ISSN 0065-9266 (print)

Of the ISSN 1947-6221 (online)
American Mathematical Society

V[EMOIRS

Number 1586

Leavitt Path Algebras, B.-Algebras

and Keller’s Conjecture for Singular
Hochschild Cohomology

Xiao-Wu Chen
Huanhuan Li
Zhengfang Wang

September 2025 e Volume 313 ¢ Number 1586 (first of 7 numbers)

AMERICAN

AM S MATHEMATICAL

SOCIETY




V[EMOIRS

ISSN 0065-9266 (print)

Of the ISSN 1947-6221 (online)
American Mathematical Society

Number 1586

Leavitt Path Algebras, B.-Algebras

and Keller’'s Conjecture for Singular
Hochschild Cohomology

Xiao-Wu Chen
Huanhuan Li
Zhengfang Wang

September 2025 ¢ Volume 313 ¢ Number 1586 (first of 7 numbers)

[ ]
oot AMERICAN

AM S MATHEMATICAL

SOCIETY



Library of Congress Cataloging-in-Publication Data

Cataloging-in-Publication Data has been applied for by the AMS.
See http://www.loc.gov/publish/cip/.

DOI: https://doi.org/10.1090 /memo /1586

Memoirs of the American Mathematical Society
This journal is devoted entirely to research in pure and applied mathematics.

Subscription information. Beginning in 2024, Memoirs will be published monthly through
2026. Memoirs is also accessible from www.ams.org/journals. The 2025 subscription begins with
volume 305 and consists of twelve mailings, each containing one or more numbers. Individual
subscription prices for 2025 are as follows. For electronic only: US$1044. For paper delivery:
US$1197. Add US$65 for delivery within the United States; US$200 for surface delivery outside
the United States. Upon request, subscribers to paper delivery of this journal are also entitled
to receive electronic delivery. For information on institutional pricing, please visit https://www.
ams.org/publications/journals/subscriberinfo. Subscription renewals are subject to late fees.
See www.ams.org/journal-faq for more journal subscription information. Each number may be
ordered separately; please specify number when ordering an individual number.

Back number information. For back issues see www.ams.org/backvols.

Subscriptions and orders should be addressed to the American Mathematical Society, P.O.
Box 845904, Boston, MA 02284-5904 USA. All orders must be accompanied by payment. Other
correspondence should be addressed to 201 Charles Street, Providence, RI 02904-2213 USA.

Copying and reprinting. Individual readers of this publication, and nonprofit libraries
acting for them, are permitted to make fair use of the material, such as to copy select pages for
use in teaching or research. Permission is granted to quote brief passages from this publication in
reviews, provided the customary acknowledgment of the source is given.

Republication, systematic copying, or multiple reproduction of any material in this publication
is permitted only under license from the American Mathematical Society. Requests for permission
to reuse portions of AMS publication content are handled by the Copyright Clearance Center. For
more information, please visit www.ams.org/publications/pubpermissions.

Send requests for translation rights and licensed reprints to [reprint-permission@ams.org.

Excluded from these provisions is material for which the author holds copyright. In such cases,
requests for permission to reuse or reprint material should be addressed directly to the author(s).
Copyright ownership is indicated on the copyright page, or on the lower right-hand corner of the
first page of each article within proceedings volumes.

Memoirs of the American Mathematical Society (ISSN 0065-9266 (print); 1947-6221 (online))
is published bimonthly (each volume consisting usually of more than one number) by the American
Mathematical Society at 201 Charles Street, Providence, RI 02904-2213 USA. Periodicals postage
paid at Providence, RI. Postmaster: Send address changes to Memoirs, American Mathematical
Society, 201 Charles Street, Providence, RI 02904-2213 USA.

© 2025 by the American Mathematical Society. All rights reserved.

This publication is indexed in Mathematical Reviews®, Zentralblatt MATH, Science Citation
Index®, Science Citation Index™-Ezxpanded, ISI Alerting Services®™, SciSearch®, Research
Alert®, CompuMath Citation Index®, Current Contents®/Physical, Chemical & Earth Sciences.
This publication is archived in Portico and CLOCKSS.

Printed in the United States of America.

The paper used in this book is acid-free and falls within the guidelines
established to ensure permanence and durability.
Visit the AMS home page at https://www.ams.org/

10987654321 30 29 28 27 26 25

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.


http://www.loc.gov/publish/cip/
https://doi.org/10.1090/memo/1586
https://www.ams.org/publications/journals/subscriberinfo
https://www.ams.org/publications/journals/subscriberinfo
www.ams.org/journal-faq
www.ams.org/backvols
www.ams.org/publications/pubpermissions
mailto:reprint-permission@ams.org
https://www.ams.org/

Contents

Chapter 1. Introduction
1.1. The background
1.2. The main results
1.3. The structure of the paper
Acknowledgments

Chapter 2. DG categories and dg quotients
2.1. DG categories and dg functors
2.2.  One-point (co)extensions and singular equivalences with levels

Chapter 3. The dg singularity category and acyclic complexes
Chapter 4. Quivers and Leavitt path algebras

Chapter 5.  An introduction to By,-algebras
5.1. A-algebras and morphisms
5.2.  Byo-algebras and morphisms
5.3. A duality theorem on B.-algebras
5.4. Brace By.-algebras
5.5. Gerstenhaber algebras

Chapter 6. The Hochschild cochain complexes
6.1. The Hochschild cochain complex of a dg category
6.2. The relative bar resolutions

Chapter 7. A homotopy deformation retract and the homotopy transfer
theorem
7.1. A construction for homotopy deformation retracts
7.2. A homotopy deformation retract for the Leavitt path algebra
7.3. The homotopy transfer theorem for dg algebras

Chapter 8. The singular Hochschild cochain complexes
8.1. The left and right singular Hochschild cochain complexes
8.2. The Byo-algebra structures on the singular Hochschild cochain
complexes
8.3. The relative singular Hochschild cochain complexes

Chapter 9. Boo-quasi-isomorphisms induced by one-point (co)extensions and
bimodules
9.1. Invariance under one-point (co)extensions
9.2. By,-quasi-isomorphisms induced by a bimodule
9.3. A non-standard resolution and liftings

EEEE EBEl EEl BEEE EBEE BEEEEEE] Bl Bl Bl ams=s

iii

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



iv CONTENTS

9.4. A triangular matrix algebra and colimits

Chapter 10. Algebras with radical square zero and the combinatorial
B.-algebra
10.1. A combinatorial description of the singular Hochschild cochain
complex
10.2. The combinatorial B.-algebra

Chapter 11. The Leavitt B.,-algebra as an intermediate object
11.1.  An explicit complex
11.2. The Leavitt B.,-algebra
11.3. A recursive formula for the brace operation

Chapter 12. An A, -quasi-isomorphism for the Leavitt path algebra
12.1.  An induced homotopy deformation retract
12.2.  An explicit A-quasi-isomorphism between dg algebras
12.3. The A -quasi-isomorphism via the brace operation

Chapter 13. Verifying the Bo,-morphism
Chapter 14. Keller’s conjecture and the main results

Bibliography

El El El El EEem cepm 2@ @ =

Index

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



Abstract

For a finite quiver without sinks, we establish an isomorphism in the homo-
topy category Ho(Bs) of Buo-algebras between the Hochschild cochain complex
of the Leavitt path algebra L and the singular Hochschild cochain complex of the
corresponding radical square zero algebra A. Combining this isomorphism with a
description of the dg singularity category of A in terms of the dg perfect derived
category of L, we verify Keller’s conjecture for the singular Hochschild cohomology
of A. More precisely, we prove that there is an isomorphism in Ho(By,) between the
singular Hochschild cochain complex of A and the Hochschild cochain complex of
the dg singularity category of A. One ingredient of the proof is the following duality
theorem on By-algebras: for any B..-algebra, there is a natural B.,-isomorphism
between its opposite Byo-algebra and its transpose By.-algebra.

We prove that Keller’s conjecture is invariant under one-point (co)extensions
and singular equivalences with levels. Consequently, Keller’s conjecture holds for
those algebras obtained inductively from A by one-point (co)extensions and sin-
gular equivalences with levels. These algebras include all finite dimensional gentle
algebras.
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CHAPTER 1

Introduction

1.1. The background

Let k be a field and A be a finite dimensional associative k-algebra. Denote by
A-mod the abelian category of finite dimensional left A-modules and by D®(A-mod)
its bounded derived category. The singularity category Dgg(A) of A is by definition
the Verdier quotient category of D?(A-mod) by the full subcategory of perfect
complexes. This notion is first introduced in [17], and then rediscovered in [75]
with motivations from homological mirror symmetry. The singularity category
measures the homological singularity of the algebra A, and reflects the asymptotic
behaviour of syzygies of A-modules.

It is well-known that the theory of triangulated categories is inadequate to han-
dle many basic algebraic and geometric operations. One way around this problem
is to replace triangulated categories by their dg enhancements. The bounded dg
derived category Dgg(A-mod) is a dg category whose zeroth cohomology coincides
with D?(A-mod). Similarly, the dg singularity category Sag(A) of A [121[16155] is
defined to be the dg quotient category of Dgg(A—mod) by the full dg subcategory of
perfect complexes. Then the zeroth cohomology of Syg(A) coincides with Dgg(A).
In other words, the dg singularity category provides a canonical dg enhancement
for the singularity category.

As one of the advantages of working with dg categories, their Hochschild the-
ory behaves well with respect to various operations [62]64,[83]. We consider
the Hochschild cochain complex C*(Sgg(A), Sag(A)) of the dg singularity cate-
gory Sqg(A), which has a natural structure of a B.-algebra [39]. Moreover,
it induces a Gerstenhaber algebra structure [36] on the Hochschild cohomology
HH"(Sq4g(A),Sag(A)). The Boo-algebra structures on the Hochschild cochain com-
plexes play an essential role in the deformation theory [64] of categories. We men-
tion that By-algebras are the key ingredients in the proof [82] of Kontsevich’s
formality theorem. We refer to [69] Subsection 1.19] for the relationship between
Bso-algebras and Deligne’s conjecture.

The singular Hochschild cohomology HHZ, (A, A) of A is defined as

HHE, (A, A) := Homp_, (re) (A, X" (A)), for any n € Z,

where ¥ is the suspension functor of the singularity category Dgg(A®) of the en-
veloping algebra A® = A ® A°P; see [11,55[88]. By [90], there are two com-
plexes 6:g7L(A, A) and 6:&13(/\, A) computing HHZ, (A, A), called the left singular
Hochschild cochain complex and the right singular Hochschild cochain complex of A,
respectively. Moreover, both U:&L(A, A) and U:gyR(A, A) have natural B-algebra
structures, which induce the same Gerstenhaber algebra structure on HHZ, (A, A);
see Proposition
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2 1. INTRODUCTION

There is a canonical isomorphism
(11) 6:g,L(Aopa Aop) = U:g,R(Av A)Opp

of B..-algebras; see Proposition BI0 Here, for a By.-algebra A we denote by
A°PP its opposite Boo-algebra; see Definition [5.71 We mention that the B..-algebra
structures on the singular Hochschild cochain complexes come from a natural action
of the cellular chains of the spineless cacti operad introduced in [48].

The singular Hochschild cohomology is also called Tate-Hochschild cohomology
in [89H91]; it is a bimodule analogue of the usual Tate cohomology [17], which
might be traced back to [85]. The result in [78] shows that the singular Hochschild
cohomology can be viewed as an algebraic formalism of Rabinowitz-Floer homology
[24] in symplectic geometry.

1.2. The main results

Let A = (A, my; lp,q) be a Byo-algebra, where (A, m,,) is the underlying As-
algebra and fi,, 4 are the Boo-products. We denote by A* the transpose Boo-algebra;
see Definition [5.9

The first main result, a duality theorem on general B..,-algebras, might be
viewed as a conceptual advance on B..-algebras.

THEOREM 1.1 (= Theorem BI0). Let (A, my; fpq) be a Boo-algebra. Then
there is a natural Bo-isomorphism between the opposite By, -algebra A°PP and the
transpose Boo-algebra A,

It is a standard fact that a B..-algebra structure on A is equivalent to a dg
bialgebra structure on the tensor coalgebra T°(sA) over the 1-shifted graded space
sA. By a classical result, the dg bialgebra T¢(sA) admits a bijective antipode S.
The B,-isomorphism in Theorem [I[T] is precisely induced by the antipode S.

We mention that if p,, = 0 for any p > 1, the antipode S and thus the
required B..-isomorphism have an explicit graphic description from the Kontsevich-
Soibelman minimal operad; see Remark [B.111

Theorem [[1] is applied to establish By-isomorphisms between the (resp. sin-
gular) Hochschild cochain complexes of an algebra and of its opposite algebra; see
Propositions and B0 (= the isomorphism ([I1I)), respectively.

Recall that A is a finite dimensional k-algebra. Denote by Ag the semisimple
quotient algebra of A modulo its Jacobson radical. Recently, Keller proved in [55]
that if Ay is separable over k, then there is a natural isomorphism of graded algebras

(1.1) HHZ, (A, A) — HH"(Sqg(A), Sag(A)).
This isomorphism plays a central role in the proof of Donovan-Wemyss’s conjecture
[29,/44./45).

Denote by Ho(Bs) the homotopy category of B -algebras [43,52]. In [55]

Conjecture 1.2], Keller conjectures that there is an isomorphism in Ho(By,)

—*

(1.2) Cyp 1, (AP AP) ~ C*(Sgg(A), Sag(A)).

sg,L
In particular, we have an induced isomorphism

HHZ, (A, A) — HH"(Sag(A), Sag(A))

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



1.2. THE MAIN RESULTS 3

respecting the Gerstenhaber structures. A slightly stronger version of the conjec-
ture claims that the induced isomorphism above coincides with the natural isomor-
phism ([II)).

It is well-known that a B,-algebra induces a dg Lie algebra and that a
Bso-quasi-isomorphism induces a quasi-isomorphism of dg Lie algebras; see Re-
mark B9 Keller’s conjecture yields a zigzag of quasi-isomorphisms of dg Lie
algebras, or equivalently, an L, -quasi-isomorphism, between _:& 1, (AP A°P) and
C*(Sag(A),Sag(A)). From the general idea of deformation theory via dg Lie alge-
bras in characteristic zero [67.[76], Keller’s conjecture indicates that the deforma-
tion theory of the dg singularity category is controlled by the singular Hochschild
cohomology, where the latter is usually much easier to compute than the Hochschild
cohomology of the dg singularity category. For example, in view of the work
[12133155], it would be of interest to study the relationship between the singular
Hochschild cohomology and the deformation theory of Landau-Ginzburg models.
We mention that Keller’s conjecture is analogous to the isomorphism

C* (A, A°P) ~ C* (D}, (A-mod), D}, (A-mod))

for the classical Hochschild cochain complexes; see [521[64].

We say that an algebra A satisfies Keller’s conjecture, provided that there is an
isomorphism (2] for A. The second main result, an invariance theorem, justifies
Keller’s conjecture to some extent, as a reasonable conjecture should be invariant
under reasonable equivalence relations.

THEOREM 1.2 (= Theorem [I44). Let IT be another algebra. Assume that A
and TI are connected by a finite zigzag of one-point (co)extensions and singular
equivalences with levels. Then A satisfies Keller’s conjecture if and only if so does I1.

Recall that a derived equivalence [77] between two algebras naturally induces
a singular equivalence with level. It follows that Keller’s conjecture is invariant
under derived equivalences.

We leave some comments on the proof of Theorem It is known that both
one-point (co)extensions of algebras [20] and singular equivalences with levels [87]
induce triangle equivalences between the singularity categories. We observe that
these triangle equivalences can be enhanced to quasi-equivalences between the dg
singularity categories.

On the other hand, we prove that the singular Hochschild cochain complexes,
as Byo-algebras, are invariant under one-point (co)extensions and singular equiva-
lences with levels. For the invariance under singular equivalences with levels, the
idea of using a triangular matrix algebra is adapted from [52], while our argument
is much more involved due to the colimits occurring in the consideration. For ex-
ample, analogous to the colimit construction [90] of the right singular Hochschild
cochain complex, we construct an explicit colimit complex for any A-II-bimodule
M. When M is projective on both sides, the constructed colimit complex computes
the Hom space from M to X¢(M) in the singularity category of A-TI-bimodules.

Let @ be a finite quiver without sinks. Denote by kQ/J? the correspond-
ing finite dimensional algebra with radical square zero. We aim to verify Keller’s
conjecture for kQ/J?. However, our approach is indirect, using the Leavitt path

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



4 1. INTRODUCTION

algebra L(Q) over k in the sense of [LL6L[7]. We mention close connections of Leav-
itt path algebras with symbolic dynamic systems [2L21[4T] and noncommutative
geometry [80].

By the work [231[601[80], the singularity category of kQ/J? is closely related to
the Leavitt path algebra L(Q). The Leavitt path algebra L(Q) is infinite dimen-
sional as @ has no sinks, therefore its link to the finite dimensional algebra kQ/.J?
is somehow unexpected. We mention that L(Q) is naturally Z-graded, which will
be viewed as a dg algebra with trivial differential throughout this paper.

The third main result verifies Keller’s conjecture for the algebra kQ/.J?.

THEOREM 1.3 (= Theorem [IZ45]). Let Q be a finite quiver without sinks. Set
A = kQ/J?. Then there are isomorphisms in the homotopy category Ho(Bw,) of
Byo-algebras

Cly L (AP, AP) 5 C*(L(Q), L(Q)) = C*(Sag(A), Sag(A))-
In particular, there are isomorphisms of Gerstenhaber algebras
HIZ, (AP, A%P) — HH*(L(Q), L(Q)) — HH" (Sug(A), Sag(A)).

In Theorem [[3] the isomorphism A between the Hochschild cochain com-
plex of the Leavitt path algebra L(Q) and the one of the dg singularity cate-
gory Sqg(kQ/J?) enhances the link [23]60.80] between L(Q) and kQ/J? to the
By-level. The approach to obtain A is categorical, relying on a description of
Sag(kQ/J?) via the dg perfect derived category of L(Q). The isomorphism T,
which is inspired by [89] and is of combinatoric flavour, establishes a brand new
link between L(Q) and k@/J?. The primary tool to obtain Y is the homotopy
transfer theorem [47] for dg algebras.

The composite isomorphism A o T verifies Keller’s conjecture for the algebra
kQ/J?, which seems to be the first confirmed case. Indeed, combining Theorems
and [[3] we verify Keller’s conjecture for kQ/J? for any finite quiver Q (possibly
with sinks), and for any finite dimensional gentle algebra. Let us mention that gentle
algebras are of interest from many different perspectives [35,[40]. It is unclear
whether the proof of Theorem can be generalized to a wider class of algebras,
for example, Koszul algebras.

Let us describe the key steps in the proof of Theorem [[.3] which are illustrated
in the diagram ([IZ2) in the proof of Theorem

Using the standard argument for dg quotient categories [30L[50], we prove first
that the dg singularity category is essentially the same as the dg enhancement of the
singularity category via acyclic complexes of injective modules [58]; see Corollary
Then using the explicit compact generator [60] of the homotopy category of
acyclic complexes of injective modules and the general results in [52] on Hochschild
cochain complexes, we infer the isomorphism A.

The isomorphism YT is constructed in a very explicit but indirect manner.
The main ingredients are the (non-strict) Beo-isomorphism ([II), two strict Beo-
isomorphisms and an explicit Boo-quasi-isomorphism (P, o, - -+ ).

We introduce two new explicit Bo.-algebras, namely the combinatorial Boo-
algebra 6:&1%(@, Q) of @ constructed by parallel paths in @, and the Leavitt Boo-

algebra C* (L, L) whose construction is inspired by an explicit projective bimodule
resolution of L = L(Q).

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



1.3. THE STRUCTURE OF THE PAPER 5

Set £ = kQo to be the semisimple subalgebra of A. We first observe that
U:g,R(A,A) is strictly Boo-quasi-isomorphic to U;ﬂgvaE(A, A), the E-relative right
singular Hochschild cochain complex. Using the explicit description [89] of the
complex 6:& r.z(A, A) via parallel paths in @, we obtain a strict Bu-isomorphism
between Uzg,R,E(A,A) and 6:&1%(@, Q). We prove that 6:&1%(@, Q) and C*(L, L)
are strictly Boo-isomorphic.

We construct an explicit homotopy deformation retract between C (L,L) and
Cp(L, L), the normalized E-relative Hochschild cochain complex of L. Then the
homotopy transfer theorem for dg algebras yields an A..-quasi-isomorphism

(®1,Ps,--+): C*(L,L) — Cr(L, L).

This As-morphism is explicitly given by the brace operation of C* (L,L). Using
the higher pre-Jacobi identity, we prove that

(®y,®s,--+): C*(L,L) — Cp(L, L)

is indeed a Bao-morphism. Since the natural embedding of Cy(L, L) into C*(L, L)
is a strict Boo-quasi-isomorphism, we obtain the required isomorphism Y.

1.3. The structure of the paper

The paper is structured as follows. In Chapter 2 we review basic facts and
results on dg quotient categories. We prove in Section that dg singularity cate-
gories are invariant under both one-point (co)extensions and singular equivalences
with levels.

We enhance a result in [58] to the dg level in Chapter Bl More precisely, we
prove that the dg singularity category is essentially the same as the dg category
of certain acyclic complexes of injective modules; see Proposition B.Il1 The no-
tion of Leavitt path algebras is recalled in Chapter @l We prove that there is a
zigzag of quasi-equivalences connecting the dg singularity category of A = kQ/.J?
to the dg perfect derived category of the opposite dg algebra L°P = L(Q)°P; see
Proposition [£2l Here, Q is a finite quiver without sinks.

