ. Math. Surv. 28 (1973) 17-32.

[3] A.B. Buan, O. Iyama, I. Reiten, J. Scott, Cluster structures for 2-Calabi-Yau categories and unipotent groups, Compos.
Math. 145 (4) (2009) 1035-1079.

[4] R.W. Carter, G. Lusztig, Modular representations of finite groups of Lie type, Proc. Lond. Math. Soc. 32 (3) (1976)
347-384.

[5] S. Cecotti, M. Del Zotto, 4d N = 2 gauge theories and quivers: the non-simply laced case, J. High Energy Phys. 190 (10)
(2012) (front matter + 34 pp).

[6] X.W. Chen, M. Lu, Gorenstein homological properties of tensor rings, Nagoya Math. J. 237 (2020) 188—-208.

[7] X.W. Chen, R. Wang, The finite EI categories of Cartan type, J. Algebra 546 (2020) 62-84.

[8] X.W. Chen, R. Wang, Skew group categories, algebras associated to Cartan matrices and folding of root lattices, Proc. R.
Soc. Edinb., Sect. A, Math. (2024) 1-45, https://doi.org/10.1017/prm.2024.34.


http://refhub.elsevier.com/S0022-4049(25)00280-4/bibCA4103A5E6809C7E14EC7F4FCF676BB5s1
http://refhub.elsevier.com/S0022-4049(25)00280-4/bibFB5ACC0324E3E6AC8D1A62B0BF195775s1
http://refhub.elsevier.com/S0022-4049(25)00280-4/bib17B6572048863A1A12575358C0875F9Es1
http://refhub.elsevier.com/S0022-4049(25)00280-4/bib17B6572048863A1A12575358C0875F9Es1
http://refhub.elsevier.com/S0022-4049(25)00280-4/bib02D526C0D005EBC45CC01F30F0F4EE5Es1
http://refhub.elsevier.com/S0022-4049(25)00280-4/bib02D526C0D005EBC45CC01F30F0F4EE5Es1
http://refhub.elsevier.com/S0022-4049(25)00280-4/bib928568B84963CEB76AAAA2CAE9AFDBFAs1
http://refhub.elsevier.com/S0022-4049(25)00280-4/bib928568B84963CEB76AAAA2CAE9AFDBFAs1
http://refhub.elsevier.com/S0022-4049(25)00280-4/bib5BC574A47246F122016869B32A6AA6F0s1
http://refhub.elsevier.com/S0022-4049(25)00280-4/bib9AF3107A066F6B0DEFB1CAFC0499F6EDs1
https://doi.org/10.1017/prm.2024.34

24 X.-W. Chen, R. Wang / Journal of Pure and Applied Algebra 229 (2025) 108141

[9] L. Demonet, Skew group algebras of path algebras and preprojective algebras, J. Algebra 323 (2010) 1052-1059.

[10] C. Fu, S. Geng, Tilting modules and support 7-tilting modules over preprojective algebras associated with symmetrizable
Cartan matrices, Algebr. Represent. Theory 22 (2019) 1239-1260.

[11] M. Geck, L. Iancu, Coxeter groups and automorphisms, arXiv:1412.5428v1, 2014.

[12] I.M. Gelfand, V.A. Ponomarev, Model algebras and representations of graphs, Funct. Anal. Appl. 13 (1979) 157-166.

[13] C. Geiss, Quiver with relations for symmetrizable Cartan matrices and algebraic Lie theory, in: Proc. Int. Cong. Math.,
Rio de Janeiro, vol. 2, 2018, pp. 117-142.

[14] C. Geiss, B. Leclerc, J. Schréer, Quivers with relations for symmetrizable Cartan matrices I: foundations, Invent. Math.
209 (2017) 61-158.

[15] C. Geiss, B. Leclerc, J. Schréer, Quivers with relations for symmetrizable Cartan matrices IV: crystal graphs and semi-
canonical functions, Sel. Math. New Ser. 24 (2018) 3283-3348.

[16] S. Giovannini, A. Pasquali, Skew group algebras of Jacobian algebras, J. Algebra 526 (2019) 112-165.

[17] J.Y. Hee, Systemes de racines sur un anneau commutatif totalement ordonné, Geom. Dedic. 37 (1991) 65-102.

[18] A. Hubery, Quiver representations respecting a quiver automorphism: a generalisation of a theorem of Kac, J. Lond. Math.
Soc. 69 (1) (2004) 79-96.