In Chapter Bl we give a brief introduction to B..-algebras. We describe the
axioms of Bs.-algebras explicitly. For any given B,.-algebra, we introduce the
opposite By-algebra and the transpose Bo,-algebra. We prove that there is a
natural B,-isomorphism between the opposite B,-algebra and the transpose Buso-
algebra; see Theorem .10 We mainly focus on a special kind of By.-algebras, the
so-called brace By, -algebras, whose underlying A..-algebras are dg algebras as well
as some of whose B,-products vanish. We review some facts on Hochschild cochain
complexes of dg categories and (normalized) relative bar resolutions of dg algebras
in Chapter

Inspired by the results in [421[59], we provide a general construction of homo-
topy deformation retracts for dg algebras in Chapter [[l Using this, we construct
an explicit homotopy deformation retract for the bimodule projective resolutions
of Leavitt path algebras; see Proposition

We recall from [90] the singular Hochschild cochain complexes and their Boo-
structures in Chapter B We prove the Byo-isomorphism (II]) in Proposition B0,
based on the general result in Theorem BEI0l We describe explicitly the brace
operation on the singular Hochschild cochain complex and illustrate it with an
example in Subsection

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



6 1. INTRODUCTION

In Chapter [@ we prove that the (relative) singular Hochschild cochain com-
plexes, as Bo-algebras, are invariant under one-point (co)extensions of algebras
and singular equivalences with levels.

In Chapter [I0 we give a combinatorial description for the singular Hochschild
cochain complex of A = k@/J2 We introduce the combinatorial B..-algebra
6:& r(Q, Q) of Q, which is strictly Bu-isomorphic to the (relative) singular Hochs-
child cochain complex of A; see Theorem[I0.4l We introduce the Leavitt B,,-algebra
C* (L, L) in Chapter [T and show that it is strictly Bso-isomorphic to 6;;713(@, Q),
and thus to the (relative) singular Hoschild cochain complex of A; see Proposi-
tion [IT.41

In Chapter [[2] we apply the homotopy transfer theorem [47] for dg algebras to
obtain an explicit A.-quasi-isomorphism (@1, ®s,---) from C (L,L) to E*E(L, L),
see Proposition [[2.8 In Chapter [[3] we verify that (®1,®g,---) is indeed a Boo-
morphism; see Theorem [I3.1}

In Chapter [[4] we prove that Keller’s conjecture is invariant under one-point
(co)extensions of algebras and singular equivalences with levels; see Theorem [T44]
We verify Keller’s conjecture for the algebra k@ /J? in Theorem

Throughout this paper, we work over a fixed field k. In other words, we require
that all the algebras, categories and functors in the sequel are k-linear; moreover, the
unadorned Hom and ® are over k. We use 1y to denote the identity endomorphism
of the (graded) k-vector space V. When no confusion arises, we simply write it as 1.
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CHAPTER 2

DG categories and dg quotients

In this chapter, we recall basic facts and results on dg categories. The stan-
dard references are [30,[49]. Following [20] and [87], we prove that both one-
point (co)extensions of algebras and singular equivalences with levels induce quasi-
equivalences between dg singularity categories.

For the fixed field k, we denote by k-mod the abelian category of k-vector
spaces.

2.1. DG categories and dg functors

Let A be a dg category over k. For two objects z and y, the Hom-complex is
usually denoted by A(xz,y) and its differential is denoted by d 4. For a homogeneous
morphism a, its degree is denoted by |a|. Denote by Z°(A) the ordinary category of
A, which has the same objects as A and its Hom-space is given by Z°(A(x,y)), the
zeroth cocycle of A(x,y). Similarly, the homotopy category HY(A) has the same
objects, but its Hom-space is given by the zeroth cohomology H®(A(z,y)).

Recall that a dg functor F': A — B is quasi-fully faithful, if the cochain map

Fpy: A(z,y) — B(Fz, Fy)

is a quasi-isomorphism for any objects z,y in A. Then H°(F): H°(A) — H°(B)
is fully faithful. A quasi-fully faithful dg functor F' is called a quasi-equivalence if
HO(F) is dense.

EXAMPLE 2.1. Let a be an additive category. Denote by Cgg(a) the dg category
of cochain complexes in a. A cochain complex in a is usually denoted by X =
(D,cz X*,dx) or (X,dx). The p-th component of the Hom-complex Cyg(a)(X,Y)
is given by the following infinite product

Cag(a)(X,Y)? = ] Homg (X", V"),
ne”z

whose elements will be denoted by f = {f"},ez with f* € Homg (X", Y™P). The
differential d acts on f such that d(f)" = dy™? o f* — (=1)f1f7+1 o d% for each
nel.

We observe that the homotopy category H°(Cqg(a)) coincides with the classical
homotopy category K(a) of cochain complexes in a.

EXAMPLE 2.2. The dg category Cgg(k-mod) is usually denoted by Cgg(k).
Let A be a small dg category. By a left dg .A-module, we mean a dg functor
M: A — Cgg(k). The following notation will be convenient: for a morphism
a:z — yin A and m € M(z), the resulting element M (a)(m) € M(y) is written
as a-m. Here, the central dot indicates the left A-action on M. Indeed, we usually

7
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8 2. DG CATEGORIES AND DG QUOTIENTS

identify M with the formal sum €D, ¢ ;1) M (x) with the above left A-action. The
differential d;; means ®w60bj(A) dpi(z)-

We denote by A-DGMod the dg category formed by left dg A-modules. For
two dg A-modules M and N, a morphism 7 = (1;)zeobja): M — N of degree p
consists of maps 1, : M(xz) = N(z) of degree p satisfying

N(a) o1z = (=1)!1"1, 0 M (a)

for each morphism a: x — y in A. These morphisms form the p-th component of
A-DGMod(M, N). The differential is defined such that d(n), = d(n,). Here, d(n,)
means the differential in Cyg (k). In other words, d(1,) = dn(z)one —(—1)Pnz0dp(z)-
For a left dg A-module M, the suspended dg module ¥ (M) is defined such that
YS(M)(z) = X(M(x)), the suspension of the complex M (x). The left A-action on
(M) is given such that a-X(m) = (—1)!4S(a-m), where ¥(m) means the element
in ¥(M (z)) corresponding to m € M (x). This gives rise to a dg endofunctor ¥ on
A-DGMod, whose action on morphisms 7 is given such that ¥(n), = (—1)"ly,.

EXAMPLE 2.3. Denote by A°P the opposite dg category of A, whose composition
is given by a 0P b = (—1)lI"®lp 0 4. We identify a left dg .A°P-module with a right
dg A-module. Then we obtain the dg category DGMod-A of right dg .A-modules.

For a right dg A-module M, a morphism a: z — y in A and m € M(y),
the right A-action on M is given such that m - a = (=1)!%I'™IM (a)(m) € M(x).
The suspended dg module (M) is defined similarly. We emphasize that the right
A-action on ¥(M) is identical to the one on M.

Let A be a small dg category. Recall that H°(A-DGMod) has a canonical
triangulated structure with the suspension functor induced by ¥. The derived cat-
egory D(A) is the Verdier quotient category of H°(A-DGMod) by the triangulated
subcategory of acyclic dg modules.

Let T be a triangulated category with arbitrary coproducts. A triangulated
subcategory N C T is localizing if it is closed under arbitrary coproducts. For a
set S of objects, we denote by Loc(S) the localizing subcategory generated by S,
that is, the smallest localizing subcategory containing S.

An object X in T is compact if Hom7 (X, —): T — k-mod preserves coproducts.
Denote by T°¢ the full triangulated subcategory formed by compact objects. The
category T is compactly generated, provided that there is a set S of compact objects
such that 7 = Loc(S).

For example, the free dg A-module A(z, —) is compact in D(A). Indeed, D(A)
is compactly generated by these modules. The perfect derived category per(A) =
D(A)¢ is the full subcategory formed by compact objects.

The Yoneda dg functor

Ys: A— DGMod-A, z+— A(—,z)
is fully faithful. In particular, it induces a full embedding
H(Y 4): H°(A) — H°(DGMod-A).

The dg category A is said to be pretriangulated, provided that the essential image
of HY(Y 4) is a triangulated subcategory of HY(DGMod-A). The terminology is
justified by the evident fact: the homotopy category HY(A) of a pretriangulated
dg category A has a canonical triangulated structure.

The following fact is well-known; see [19, Lemma 3.1].
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2.1. DG CATEGORIES AND DG FUNCTORS 9

LEMMA 2.4. Let F: A — B be a dg functor between two pretriangulated dg cat-
egories. Then H(F): H°(A) — H°(B) is naturally a triangle functor. Moreover,
F is a quasi-equivalence if and only if H°(F) is a triangle equivalence. (Il

In this sequel, we will identify quasi-equivalent dg categories. To be more
precise, we work in the homotopy category Hodgcat [81] of small dg categories,
which is by definition the localization of dgcat, the category of small dg categories,
with respect to quasi-equivalences. The morphisms in Hodgcat are usually called
dg quasi-functors. Any dg quasi-functor from A to B can be realized as a roof

A e BB

of dg functors, where F} is a cofibrant replacement, in particular, it is a quasi-
equivalence. Recall that up to quasi-equivalences, every dg category might be
identified with its cofibrant replacement; compare [30, Appendix B.5].

Assume that B C A is a full dg subcategory. We denote by w: A — A/B the dg
quotient of A by B [30L[50]. Since we work over the field k, the simple construction
of A/B is as follows: the objects of A/B are the same as A; we freely add new
endomorphisms ey of degree —1 for each object U in B, and set d(ey) = 1p.
Here, by freely adding these ey’s, we mean that first form the dg tensor category
of A with respect to the free dg A-.A-bimodule generated by these ey’s, and then
deform the differential of the dg tensor category by setting d(eyy) = 1y. The added
endomorphism ey is a contracting homotopy for U; see [30, Section 3].

REMARK 2.5. There might be a set-theoretical problem when one defines the
dg quotient category for non-small dg categories. The standard way around this
problem is to fix a universe, in which all the categories in the consideration are
required to be small. When forming dg quotient categories, we might enlarge
the universe if necessary; compare [64] Subsection 2.5] and [66, Remark 1.22 and
Appendix A]. In what follows, we will not discuss the set-theoretical complications.

The following fact follows immediately from the above simple construction.

LEMMA 2.6. Assume that C C B C A are full dg subcategories. Then there is
a canonical quasi-equivalence

O (A/C)/(B/C) =5 A/B.

The following fundamental result follows immediately from [30L Theorem 3.4];
compare [66, Theorem 1.3(i) and Lemma 1.5].

LEMMA 2.7. Assume that both A and B are pretriangulated. Then A/B is also

pretriangulated. Moreover, m: A — A/B induces a triangle equivalence
H°(A)/H(B) = H°(A/B).
Here, H°(A)/H®(B) denotes the Verdier quotient category of H°(A) by H°(B). O

We will be interested in the following dg quotient categories.

EXAMPLE 2.8. For a small dg category A, denote by A-DGMod*® the full dg
subcategory of A-DGMod formed by acyclic modules. We have the dg derived
category

Dy, (A) = A-DGMod/A-DGMod™.
The terminology is justified by the following fact: there is a canonical identification
of H%(Dgyg(A)) with D(A); see Lemma [Z71 Then we have the dg perfect derived
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10 2. DG CATEGORIES AND DG QUOTIENTS

category perqy,(A) = Dag(A)°, which is formed by those dg modules becoming
compact in D(.A).

ExAMPLE 2.9. Let A be a k-algebra, which is a left noetherian ring. Denote
by A-mod the abelian category of finitely generated left A-modules. Denote by
ng(A—mod) the dg category of bounded complexes, and by C’g’;c(A—mod) the full
dg subcategory formed by acyclic complexes. The bounded dg derived category is
defined to be

D!, (A-mod) = C}, (A-mod)/C* (A-mod).
Similar to Example 28] we identify H 0(Df’ig(A—mod)) with the usual bounded de-
rived category D?(A-mod).

Denote by per(A) the full subcategory of D’(A-mod) consisting of perfect
complexes. The singularity category [I7,[T5] of A is defined to be the following
Verdier quotient

Dy, (A) = D’(A-mod)/per(A).
As its dg analogue, the dg singularity category [12L[16l55] of A is given by the
following dg quotient category

Sdg(A) = Dgg (A_mOd)/perdg (A)

Here, pery,(A) denotes the full dg subcategory of Dgg(A—mod) formed by perfect
complexes. The notation pery,(A) is consistent with the one in Example 28] if A
is viewed as a dg category with a single object. By Lemma 27, we identify Dgg(A)
with H?(Sqg(A)).

2.2. One-point (co)extensions and singular equivalences with levels

In this section, we prove that both one-point (co)extensions [8] II1.2] and sin-
gular equivalences with levels [87] induce quasi-equivalences between dg singularity
categories of the relevant algebras. For simplicity, we only consider finite dimen-
sional algebras and finite dimensional modules. We emphasize that Lemmas 210
and 21T below are essentially due to [20, Propositions 4.2 and 4.1].

We first consider a one-point coextension of an algebra. Let A be a finite
dimensional k-algebra, and M be a finite dimensional right A-module. We view
M as a k-A-bimodule on which k acts centrally. The corresponding one-point
coextension is an upper triangular matrix algebra

, (kM
= (5.
As usual, a left A’-module is viewed as a column vector

(x)

where V is a k-vector space and X is a left A-module together with a k-linear map
P M@y X — V;see [8 TI1.2]. We usually suppress this .
The obvious exact functor j: A’-mod — A-mod sends

\%
X
to X. It induces a dg functor
j: D (A'-mod) — Df, (A-mod).
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2.2. ONE-POINT (CO)EXTENSIONS, SINGULAR EQUIVALENCES WITH LEVELS 11

LEMMA 2.10. The above dg functor j induces a quasi-equivalence
52 Sdg(A/) ;) Sdg(A)

PROOF. We observe that the functor j: A’-mod — A-mod sends projective A’-
modules to projective A-modules. It follows that the above dg functor j respects
perfect complexes. Therefore, we have the induced dg functor j between the dg
singularity categories. As in Example [2:0] we identify H%(Sqg(A’)) and H%(Sgg(A))
with Dgg(A’) and Sg(A), respectively. Then we observe that HY(j): Dgg(A') —
D, (A) coincides with the triangle equivalence in [20] Proposition 4.2 and its proof].
By Lemma [2.4] we are done. a

Let N be a finite dimensional left A-module. The one-point extension is an
upper triangular matrix algebra

n (A N
v=(32)

Similarly, a left A”-module is denoted by a column vector

Y

U )
where U is a k-vector space and Y is a left A-module endowed with a left A-module
morphism ¢: NQU — Y.

The exact functor i: A-mod — A”-mod sends a left A-module Y to an evidently-
defined A”-module
Y
E

i Dgg(A—mOd) — Dgg(A”—mod).

It induces a dg functor

~

LEMMA 2.11. The above dg functor i induces a quasi-equivalence i: Sqg(A) —
Sag(A”).

PROOF. The argument here is similar to the one in the proof of Lemma 2T0
As the functor ¢: A-mod — A”-mod sends projective A-modules to projective A”-
modules, the above dg functor i respects perfect complexes. Therefore, we have
the induced dg functor 7 between the dg singularity categories. We observe that
HO(7): Dgg(A) = Dgg(A”) coincides with the triangle equivalence in [20, Proposi-
tion 4.1 and its proof]. Then we are done by applying Lemma 241 O

Let A and II be two finite dimensional k-algebras. For a A-II-bimodule, we
always require that k acts centrally. Therefore, a A-II-bimodule might be identified
with a left module over A ® II°P.

Denote by A® = A®A°P the enveloping algebra of A. Therefore, A-A-bimodules
are viewed as left A°-modules. Denote by A°-mod the stable category of A°-mod
modulo projective A°-modules [8, IV.1], and by QR.(A) the n-th syzygy of A for
n > 1. By convention, we have QQ.(A) = A. We emphasize that Q7. (A) is an
object of the stable category A¢-mod.

The following terminology is modified from [87, Definition 2.1].

DEFINITION 2.12. Let M and N be a A-II-bimodule and a II-A-bimodule, re-
spectively, and let n > 0. We say that the pair (M, N) defines a singular equivalence
with level n, provided that the following conditions are fulfilled.
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12 2. DG CATEGORIES AND DG QUOTIENTS

(1) The four one-sided modules A M, My, 1IN and N, are all projective.
(2) There are isomorphisms M @ N ~ QR.(A) and N @, M ~ QF.(II) in
A°-mod and II°-mod, respectively. ([l

REMARK 2.13.
(1) A stable equivalence of Morita type in the sense of [15] Definition 5.A] is
naturally a singular equivalence with level zero.
(2) By [87, Theorem 2.3], a derived equivalence induces a singular equivalence
with a certain level.
(3) By [79] Proposition 2.6], a singular equivalence of Morita type, studied in
[93], induces a singular equivalence with a certain level.

Assume that M is a A-II-bimodule such that both AM and My are projec-
tive. The obvious dg functor M ®q —: Dgg(H-mod) — Dgg(A—mod) between the
bounded dg derived categories preserves perfect complexes. Hence it induces a dg
functor

M @1 —: Sag(II) — Sgg(A)
between the dg singularity categories.

Definition is justified by the following observation, which is essentially due
to [87, Remark 2.2].

LEMMA 2.14. Assume that (M, N) defines a singular equivalence with level n.
Then the above dg functor M Qm —: Sqg(II) — Sqag(A) is a quasi-equivalence.

PROOF. We identify HO(Sqg(I1)) with Dyy(IT), and H(Sgz(A)) with Dyg(A);
see Example Then H°(M ®p —) is identified with the obvious tensor functor

M @r1 —: Dy (IT) —> Dyy(A).

As noted in [87) Remark 2.2], the latter functor is a triangle equivalence, whose
quasi-inverse is given by X" o (N ®4 —). Then we are done by Lemma 2.4 a
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CHAPTER 3

The dg singularity category and acyclic complexes

In this chapter, we enhance a result in [58] to show that the dg singularity
category can be described as the dg category of certain acyclic complexes of injective
modules.

We fix a k-algebra A, which is a left noetherian ring. We denote by A-mod the
abelian category of left A-modules. For two complexes X and Y of A-modules, the
Hom complex Cgq(A-mod)(X,Y") is usually denoted by Homy (X,Y). Recall that
the classical homotopy category K(A-mod) coincides with H°(Cyg(A-mod)).

Denote by A-Inj the category of injective A-modules, and by K(A-Inj) the ho-
motopy category of complexes of injective modules. The full subcategory K?°(A-Inj)
is formed by acyclic complexes of injective modules. Since A is left noetherian, both
K (A-Inj) and K*°(A-Inj) admit arbitrary coproducts.

For a bounded complex X of A-modules, we denote by ¢ x : X — iX its injective
resolution. Then we have the following isomorphism

(3.1) Homg (a-mnj) (iX, I) ~ Homg (a-moa) (X, 1),  fr+— fodx,

for each complex I € K(A-Inj). It follows that iX is compact in K(A-Inj), if X lies
in K®(A-mod); see [58, Lemma 2.1]. In particular, we have

(3.2) Hom (A-1nj) (A, 1) ~ Homg (a-noay (A, I) ~ HO(I).

Here, we view the regular module A A as a stalk complex concentrated in degree
zero. We denote by Loc(iA) the localizing subcategory of K(A-Inj) generated by iA.

Denote by C§¢(A-Inj) the full dg subcategory of Cqg(A-mod) formed by acyclic
complexes of injective A-modules. We identify H O(ng(A—Inj)) with K?¢(A-Inj).
Then Cg;(A—Inj)c means the full dg subcategory formed by complexes which become
compact in K*°(A-Inj).

The following result enhances [58] Corollary 5.4] to the dg level. We mention
that the argument given below is essentially due to [58].

PROPOSITION 3.1. There is a dg quasi-functor
@: Sag(A) — CRS(A-Inj)",
such that
H%(®): Dyg(A) — K*(A-Inj)*
s a triangle equivalence up to direct summands.

The following immediate consequence will be useful.

COROLLARY 3.2. Assume that the k-algebra A is finite dimensional. Then there
is a zigzag of quasi-equivalences connecting Sqg(A) to Cg;(A—Inj)c.

13
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14 3. THE DG SINGULARITY CATEGORY AND ACYCLIC COMPLEXES

ProOF. By [20], Corollary 2.4], the singularity category Dgg(A) has split idem-
potents. It follows that H°(®) is actually a triangle equivalence. In view of
Lemma [2.4] the required result follows immediately. O

Let 7 be a triangulated category. For a triangulated subcategory N, we have
the right orthogonal subcategory

Nt ={X € T |Homy(N,X) =0 for all N € N'}
and the left orthogonal subcategory
LN ={Y € T | Homy(Y,N) =0 for all N € N'}.

The subcategory N is right admissible (resp. left admissible) provided that the
inclusion N'— T has a right adjoint (resp. left adjoint); see [13].
The following lemma is well-known; see [13 Lemma 3.1].

LEMMA 3.3. Let N C T be left admissible. Then the natural functor N' —
T/+N is a triangle equivalence. Moreover, the left orthogonal subcategory * N is
right admissible satisfying N' = (*N)*. O

Denote by £ the full dg subcategory of Cge(A-mod) consisting of those com-
plexes X such that Homy (X, I) is acyclic for each I € Cyy(A-Inj). Similarly, denote
by M the full dg subcategory formed by Y satisfying that Homu (Y, J) is acyclic
for each J € C3g(A-Inj).

LEMMA 3.4. The following canonical functors are all equivalences
(1) K(A-Inj) = K(A-Mod)/H°(L);
(2) K*(A-Inj) — K(A-Mod)/H®(M);
(3) K*(A-Inj) — K(A-Inj)/Loc(iA);
(4) K(A-Inj)/Loc(iA) — K(A-Mod)/H°(M),

which send any complex I to itself, viewed as an object in the target categories.

ProOOF. The Brown representability theorem and its dual version yield the
following useful fact: for a triangulated category T with arbitrary coproducts and
a localizing subcategory N which is compactly generated, the subcategory N is
right admissible; if furthermore A is closed under products, then A is also left
admissible; see [68] Proposition 3.3].

Recall from [58] Proposition 2.3 and Corollary 5.4] that both K(A-Inj) and
K?°(A-Inj) are compactly generated, which are both closed under coproducts and
products in K(A-Mod). Moreover, we observe that

LK (A-Inj) = H°(£) and +K*(A-Inj) = H'(M),

where the orthogonal is taken in K(A-Mod). Then the above fact and Lemma [33]
yield (1) and (2).

By the isomorphism (B.2)), we infer that K*(A-Inj) = Loc(iA)*, where the
orthogonal is taken in K(A-Inj). Since iA is compact in K(A-Inj), the subcategory
Loc(iA) is right admissible. It follows from the dual version of Lemma B3 that
K2 (A-Inj) C K(A-Inj) is left admissible satisfying - K?*(A-Inj) = Loc(iA). Then
(3) follows from Lemma [33]

The functor in (4) is well-defined, since Loc(iA) € H°(M). Then (4) follows
by combining (2) and (3). O
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Denote by P the full dg subcategory of ng(A—mod) formed by those com-
plexes which are isomorphic to bounded complexes of projective A-modules in
DP(A-mod). Therefore, we might identify the singularity category Dgg(A) with
K®(A-mod)/H°(P).

LEMMA 3.5. The canonical functor K*(A-mod)/H°(P) — K(A-Mod)/H°(M)
18 fully faithful, which induces a triangle equivalence up to direct summands

K’ (A-mod)/H®(P) == (K(A-Mod)/H®(M))“.
PRrROOF. The functor is well-defined since we have P C M. The assignment

X ~ iX of injective resolutions yields a triangle functor i: K’(A-mod) — K(A-Inj).
It induces the following horizontal functor.

K*(A-mod)/H°(P) ! K (A-Inj)/Loc(iA)

\/

K(A-Mod)/HO(M)

The unnamed arrows are canonical functors. By [58] Corollary 5.4] the horizontal
functor i induces a triangle equivalence up to direct summands

K®(A-mod)/H°(P) = (K(A-Inj)/Loc(iA))°.

We claim that the diagram is commutative up to a natural isomorphism. Then we
are done by Lemma [3.4(4).

For the claim, we take X € K°(A-mod) and consider its injective resolution
ox: X — 1X. We have the exact triangle

X 2% iX — Cone(dy) — S(X).
The isomorphism (B.1]) implies that Cone(¢x) lies in H°(L) € H°(M). Therefore,
¢x becomes an isomorphism in K(A-Mod)/H°(M), proving the claim. O

We are now in a position to prove Proposition [3.11
Proof of Proposition Bl Recall that M is the full dg subcategory of Cqg(A-Mod)
formed by Y satisfying that Hom, (Y, J) is acyclic for any J € C’gg(A—Inj). Consider
the dg quotient category Cqe(A-Mod)/ M.

By the equivalence in Lemma [B:4)(2), the canonical dg functor

Cis(A-Inj) — Cag(A-Mod)/ M
is a quasi-equivalence, which restricts to a quasi-equivalence on compact objects
Cdg(A-Inj)* — (Cag(A-Mod)/ M)".
By Lemma [2.6] we may identify Sq,(A) with ng(A—mod)/P. By Lemma B3] the
following canonical dg functor
Cls(A-mod)/P — (Cqg(A-Mod)/M)*

is quasi-fully faithful, which induces a triangle equivalence up to direct summands
between the homotopy categories. Combining them, we obtain the required dg
quasi-functor. |
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CHAPTER 4

Quivers and Leavitt path algebras

In this chapter, we recall basic facts on quivers and Leavitt path algebras.
Using the main result in [60], we relate the dg singularity category of the finite
dimensional algebra with radical square zero to the dg perfect derived category of
the Leavitt path algebra. We obtain an explicit graded derivation over the Leavitt
path algebra, which will be used in Section

Recall that a quiver @ = (Qo, @1; s,t) consists of a set Qg of vertices, a set @1
of arrows and two maps s,t: @1 — Qp, which associate to each arrow « its starting
vertex s(a) and its terminating vertex t(«), respectively. A vertex i of Q) is a sink
provided that the set s~1(i) is empty.

A path of length n is a sequence p = a, - - - a2 of arrows with ¢(«;) = s(a11)
for 1 < j <mn—1. Denote by I(p) = n. The starting vertex of p, denoted by s(p),
is s(a1) and the terminating vertex of p, denoted by ¢(p), is t(ay,). We identify an
arrow with a path of length one. We associate to each vertex i € Qg a trivial path
e; of length zero. Set s(e;) =i = t(e;). Denote by @,, the set of paths of length n.

The path algebra kQ = €P,,~, k@, has a basis given by all paths in @, whose
multiplication is given as follows: for two paths p and ¢ satisfying s(p) = t(q),
the product pq is their concatenation; otherwise, we set the product pg to be zero.
Here, we write the concatenation of paths from right to left. For example, e;,)p =
P = pes(p) for each path p. Denote by J = @, kQ,, the two-sided ideal generated
by arrows.

We denote by Q the double quiver of @, which is obtained by adding for each
arrow « € (J1 a new arrow o in the opposite direction. Clearly, we have s(a*) =
t(«) and t(a*) = s(«). The added arrows a* are called the ghost arrows.

In what follows, we assume that () is a finite quiver without sinks. We set
A =kQ/J? to be the corresponding finite dimensional algebra with radical square
zero. Observe that J? is the two-sided ideal of k@) generated by the set of all paths
of length two.

The Leavitt path algebra L = L(Q) [LL6L[7] is by definition the quotient algebra
of k@ modulo the two-sided ideal generated by the following set

{aB* = bapei(a) | @, B € Q1 with s(a) = s(8)} U{ Z ofa—e; |i€Qo}.
{a€Q1|s(a)=1}

These elements are known as the first Cuntz-Krieger relations and the second Cunitz-
Krieger relations, respectively.

If p=cy - aga; is a path in @ of length n > 1, we define p* = ajas - ag.
We have s(p*) = t(p) and ¢(p*) = s(p). By convention, we set e = e;. We observe
that for paths p, ¢ in Q satisfying t(p) # t(q), p*q = 0 in L. Recall that the Leavitt
path algebra L is spanned by the following set

{ei,p,p*,7*n|i € Qo, p,7, and n are nontrivial paths in Q with ¢(y) = t(n) };

17
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18 4. QUIVERS AND LEAVITT PATH ALGEBRAS

see [84] Corollary 3.2]. In general, this set is not k-linearly independent in L. For
an explicit basis, we refer to [3, Theorem 1].

The Leavitt path algebra L is naturally Z-graded by |e;] = 0, |a] = 1 and
la*] = =1 for ¢ € Qo and a € Q1. We write L = @, _, L™, where L™ consists of
homogeneous elements of degree n.

For each i € Qg and m > 0, we consider the following subspace of e; Le;

ne”z

Xim = Spang {v*n [ t(v) = t(n),s(v) =i = s(n),l(n) = m}.

We observe that X; ., € X m+1, since we have

(4.1) v = > (v
{a€Qu|s(a)=t(n)}
LEMMA 4.1. The following facts hold.
(1) The set {v*n | t(y) = t(n),s(v) =i = s(n),l(n) = m} is k-linearly
independent in L = L(Q).
(2) We have e;Le; =, >0 Xi,m-

PROOF. Using the grading of L, the first statement follows from [21] Proposi-
tion 4.1]. The second one is trivial. ]

The following result is based on the main result of [60]. We will always view
the Z-graded algebra L = L(Q) as a dg algebra with trivial differential. Then L°P
denotes the opposite dg algebra. We view A = k@Q/.J? as a dg algebra concentrated
in degree zero.

PROPOSITION 4.2. Keep the notation as above. Then there is a zigzag of quasi-
equivalences connecting Sqg(A) to perqy(L°P).

PRrROOF. Recall that the injective Leavitt complex T is constructed in [60], which

is a dg A-L°P-bimodule. Moreover, it induces a triangle equivalence
Homy (Z, —): K**(A-Inj) — D(L°P),
which restricts to an equivalence
K?(A-Inj)¢ — per(L°P).
Recall the identifications HO(CSQ(A—Inj)C) = K*(A-Inj)® and H°(pery,(L°P)) =
per(L°P). Then combining the above restricted equivalence and Lemma 2.4 we
infer that the dg functor
Homn (Z, —): Cfg(A-Inj)® — pery, (L")

is a quasi-equivalence. Then we are done by Corollary O

Set E =k@Qy = ®ier ke;, which is viewed as a semisimple subalgebra of L.
Let M be a graded L-L-bimodule. A graded map D: L — M of degree —1 is called
a graded derivation provided that it satisfies the graded Leibniz rule

D(zy) = D(z)y + (—1)IlzD(y)

for z,y € L; if furthermore it satisfies D(e;) = 0 for each i € Q, it is called a
graded E-derivation.

Let sk be the 1-shifted space of k, that is, sk is concentrated in degree —1. The
element sl of degree —1 will be simply denoted by s. Then we have the graded

L-L-bimodule Gaier Le; ® sk® e; L, which is clearly isomorphic to L®p sE ®p L.
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4. QUIVERS AND LEAVITT PATH ALGEBRAS 19

LEMMA 4.3. Keep the notation as above. Then there is a unique graded E-
derivation
D:L— P Le; @ sk@e;L
1€Q0
satisfying D(a) = —a ®@ s ® e4(q) and D(a*) = —e4q) ® s @ a* for each o € Q.
ProoF. It is well-known that there is a unique graded E-derivation
D:kQ — @D Le; @ sk @ e; L
1€Qo
satisfying D(a) = —a® s ® €s(a) and D(a*) = —€5(a) ® 8 ®a*; consult the explicit
bimodule projective resolution in [27, Chapter 2, Proposition 2.6]. We claim that
D vanishes on the Cuntz-Krieger relations. Therefore, by the graded Leibniz rule,
it vanishes on the whole defining ideal. Then D induces uniquely the required
derivation D.

To prove the claim for the first Cuntz-Krieger relations, we take any «, 8 € Q1
with s(a) = s(8). We have

D(af* = ba,pei(a)) = D(a)B* — aD(B)
=—a®s®[ - (—a®s®p*) =0.
For the second Cuntz-Krieger relations, we take any i € (9. Then we have
ﬁ( Z afa— ei) = Z (D(a*)a — a*D(a))
{a€Q1]s(e)=i} {a€Q1]s(e)=i}
= Z (—e;®s®@a*a— (—a*a®s®e;))
{a€Q1]s(a)=i}
=—®s®e —(—¢;®s®e) =0.
Here, the third equality uses the second Cuntz-Krieger relations in L twice. This
completes the proof of the claim. O
The following observation will be useful in Remark [[2.11

REMARK 4.4. By the graded Leibniz rule, the graded FE-derivation D has
the following explicit description: for nontrivial paths n = @, - asa; and v =
Bp - - - B2f1 satisfying t(n) = t(v), we have

p—1

D(Y'n) = —es) @5 @70 = > (~1)!B -+ Bf @ s@Bj 1+ Bram -

1=1

m—1
+ Z (=)™ PR B, o1 ® S @ oy
=1
+ (_1)m+p7*77 ®s® €s(n)-
Similarly, we have
p—1
D(y") = —es( ® s ®7" = > (~1)'Bi -+ B @ 5@ B4y -+ B, and
=1

m—1
D(77) = Z (_1)m_lam 41 @S- + (_1)m77 X 5 & es(y)-
=1
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CHAPTER 5

An introduction to B.-algebras

In this chapter, we give a brief self-contained introduction to B.-algebras and
By,-morphisms. We introduce the opposite By-algebra and the transpose Boo-
algebra of any given B.,-algebra. There is a natural B.-isomorphism between
them; see Theorem [0l We are mainly interested in a class of Byo-algebras, called
brace By,-algebras, whose underlying A..-algebras are dg algebras and some of
whose Byo-products vanish.

5.1. A-algebras and morphisms

Let us start by recalling A..-algebras and A..-morphisms. For details, we refer
o [51]. For two graded maps f: U — V and f’: U’ — V' between graded spaces,
the tensor product f® f': U ® U’ — V ® V' is defined such that

(fo fHued)= ()M fw e fW),

where the sign (—1)‘”"“| is given by the Koszul sign rule. We use 1 to denote the
identity endomorphism.

DEFINITION 5.1. An A -algebra is a graded k-vector space A = ®p€Z AP
endowed with graded k-linear maps

mp: A9 — A, n>1,

of degree 2 — n satisfying the following relations

n—1ln—j
(5.1) D D (=1, (1% @m @ 197)) =0, for n > 1.

j=0 s=1
In particular, (4, m1) is a cochain complex of k-vector spaces.

For two Ax-algebras A and A’, an As-morphism f = (fn)>1: A — A’ is given

by a collection of graded maps f,: A®" — A’ of degree 1 — n such that, for all
n > 1, we have

(5.2)
Yo D (1 em,©1%) = Y (=) m(fi, @9 fi,),
ats+t=n r>1
a,t>0,s>1 114 +i.=n

wheree=(r—1)(i1 — 1)+ (r—2)(ia — 1)+ -+ 2(ip—2 — 1) + (ip—1 — 1); if r =1,
we set e = 0. In particular, fi: (4, m;) = (A’,m}) is a cochain map.
The composition g oy f of two Aso-morphisms f: A — A’ and g: A’ — A" is
given by
(gooo f)n: Z (_1)€gr(fi1®"'®fir)7 n>1,
r>1, i1+ +i.=n

where € is defined as above. O

21
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22 5. AN INTRODUCTION TO B.-ALGEBRAS

An A.,-morphism f: A — A’ is strict provided that f; = 0 for all i # 1. The
identity morphism is the strict morphism f given by f; = 14. An A,.-morphism
f: A— A'is an A -isomorphism if there exists an A,,-morphism g: A’ — A such
that the composition f o, g coincides with the identity morphism of A" and go f
coincides with the identity morphism of A. In general, an A,-isomorphism is not
necessarily strict; see Theorem for an example.

An A, -morphism f: A — A’ is called an Ay, -quasi-isomorphism provided that
fi: (A,m1) = (A, m)) is a quasi-isomorphism between the underlying complexes.
An A,.-isomorphism is necessarily an A,,-quasi-isomorphism.

REMARK 5.2. Let A be a graded k-space and let sA be the 1-shifted graded
space: (sA)" = ATl In particular, for any homogeneous element a € A we have
that

|sa| = |a| — 1.

Denote by (T¢(sA),A) the tensor coalgebra of sA, where the coproduct A is
given by

n—1
(5.3) A(sarn) = 1@ (sa1n) + Y _(501:) ® (sai1.n) + (501,0) ® 1.

i=1
Here, for simplicity we write sa; ® sa;+1 ®- - - ® sa; as sa; ; for any ¢ < j. It is well-
known that an A.-algebra structure on A is equivalent to a dg coalgebra structure
(T¢(sA), A, D) on T¢(sA), where D is a coderivation of degree one satisfying D? = 0
and D(1) = 0; see e.g. [51], Subsection 3.6].

More precisely, for a dg tensor coalgebra (T°(sA), A, D) with D(1) = 0, we
may define a family of maps m,, on A via the following commutative diagram,

Mn

(5.4) A®n A

(sA)en Hozpre? sA

where pr: T¢(sA) — sA is the projection and s: A — sA denotes the canonical
isomorphism a — sa of degree —1. Then (A, mq,ma, --) is an Ay -algebra. In
particular, the condition D? = 0 corresponds to the A..-identity (G.1).

Conversely, for an As.-algebra (A,mi,ma,...), we may define a family of
graded maps M,, on sA via the same commutative diagram (4. Then we ob-
tain a dg tensor coalgebra (T°(sA), A, D), where the coderivation D is given by
D(1) =0 and

n—j
(5.5) D(sa1n) = Y (=1)sa1i1® M;(sai;y;-1) ® saiyjn
j=1i=1
WithGI |a1|+-~~+|ai,1\ —Z+1

Accordingly, A,.-morphisms f: A — A’ correspond bijectively to dg coalgebra
homomorphisms T°(sA) — T¢(sA’). Under this bijection, the above composition
f ox0 g of the A, -morphisms f and g corresponds to the usual composition of the
induced dg coalgebra homomorphisms; see [51, Lemma 3.6].

We mention that any dg algebra A is viewed as an A-algebra with m,, = 0
for n > 3. In Section IZ3] we will construct an explicit As-quasi-isomorphism
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5.2. Boo-ALGEBRAS AND MORPHISMS 23

between two concrete dg algebras, which is a non-strict A,.-morphism, that is, not
a dg algebra homomorphism between the dg algebras.

5.2. B.-algebras and morphisms

The notion of Bu-algebras is due to [39], Subsection 5.2]. We unpack the
definition therein and write the axioms explicitly. We are mainly concerned with
a certain kind of B..-algebras, called brace Bso-algebras; see Definition We
mention other references [52][86] for B..-algebras.

Let A = EBpeZ AP be a graded space, and let » > 1 and I,n > 0. For any
two sequences of nonnegative integers (Iy,ls,...,1.) and (ny,ns,...,n,) satisfying
l=L1+---+1l.and n =n1 + - -+ n,, we define a k-linear map

Sty A% @A — (A @A) 6.6 (4% ) A%™)
by sending (a;,;) @ (b1,,) € A Q A®" to

’
(_1)6 (alJl ®b17n1)
® (alﬁ‘l,ll-‘rlz ® bn1+1,n1+n2) ®:--® (al1+"'+lT71+17l ® b7l1+"'+nT71+17n)a

where ¢ = 2 (buytotnisa] + -+ F oyt ) (ot att] + o + lai])
with ng = 0. If [; = 0 for some 1 < i <7 we set A% =kand aj, 4.4y, ,11® - ®
apy4..t1, = 1 € k; similarly, if n; = 0 we set A®" =k and by, 4...hpn, 41 ® @
bpy+-4n; = 1 € k. Here and later, we use the big tensor product ) to distinguish
from the usual ® and to specify the space where the tensors belong to.

DEFINITION 5.3. A By, -algebrais an A-algebra (A, my, ma, - --) together with
a collection of graded maps (called Bo,-products)

/'LP7Q:A®p®A®q—>Aa panO

of degree 1 — p — ¢ satisfying the following relations.
(1) The unital condition:

(51) K10 = ].A = Mo,1, HME0 = 0= 1o,k for k 7é 1.
(2) The associativity of p, 4 for any fixed k,I,n > 0, we have

(5.2)
l+n

Z Z (_1)61,”'/{:,7" (1®k ®(Hll’n1 Q- ® ulT”“‘)U(ll7~~~al1'§n1>~~'777wr~))

r=1 lj+-+l.=l
ni+-4ny.=n

k+l1

= Z Z (—1)"1/15,71((#1@1711 ®"'®/chs7ls)U(kl,..‘,ks;ll,..‘,ls)®1®n)7

s=1ki+---+ks=k

li+-+ls=l
where
r—1 r—1
€1 = Z(ll —+ n; — 1)(’1" — Z) —+ Zni(li+1 + -+ ZT),

i=1 =1

s s—1

and =Y (ki+li—1)n+s—i)+ Y Lk +-+ks).
=1 =1
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24 5. AN INTRODUCTION TO B.-ALGEBRAS

(3) The Leibniz rule for m,, with respect to p, 4 for any fixed k,I > 0, we
have

k+l1

o> (DM @ @ 1, )Tk kil )

r=1ki+--+k,.=k

i+ +l=l
5.3 k k—r ‘ -
53 < DD (D)1, (A% @ my @ 185 (R 1)
r=1 =0
I l-s - |
+ (_1)772 Hk,l—8+1(].®k ® 1% ms ® 1®l7175)’
s=11i=0
where

<

:Zk+l—1r—z+Zlk ki — - — ki),

i=1

ny=r(k—r—i+1l)+i, and ny =s(l—i—s)+k+i.

We usually denote a By-algebra by (A, mu,; fip.q)-
A Boo-morphism from (A, mp; ppq) to (A, my;p, ) is an As-morphism

[= (fn)n21: A— A
satisfying the following identity for any p,q > 0:

oY (Wufne0fi, Qo015

7,520 i1 +io++ip=p
Jit+jet+is=q

(5.4)
= Z Z (_1)nft(/1‘ll,m1 ®"'®Nlt,mt)o(ll ,,,,, lyymy,...,my)>
t>1  li+la+-+l=p
mi+ma+---+me=q
where

S

e= Y (ik—1)(r+s—k)+> (jr—1)(s— k), and
k=1

t t
n:ka(p—ll—---—lk —i—Zlk—i—mk—l( k).
= k=1

The composition of B.,-morphisms is the same as the one of A,,-morphisms. [

A Byo-morphism f: A — A’ is strict if f; =0 for each i # 1. A By.-morphism
f: A— A is a By -isomorphism, if there exists a Bo,-morphism g: A’ — A such
that the compositions f o, g =14 and gos f = 14. A Boo-morphism f: A — A’
is a Boo-quasi-isomorphism if f1: (A, my) = (A’,m) is a quasi-isomorphism.

Consider the category of B.,-algebras, whose objects are B,-algebras and
whose morphisms are Bo,-morphisms. We define the homotopy category Ho(Bs)
of By-algebras to be the localization [33] of the category of By,-algebras with re-
spect to Byo-quasi-isomorphisms. In particular, a zigzag of By,-quasi-isomorphisms
becomes an isomorphism in Ho(By).

The following remark is pointed out by the referee.
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REMARK 5.4. If the base field k is of characteristic zero, the By,-operad control-
ling Bo-algebras is X-split by [43] Example 4.2.5]. Then by [43] Theorem 4.1.1],
the category of B,,-algebras admits a model structure, whose weak equivalences
are precisely By,-quasi-isomorphisms. The associated homotopy category coincides
with Ho(By). In particular, any isomorphism in Ho(By,) is given by a zigzag of
B.-quasi-isomorphisms. If k is of positive characteristic, we do not know the exis-
tence of such a model structure, since it seems unclear, although very probable by
[72] Theorem 2.15], whether the Bo,-operad is still 3-split; compare [52].

REMARK 5.5. Similar to Remark[5.2] a Bo.-algebra structure on A is equivalent
to a dg bialgebra structure (T¢(sA), A, D, ) on the tensor coalgebra T¢(sA) such
that 1 € k = (s4)®° is the unit of the algebra (T°(sA),u); compare [10] and
[61] Subsection 1.4].