[19] C. Ingalls, H. Thomas, Noncrossing partitions and representations of quivers, Compos. Math. 145 (2009) 1533-1562.

[20] O. Iyama, S. Oppermann, Stable categories of higher preprojective algebras, Adv. Math. 244 (2013) 23-68.

[21] O. Iyama, I. Reiten, Fomin-Zelevinsky mutation and tilting modules over Calabi-Yau algebras, Am. J. Math. 130 (4)
(2008) 1087-1149.

[22] V. Kac, Infinite root systems, representations of graphs and invariant theory, Invent. Math. 56 (1980) 57-92.

[23] V. Kac, Infinite Dimensional Lie Algebras, third edition, Cambridge Univ. Press, Cambridge, 1990.

[24] B. Keller, Deformed Calabi-Yau completions, with an appendix by Michel Van den Bergh, J. Reine Angew. Math. 654
(2011) 125-180.

[25] Y. Kimura, R. Koshio, Y. Kozakai, H. Minamoto, Y. Mizuno, 7-tilting theory and silting theory of skew group algebra

extensions, Ann. Represent. Theory 2 (4) (2025) 599-637.

6] P. Le Meur, Crossed products of Calabi-Yau algebras by finite groups, J. Pure Appl. Algebra 224 (10) (2020) 106394.

7] G. Lusztig, Quivers, perverse sheaves, and quantized enveloping algebras, J. Am. Math. Soc. 4 (2) (1991) 365—421.

8] G. Lusztig, Introduction to Quantum Groups, Progress in Math., vol. 110, Birkhduser, Boston Basel Berlin, 1993.

9] Y. Mizuno, Classifying 7-tilting modules over preprojective algebras of Dynkin type, Math. Z. 277 (3) (2014) 665-690.

]

]

568-602.

[32] I. Reiten, Ch. Riedtmann, Skew group algebras in the representation theory of Artin algebras, J. Algebra 92 (1985)
224-282.

[33] C.M. Ringel, The preprojective algebra of a quiver, in: Algebras and Modules II, Geiranger, 1996, in: CMS Conf. Proc.,

vol. 24, Amer. Math. Soc., 1998, pp. 467-480.

4] R. Steinberg, Lectures on Chevalley Groups, Yale University, 1967.

] T. Tanisaki, Foldings of root systems and Gabriel’s theorem, Tsukuba J. Math. 4 (1980) 89-97.

] L.P. Thibault, Preprojective algebra structure on skew-group algebras, Adv. Math. 365 (2020) 107033.

] V. Tsaranov, Representation and classification of Coxeter monoids, Eur. J. Comb. 11 (2) (1990) 189-204.

|

equations, SIGMA 6 (2010) 087, 43 pp.