More precisely, given a dg bialgebra (T¢(sA), A, D, 1) we may define two fam-
ilies of graded maps m,, given in (54) and w,, by the following commutative
diagram.

(5.5) A®P ) A®1 fr.a A
S®p®s®ql s
(5A)2P ®(sA)20 Mo a=pron sA

In particular, we have

p10=14=po1, pro=0=por fork#1
Then we may verify that (A, my; iy ) is a Boo-algebra. For this, we note that the
associativity of y, , in (0.2)) follows from the associativity of x, and the Leibniz rule
for m,, with respect to p1p 4 in (53] follows from the Leibniz rule for D with respect
to p.

Conversely, for a Byo-algebra (A, my; tipq), we have two families of graded
maps M, given in (54) and M, , on sA defined by the commutative diagram (5.5).
Then we obtain a dg bialgebra (T¢(sA), A, D, u), where D is given by (&.3) and
the multiplication p is given by

M(Sal,l ® Sbl,n) = Z Z (_1)anl,n1 (Sa’Lh ® SbLnl)

r>1 lLi+-+l=l
ni+--+ny=n

® M, i, (Sa11+1>11+l2 ® Sbn1+1,n1+n2)

® -+ @ M, n, (801 441,41, ® 8bpy 4oty 41,n)5

compare [61] Proposition 1.6]. Here, the sign 7 is given by the Koszul sign rule:
r—2

n:Z(|Sbn1+'“+ni+l|+' ’ '+‘Sbn1+--~+ni+1 |)(|Sall+~--+li+1+1|+' ’ '—Hsa‘l') with ng= 0.
=0

(5.6)

Accordingly, an A..-morphism between two B,-algebras is a Bo,-morphism if and
only if its induced dg coalgebra homomorphism is a dg bialgebra homomorphism.

5.3. A duality theorem on B,-algebras

We introduce the opposite By-algebra and the transpose By.-algebra of any
given B,-algebra. We show that there is a natural B,-isomorphism between them.
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26 5. AN INTRODUCTION TO B.-ALGEBRAS

5.3.1. The opposite B.-algebra. Let (A, my;, q) be a By-algebra. For
each p,¢ >0 and ay,...,ap,b1,...,b; € A, we define

(5.1) Moty (a1, ® big) = (1P g p(brg ® a1p)-
Here € := (Ja1]| + - - - + |ap|)(|b1] + - - - + |bg|). Then we have the following result.

LEMMA 5.6. Let (A, my; tp,q) be a Boo-algebra with the corresponding dg bial-
gebra (T°(sA), A, D, p). Then (A, my; upkP) is a Boo-algebra and the corresponding
dg bialgebra is given by (T°(sA), A, D, u°PP). Here, u°PP is the usual opposite mul-
tiplication of p, namely for any sai ,,sb1 4 € T°(sA) we have

(5.2) 1P (sa1  (R) sbig) = (—1) p(sbrq Q) sa1,),
where € = (Jag| + -+~ + |ap| — p)([br] + -+ |bg| — q).

ProoOF. Note that (T¢(sA), A, D, u°PP) is indeed a dg bialgebra. We claim
that the corresponding Boc-algebra is given by (A, mp;upbP). In particular, this
yields the well-definedness of the B.-algebra (A, my; uphy).

Let us prove the above claim. Indeed, by Remark it suffices to verify that
the following square commutes for each p,q > 0

opp

ABP ® A% fra A
s®p ® s®q l [/s
(sA4)8P ®(sA)®1 prou?” sA,

compare (5.5). That is, prou°PP o (s®P Q) s%7) = souph® for each p,q > 0. For this,
we apply the left hand side of this equality to the element a; , &) b1 , and obtain

(=1)* (pr o u°PP)(sa1 ® sbi,q) = —1)€1+6/ (pro p)(sb1,q ® saip)
_1)€1+5 €2 (S o /’l‘%p)(qu ®a1,p)
_1)€1+e’+62+P‘Z+6 (so Mz?qp)(al’p ® bi,q)

s o ppte)(ap ® bi,q),

where €1 = 37, |ail(p + ¢ — ) + 227, [bjl(q — 5), €2 = 227 [bjl(p + ¢ — 5) +
P Llail(p — i) and € (resp. €) is the same as in (5.2)) (resp. (51)). Here, the first
equality uses (0.2)), the second one uses the commutative diagram (5.5]), the third
one uses (B1]), and the last one follows since €; — €/ — €5 — pg + € = 0. This verifies
the commutative square. (]

|
—_ o~~~

DEFINITION 5.7. The opposite Boo-algebra of (A, my; up ) is defined to be the

O

Bo-algebra (A, mp; ughP), where psPP is given in (B.1]).

This is well-defined by Lemma[5.6l We will simply denote (A, m.,; pupkP) by A°PP
when no confusion can arise. By definition, A°PP? and A have the same A..-algebra
structure. Note that (A°PP)°PP = A as B..-algebras.
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5.3.2. The transpose B -algebra. We also need the following notion of
the transpose Boo-algebra A" of A. We mention that the transpose arises naturally
when one considers the Hochschild cochain complex of the opposite algebra; see the
proofs of Propositions and B.101

Let (A, my; ttpq) be a By-algebra. For n > 1 and p,q > 0 we define

my (a1,n) = (=1)"mp(an @ - ® a2 ® a1),

(5.3)
ugq(alvl’®b1&) = (=1)° ﬂpq ap & ®a1®b ® - ®by),
where
(n—1)(n-2)
=TT N a4+ laal)
pp+1)  alg+1) K-
e=1+ 2 + 9 +Z|a’]| ‘aﬁ—l“" |ap‘)
j=1
qg—1
+ ) 1l (1bj 4] + -+ + [bg])-
j=1

LEMMA 5.8. Let (A, my; ity q) be a B-algebra with the corresponding dg bial-
gebra (T°(sA), A, D, ). Then (A,m;; pi' ) is a Boo-algebra and the corresponding
dg bialgebra is isomorphic to (T¢(sA), A°P, D, u). Here, A°P is the usual opposite
of A, namely we have

n—1
A°P(sa1 ) = sai ® 1+ Z(—l)esai_,_lm ® sar; +1 ® 5G1 1,
i=1

where € = (|la1| + -+ + |ai| — ) (Jap1| + - + |an| — n +10).

PRrROOF. First note that (T¢(sA), A°P, D, i) is indeed a well-defined dg bialge-
bra. Consider the following isomorphism of graded vector spaces

O: T¢(sA) = T(sA), sain+— (— )" *nsa, @ - @ sag @ say,

where €], = Z;L:_llﬂa]\ —1((Jaj+1] —1)+-- -+ (Jan| — 1)). Clearly, we have Oo O =
17e(s4)- That is, O~1 = 0. We also have pro O = —pr since Ol;4 = —144.

Since A 00 = (0O ® 0) oA, it follows that O: (T¢(sA), A) = (T¢(sA), AP)
is a coalgebra isomorphism. Define

(5.4) D" :=00DoO and p":=0opo(0®O0).

We emphasize that D' is a coderivation, since O = O~! is a coalgebra isomor-
phism. Tt follows that (T¢(sA), A, D%, u'*) is a well-defined dg bialgebra such that
O: (T°(sA), A, D" u'r) — (T°(sA), A°?, D, u1) is an isomorphism of dg bialgebras.

We claim that the B —algebra corresponding to the dg bialgebra (T¢(sA), A,
D' utr) is given by (A, mn, up ',)- In particular, this yields the well-definedness
of the Byo-algebra (A, m!’; ,up q) Let us prove this claim. Indeed, by Remarks
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and it suffices to verify that the following two squares are commutative.

tr tr

(5.5) A®n Mn A A®P Q) A®1 _ Ma g
S®ni Ls s®p®s®ql S
(sA)on PP o4 (sA)®P ®)(sA)®1 — P A

For this, by (53) we have that

(5.6) my =mpo0)], and ), =—ppqo (0, ® 0,).

where O": A®™ — A®™ is given by O'(a1,) = (—1)"a, ® -+ - ® ag ® a1 and €, is
the same as in ([B.3]). By a direct computation we also have that
(5.7) 005" =—5%"00).
Then the commutativity of the first square in (5.5) follows since
proD" os®" = —proDoQos®"

=proDos®" o0

=som, o0,

= SO m:Lr

Here, the first equality follows from (54)) and pr o O = —pr, the second one from
(E20), the third one from (B4]), and the last one from (G.6]).

Similarly, we may verify the commutativity of the second square in (5] as
follows

prop' o (%7 ) s%7) = —propo ((0os™)® (00s))
— —propo (870 0}) @ (5% 0)))
= —50Hpg©° (O; ® O;)
— souly

Here, the first equality follows from (B4) and pr o O = —pr, the second one uses
Eo0) twice, the third one follows from (B3], and the last one follows from (B.6l).
This proves the claim. |

DEFINITION 5.9. The transpose Boo-algebra of (A, mp;pp q) is defined to be
the Byo-algebra A" = (A, m;; uir ), where miy, it . are given in (5.3)).

n n

This is well-defined by Lemma [5.8 We have that (A™)" = A.
Let us prove the following duality theorem. For applications, we refer to Propo-
sitions and BT0 below.

THEOREM 5.10. Let (A, myp; upq) be a Boo-algebra. Then there is a natural
By -isomorphism between the opposite Bso-algebra A°PP and the transpose B,-
algebra A% .

PRrROOF. Denote by (T¢(sA),A, D, u) the corresponding dg bialgebra of the
given Boo-algebra (A, mp;pp ). By Lemma 5.6, the opposite Bo-algebra A°PP
corresponds to the dg bialgebra (T¢(sA), A, D, u°PP). By Lemma[5.8 and its proof,
the transpose Byo-algebra A' corresponds to the dg bialgebra (T¢(sA), A, D' u*),
which is isomorphic to (T°(sA), A°P, D, 1) as a dg bialgebra.
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Recall that the category of By,-algebras is equivalent to the category of dg
cofree bialgebras; compare Remark [5.5l Therefore, it suffices to prove that there is
an isomorphism of dg bialgebras between (T°(sA), A, D, u°PP) and (T°(sA), A°P,
D, ).

It is well-known that as a connected bialgebra, the bialgebra (T¢(sA), A, u)
admits an antipode S; see [61], Subsection 1.2]. Moreover, the antipode S is bijective
by a classical result [70], Proposition 1.2].

Indeed, the antipode S is given inductively as follows: S(sa) = —sa for sa € sA;
for n > 2 and = € (sA)®", we use Sweedler’s notation to write

Az) = 1®x+x®l+2x/®x“

with ' and 2" having smaller tensor-length, and then set

(5.8) S(@)=—x =Y ua' Q) S(x")).

A similar inductive formula holds for the inverse of S.
The antipode S gives automatically a bialgebra isomorphism

St (T(sA), A, 5PP) —> (T°(sA), A, p).

To complete the proof, it remains to show SoD = Do S. It is clear that SD(sa) =
DS (sa) for sa € sA, as both equal —sm;(a). We prove the general case by induction
on the tensor-length of elements in 7¢(sA).

For n > 2 and = € (sA)®", we use (5.8) and the fact that D is a derivation
with respect to u, and obtain the first equality of the following identity.

DS() = —D() - 3 u(DE) Q) S6") = 3 (=) (e’ © DS("))
= —D(x) = > p(D@) @ S(a") = Y (-1)*u(@’ @ SD("))
= SD(x)

Here, the second equality uses the induction hypothesis. For the last one, we use
the fact that D is a coderivation with respect to A. Then we have

AD(z) = 1@ D(x) + D) Q1+ D) Q2"+ > (-1l12/ Q) D(").

Applying (5.8) to D(z), we infer the last equality. This completes the proof. |

REMARK 5.11. To obtain an explicit By,-isomorphism from A°PP to A", one
has to compute pr o O o S, where O is the isomorphism given in the proof of
Lemma 5.8 By the inductive formula (B.8]), it seems possible to describe the an-
tipode S explicitly. However, if the multiplication g is arbitrary, we do not have a
closed formula for S.

We assume that p,, = 0 for any p > 1 (for example, the condition holds for
any brace Boo-algebra; see Section [5.4] below). We might compute explicitly S and
then pro O o S. It turns out that the above By-isomorphism is given by

Or: (sA)®F — A, k>1,
where O, =1 and for &k > 1

(5.9) Or= Y = Mo(1®6;,®0;,® -®6;).
(il,...,i,,.)eIk,l
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Here, M}", = pro pu"[,4g(sayer and p* is given in (B.4). The sum on the right
hand side of (&) is taken over the set
kalz{(l‘l,ig, . ,’ir) | r Z 1 andil, ig, . ,ir Z 1 such that Zl+12+ . +ZT:]€—1}
For instance, we have Oy = M{",, ©3 = M}, + M{", o (1 ® M{")) and
Os=M"s+ Mo (1@ M, @1)+ M 0 (1®@1® MiY)
+ M o(1® M1tr2) + Mltrl o(1® Mfrl o(1® Mﬁ))

The construction of the maps (©)x>1 might be also obtained from the Kont-
sevich-Soibelman minimal operad M introduced in [57, Section 5]. Roughly speak-
ing, the n-th space M(n) for n > 1 is the k-linear space spanned by planar rooted
trees with n-vertices labelled by 1,2, ..., n and some (possibly zero) number of un-
labelled vertices. Note that the summands of © correspond bijectively to those
trees T without unlabelled vertices in M (k) whose vertices are labelled in coun-
terclockwise order. Since such labelling is unique, the number of summands in O
equals the Catalan number Cj_; = %(Zkk:lz). For instance, the three trees in Figure
5.1 correspond respectively to the following three summands in Og.

M50 (1@ MY, ®1® M)
M1tr2 o(1® Mfr2 ® Mi1)
Mo (1®1® Mih(l® My ®1))

FIGURE 5.1. Three of the summands in O

5.4. Brace B.,-algebras
The following new terminology will be convenient for us.

DEFINITION 5.12. A B-algebra (A, my; tpq) is called a brace Boo-algebra,
provided that m, = 0 for n > 2 and that p, 4 = 0 for p > 1. O

We mention that a brace Bo.-algebra is called a homotopy G-algebra in [38] or
a Gerstenhaber-Voronov algebra in [91[341[62]. The notion is introduced mainly as
an algebraic model to unify the rich algebraic structures on the Hochschild cochain
complex of an algebra.

The underlying A..-algebra structure of a brace Bo,-algebra is just a dg algebra.
For a brace B..-algebra, we usually use the following notation, called the brace
operation [38.[86]:

a{b,... by} = (=1)PlalHE=DbaFe=2)lb bl ) (g ®b1 ® - ®by)

for any a,b1,...,b, € A. In particular, a{0} = p10(a@1) = a by (@I). We will
abbreviate a{b1,...,b,} and a’{c1,...,¢c,} as a{b1,} and a'{c1 4}, respectively.

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



5.4. BRACE B..-ALGEBRAS 31

The Byo-algebras occurring in this paper are all brace By-algebras; see Sec-
tions and Bl In the following remark, we describe the axioms for brace Bgc-
algebras explicitly, which will be useful later; see also [71], Section 1] and [92] Sec-
tion 1].

REMARK 5.13. Let (A, my; itp,q) be a brace Boo-algebra. Then the above Bo-
relation (B:2)) is simplified as () below, and the B..-relation (B3]) splits into (2]
and ([B) below (corresponding to the cases k = 2 and k = 1, respectively).

(1) The higher pre-Jacobi identity:

(afbrph{engd = D (=) afer s bifciriiin b Cinttnttin bo{Cintninrin ),

3 Ciyy bpACiy iy 11, b Ciptlyt 1 )

where the sum is taken over all sequences of nonnegative integers (¢1,. . ., ip;
l1,...,1p) such that

0<i <t +h <o <ig+ 1l <ig < <ip+1, < g
and
p i

e=> | (bl=1)> (lejl - 1)
=1 Jj=1

(2) The distributivity:
T Jaal S (bil-D)

ma(ar @ ag){br g} =D (=1) = ma((a1{b1,;}) @ (a2{bj+1,4}))-

=0

(3) The higher homotopy:

ma(a{bip}) — (=11 my 0y @ (afbap})) + (=17 ma((afbip-1}) @ by)

p—1
a){bip} — Z(—l)eia{blm mi(biy1), bivap}
=0
p—2
+ ) (=1 afby i, ma(bitis2), bitsp)s
i=0

where ¢y = |a| and ¢; = |a| + Z(\b | —1) fori > 1.
=
REMARK 5.14. The opposite B.-algebra (A, my; ushP) of a brace Bu-algebra
A is given by

M8p1p—M10 =14, Mpl (1 ®-- @by ® )11 p(a ®b1®

and ppPP = 0 for other cases, where ¢ = [a|(|b1| + --- + [by]) + p. In general, the
opposite Bs-algebra A°PP is not a brace B..-algebra.

The transpose Boo-algebra (A", m{", my; —{—, ..., —}') of a brace Buo-algebra
A is also a brace By,-algebra given by

Tntlr =mai, mg(a ® b) = (_1)‘a‘.|b|m2(b® a)v
(5.1) a{b1, b, ... b} = (=1) a{bg, bp_1,...,b1}
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where ¢ = k+ 5521 (1b5] = 1)((lbysa| — 1)+ (bysal — 1) + -+ (1] — 1). As d

algebras, (A", m%, mt) coincides with the (usual) opposite dg algebra A°P of A.
The following observation follows directly from Definition B3l

LEMMA 5.15. Let A and A’ be two brace By -algebras. A homomorphism of dg
algebras f: (A,my,mo) — (A, m}, m}) becomes a strict B -morphism if and only

if f is compatible with —{—,--- ,—}a and —{—,..., =}/, namely
f(a/{blv D) bp}A) = f(a‘){f(bl)v D) f(bp)}A'
foranyp>1anda,bi,...,b, € A a

Let f = (fn)>1: A — A’ be an A-morphism. We define fnt (sA)®" — A’ by
the following commutative diagram.

AI

Namely, we have

~ n

(5.2) fu(sa1 @ say @ -+ @ sap) = (—1)Zi= =Dl £ (4 @ ay @ -+ @ ay).

The advantage of using (fn)nzl in Lemma [5.T6] below, instead of using (f,)n>1, is
that the signs become much simpler.

The following lemma will be used in the proof of Theorem I3l We will ab-
breviate sa; ® - - - ® sa, as say n, and a{by,..., by} as a{by m}

LEMMA 5.16. Let A and A’ be two brace Byo-algebras. Assume that (fn)n>1:
A — A is an Aso-morphism. Then (fn)n>1: A — A°PP is a Bo,-morphism if and
only if the following identities hold for any p,q >0 and ai,...,ap,b1,...,04 € A

(3:3) > Y (=D Yalsbrg){fi(sara),
r>1 i1+ Fip=p
Fia (803,110, 400)s - Fi, (8@i 4o, 1) b
=Y (1) fulsbrj, @ s(ar{bjy 1,441, 14) ® b, 41,4155 ® 5(a2{bjpr1jo41a}4)
® - ® sbj, ® s(ap{bj,+1,5,+1, 1 4) ® 8bj, 41, +1,q)-

Here, the maps fq and ft are defined in [B.2); the sum on the right hand side is
taken over all the sequences of nonnegative integers (ji,...,Jp;l, ..., 1lp) such that

0<i<n+h<p<j+b< - <jp<jh+i<gq
andt=p+q—1y —--- —1l,; the signs are determined by the identities

€= (lar] +--- +lap| = p)([ba| + - - + [bg| — q), and
p

n =3 (lail = (o] = 1) + (Jba] = 1) + -+ (Ibs,] = 1))

i=1
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PRrOOF. Since pf,,. = 0 for s > 1 and (p;. )PP = (—1)"p} . 0 (51, the identity

(E4) becomes
G4 Y > (DT coy(fi @ fi, @ fo)

r>141+is++i.=p

E (_1)n1ft o (Mm1,n1 @+ ® Hmt7nt) OO (my,eccyms;ny,eee, )
t>1

mi+--+mi=p

ni+t--+nr=q

®j ®jo2—j1—1 ®q—lp—j
Z(_l)mft o (MO,jll ® H, ®’u07j12 Ji—lh ® s R --® :ul,lp ®M0,1 P p)

° U(ml 11111 Mg, ) 0

where the sum on the right hand side of the last identity is taken over all the
sequences of nonnegative integers (j1,...,4p; 1, ..., 1,) such that

0<i<n+h<jplj+hl - <jp<ih+il<gq

andt=p+q—1; —---—1,. The signs are determined by

T

e =Y (ir—1)(r+1—k), and

k=1
¢ ¢

771Zznk(p—ﬂh—"'—mk)-i-Z(mk-i-nk—l)(t—k‘)
k=1 k=1

p p
:Zji+zli(t_ji_l1 — =l i),
i=1 i=1

We apply (54) to the element (—1)Zi=1 l#il(rra=0+31 1bi1(a=7) (4, .. ‘Qa, Qb ®
-+ - ®bg), where the sign (—1)25):1 lail(p+a=D)+37-1 163 1(a=3) ig added just in order to
simplify the sign computation. Using (B.2]), we obtain the required identity (53).

(Il

5.5. Gerstenhaber algebras

In this section, we recall the well-known relationship between B, -algebras and
Gerstenhaber algebras.

DEFINITION 5.17. A Gerstenhaber algebra is the triple (G, —U—, [—, —]), where
G =@,z G" is a graded k-space equipped with two graded maps: a cup product

-U—:GeG —G
of degree zero, and a Lie bracket of degree —1

[—-]: GG —G
satisfying the following conditions:

(1) (G,—U—) is a graded commutative associative algebra,
(2) (G*T1,[—,—]) is a graded Lie algebra, that is

[, B] = _(_1)(Ia\—1)(\6\—1)[57a]
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and
(5.1) (=== [a, 8], 4]

+ (_1)(\5\71)(\a|71)[[[37,Y], o] + (_1)(|w|71)(lﬁlfl)[[% o], 8] = 0;

(3) the operations —U— and [—, —] are compatible through the graded Leibniz
rule

O [, U = [, BlUy + (1) 1DIB U o, ).
The following well-known result is contained in [39], Subsection 5.2].

LEMMA 5.18. Let (A, mp; ppq) be a Boo-algebra. Then there is a natural Ger-

stenhaber algebra structure (H*(A,my), —U—,[—, —]) on its cohomology, where the
cup product —\U — and the Lie bracket [—, —] of degree —1 are given by
ay B = m2(aa18);

[, B] = (—1)""/11’1(0475) _ (_1)(\al—l)(|ﬂ|—1)+|ﬁlul’1(57a).

Moreover, a By -quasi-isomorphism between two Bo,-algebras A and A’ induces an
isomorphism of Gerstenhaber algebras between H*(A) and H*(A'). O

REMARK 5.19. A priori, the Lie bracket [—, —] in Lemmal[5.18is defined on A at
the cochain complex level. By definition, we have [a, ] = —(—=1){el=DUBI=D[3 q].
It follows from (B.2]) that [—, —] satisfies the graded Jacobi identity (&.I)). By (E3)
we have

mi ([a, B]) = [mi(a), B] + (=) o, ma (B)],

which ensures that [—, —|] descends to H*(A). That is, (4, my,[—,—]) is a dg Lie
algebra of degree —1; see [39] Subsection 5.2]. By (54 we see that a Bo,-morphism
induces a morphism of dg Lie algebras between the associated dg Lie algebras.

We mention that the associated dg Lie algebras to B,-algebras play a crucial
role in deformation theory; see e.g. [64].
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CHAPTER 6

The Hochschild cochain complexes

In this chapter, we recall basic results on Hochschild cochain complexes of dg
categories and (normalized) relative bar resolutions of dg algebras.

6.1. The Hochschild cochain complex of a dg category

Recall that for a cochain complex (V,dy ), we denote by sV the 1-shifted com-
plex. For a homogeneous element v € V', the degree of the corresponding element
sv € sV is given by |sv| = |v| — 1 and dsv(sv) = —sdy(v). Indeed, we have
sV = %(V), where X is the suspension functor.

Let A be a small dg category over k. The Hochschild cochain complex of A is
the complex

cr (A, A) =[] 11 Hom(sA(Ap_1, Ay)

n>0 Ag,...,A, €Eobj(A)
®sA(Ap_2,Ap_1) ® - - ® sA(Ag, A1), A(Ao, Ar))

with differential 6 = §;,, + 0., defined as follows; see [4]. For any
¢ € Hom(sA(An—1,4,) ® - - ® sA(Ag, A1), A(Ao, 4))

the internal differential 0;,, is

n

din(V)(sa1,n) = dath(sarn) + Z(_l)eiw(sal,i—l ® sda(a;) ® saiy1,n)

i=1
and the external differential is
bex () (sA1,n41) = — (_1)(\a1\—1)\w\a1 o Yp(saznr1) + (=1)H1(sa1n) 0 ant1
n+1
- Z Y(sa1,-2 ® s(a;—10a;) @ 5ai41,n41)-

Here, ¢; = |y + 301 (Jaj| — 1) and sa;; = sa; ® - ® sa; € sA(Ap_i, Ap_iy1) ®
e ® S.A(An_j, An—j+1) for ¢ < j
For any n > 0, we define the following subspace of C*(A, A)

C*"(AA) = H Hom(sA(An_1, Ay)
Aoy, Ay, €0bj(A)
& S.A(An,Q, An71) Q- ® SA(A(), A1), A(Ao, An))

We observe C*9( A, A) = T4, conj(a) Hom(k, A(Ao, Ao)) = [T 4, conj(a) A(Ao, Ao).
There are two basic operations on C*(A, . A). The first one is the cup product

U= CF(AA) © CF (A, A) — C*(A, A).

35
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36 6. THE HOCHSCHILD COCHAIN COMPLEXES
For ¢ € C*P(A, A) and ¢ € C*(A, A), we define

YU ¢(5a1,p+q) = (_1)€¢(sa1,p) 0 P(8ap+1,p+q);

where € = (la1| + - + |ap| — p)[d].
The second one is the brace operation

—{— =} C(AA) @ CH(ALAPE — O (A A)
defined as follows. Let k > 1. For ¢y € C*™(A, A) and ¢, € C*" (A, A) (1 <i<
k),
(6.1)

Wlor, ..k} =D (A% ®(s0¢1)@1%2 @ (50¢2) @ - @L¥* @ (s0¢y) 1T M),

where the summation is taken over the set

{(21712,...,’Lk+1) EZ;& +1) |21 +ig 4 ikt :m—k}

If the set is empty, we define ¢){¢1,...,¢r} = 0. Here, so¢; means the composition
of ¢; with the natural isomorphism s: A(A, A") — sA(A, A’) of degree —1 for
suitable A, A’ € obj(A). For k = 0, we set —{0} = 1. Observe that the cup
product and the brace operation extend naturally to the whole space C*(A, A) =
[[,>0C*" (A, A). We mention that the study of the Hochschild cohomology of
small categories is traced back to [74}, Sections 12 and 17].

It is well-known that C*(A,.A) is a brace Boo-algebra with

m; =9, mo=—-U—, and m; =0 fori > 2;

Ho,1 = H1,0 = 1) /J’l,k(wa ¢1a LERE) (bk) = ¢{¢17 LR ¢k7}7 and Mp,q = 0 otherwise.

We refer to [39] Subsections 5.1 and 5.2] for details.
The following useful lemma is contained in [52] Theorem 4.6 b)].

LEMMA 6.1. Let F: A — B be a quasi-equivalence between two small dg cate-
gories. Then there is an isomorphism

C*(A,A) — C*(B,B)
in the homotopy category Ho(Bys) of Beo-algebras. ([l

Let A be a dg algebra. We view A as a dg category with a single object, still
denoted by A. In particular, the Hochschild cochain complex C*(A, A) is defined as
above. The dg category A might be identified as a full dg subcategory of pery, (A°P)
by taking the right regular dg A-module A4. Then the next result follows from
[62] Theorem 4.6 c¢)]; compare [64, Theorem 4.4.1].

LEMMA 6.2. Let A be a dg algebra. Then the restriction map
C*(pergq (A7), peryy (A”P)) — C7(4, 4)

is an isomorphism in Ho(Bx). (]
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6.2. The relative bar resolutions

Let A be a dg algebra with its differential d4. Let E = ®i€I ke, C A C A
be a semisimple subalgebra satisfying d(e;) = 0 and e;e; = d; je; for any i,j € 7.
Set (sA)®7* = F and Tg(sA) i= @, 5o(54)7".

The construction of the bar resolution is due to [18, Chapter IX, Section 6].
Following [37], Section 1], we recall that the E-relative bar resolution of A is the dg
A-A-bimodule

Barg(A) = AQr Tp(sA) ®p A
with the differential d = d;,, + de,, where d;, is the internal differential given by

din(a ®g sa1, ®pb) =da(a) ®r sa1, Qe b+ (—1)"*a R sa1,, O da(b)
n
- Z(—l)eia ®F 5a1,i—1 Qp sda(a;) ®p sai41,, Qp b
i=1

and d., is the external differential given by

dex(a ®p sar n, ®pb) = (—1)%aa; @p saz, @ b— (—1)"a ®p sa41n—1 @F anb

n
+> (-1)“a®g sa1,i—2 QF $a;—10; QF SGit1,n O b.
—~

K3

Here, ¢; = |a| —|—Z§;11(|aj| —1), and for simplicity, we denote sa; @ sa;+1 Qg+ Qp
sa; by sa; j for i < j. The degree of a ® sa1,, Qpb € A®p (sA)®E" ®p A is

lal +> (la;| — 1) + [b].
j=1

The graded A-A-bimodule structure on A @ (sA)®E™ @ A is given by the outer
action

a(ap @F sa1., QF ant1)b = aay @ sa1,, O Ant1d.
There is a natural morphism of dg A-A-bimodules e: Barg(A) — A given by the
composition

(6.1) Barg(A) — A®p A5 A,

where the first map is the canonical projection and p is the multiplication of A. It
is well-known that € is a quasi-isomorphism.

Set A to be the quotient dg E-E-bimodule A/(E -14). We have the notion
of normalized E-relative bar resolution Barg(A) of A. By definition, it is the dg
A-A-bimodule

Barg(A) = A®g Te(sA) @p A
with the induced differential from Bar(A). It is also well-known that the natural
projection Barg(A) — Barg(A) is a quasi-isomorphism.

Let D(A®) be the derived category of dg A-A-bimodules. Let M be a dg A-
A-bimodule. The Hochschild cohomology group with coefficients in M of degree p,
denoted by HH”(A, M), is defined as Homp4¢)(A, XP(M)), where X is the suspen-
sion functor in D(A¢). Since Barg(A) is a dg-projective bimodule resolution of A,
we obtain that

HHP(A, M) = H?(Homa.a(Barg(A),M),6), forpeZ

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



38 6. THE HOCHSCHILD COCHAIN COMPLEXES

where §(f) := dprof —(—=1)l/I fod. We observe that there is a natural isomorphism,
for each 7 > 0,

(6.2)  Hompg.g((sA)®=" M) =5 Homa a(A®p (sA)®F @p A, M), fr f
where f(ao QF sa1; Qp Gi11) = (—1)'“0|'maof(sal,i)aiﬂ. It follows that
HHp(fl7 M) = HP(HOHIE_E(TE(SA), M), 0= 0;n + 6em);
where the differentials §;,, and d., are defined as in Section
We call C3(A, M) := (Hompg.g(Tr(sA), M),d) the E-relative Hochschild co-
chain complex of A with coefficients in M. In particular, C} (A, A) is called the
E-relative Hochschild cochain complex of A. Similarly, the normalized E-relative

Hochschild cochain complex C (A, M) is defined as Hompg.g(Tg(sA), M) with the
induced differential.

REMARK 6.3. Consider the dg category A associated to A and E. That is, the
objects in A are given by the finite set Z and the morphism spaces are given by
A(i,j) = ejAe;. Then C*(A, A) coincides with C} (A, A). Thus, from Section [6.1]
C5(A, A) has a By-algebra structure induced by the cup product —U — and the
brace operation —{—,...,—}.

When E = k, we simply write Cjf(A, M) as C*(A, M), and write 6;(14, M) as
C"(A, M). In this situation, the dg algebra A is identified with a dg category with
a single object, and C*(A, A) becomes a B.,-algebra.

We have the following commutative diagram of injections.

Cp(A, A)—= C5(A, A)

C" (A, A)——= C*(A, A)

LEMMA 6.4. The Bo-algebra structure on C*(A, A) restricts to the other three
smaller complezes C(A, A), C (A, A) and C" (A, A). In particular, the above in-
jections are strict Boo-quasi-isomorphisms.

PROOF. It is straightforward to check that the cup product and brace opera-
tion on C*(A, A) restrict to the subcomplexes C5(A, A),C (A, A) and C (A, A).
Moreover, the injections preserve the two operations. Thus by Lemma [B.I5] the
injections are strict Boo-morphisms. Clearly, the injections are quasi-isomorphisms
since all the complexes compute HH*(A, A). This proves the lemma. O

Let A be a dg k-algebra. Consider the Bo,-algebra

(C*(A,A),6,—U——{—,....,—})

of the Hochschild cochain complex C*(A, A); compare Section Let A°P be the
opposite dg algebra of A.

PROPOSITION 6.5. There is a Boo-isomorphism from the opposite By, -algebra
C*(A, A)°PP to the Boo-algebra C*(A°P, A%P).

PRrROOF. Consider the swap isomorphism
T:C*(A,A) — C*(A°P, A°P)
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which sends f € C*(4, A) to
T(f)(sa1 @ sa2 ® -+ ® Sam) = (—1)°f(sa4m @ -+ ® saz ® say),

for any aq,as,...,am € A, where e = \f|+2?:11(|ai|—1)(|ai+1| =14 +|am|—1).

Here, we use the identification A°? = A as dg k-modules.

We claim that T is a strict By-isomorphism from the transpose B,.-algebra
C*(A, A)* to C*(A°P, A°P). By Lemma it suffices to verify the following two
identities

T (g1 U™ g2) = T(g1) UT(g2)
(63) T(f{gla v 7gk}tr) = T(f){T(gl), ey T(gk)}
By definition, we have that
g1 utr go = (_1)\91\'|92\92 Ugi
f{gh cee 7gk}tr = (_1)6 f{gk7 oo 791}
where € = k + 37371 (lgi] = D((lgiv1| = 1) + (givel = 1) + -+~ + (g = 1)). By a
straightforward computation, we have
T(g1) UT(g2)
T(H){T(91),-- -, T(gr)}

This proves the claim.

By Theorem [EI0 there is a Bg-isomorphism between C*(A, A)" and
C*(A, A)°PP.  Thus, we obtain a Bg-isomorphism between C*(A, A)°PP and
C*(A°P, A°P). O

(=1)lorllozl gy U gy)
(_1)6 T(f{ng cee 791})'

REMARK 6.6. In a private communication (March 2019), Bernhard Keller
pointed out a proof of Proposition using the intrinsic description of the B.-
algebra structures on Hochschild cochain complexes; compare [54, Subsection 5.7].
We are very grateful to him for sharing his intuition on B.,-algebras, which essen-
tially leads to the general result Theorem G101
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CHAPTER 7

A homotopy deformation retract
and the homotopy transfer theorem

In this chapter, we provide an explicit homotopy deformation retract for the
Leavitt path algebra. We begin by recalling a construction of homotopy deformation
retracts between resolutions.

7.1. A construction for homotopy deformation retracts

We will provide a general construction of homotopy deformation retracts be-
tween the bar resolution and a smaller projective resolution for a dg algebra. The
construction is inspired by [421/59].

The following notion is standard; see [63] Subsection 1.5.5].

DEFINITION 7.1. Let (V,dy) and (W,dw) be two cochain complexes. A ho-
motopy deformation retract from V' to W is a triple (¢, 7, h), where ¢: V' — W and
m: W — V are cochain maps satisfying w ot = 1y, and h: W — W is a homotopy
of degree —1 between 1y and tom, that is, 1yy =tom+dw oh+ hody.

The homotopy deformation retract (¢, m, h) is usually depicted by the following
diagram.

(V,dy) <—;—> (W, dw) @ h

Let A be a dg algebra with a semisimple subalgebra E = @ ke; C A" C A
satisfying da(e;) = 0 and e;e; = 0, je, for any 4, j € Z. We consider the (normalized)
E-relative bar resolution Barg(A), whose differential is denoted by d. The tensor-
length of a typical element y = ap ®f sa1, ®r b € A®g (SZ)®E" Qg A is defined
to be n + 2, where sa; ,, means sa; ®g stz QF - -+ ®p Say. The following natural
map

(7.1) s: AQREg (SZ)®E" QR A — (SZ)®En+1 R A
Yy =ao®g $a1,, O br— s(y) = sap, Qp b

is of degree —1.

The inductive construction of homotopies given below is a well-known con-
struction; see [32] the proof of Theorem 2.1a]. The following result is inspired by
[59] Section 2] and [42] Proposition 3.3].

PROPOSITION 7.2. Let A be a dg algebra with a semisimple subalgebra E =
@?:1 ke; C A C A satisfying da(e;) = 0 and eiej = 0 je;. Assume that

41
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is a morphism of dg A-A-bimodules satisfying w(a @ b) = a®g b for all a,b € A.
Define a k-linear map h: Barg(A) — Barg(A) of degree —1 as follows

h(ag ®p sa1,, g b)
0 ifn=0;
- {Z?ﬂ‘”eﬁlao ®F 5a1,;-1 @p W(1 ®F s8;,, @ b) if n > 0.
Here, €; = |ap| + |a1]| 4+ -+ |ai—1|+ i — 1, and @ denotes the composition of w with

the natural map s in (LI). Then we have doh+hod=1g; (4 —w.

PrOOF. We use induction on the tensor-length. Let a € A and y € A ®g
(sA)®E" @5 A. Then a ®p s(y) lies in A ®p (sA)®2" @ A. To save the space,
we write a @ s(y) as a @g 7.

Recall from Section [6.2] that d = d;,, + de., where d;,, is the internal differential
and d., is the external differential. We observe that

din(a®@p7) =dala) @7+ (-1 a@p din(y)

and that de,(a ®£7) = (—=1)1*(ay — a ®p dex (y)). Here, ay denotes the left action
of a on y, and d;;, (resp. dez) is the composition of d;,, (resp. de;) with the map s
in (). Then we have

(7.2) da®py) =da(a) ®p 7+ (1)1 la@p d(y) + (-1)"ay.
From the very definition, we observe
ha®py) = (-1)""(a®ph(y) + a®po(1 @5 7).
Using the above two identities, we obtain
doh(a®pg) = (—1)4 1 da(a) @ h(y) + a @g do h(y) — ah(y)
+ (=Dl s () ©p (1 0 7)
+a®@pdow(l®p7) — aw(l @ 7),

and
hod(a®py) = (—1)lds(a) @p h(y) + (=1)1lds(a) @5 ©(1 @5 7)
+a®@phody)+a®pwl®gdy)) + (—1)h(ay).

Using the fact ah(y) = (=1)1*lh(ay), we infer the first equality of the following
identities

(doh+hod)(a®g7Y)
=a®g (doh+hod)(y)+a®@pdow(l®py)+a®pw(l®pdy)) —aw(l ®7)
=a®py—-a®@pw(y) +a®pdow(l®py) +a®pw(l®Ed(y)) - aw(lQE7)
=a@pY—a@pwy) +a@pwodl®ry) +a®pw(l®rd(y)) —wla®s7)
=a®py—w(@Rg7Y).
Here, the second equality uses the induction hypothesis, and the third one uses

the fact that w respects the differentials and the left A-module structure. The last
equality uses the following special case of (T2

—y+d(1®p7)+1®pd(y) =0.
This completes the proof. (Il
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REMARK 7.3. We observe that the obtained homotopy h respects the A-A-
bimodule structures. More precisely, h: Barg(A4) — L~ 'Barg(A) is a morphism of
graded A-A-bimodules.

The following immediate consequence of Proposition is a dg version of
[69] Lemma 2.5] and a slight generalization of [42], Proposition 3.3]. It might be a
useful tool in many fields to construct explicit homotopy deformation retracts. We
recall from (G.I) the quasi-isomorphism ¢: Barg(4) — A.

COROLLARY 7.4. Let A be a dg algebra with a semisimple subalgebra E =
@D, ke; C A° C A satisfying da(e;) = 0 and e;e; = &; je; for each i,j. Assume
that P is a dg A-A-bimodule and that there are two morphisms of dg A-A-bimodules

1: P— Barg(A), =:Barg(A) — P

satisfyingmor=1p and tom|agza = Lagpa- Then th_epair (¢, W)il/ﬂ be extended
to a homotopy deformation retract (1,7, h), where h: Barg(A) — Barg(A) is given
as in Proposition with w = o .
In particular, the composition
P 5 Barg(A) -5 A

s a quasi-isomorphism of dg A-A-bimodules. O

7.2. A homotopy deformation retract for the Leavitt path algebra

In this section, we apply the above construction to Leavitt path algebras. We
obtain a homotopy deformation retract between the normalized E-relative bar res-
olution and an explicit bimodule projective resolution.

Let @ be a finite quiver without sinks. Let L = L(Q) be the Leavitt path
algebra viewed as a dg algebra with trivial differential; see Chapter @ Set E =
Dicq, ke © L% C L. We write L = L/(E-17). In what follows, we will construct
an explicit homotopy deformation retract.

(7.1) (P,0) == (Barg(L),d) “_)n
Let us first describe the dg L-L-bimodule (P, ). As a graded L-L-bimodule,

P= @ (Le; @ sk®e; L) @ @ Le; ® e; L.
1€EQo 1€EQo
The differential 0 of P is given by
dresoy) =(-)zey— (- 3 a"®ay,
(72) {a€Qq]s(a)=1}
Ir®y) =0,
for x € Le;, y € ;L and © € @g. Here, sk is the 1-dimensional graded k-vector

space concentrated in degree —1, and the element sly € sk is abbreviated as s.
The homotopy deformation retract (1) is defined as follows.

(1) The injection ¢: P — Barg(L) is given by
Uz ®y) =r®pyY,

(7.3) L(x®s®y):—2xa*®E8a®Ey:— Z za* Qp sa Qg v,
acQ: {a€Q1]s(a)=i}
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for z € Le;, y € e;L and i € Q.
(2) The surjection 7: Barg(L) — P is given by

(' @pb)=d oV,
(7.4) m(a®g sZ ®p b) = aD(2)b,

7T|L®E(Sf)®E>1®EL = 0,

for a’ = d’e; and bV = e;b’ for some i € Qp, and any a,b,z € L, where
D: L — @;cq, (Lei @ sk®e;L) is the graded E-derivation of degree —1
in Lemma 3] Here and also in the proof of Proposition [[.5] we use the
canonical identification

@ Lei@eL=L®p L, rQyr—1rQpy.
1€Qo
(3) The homotopy h: Barg(L) — Barg(L) is given by
h(ap ®p sa, @ -+ @p Sa, Qp b)

)0 ifn=20
(-1 tlag ®p sa, ®p -+ @p sGn—1 @ ton(l ®p sa, ®pb) ifn >0,

where €, = |ag| +[a1| + -+ [an—1| + n — 1, and 7o is the composition
of v o with the canonical map L g sL®g L — sL Qg sL ®g L of degree
—1.

PROPOSITION 7.5. The above triple (¢, 7, h) defines a homotopy deformation
retract in the abelian category of dg L-L-bimodules. In particular, the dg L-L-
bimodule P is a dg-projective bimodule resolution of L.

PrOOF. We first observe that ¢ and 7w are morphisms of L-L-bimodules. Recall
that the differential of Barg(L) is given by the external differential d., since the
internal differential d;,, is zero; see Section We claim that both ¢ and 7 respect
the differential. It suffices to prove the commutativity of the following diagram.