http://refhub.elsevier.com/S0022-4049(25)00280-4/bib0830D53182CA6F73F778974A41F846AFs1
http://refhub.elsevier.com/S0022-4049(25)00280-4/bib2A5271C118492B7BB2274DD278A033BAs1
http://refhub.elsevier.com/S0022-4049(25)00280-4/bib2A5271C118492B7BB2274DD278A033BAs1
http://refhub.elsevier.com/S0022-4049(25)00280-4/bib02C73FE4EFABC7A908C3768C18D8FFE3s1
http://refhub.elsevier.com/S0022-4049(25)00280-4/bibE8D54DB626F964D7017A575665BCA738s1
http://refhub.elsevier.com/S0022-4049(25)00280-4/bibBA03532E5FEABAA93004FD73BC9CDF3Es1
http://refhub.elsevier.com/S0022-4049(25)00280-4/bibBA03532E5FEABAA93004FD73BC9CDF3Es1
http://refhub.elsevier.com/S0022-4049(25)00280-4/bibDAACFAD164290AE0E207B455275E7ACCs1
http://refhub.elsevier.com/S0022-4049(25)00280-4/bibDAACFAD164290AE0E207B455275E7ACCs1
http://refhub.elsevier.com/S0022-4049(25)00280-4/bib9B010B2EF87936F9BF74C3CBE7BE395As1
http://refhub.elsevier.com/S0022-4049(25)00280-4/bib9B010B2EF87936F9BF74C3CBE7BE395As1
http://refhub.elsevier.com/S0022-4049(25)00280-4/bib93271512BDBF93F479141BB7B68314D9s1
http://refhub.elsevier.com/S0022-4049(25)00280-4/bib97B16FD2D4FEAC13D993E9474121F34Fs1
http://refhub.elsevier.com/S0022-4049(25)00280-4/bib15564490B5D8D8B8B8118409D22FAF0Fs1
http://refhub.elsevier.com/S0022-4049(25)00280-4/bib15564490B5D8D8B8B8118409D22FAF0Fs1
http://refhub.elsevier.com/S0022-4049(25)00280-4/bibCD32106BCB6DE321930CF34574EA388Cs1
http://refhub.elsevier.com/S0022-4049(25)00280-4/bib8C180701110F221825929B9E0CEFD011s1
http://refhub.elsevier.com/S0022-4049(25)00280-4/bibD5219B17F086C2E4DD1B6962D54A8C0Fs1
http://refhub.elsevier.com/S0022-4049(25)00280-4/bibD5219B17F086C2E4DD1B6962D54A8C0Fs1
http://refhub.elsevier.com/S0022-4049(25)00280-4/bibDF269C770725FDBC55601AAEF03842D3s1
http://refhub.elsevier.com/S0022-4049(25)00280-4/bib2573FC825ABD2910A1286EA526249F94s1
http://refhub.elsevier.com/S0022-4049(25)00280-4/bibF06261EC38C9D0A5CAE11F1FDD6F349As1
http://refhub.elsevier.com/S0022-4049(25)00280-4/bibF06261EC38C9D0A5CAE11F1FDD6F349As1
http://refhub.elsevier.com/S0022-4049(25)00280-4/bib8FE776F8CBAB82F121793EB4C8948FB2s1
http://refhub.elsevier.com/S0022-4049(25)00280-4/bib8FE776F8CBAB82F121793EB4C8948FB2s1
http://refhub.elsevier.com/S0022-4049(25)00280-4/bibBCCD5EC3EC8FD3A4471E71E9B407C60Cs1
http://refhub.elsevier.com/S0022-4049(25)00280-4/bibFE86606447FF745EC93D94C1098DF757s1
http://refhub.elsevier.com/S0022-4049(25)00280-4/bibD7A026C5541C4BB7D3A888CBBE2BA897s1
http://refhub.elsevier.com/S0022-4049(25)00280-4/bibB8FE0EC4A052835073DFFCA418B5EED4s1
http://refhub.elsevier.com/S0022-4049(25)00280-4/bib5F61FCB6E17F7A46A46A47C7977C90C1s1
http://refhub.elsevier.com/S0022-4049(25)00280-4/bib920D8A43B56FFA8AC352BADF69CCD0D9s1
http://refhub.elsevier.com/S0022-4049(25)00280-4/bib920D8A43B56FFA8AC352BADF69CCD0D9s1
http://refhub.elsevier.com/S0022-4049(25)00280-4/bibCB95449A94688AF33F6E9BB090CF2936s1
http://refhub.elsevier.com/S0022-4049(25)00280-4/bibCB95449A94688AF33F6E9BB090CF2936s1
http://refhub.elsevier.com/S0022-4049(25)00280-4/bib236FE879DD62A6A3981A6FF632138C1Bs1
http://refhub.elsevier.com/S0022-4049(25)00280-4/bib236FE879DD62A6A3981A6FF632138C1Bs1
http://refhub.elsevier.com/S0022-4049(25)00280-4/bibE3A8BBDD4638397265F88E83A52C22AEs1
http://refhub.elsevier.com/S0022-4049(25)00280-4/bibC644BFFE59FD8325F682F915BEA22174s1
http://refhub.elsevier.com/S0022-4049(25)00280-4/bibBAC85CA29BBEEB50CA68526E01CA6BF0s1
http://refhub.elsevier.com/S0022-4049(25)00280-4/bib6A2389C404BC1B338FB35293FD4C19D3s1
http://refhub.elsevier.com/S0022-4049(25)00280-4/bibB24CD323DB75FAD1DCDD67FD52665756s1
http://refhub.elsevier.com/S0022-4049(25)00280-4/bibB24CD323DB75FAD1DCDD67FD52665756s1

	Preprojective algebras, skew group algebras and Morita equivalences
	1 Introduction
	2 Tensor algebras and preprojective algebras
	3 Skew group algebras and induced bimodules
	3.1 Compatible bimodules and induced bimodules
	3.2 Skew group algebras of preprojective algebras

	4 Morita equivalences and bimodules
	5 Weyl groups and monoids
	6 Algebras associated to Cartan triples
	7 The main result
	CRediT authorship contribution statement
	Declaration of competing interest
	Acknowledgements
	References