0 Dico, Lei @ sk@e;L 2> Lep L

I

| S

Dico, Lei @ sk e;L 2> Lop L

ﬁ.L@E s

For the northeast square, we have

dpotfzr®s@y)=— > dex(20" @psa®py)
{aeQu]s(a)=i}
= Z (D"t a@py — (—1)*lza* @5 ay
{aeQu]s(e)=i}
=0(r®s®y),

where the third equality follows from the second Cuntz-Krieger relations and ([2]).
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For the southwest square, we have
Tode,(a®p sYRE SZ Qg b)
= (=Dllr(ay @5 sz @5 b) + (=) (x(a ©p 5772 @5 b) — 7(a @p 57 Op 2b))
= (=1)l%ayD(2)b+ (1)l ¥4 D(y2)w — (1)1 F ¥4 D(y) 20
0,

where the last equality follows from the graded Leibniz rule of D; see Lemma
It remains to verify that the southeast square commutes, namely 0 o ™ = d,.
For this, we first note that

dom(a®g sa&®@gb) =90(—aa ® s® b)
= — (=Dl laq @ b+ (—1)lalHt Z aaff* @ b
{B€Qu]s(B)=s(c)}
(-Dlaa @b — (-1)"a @ ab
=dey(a Qg sa®p b),

where o € Q1 is an arrow, a € Ley(,) and b € egq) L. For the third equality, we use
the first Cuntz-Krieger relations a8* = dq,5€:(a), Where d is the Kronecker delta.
Similarly, we have 0 o m(a @ sa* @g b) = dex(a @ sa* Qg b).

For the general case, we use induction on the length of the path w in a ®g
sw ®g b. By the length of a path w in L, we mean the number of arrows in w,
including the ghost arrows. We write w = 1 such that the lengths of v and 7 are
both strictly smaller than that of w. We have

don(a®p 7 @g b) = d(aD(y)nb + (—1)"ayD(n)b)

=0don(a®p sy Qg nb+ (-D)May @p sTRE b)
=de,(a®p s7@pnb+ (—1)ay ©p s @ b)
= dem(a (295 SW RF b)u

where the third equality uses the induction hypothesis, and the fourth one follows

from d?,(a @ s ®p s ®g b) = 0. This proves the required commutativity and

the claim.

The fact m o+ = 1p follows from the second CuntzKrieger relations. By

Corollary [4] it follows that (¢, 7) extends to a homotopy deformation retract
(¢, 7, h); moreover, the obtained h coincides with the given one. O

REMARK 7.6. (1) From the L-L-bimodule resolution P above, it follows
that the Leavitt path algebra L is quasi-free in the sense of [28] Section 3];
this result can be also proved along the way of the proof of |28, Proposition
5.3(2)].

(2) The following comment is due to Bernhard Keller: the above explicit
projective bimodule resolution P might be used to give a shorter proof of
the computation of the Hochschild homology of L in [5, Theorem 4.4].

7.3. The homotopy transfer theorem for dg algebras

We recall the homotopy transfer theorem for dg algebras, which will be used in
Chapter For details, we refer to [47], [73, Theorem 3.4] and [68, Theorem 5].
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THEOREM 7.7. Let (A,da,pua) be a dg algebra. Let

(Va dV) % (Av dA) @ h

s

be a homotopy deformation retract between cochain complexes (cf. Definition [[.1]).
Then there is an Ax-algebra structure (my = dy,ma,ms,---) on V, where my,
is depicted in Figure [l Moreover, the map v: V — A extends to an Ao, -quasi-
isomorphism too = (L1, L2, ), with 11 = ¢, from the resulting Ao-algebra V' to the
dg algebra A, where vy, is depicted in Figure [T

More precisely, we have the following formulae

mi =m0, 0®F  and 1, = ho X, 0®F,

for k> 2, where \,: A®* — A is given by the following recursive formula
k-1

(7.1) A= (=1) pao(hoXj®hoX;).
j=1

Here, by h o Ay we mean 14.

L L L L L L L L L L L L
(W) (h) (W (h)
= + = +
me= 2T W W W= et m W

FIGURE 7.1. The A, -product my and the A,.-quasi-isomorphism
L, obtained from the homotopy transfer theorem, where the sums
are taken over BPT(k), the set of all planar rooted binary trees
with k leaves.

In this paper, we only need the following special case of Theorem [.71 Under
the assumption (Z2) below, the formulae for the resulting A..-algebra and A..-
morphism will be highly simplified.

COROLLARY 7.8. Let (A,da,pa) be a dg algebra. Let

(Va dV) —_— (Av dA) @ h

s

be a homotopy deformation retract between cochain complexes. We further assume
that

(7.2) hopuso(la®@h)=0=mopuso(la®h).

Then the resulting Aso-algebra (V,my = dy,ma,ms,---) is simply given by (cf.
Figure [[2])

mg(al 29 (12) =
mk(a1®~-~®ak) =
where we simply write t(a)u(b) = pa(t(a) @ u(b)).
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Moreover, the Ay -quasi-isomorphism Lo, is given by (cf. Figure [[2])
(k—1)k
wlar @ ®ag) = (=1)" 2 h(h(--- (h(h((ar)u(az))(as)) - )elar)), k=2

PROOF. For any k > 2, we first observe that

(7.3)
k—1 )

ok =3 (~1Y hopao(hod; ®hoXey) = (=) " hopuao(horr @ 1),
j=1

where the first equality follows from () and the second one follows from the
assumption (2)). Here, by ho A; we mean 14.
Then for any k£ > 2 we obtain
k—1
my =mo A\, 0 %F = Z(—l)j mopgao(hod;®@hol_j) 0 ,®F
(7.4) gt
= (—1)’“_1 mopugo(hodp_1®14)0 L&k

where the second equality uses ([.Il) and the third one uses ([[2)). Similarly, we
have

(7.5) te=hoXgot®* = (=1 T hopgo(hod_, ®@1y)0.5k
where the second equality follows from (Z3). Applying (Z3) to the above two
identities ((C4) and (73] iteratively, we obtain the required identities. O

L L L L L L L L L L
mp = W - W

FIGURE 7.2. Under the condition (7.2]), the As-product my, and
Aoo-quasi-isomorphism ¢, in Figure [Z] are given by the left comb
with k leaves, and all the other summands vanish.

We may reformulate the formulae for ¢, and my in Corollary [[.8l This refor-
mulation will be used in Section 12.2]

REMARK 7.9. For k > 2, from (T3] we have the following recursive formula
o= (=¥ ho pa o (ur )
since 11 = h o A,_1 0 t®*~1 by Theorem [7 Similarly, from (Z4) we have

me = (1)t mopso(tp_1®0).
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CHAPTER 8

The singular Hochschild cochain complexes

In this chapter, we recall the singular Hochschild cochain complexes and their
B.-algebra structures. We describe explicitly the cup product and brace operation
on the singular Hochschild cochain complex and illustrate them with examples.

8.1. The left and right singular Hochschild cochain complexes

Let A be a finite dimensional k-algebra. Denote by A¢ = A ® A°P its enveloping
algebra. Let Dgg(A€) be the singularity category of A®. Following [1155/88], the
singular Hochschild cohomology of A is defined as

HHE, (A, A) := Homp_, (r) (A, X" (A)), forn e Z.

Recall from [90, Section 3] that the singular Hochschild cohomology HH, (A, A)
can be computed by the singular Hochschild cochain complex.

There are two kinds of singular Hochschild cochain complexes: the left singu-
lar Hochschild cochain complex and the right singular Hochschild cochain complex,
which are constructed by using the left noncommutative differential forms and the
right noncommutative differential forms, respectively. We mention that only the
left one is considered in [90] with slightly different notation; see [90, Definition 3.2].
Throughout this section, we denote A = A/(k- 14).

8.1.1. The right singular Hochschild cochain complex. Let us first de-
fine the right singular Hochschild cochain complex 6:& r(ALA).

Recall from [88] that the graded A-A-bimodule of right noncommutative differ-
ential p-forms is defined as

Qp

nC,R(A) = (SK)®I) oY A

Observe that O . (A) is concentrated in degree —p and that its bimodule structure
is given by

[

ag » (851711 & ap+1)b = Z(—l)isaoﬂ',l ® sa;air1 Q Sai+27p & ap+1b
=0
—+ (—1)1786011,,1 & apap+1b

S

(8.1)

for b,ap € A and sa;, ® api1 = A1 @ -+ @ sGp @ app1 € U R(A). Note that
there is a k-linear isomorphism between 2} p(A) and the cokernel of the (p+1)-st
differential

A® (sM)EPT @ A L2 A @ (sK)®P @ A
in Bar(A) defined in Section Then the above bimodule structure on Q7 (A)
is inherited from this cokernel; compare [90, Lemma 2.5]. For ungraded noncom-
mutative differential forms, we refer to [28] Sections 1 and 3].

49
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By [28l Section 3, (27)], we have a short exact sequence of graded bimodules
(8.2) 0— =1L (0) DA () oA L QP L (A) —0

where d'(s712) = d.,(1®2) for any z € Qﬁj}b(A), and d”’ = (w@l?xp_l ®@1p)0dey.
Here, @w: A — sA is the natural projection of degree —1. We observe that d., factors

as
)\ g (sA)®P ® A,

A® (sR)®P @ A L5 QrtL (A
and that
d"(a®sa1, @ apr1) =aw (sG1p @ api1).
Let C" (A, Q. r(A)) be the normalized Hochschild cochain complex of A with co-
efficients in the graded bimodule Q7 - (A); see Section Here, A is viewed as a
dg algebra concentrated in degree zero.
For each p > 0, we define a morphism (of degree zero) of complexes

(8.3) Opr: C (A, Q0 o(A) — T (A QRL(N), fr—1z0f.
Here, we recall that C' (A, Qp. p(A)) = Hom((sA)®™ P QF (A)), the Hom-space
between non-graded spaces. Then for f € Um(A,QfIQR(A)), the map 1.7 ® f
naturally lies in Um(A, Qﬁi}%(/\)), using the following identification

Qe r(A) = s O, R(A).

We mention that when 1 5 ® f is applied to elements in (sA)®™ P! an additional
sign (—1)//I appears due to the Koszul sign rule.

The right singular Hochschild cochain complex U:&R(A, A) is defined to be the
colimit of the inductive system

*

We mention that all the maps 6, r are injective.
The above terminology is justified by the following observation.

LEMMA 8.1. For each n € Z, we have an isomorphism
HHZ, (A, A) ~ H™(C, r(A, A)).

PRrROOF. The proof is analogous to that of [90, Theorem 3.6] for the left singular
Hochschild cochain complex. For the convenience of the reader, we give a complete
proof.

Since the direct colimit commutes with the cohomology functor, we obtain that

H"(Cyy p(A,A)) = lim HH"(A, Q5 7(4)),
s

where the maps 5,,7 r are induced by the above cochain maps 6, g.
Applying the functor HH* (A, —) to the short exact sequence (82), we obtain a
long exact sequence

- > HH"(A,A® (sA)®? @ A)
— HH"(A, Q% (M) 5 HH" (A, E‘lﬁﬁ:}%(A)) e
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Since HH" (A, E*IQﬁI}{(A) is naturally isomorphic to HH" (A, Qﬁj}{(A)), the con-
necting morphism c in the long exact sequence induces a map
Op,r: HH"(A, Q8 1 (A)) — HH"(A, Q2FL(A)).
By [56] Subsection 2.3], we have a natural isomorphism
HHgg(A,A) ~ hérl HH"(A,QﬁQR(A)).
é\pyR
It remains to show that 6, p = é\p,R. Indeed, let f € HH"(A, Q7 z(A)). Assume

that it is represented by a linear map f: (sA)®"? — QF (). As f is a cocycle,
the induced map

Fle i R(A) — QL p(A), z@ar f(z)a
is a bimodule homomorphism of degree n; here, we recall that QZ:%(A):(SK)‘X’"'W ®

A. We have the following commutative diagram of bimodules with exact rows.

00— 27lQn P (A) — s A® (sR)PHr @ A —L QB (A) —0

(—1)”21(15A®f’)l llA@f/ lf/

0—— 317 () —L > A@ ()P oA —L > QP L (A) —>0

For the sign in the leftmost vertical arrow, we recall that ¥~! acts on any morphism
of degree n by (—1)". The bimodule homomorphism 1 5 ® f’ corresponds to the
linear map

15® f: (sh)®trtt — Q{;j;(/\).

By the construction of the connecting morphism, we infer that 0p r(f)=15®f.
In view of the very definition of 0, r, we deduce 0p R= 9p7 O

8.1.2. The left singular Hochschild cochain complex. We now recall
from [90] the left singular Hochschild cochain complex ng (A, A). The graded
A-A-bimodule of left noncommutative differential p-forms is

Qﬁc,L(A> =A® (SK)®p’
whose bimodule structure is given by

b(ao & Sal)p) dapy1 = (—1)pba0a1 & SQ2,pt1
+ Z(—l)piibao @ 8G1,i—1 ® SA;Qi11 @ SAi42,p+1

for b,ap11 € A and ap®sa; ®@- - - ®@sa, € Q1 (A). Tt follows from [90, Lemma 2.5]
that Qﬁc, 1 (A) is also isomorphic, as a graded A-A-bimodule, to the cokernel of the
(p + 1)-st differential

A® (sM)EPT @ A 225 A @ (sK)®P @ A

in Bar(A). In particular, we infer that Qb (A) and QF  »(A) are isomorphic as
graded A-A-bimodules.
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52 8. THE SINGULAR HOCHSCHILD COCHAIN COMPLEXES

The left singular Hochschild cochain complex UZ&L(A, A) is defined as the col-
imit of the inductive system

*

(8, 4) =5 T (A, Qe () =5 o 225 T (A0 L (A) 25

nc, L
where

Opr: C (AP, (A) — C (AQPIL(A), fr— folg

nc,L

8.2. The B,,-algebra structures on the singular Hochschild cochain
complexes

An explicit Boo-algebra structure on the left singular Hochschild cochain com-
plex is constructed in [90], which consists of two basic operations: the cup product

— Uy, — and the brace operation —{—,--- ,—}1.
In this section, similar to the left case, will define two basic operations: the cup
product —Ug — and the brace operation —{—, - - , —} g on the right singular Hochs-

* —*

child cochain complex Cy, (A, A), so that (Cyy g(A,A), —Ur — —{—,---,—}r) is
a brace Boo-algebra. These might be carried over word by word from the left
case, studied in [90] Section 5], but with different graph presentations. In Subsec-
tion B23] we translate the graphical description for —{—, -, —} into a purely
algebraic formula.

8.2.1. The tree-like graphs and cactus-like graphs. Similar to [90] Fig-
ure 1], any element

FeC" (A Q8, 1(A)) = Hom((sA)®™, (sK)®F @ A)

can be depicted by a tree-like graph and a cactus-like graph (cf. Figure B.1):

The tree-like presentation is the usual graphic presentation of morphisms in
tensor categories (cf. e.g. [46]). We read the graph from top to bottom and left to
right. We use the color blue to distinguish the special output A and the other black
outputs represent sA. The inputs (sA)®™ are ordered from left to right at the top
but are labelled by 1,2, ..., m from right to left. Similarly, the outputs (sA)®? @ A
are ordered from left to right at the bottom but are labelled by 0,1,2,...,p from
right to left. The above labelling is convenient when taking the colimit ([BIl); see
Figure

The cactus-like presentation is read as follows. The image of 0 € R in the red
circle S* = R/Z is decorated by a blue dot, called the zero point of S'. The center
of S' is decorated by f. The blue radius represents the special output A. The
inputs (sA)®™ are represented by m black radii (called inward radii) on the right
semicircle pointing towards the center in clockwise. Similarly, the outputs (sA)®P
are represented by p black radii (called outward radii) on the left semicircle pointing
outwards the center in counterclockwise. The cactus-like presentation is inspired
by the spineless cacti operad [48].

In both the tree-like graph and cactus-like graph, the 0 labelling the blue arrows
is omitted.
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p .. 921 1 1
FIGURE 8.1. The tree-like and cactus-like presentations of f € C' ' (A, Q. r(A).

Recall that the maps in the inductive system (84 of 6;; r(A, A) are given by
Opr: C (A, (A) — C (A QIR(A), fr—1f.
That is, for any f € C" (A, QF. r(A)) we have
(8.1) f=1ef=19gf=- =19"@ f="..

m—p

in U:g,R(A, A). Thus, any element f € C, g (A, A) is depicted by Figure B2, where
the straight line represents the identity map of sA. Thanks to (81I)), we can freely
add or remove the straight lines from the left side and from the top, respectively.
The tree-like and cactus-like presentations have their own advantages: it is
much easier to read off the corresponding morphisms from the tree-like presentation
(as we have seen from tensor categories), while it is more convenient to construct
the brace operation using the cactus-like presentation as we will see in the sequel.

FIGURE 8.2. The colimit maps 6, r, where the straight line rep-
resents the identity map of sA.

8.2.2. The B.,-algebra structure on the right singular Hochschild
cochain complex. We first define the cup product

—Ur —: 6:g7R(Aa A) ® 6:g7R(Aa A) — 6:g,R(A7 A)

as follows: for f € C" P(A, Q. gr(A)) and g € " YA, Qf. r(A)), we define
(8.2)

fUrg:= (1?{*‘1 ® u) o (1?; ®f® 1A) o (1%"‘ ® g) e TN, QEEL(A)),
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54 8. THE SINGULAR HOCHSCHILD COCHAIN COMPLEXES

where p denotes the multiplication of A. We refer to Figure B3 for the tree-like
illustration of the cup product. When f Ug g is applied to elements in (sA)®™*™,
an additional sign (—1)™"*P? appears due to the Koszul sign rule. In particular,
if p = q = 0 we get the classical cup product on U*(A,A). Note that — Ug — is
compatible with the colimit, hence it is well-defined on 6:& r(AA).

Ficure 8.3. The cup product f Ugr g on the right sin-
gular Hochschild cochain complex C’:g,R(A,A). Here f €
Hom((sA)®3, Q3. x(A)) and g € Hom((sA)®*, Q). z(A)). Then
f Un g € Hom((s)®7, 05, (A)).

Let us define the brace operation —{—,...,—}r on U:g’R(A,A). We mention
that, similar to the left case, the brace operation —{—, -, —}p is induced from a
natural action of the cellular chain dg operad of the spineless cacti operad [48].

For any k > 0, let us define the brace operation of degree —k

—{— o = Rt Oy g (A A) ® oy (A, N)®F — T, g(AA).

DEFINITION 8.2. Let f € C (A, Q% (A)) and g; € C"'" " (A, Q% 1(A)) for
1 < i < k. Then we define

Hars- -, gk} r € Hom((sA)®mtmtnatotmek qRrgy s (A))
as follows: for k = 0, we set z{(0} = z; for £ > 1, we set
(83)  flgi,-- ou}r= 3 (DR IBE) (g g8),
0<j<k

1<) <ip < <i;<m
1<l <l <<l ;<p

where the summand B((le;;) ‘)(f;gl, ..., gk) Is illustrated in Figure B4] below.
yiratk—j
Here, the extra sign (—1)¥~7 is added in order to make sure that the brace operation

is compatible with the colimit maps 6. g.
When the operation B((le;z) N (f;01,--.,9r) applies to elements, an additional
seeabk—jg
sign (—1)¢ appears due to Koszul sign rule, where

k k k
o= (w4 3o n) (pe D) i Yot
i=1 i=1 i=1
k—j J
+ ¥ (ny 4+ Fn. 1l —1n. + Z(”ll Footn gt =i =gy
r=1 s=1

Here, we set m' =m—pandnl. =n, —¢q. —1for 1 <r <k.
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FIGURE &8.4. The summand B((lllly"'."':llzzj)(f;gh .oy gr)  of
flo1,..-,9x}r- Here, we need to apply the natural projec-
tion 7: A — sA when going from the blue arrows to the dashed
arrows.

Let us now describe Figure B4l in detail and how to read off
B((lllljjl:zj)(f7 gi,--- 7gk)
(i) We start with the cell of the spineless cacti operad, depicted in Figure
below. As in Figure Bl we use the element f to decorate the circle 1 of

Figure and similarly use the element g; to decorate the circle i + 1 for
1<i<k.

FIGURE 8.5. A cell in the spineless cacti operad.
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(ii) The left semicircle of the circle 1 is divided into p+ 1 arcs by the outward
radii of f. For each 1 <r <k — j, the red curve of the circle r (decorated
by g.) intersects with the circle 1 at the open arc between the (I, — 1)-st
and [,-th outward radii of f. The red curves are not allowed to intersect
with each other.

(iii) On the right semicircle of the circle 1, we have m intersection points of
the m inward radii of f with the circe 1. Unlike (ii), for each 1 < r < j
the red curve of the circle kK —r + 1 (decorated by gi—,4+1) intersects with
the circle 1 exactly at the i,-th intersection point.

(iv) We connect some inputs with outputs using the following rule.

e For each 1 < r < j, connect the blue output of gi_,1 with the i,-th
inward radius of the circle 1 on the right semi-circle of the circle 1.
Then starting from the blue dot (i.e. the zero point) of circle 1,
walk counterclockwise along the red path (i.e. the outside of the red
circles and the red curves) and record the inward and outward radii
(including the blue radii) in order as a sequence S. When an outward
radius is found closely behind an inward radius in S, we call this pair
mn-out.

e Let us define the following operation.

Deletion Process: Once the in-out pair appears in the sequence S,
we connect the outward radius with the inward radius via a dashed
arrow in Figure[R8.4l Delete this pair and renew the sequence S. Then
repeat the above operatlons iteratively until no in-out pair is left in S.

(v) After applying the above Deletion Process, we obtain a final sequence S
with all outward radii preceding all inward radii. Finally, we translate the
updated cactus-like graph into a tree-like graph by putting the inputs (in
the final sequence) on the top and outputs on the bottom. We therefore
get the k-linear map

B((llij:lzzz])(f7 gi,--- ,gk) : (SK)®“ — (SK)®U ® A,

where v and v are respectively the numbers of the inward radii and out-
ward radii in the final sequence S. See Example below.

Similar to the brace operation on the left singular Hochschild cochain complex,
see [90, Lemma 5.11], we may show that f{g1,..., gk }r is compatible with the col-
imit maps 6, g. This may be also seen from the algebraic formula in Lemma 5] be-
low. Therefore, it induces a well-defined operation (still denoted by —{—,...,—}r)
on é;kg’R(A,A). When p = ¢1 = -+ = qx = 0, the above f{g1,...,9x}r coincides
with the usual brace operation on C" (A, A); compare (B.1)).

ExXAMPLE 8.3. Let

Fed(a, Q. r(A)) = Hom((sA)®%, (sA)** @ A)
g €T (A, Qb r(A)) = Hom((sA)®*, sA @ A)
g2 € T (A, Q3. r(A)) = Hom((sA)®?, (sA)®* @ A)

g3 € T (A, 03, z(A)) = Hom((sK)®2, (sK)®3 @ A).
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Then the operation Bgﬁ%f; g1, 92,93) is depicted in Figure It is represented

by the following composition of maps (here, we ignore the identity map 1;®K6 on the
left)

(1397, ©153010)1%2 0 )7, ©1%) (1307, ©15): () — (sA)* @A

_ _ 1%P@n _ _
where g: (sA)®" L (sA)®P @ A —2— (sA)®P+! and 7: A — sA is the natural
projection a — sa of degree —1.

g3
g2

g1

FIGURE 8.6. An example of B((S)A) (f;91,92,93)-

8.2.3. An algebraic formula for the brace operation. We translate the
above graphical description for the brace operation —{—,..., —}g into an explicit
algebraic formula. This is new compared to [90].

__ DEeFINITION 8.4. Let m,ny,...,n%,q1,-- -, Gk be positive integers. Let g; €
C" (A, Q% (A)) for 1 < i < k. For any 1 < iy,is,...,i; < m (not necessarily
distinct), we define
O i) (91 i) (sA)omtmtnatetneh o (gR)embatta

as the following composition of maps

(1®i; 87, ® 1@11—1) ° (1®i’2 87, ® 1@1‘2—1) 0.0 (1®z‘; 8, ® 1®ik—1)’
where for 1 < ¢ < k we denote

ipi=mA (= 1)+ 4 (e = 1) =i+ gea + -+ e

In particular, i{ = m—i1+qa+---+q, and i}, = m—l—_(m —D)4-+(ngp_1—1) —ig.
Here, we denote g, = (1°* @ 1) o g and m: A — sA is the natural projection as
above. For convenience, we write Of* = 19 (sA)®™ — (sA)®™.

LEMMA 85. Let f € C (A, Q2. (A)) and g; € C (A, Q% (A)) for 1 <i < k.

Then the operation B((lzllm (f;91,---,9k) equals the following composition

yeresle—5)
(-1 (1%% s OF Gis- o Gp) @1
N (1yelio_y) 91 y 9k—j A

®a;+b; ®aj m — _
(1SK7 7 & f) (1SKJ ® O(ij,‘..,il)(gkfjJrl’ . 7gk)>7
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where €5 = | f[(lg1] + [g2| + - + |gr—s] — K + ),
aj=ni+ng+-+ng;—k+j and bj = @r—j+1+ -+ G-
In particular, bg =0 = ay.

Proor. This follows by observing that the composition of maps may be illus-
trated by the same cactus-like diagram in Figure 8.4t see Example[R.3l In particular,

)

the Deletion Process, which is the key operation for defining B((”’ ) (fi91,---

dk—35)

gk), corresponds to taking the composition of maps. We mention that the sign

(=1)< above is due to the Koszul sign rule, since f permutes with g;,...,g;_;. O
REMARK 8.6. If j = k then we have

Bl i Fin e 00) = (—1)(0F,

If j = 0 then we have

,,,,,

.....

From the above algebraic formula in Lemma [R5 we may see that f{g1,...,9x}r
is compatible with the colimit maps 6, r. For instance, for each 1 <t < k we have

B (Figneee g ® g s) = Lz 8 B (Frgnse . g0)
Therefore, it induces a well-defined operation on 6:& r(ALA).

8.2.4. Comparing the B,-algebra structures on the two complexes.
Let us compare the B,.-algebra structures on the left and right singular Hochschild
cochain complexes.

Recall that the cup product — Uy — and brace operation —{—,...,—}, on
ng (A, A) are defined in [90, Subsections 4.1 and 5.2].

THEOREM 8.7 ([90, Theorem 5.1)). The left singular Hochschild cochain com-
plex ng (A A), equipped with the mentioned cup product — Uy, — and brace op-
eration —{—,...,—}L, is a brace Buo-algebra. Consequently, (HHZ(A,A), — UL
—,[=,—]1) is a Gerstenhaber algebra. O

The following result is a right-sided version of the above theorem.

THEOREM 8.8. The right singular Hochschild cochain complex C’bgR(A,A),
equipped with Ur and —{—, ..., —}r defined above, is a brace Boo-algebra. Conse-
quently, (HHZ, (A, A), — Ur —,[—, —]r) is a Gerstenhaber algebra. O

The above two Gerstenhaber algebra structures on HHZ, (A, A) are actually the
same.

PROPOSITION 8.9. The above two Gerstenhaber algebras (HHg, (A, A), — U

= [= —]r) and (HHL (A, A), — Ur —, [~, —]r) coincide.
ProOF. By [90], Proposition 4.7], both — Uy, — and — Ug — coincide with the
Yoneda product on HHZ, (A, A). Then we have — Uy, — = —Ug —.
It follows from [91] Corollary 5.10] that the graded Lie algebra
(HHZ (A A), [=~]r)
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is isomorphic to the graded Lie algebra

Lie(Gp) = @Ker Ga(Kep))

pe”Z

Salm), G ()

associated to the subgroup G, of the (algebraic) singular derived Picard group of
A; compare [53]. Here, kle,] is the graded algebra klz]/(x?) with |z| = p and
mp: klep] — k is the augmentation. By a similar proof to the one of [91], Corollary
5.10], we may show that (HH:g“(A, A),[—,—]r) is also isomorphic to Lie(Gp). As
a result, we obtain [—, —|g = [, —]f on HH:g'H(A,A). O

Let A°P be the opposite algebra of A. Consider the following two By,-algebras
(Cogn (M A),6,—Up — —{—,...,=}1)
and
(CogrR(AP,AP), 6, —Up = —{—, ..., —}R)-
The following result is analogous to Proposition

PROPOSITION 8.10. Let A be a k-algebra, and A°P be the opposite algebm of A.
Then there is a Beo-isomorphism between the opposite By -algebra C. (A, A)epP

and the Bo-algebra G:g)R(AOP, A°P).

sg,L

PRrROOF. Consider the swap isomorphism (note that A = A°P as k-modules)
(84) T: ng L(A7 A) — U:g,R(Aopv Aop)

which sends f € Hom((sA)®™ A @ (sA)®P) to T(f) € Hom((sA)®™, (sA)®P @ A)
with
T(f)(5T, ® $T2 @ -+ ® $Tyn) = (—1)™ P+ 51 (f(T @ -+ @ 5T @ 571)).

Here, the k-linear map 7,: A ® (sA)®P — (sK)®p ® A is defined as

p(p

7 (bo @ by @ sby ® - -+ @ sb,) = (—1) sb ® -+ @ sby @ sby ® by.

We may verify the following two identities from the definitions

T(g1) Ur T(g2) = (—1)19119IT (g5 UL g1),
T(HT(g1),-- - T(gr)tr = (1) T(f{gk,---,91}1),

where € = k4377 (93] — D ((gi+1] = 1) + (lgial = 1) +- -+ (|ge| = 1)). Precisely,
by comparing Flgure 3.3 with [90, Figure 3], we may obtain the first identity, and
by comparing Figure B4 with [90, Figure 8], we obtain the second one. By the
definitions in (B.]) we have

T (g1 U go) = (—1)\9119217(gy U 1),

(g 96}) = (1) T(f{gk, -, 91 }0)-
Combining the above 1dentities7 from Lemma we obtain that T is a strict
Bo-isomorphism from ng (A, A to égg r(A°P A°P),
By Theorem B0 there is a Boo-isomorphism between ng (A, A and
ngL(A A)°PP. We obtain a Bg-isomorphism between CSgL(A,A)Opp and
ng Rr(A°P AP). O
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REMARK 8.11. By Proposition [0 there is a (non-strict) Buo-isomorphism

(A, A) = 6:g,R(A0pa Aop)opp'

—k

C

sg,L

In particular, this B,-isomorphism induces an isomorphism of Gerstenhaber alge-
bras

(HH:g(A’ A)7 —UL o [_’ _]L) = (HH:g(AOp, Aop)v - UR ] [_a _}C}’%PP)’

where [fa g](})%pp = _[fa g]R
In contrast to Proposition B9, we do not know whether the B,-algebras

Cog.r,(A,A) and 6:g7R(A,A) are isomorphic in Ho(Bs). Actually, it seems that
there is even no obvious natural quasi-isomorphism of complexes between them,
although both of them compute the same HHZ, (A, A).

8.3. The relative singular Hochschild cochain complexes

We will need the relative version of the singular Hochschild cochain complexes.

Let E = @), ke; C A be a semisimple subalgebra of A with a decomposition
e1+---+e, = 1, of the unity into orthogonal idempotents. Assume that e: A - E
is a split surjective algebra homomorphism such that the inclusion map F < A is
a section of €.

The following notion is slightly different from the one in Section Bl We will
denote the quotient E-E-bimodule A/(E-1,) by A. The quotient k-module A/ (k-

15) will be temporarily denoted by A in this section. Identifying A with Ker(¢), we
obtain a natural injection

¢: N — A, x4+ (E-1p) — x+ (k- 14)

for each x € Ker(e).
Consider the graded A-A-bimodule of E-relative right noncommutative differ-
ential p-forms

00, p(A) = (TP @ A,
Similarly, QﬁC’ R, g(A) is isomorphic to the cokernel of the differential in Barg(A)
A®g (SK)®EP+1 Qp A (1';1) A®g (SK)®E:D QRp A.

The E-relative right singular Hochschild cochain complex 6:g7R7E(A, A) is defined
to be the colimit of the inductive system

Cp(AA) D8 T(A, Qe g o (A) 2055 o T8, (M) 225
where
(8.1)  Gprr: CulA, 2 g 5(N) — Cp(A Lk o(A)), fr— Lz f.
We have the natural (k-linear) projections
w: (sK)®m — (sA)®=™ for all m > 0.
Denote by t,, the natural injection

Q§C7R7E(A) — Qgc,R(A)’
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induced by . We have inclusions
Homp. p((sB)®5™ 7, p p(A)) — Hom((sR)*™7, Q5 p(A))
— Hom((sx)®m+pa Qﬁc,R(A))v

where the first inclusion is induced by the projection @™ *P, and the second one is
given by Hom((sA)®™*P t,). Therefore, we have the injection

6; (A’ Qﬁc,R,E(A)) R— 67” (A7 Qgc,R(A))
For any m € Z, we have the following commutative diagram.

GO,R,E 91,R,E

GE(A,A) %62(1\, QIIIC,R,E(A)) _ s — 6E(A’ QﬁcﬁRﬁE(A)) PRE

01,r

Um(A7 A) E} 6m(A7 erlgR(A)) T Um(A’ Qﬁc,R(A)) —
It gives rise to an injection of complexes
v Oy g p(AA) — Ty (A A).

We observe that the cup product and the brace operation on 6:& r(A,A) restrict
to 6:g7R7E(A, A). Thus 6:g,R’E(A, A) inherits a brace Boo-algebra structure.

LEMMA 8.12. The injection ¢: U:g,R,E(A,A) — 6:g7R(A,A) is a strict Boo-
quasi-isomorphism.

PROOF. Since ¢ preserves the cup products and brace operations, it follows

from Lemma [B.T5] that ¢ is a strict Bo,-morphism.
It remains to prove that ¢ is a quasi-isomorphism of complexes. The injection

£: A — A induces an injection of complexes of A-A-bimodules
Barp(A) — Bar(A) = DA ® (sA)®" @ A.
n>0
Recall that Qﬁm r(A) is isomorphic to the cokernel of the external differential dc,
in Bar(A) and that Q. r.p(A) is isomorphic to the cokernel of de; in Barg(A).

We infer that both U;)R’E(A,A) and G:g)R(A,A) compute HHZ, (A, A); compare
[90] Theorem 3.6]. Therefore, the injection ¢ is a quasi-isomorphism. |

B Similarly, we define the E-relative left singular Hochschild cochain complex

Cse.p,1.(A A) as the colimit of the inductive system

—% 00,5 —*
Cp(AA) —= Cg(A, erlc,L,E(A)>

0 0 _ 6,
BB S Op(A Qg p(A)

where Q7 ; z(A) = A®g (sA)®EP is the graded A-A-bimodule of E-relative left
noncommutative differential p-forms and the maps

(82)  Oprm: Op(AQ, ; 5(A) — Cp(A Q7] (M), fr— @15
We have an analogous result of Lemma [R.121
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LEMMA 8.13. There is a natural injection Cg, 1 p(A, A) = Cg, (A, A), which
s a strict Boo-quasi-isomorphism. ([l
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CHAPTER 9

By-quasi-isomorphisms induced by one-point
(co)extensions and bimodules

In this chapter, we prove that the (relative) singular Hochschild cochain com-
plexes, as Boo-algebras, are invariant under one-point (co)extensions of algebras
and singular equivalences with levels.

These invariance results are analogous to the ones in Section 221 However,
the proofs here are much harder, since the colimit construction of the singular
Hochschild cochain complex is involved.

Throughout this chapter, A and II will be finite dimensional k-algebras.

9.1. Invariance under one-point (co)extensions

Let E = @;_, ke; C A be a semisimple subalgebra of A. Set A = A/(E - 1,).
We have the B.,-algebra U:g r.e(A, A) of the E-relative right singular Hochschild
cochain complex of A.

Consider the one-point coextension

, (kM
v=(5 %)
, (10
€=\o o)

and identify A with (15, — € )A'(1n — €’). We take E' = ke’ @ E, which is a
semisimple subalgebra of A’. Set A’ = A’/(E’ - 15).
To consider the E’-relative right singular Hochschild cochain complex

Uzg,R,E/ (A’,\), we naturally identify A’ with A @ M. Then we have a natural
isomorphism for each m > 1

(9-1) (sA)@e™ =~ (sA)®5™ @ (sM ®p (sA)®Em=t),

in Section Set

where we use the fact that A’ @ sM = 0. The following decomposition follows
immediately from (@I).

Hompr g ((sA)*#™, (sA)*#'P o5 A')
~ HomE_E((SK)®Em,( ) EP g )
@ Homyg(sM o (sA)*=2™ 1 sM op (sA)®2P~ L op A)

We take the colimits along 6, g g/ for A’, and along 6, g g for A in (81)). Then the
above decomposition yields a restriction of complexes

N
A

*

asg,R,E’ (A’, A/) - a;;,R,E(Aa A)~

63
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It is routine to check that the above restriction preserves the cup products and
brace operations, i.e. it is a strict B,,-morphism.

The following two lemmas show the invariance of the left and right singular
Hochschild cochain complexes under one-point coextensions.

LEMMA 9.1. Let A’ be the one-point coextension as above. Then the restriction
map

*

—_ —k
ng,R,E’ (A/a A,) - Osg,R,E(Aa A)
is a strict Boo-isomorphism.

PROOF. The crucial fact is that sA’ @ g sM = 0. Then by the very definition,
0, r,r vanishes on the following component

Homy g(sM @5 (sM)®2™ 1 sM @5 (sM)®FP~ @ A).
It follows that taking the colimits, the restriction becomes an actual isomorphism.

O

We now consider the FE-relative left singular Hochschild cochain complex
6:g)L7E(A,A), and the E’-relative left singular Hochschild cochain complex

6% (A, A). Using the natural isomorphism (@.I]), we have a decomposition
Hom z_pr ((sA)25'™ N ©p (sA)®5'P)
~ Homp g((sA)®2™ A og (sA)®7P)
® Homy g (sM o (sA)®2™ 1 ke’ © sM o (sA)®2P~1)
(9.2) ® Homy g (sM op (sAN)®2™ "1 M op (sA)®EP).
Similar to above, the decomposition will give rise to a restriction of complexes
6:g»L7E’ (A/’ A/) - E:g,L,E(Aa A)v

which is a strict Bo,-morphism.
Unlike the isomorphism in Lemma [B.1] this restriction is only a quasi-isomor-
phism.

LEMMA 9.2. Let A’ be the one-point coextension. Then the above restriction
map

E:ngyE' (A/’ AI) - E:g,L,E (Aa A)

is a strict Boo-quasi-isomorphism.

Proor. It suffices to show that the kernel of the restriction map is acyclic. For
this, we observe that the decomposition ([@.2)) induces a decomposition of graded
vector spaces

*

(9.3) Copr (W N) =T p(ALN) @ X @Y™
Here, the (m — p)-th component X™ P of X* is the colimit along the maps

Homy. p(sM ©p (sA)®2™ " ke’ © sM o (sA)®EP~1)

— Homy_p(sM g (sA)®2™ ke’ © sM op (sA)®FP)
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which sends f to f ®g 1. Similarly, the (m — p)-th component Y™~P of Y* is
the colimit along the maps

Homy g(sM ©p (sN)®E™ 1 M op (sA)®2P)
— Homy_p(sM o (sK)®2™, M o (sA)®2PT)
sending f to f ®p 1 3.

We observe that X* is, as a graded vector space, isomorphic to the 1-shift of
Y* by identifying ke’ ® sM with sM. Then we have

(9.4) X* o N(YH).

The differential of 6:& £z (A, A") induces a differential on the decomposition

[@3). Namely we have the following commutative diagram.
(9.5)

Homp.g((sM)®E™ A og (sh)®EP)
Hom g/ _p/ (SW(@E/"L, AN &g SW@’E”’) > @Homy.p(sMop (sA)PE™ ! ke'osM oy (sAN)®EP™1)

@Homy p(sM &g (sM)®E™ 1 M o (sK)®EP)

[N 0 0
Sar 0 X@y) O
8

0 Sy

Homp g ((sM)®E™ A ap (sh)PEP)
HomEziE/(sF@)E’erl,A’ ®pr sSMNEE'P) Do @Homy p(sM @5 (sK)®E™ ke’ @ sM @ (sA)PBPY)

®Homy. g (sM ®g (sA)®E™ M op (sK)®EP)

Here, we write elements in the decomposition ([@3]) as 3-dimensional column vec-
tors.
Let us explain the entries of the 3 x 3-matrix in (@.3)).

(i) We observe that das restricts to a differential, denoted by dy, of Y*.
That is, (Y*,dy) is a cochain complex. The differential on the second
component X* is given by X(dy) under the natural isomorphism X* ~
(Y*) in (@4).

(ii) The differential d4 is the external differential of C (A, A ® g $K®Ep).

(iii) The map § is given as follows: for any f € Homp g((sA)®2™ A of
(sA)®#P), the element 0(f) € Homy g (sM og (sA)25™, M @ (sA)®FP) is
defined by

6(f) (s ®p s@1m) = —(—1)" Pz @ f(sG1m).

(iv) The map 6 is given as follows: for any f € Homy_p(sMog(sA)®2™ ! ke'®
sM ep (5A)®Ep_1L the corresponding element 6(f) € Homy g(sM ®g
(sM)®E™ M op (sA)®EP) is defined by

0(f)(sz Qp st1.m) = f(sx ®F $A1,m—1) @ ST

Here, we use the natural isomorphism ke’ ® sM — M of degree one, and
thus € is a map of degree one. We observe that after taking the colimits,
f becomes the identity map

1: X* =YY" Xy v~y
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using the identification (@.4]).

Thus, the kernel of the restriction map is identified with the subcomplex

* * (6 0
(e (*75)).
which is exactly the mapping cone of the identity of the complex (Y*, dy). It follows
that this kernel is acyclic, as required. ([l

REMARK 9.3. The decomposition ([@3) induces an embedding of graded vector
spaces

*

ésgﬁL,E(A’ A) — 6:g,L,E’ (A", A).

However, it is in general not a cochain map, since the differential § in the matrix

of ([@3) is nonzero.

Let us consider the one-point extension

, (AN
=0 %)
s (00
= (0 1)

and B = E@ke” C A”. Set AV = A" /(E" - 15»), which is identified with A & N.
We first consider the FE-relative left singular Hochschild cochain complex
6:& r.e(AA) and  E"-relative left singular Hochschild cochain complex

Tl (A7, A7),

The following result is analogous to Lemma

in Section We set

LEMMA 9.4. Let A” be the one-point extension as above. Then we have a strict
B -isomorphism

Coprmn (N AN — Tl 1 p(AA).

ProOOF. The proof is completely similar to that of Lemma We have a
similar decomposition

HOmEI/_E//((SF)®E”m’ A’/ Qpr (SF)®E//IJ)
~ HomE_E((sK)®Em,A ®F (SK)‘@EP)
& Homp((sN)**™ P o sN,Aog (sN)*"P~") e sN).
We observe the crucial fact sN ® g sA” = 0. Then taking the colimit along 6,, 1, g

in (82), the above rightmost component will vanish. This gives rise to the desired
Bo-isomorphism. O

The following result is analogous to Lemma We omit the same argument.

LEMMA 9.5. Let A" be the one-point extension as above. Then the obvious
restriction

*

ésg,R,E” (A", A") — G:g,R,E(Aa A)

s a strict Boo-quasi-isomorphism. ([l
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9.2. B,-quasi-isomorphisms induced by a bimodule

We will prove that the B,-algebra structures on singular Hochschild cochain
complexes are invariant under singular equivalences with levels. Indeed, a slightly
stronger statement will be established in Theorem

We fix a A-II-bimodule M, over which k acts centrally. Therefore, M is also
viewed a left A®II°P-module. We require further that the underlying left A-module
AM and the right II-module My are both projective.

Denote by Dgg(A€), Dgg(II¢) and D (A @ II°P) the singularity categories of
the algebras A¢, T1¢ and A ® II°P, respectively. The projectivity assumption on M
guarantees that the following two triangle functors are well-defined.

— @5 M: Dy (A®) — Dyy(A @ II°P)
M @1 —: Dgg(II°) — Dgg (A @ II°P)

The functor — ® M sends A to M, and M ®p — sends Il to M. Consequently,
they induce the following maps

(9.1)

(9.2) HHI, (A, A) 25 Homp, _xgrmer) (M, (M) % HH, (11, IT)

for all i € Z. Here, we recall that the singular Hochschild cohomology groups are
defined as

HH., (A, A) = Homp_, (ze) (A, X/(A)) and  HHZ,(IL, IT) = Homp,, (r7¢) (1T, £*(11)).

Moreover, these groups are computed by the right singular Hochschild cochain
complexes U:g r(A,A) and U:& r(ILII), respectively; see Section Bl for details.

Under reasonable conditions, the bimodule M induces an isomorphism between
the above two right singular Hocschild cochain complexes.

THEOREM 9.6. Let M be a A-1I-bimodule such that it is projective both as a
left A-module and as a right II-module. Suppose that the two maps in (Q2) are
isomorphisms for each i € Z. Then we have an isomorphism

U:g,R(Av A) = 6:g,R(H7 H)
in the homotopy category Ho(By,) of Boo-algebras.

We postpone the proof of Theorem until the end of this chapter, whose
argument is adapted from the one developed in [52]; see also [65]. We will con-
sider a triangular matrix algebra I', using which we construct two strict Bo,-quasi-
isomorphisms connecting 6:g7R(A, A) to 6:&13(1_[, II).

We now apply Theorem to singular equivalences with levels, in which case
the two maps in (0.2)) are indeed isomorphisms for each i € Z.

PROPOSITION 9.7. Assume that (M, N) defines a singular equivalence with level
n between A and II. Then the maps agg and B;fg in [@2) are isomorphisms for
all i € Z. Consequently, there is an isomorphism 6:ng(A,A) o~ ézgﬁ(n,n) in
Ho(B).-

It follows that a singular equivalence with level gives rise to an isomorphism of
Gerstenhaber algebras
HHZ, (A, A) ~ HHZ, (11, 11).
We refer to [91] for an alternative proof of this isomorphism. We mention that
[14] also accounts for the Bo.-algebra structures on singular Hochschild cochain
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complexes. Using a similar argument as [52], it is shown that the above isomor-
phism preserves the Gerstenhaber structures, as well as the p-power structures; see
[14] Theorem 3 and Remark 2].

ProOF oF PROPOSITION 0.7l By Theorem [3.6] it suffices to prove that both
ol and B, are isomorphisms. We only prove that the maps 3%, are isomorphisms,
since a similar argument works for agg.

Indeed, we will prove a slightly stronger result. Let X' (resp. )) be the full sub-
category of Dgg(II¢) (resp. Dgg(A @ II°P)) consisting of those complexes X, whose
underlying complexes Xy7 of right II-modules are perfect. The triangle functors

M@mp—: X —Yand Ny —: Y — X

are well-defined. We claim that they are equivalences. This claim clearly implies
that Big are isomorphisms.

For the proof of the claim, we observe that for a bounded complex P of pro-
jective II°-modules and an object X in X', the complex P ®q X is perfect, that is,
isomorphic to zero in X. There is a canonical exact triangle in D®(II*-mod)

YR () — P — 11 — X" (11),
where P is a bounded complex of projective II¢-modules with length precisely n.
Applying — ®; X to this triangle, we infer a natural isomorphism
X ~¥"Qf.(1) @ X
in X. By the second condition in Definition 2.12] we have
Ny (MenX) ~Qf.(Il) @q X ~X7"(X).

Similarly, we infer that M ®p (N ®, Y) ~ X7"(Y) for any object Y € Y. This
proves the claim. O

9.3. A non-standard resolution and liftings

In this section, we make preparation for the proof of Theorem We study
a non-standard resolution of the A-II-bimodule M, and lift certain maps between
cohomological groups to cochain complexes.

Recall from Section [6.2] the normalized bar resolution Bar(A). It is well-known
that Bar(A) ®, M ®p Bar(Il) is a projective A-TI-bimodule resolution of M, even
without the projectivity assumption on M. However, we will need another non-
standard resolution of M; this resolution requires the projectivity assumption on
the A-II-bimodule M.

We denote by Bar(A) the augmented bar resolution, which is acyclic,

91) - 5 AR (R @A L2y o Ly Ag (sR) @A L5 A A L sTIA 0,

where p is the multiplication and d., is the external differential; see Section
Here, we use s~ 'A to emphasize that it is of cohomological degree one. Similarly,
we have the augmented bar resolution Bar(II) for II.

Consider the following complex of A-II-bimodules

B = B(A, M, II) := Bar(A) ®, sM ®p Bar(Il).
We observe that B is acyclic. By using the natural isomorphisms

sTIA®AsM ~M, and sM ®@ps I~ M,
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we obtain that the (—p)-th component of B is given by
Br= P AeEh)esMeGI)® el @ Ae(sh)®PeMEPMe(sI) P Il

i+j=p—1
4,720

for any p > 0, and that B! = s 'A ®, sM ®p s 'II ~ s~ 'M. In particular, we
have
B ~ (Ao M) P (M 1),
B! = (A®sM®H)@(A®5K®M)@(M®sﬁ®ﬂ).

The differential 9~7: B=? — B~ (=1 is induced by the differentials of ]%Jr(A) and

Bar(II) in (@) via tensoring with sM. For instance, the differential 8°: B® — B!
is given by

AeM@PMeI— M, (a@z+— ar, 2’ @b+ 2'b);
the differential 9= : B~! — B is given by the maps
ARsM®I— (A M)PM 1), (a®sr®br— —a@ab+azx®b)
ARSAQM — A® M, (a®say @rr—aa; @ —a® ax)
M@sIell — M®II, (r ® sby ® b by ®b— x ® bib).

Since M is projective as a left A-module and as a right II-module, it follows
that all the direct summands of B™P are projective as A-II-bimodules for p > 0.
We infer that B is an augmented A-II-bimodule projective resolution of M.

LEMMA 9.8. For each p > 1, the cokernel Cok(0~P~1) is isomorphic to

B (M) = P N e@sMe (I oI @ (sh)* @ M.

i+j=p—1
>0

In particular, Qf (M) inherits a A-Il-bimodule structure from Cok(97P~1).
PROOF. We have a k-linear map
NP QR (M) 22 BTP — Cok(97P ),
where the unnamed arrow is the natural projection and the first map 1® 1 is given
by
5a1,; ® ST ® sBLj Rbjp1 > 1®501,; ®sT® sELj ®bji1

(9.2) _ _
Sa1, @T — 1@ sa1, ® .

We claim that 7 is surjective. Indeed, under the projection B~P—Cok(9~P~1),
the image of a typical element ap®sa; ; @y € B™? equals the image of the following
element

i—1
2= (—1)F1® sdo -1 ® sTGEARTT @ SAki2: @Y + (—1)'1 @ s@9,;-1 @ a;y € B7?,
0

=
Il

where y lies in sM®(sﬁ)®j ®II or M, since 8_”_1(1@560@561#—@3/) =ap®8a1,;®
y — 2. Similarly, the image of a typical element x ® sby , ® b,11 € M ® (sI[)®P @ I1
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equals the image of

2= 1® s(wby) ® sba,,
p—1
Dbypsr + Y (1)1 @ 52 @ sby g1 @ sbibrs1 ® shpy2,p ® by
k=1

+ (_1)p1 X sr X 56171,_1 ® bpbp+1 € B7P,

since 9P (1 ® sz ® sbip @ byp1) = T ® sbip ® byy1 — 2/. In both cases, the
latter elements z and 2’ lie in the image of the map 1 ® 1. This shows that v~ P is
surjective.

On the other hand, we have a projection of degree —1

w Pt BTPH 08 (M)
given by
ap ® 801 ; @ sM @ sby j @ bj1 — 5Gy @ 8G1; @ sM @ sby ; @ bjiq
ag @ sa1,p—1 Q@M — Sag ® SA1,p—1 XM
m e 5517,,_1 ® by — sm® sglyp_l ® by
We define a k-linear map
TP=w P lodP: B P — QF (M)
In view of 7P 0 97P~1 = 0, we have a unique induced map
n~P: Cok(9 P~ 1) — QR (M).

One checks easily that 777 o y~P equals the identity. By the surjectivity of v7P, we
infer that v~P is an isomorphism. (]

REMARK 9.9. The right II-module structure on Qf ;(M) is induced by the
right action of II on M and II. The left A-module structure is given by

ap W (51, ® st ® sb j @ bjy1) = (T @ 1%P) 0 07" (ag ® sa1,; @ sz @ sby ; @ bj11),
ap » (sa1, @) = (T1® 1®P) 0 0 P(ag ® sa1p @ T),

where 7: A — sA is the natural projection a + s@ of degree —1; compare ([&.I)).
We have a short exact sequence of A-II-modules

7P lo(1®1) B-? 7P

(93) 0 — STIORH(M) Oy (M) — 0,

where the map 1®1 is given in (3.2)); compare (8.2). Here, we always view QX (M)
as a graded A-II-bimodule concentrated in degree —p. By convention, we have
N g (M) =M.

Fix p > 0. Applying the functor Homp. r1(—, 2} ;(M)) to the resolution
Bar(A) ®, M ®p Bar(I) of M; see the proof of [26], Proposition 4.1], we obtain a
cochain complex

C" (M, ¥y 1y (M))
computing Ext}y (M, Q% (M)). The space C (M, QR _(M)) in degree m is as
follows:

P Hom | (MMM, @ (sN)®FosMe (s o TEP (AP @ M

i+j=m+p k+l=p—1
4,720 k,1>0
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Recall that QF p(A) = (sA)®P @ A is the graded A-A-bimodule of right non-
commutative differential p-forms. We have a natural identification

HH"(A, Q7 z(A)) = Extjc (A, QF . z(A)).

Consider the following triangle functor

—®p M: D(A%) — DA QIIP).
Then we have a map

oy HH* (A, Q7 1(A))
S0 Bty g (M, Q0 p(A) @4 M) — Ext} (M, OF (M),

where the second map is induced by the natural inclusion
(9.4) QP p(A) @ M = (sM)®P @ M < QF_1(M).

Here, the inclusion is a morphism of A-II-bimodules; compare Remark
We define a cochain map

(9-5) p: O (A, Q0 (M) — C (M, Qf (M)
as follows: for any f € Hom((sA)®™, (sA)®? @ A) with m > 0, the corresponding
map a,(f) € G "(M,QR_(M)) is given by
&p(f)‘(SK)®'ryL—i®M®(Sﬁ)®i =0 if 4 7& 0
ap(f)(sa1,m ® x) = f(5G1,m) ®r T

for any s@; ., @ z € (sA)®™ @ M.

Recall that the cochain complexes C (A, Qb g(A)) and C" (M, Q8 _(M)) com-
pute HH"(A, QF »(A)) and Ext} (M, Q}_(M)), respectively.

LEMMA 9.10. The cochain map &, is a lifting of ;.

PROOF. Since M is projective as a right II-module, it follows that the tensor
functor —®px M sends the projective resolution Bar(A) of A to a projective resolution
%(A) ®p M of M.

Denote QF (M) = QF (A) @ M. Consider the complex

6;—H(Ma Qﬁc,R(M)) = H Homlk-n((SK)(@m & Ma Qﬁc,R(M))7
m>0
whose differential is induced by the differential of Hom_y(Bar(A)®a M, Qv r(M))
under the natural isomorphism
Homy (A ® (sA)®™ @ M, QP (M) —  Homy((sA)®™ @ M, Qb o (M))
f — (S01,,m®@x — f(1A Q sa1,m @ T)).
Note that Cy_(M, Q. g(M)) also computes Ext} (M, Q) »(M)). The first
map
HH" (A, @5, 5(A) =% Exty (M, Q5 (M)
in defining o}, has the following lifting

ay,: €7 (A, QR(A)) — Cun(M, Q5 (M),

’*"nc,R
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which sends f € Hom((sA)®™, Qb o(A)) to o (f) € Homyrr ((sA)*™ @M, Q8 (M)
given by
() (sa1m @ x) = f(5T1,m) @2 .
The second map Ext} (M, Q) p(M)) — Exty (M, Qf (M)) in defining o,
has the following lifting

L ai-n(M, Qﬁc,R(M)) — U*(M, Qf (M)
which is induced by the natural inclusion
Homyr1((sA)®™ ®M,QﬁC7R(M)) < Hom((sA)®™ @ M,QF . (M)
—Hom((sA)*™ & M,OR ;(M)).
Observe that a;, = ¢ o aj,. It follows that a,, is a lifting of a; O
Similarly, we have the following triangle functor
M @ —: D(II°) — D(A ® TI°P),

and the corresponding map

N M®
By M (1,0, (1) 27507, B3 (M, M 110, (11)
— EXtA®HoP(M) Qﬁ—H(M))7

where the second map is induced by the following bimodule homomorphism
(9.6) M @n Q) (1) = Qf (M), =& (sbip @ bp1) — > (shrp @ byi1).
Here, in comparison with 1), the action > is given by
x> (sbyp ®bpr1) = s(wb1) @ sbap @ byi1
p—1
+ Z(—l)ZSZL’ X Sbl)i,1 & Sbibi+1 (24 Sbi+21p X bp+1
(97) + (—1)1)8.’[ & 85111,71 (24 bpprrl-

REMARK 9.11. We emphasize that the injection (@.6]) differs from the natural
inclusion ([@.4). This actually leads to a tricky argument in the proof of Proposition
[0.I4t For more explanations, see Remark Q.15

We define a cochain map
(9.8) Byp: O (IL Q5. p(IT) — T (M, Oy (M)
as follows: for any map g € Hom((sIT)®™, (sI1)®? ® II), the corresponding map
Bp(g) e "M (M, Q8 ;(M)) is given by
Bo( ) (sTyevs 11 (sTry@m— =0 if i £ 0;
(9.9) Bp(9) (@ @ sbym) = 2> g(sb1,m)

for any = ® sby ,, € M @ (sII)®™, where the action > is defined in (@.7).
We have the following analogous result of Lemma [0.10]

LEMMA 9.12. The map Ep is a lifting of 3.
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PROOF. The tensor functor M ®p — sends the projection resolution Bar(II) of
II to the projective resolution M ®1; Bar(I) of M.
Consider the complex

CA U<(M M Xm an R H HOD’IA U<(M & (SH)®m M &n an R( ))

m>0
which is naturally isomorphic to Hom_ (M ®@pBar(1I), Men$Qk, z(IT)). Therefore,
both complexes compute Exty (M, M @ Q) 5(II)). Then the map
HH' (IL, 9, (ID) +2= Bxt (M, M @n 0 p(1D)
has a lifting
B;: 6 (H Qflc R( )) — C(A H((M M®H an R( ))

which sends g € Hom((sII) om. QF (D)) to B;(g) € Homp g (M © (sTH)®™, M @y
Qﬁc,R(H)) given by

B;J(g)(x ® Sgl,m) = Qn g(SEl’m).
We have an injection of complexes

L CA x(M, M ®n an r(1D)) —>U*(M,Qﬁ_H(M))

induced by the injection (@.0). By Bp = 10 f3,, we conclude that Ep is a lifting of
Bs. 0

9.4. A triangular matrix algebra and colimits

Denote by I' = /3 ]\1_/[[) the upper triangular matrix algebra. Set e; =
1rn O 0 0 . . . .
0 0o and es = 0 10/ Then we have the following natural identifications:
n
(9.1) eile; = A, el'eg =11, e'eg ~ M, and esl'e; =0.

Denote by E = ke; @ key the semisimple subalgebra of I'. Set T' = T'/(E - 1r).
Consider the E-relative right singular Hochschild cochain complex U:g’ re(l,T).

Using (@.1)), we identify T with A @I @ M. Here, we agree that A = A/(k-14)
and IT = A/(k - 157). Then we have

Opm o 3X®m @ 5ﬁ®m @ @ SX@ ®sM ® sﬁ@
4,720
it+j=m—1

For each m,p > 0, we have the following natural decomposition of vector spaces
(9.2)

Homp_ g ((sT)®E™ (sT)®EP o5 T)
~ Hom((sA)®™, (sK)®P @ A) @ Hom((sI)®™, (sI)*P & IT) D
D Hom((sK)‘X’i osMe (s, @ (KN esMo (s o IP(H) @ M),

4,4,>0 i’,j'>0
i+j=m—1 i 5 =p—1
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which induces the following decomposition of graded vector spaces
(9.3)

Cp, Q. g 1) = C (A0 z(A) ® T (IL QL (1) & X7'C" (M, Qf 1 (M)).

We write elements on the right hand side of ([@.3) as 3-dimensional column
vectors. The differential ér of U*E(F,QﬁC,R,E(F)) induces a differential § on the
right hand side of ([@3)). Similar to (@.5), we obtain that § has the following form

oA 0 0
(9.4) 0= 0 o 0 )
—stoa, stopB, X7Hom)

where da, 0rr and 67 are the Hochschild differentials of the complexes
6*(A7Qgc,R(A))va*(H’Qﬁc,R(H)) and 6*(M797\-H(M))a
respectively. The entry
shod,: O (A2 z(A)) — £71CT (M, Qf (M)
is a map of degree one, which is the composition of &, with the natural identification
s O (ML (M) = 50 (ML 94 (M)

of degree one. A similar remark holds for s=! o B’p.
The decomposition (@3] induces a short exact sequence of complexes

(9.5) 0 — £71C (M, Q8 _(M))

(resy) T (A,Q0, 1(M)

inc 6* r.Qp T —2) —* 0-
— E( ) nc,R,E( )) o C (H7Qﬁc,R(H)) -

Here, “res;” denotes the corresponding projection.
In what follows, letting p vary, we will take colimits of (@H]). Recall that
the colimits, along the maps 0, g g or 0, g in [3), of the middle and the right

hand terms of (@3] are 6:g7R7E(F, I') and 6:g7R(A, A @ 6:&13(1_[, IT), respectively.
Similarly, we define

0" O (M, 9 (M) — T (M, T (M)
as follows: for any f € C" (M, Q% . (M)), we set
9£”(f)(861,i @z ® sby;) = (-)Mlsa; f(s@2,; ® x @ sby ;),

if ¢ > 1; otherwise, we set
Hé‘d(f)(x ® sby ;) = 0.

We observe that 911)\4 is indeed a morphism of cochain complexes for each p > 0.
Similar to the definition of right singular Hochschild cochain complex in Section B.1],
we have an induction system of cochain complexes

M OM

—% M — 0 —%
C (M, M) 25 o T (M, Q8 (M) 2 T (M, Q5 (M) 22
Denote its colimit by 6:g(M, M).
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We have the following commutative diagram of cochain complexes with rows
being short exact.
(9.6)

resy
resy )

RTICN(M, O (M) —> Cp(T, 98, p(1) ——C (A, Q8 (N) & C™(ILQP (D))

M T A I
GP l lgp lgp GBGP
resy
(r52) .

resg

ST (M, QR (M) —=> T (D, Qb L (1) —— C7 (A, QP (A) © T (11, Qb1 (1))

The following lemma is analogous to Lemma 8.1
LEMMA 9.13. The cochain map 911)\4 s a lifting of the following connecting map
0y Extin(M, O (M) — Ext} (M, Q57 (M)

in the long exact sequence obtained by applying the functor Exty (M, —) to ([@3).
Consequently, for any n € Z we have an isomorphism

H™(Cyy(M, M)) ~ Homp,_(rgrior) (M, E"M).
PRrRoOOF. The proof is similar to that of Lemma Bl Since the direct colimit
commutes with the cohomology functor, we have an isomorphism
H™(Cy(M, M)) = lim Ext}_ (M, Qf (M),
o3
where the colimit map 511)” is induced by 911,” . Applying the functor Ext} (M, —)
to [@3)), we obtain a long exact sequence.
- = Ext_(M,B™P) = Exth (M, Q% _;(M)) — Extiiq (M, S~ 10 L(M)) — - -

Since Ext ' (M, 2~1QRT1(M)) is naturally isomorphic to Ext} (M, QR (M)),
the connecting morphism in the long exact sequence induces a map

Op": Bxt (M, QR (M) — Ext}_p(M, QR (M)).

We now show that 070\4 = 0:1,\4 using a similar argument as the proof of Lemma Bl
We write down the definition of the connecting morphism 511,” . Apply the

functor Homy.rr(Bar(A) ®4 M ®@p Bar(II), —) to the short exact sequence (I.3).
Then we have the following short exact sequence of complexes with induced maps

(9.7) 0= 71C(M, QR (M)
— Homy_rr(Bar(A)ep M ey Bar(Il), B™F) = C (M, QR _(M)) — 0.

Take f € Extipp(M,Qf ;(M)). It may be represented by an element f €
C" (M, QR _(M)) such that &'(f) = 0 with ¢’ the differential of C" (M, Q% (M)).
Define A ,
fe € Hom (sA”" @ M @ sTT7,B™P)

5320

1+j=n-+p
such that

7(8&171‘ Rr& 5517]‘) =1A® f(SELi R 851)]').

We have that f =77? o f, where 77 is given in (@.3).
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We define f € C"(M, QX' }(M)) such that

J}J(Sal)i R SEl’j) = (—1)”551 ® f(8627i Rdr & 851)]')

fori > 1,7 > 0andi+j = n+p+1; otherwise for i = 0, we set f(x®@sb1 nipy1) = 0.
We observe that
(98) o o(l@1)o f=6"(f),

where (1® 1) is defined in ([@2]) and 6” is the differential of the middle complex in
@7). Actually for i = 0, we have f(z ® sby nipt1) =0 and

(6H(7))(1A ® €T ® 851,n+p+1 ® 11_[)
= (—1)"15 ® (f(1a ® 2 @11 dex (14 @ sb1nipr1 @ 111)))

=12 @ (0'(f)(1a ® T ® 8b1 pipr1 @ 1m))
(9.9) =0,
where f, f, 0"(f) and &'(f) are identified as A-II-bimodule morphisms; compare
[62). For i # 0, one can check directly that (0.8) holds. By the general construction
of the connecting morphism, we have é\é\/[ (f)= f. Note that we also have 5;‘/1 (f)=
f. This shows that 5117\/[ = é\é\/[ .
Since ]§?a/r(A) A M ®n %(H) is a projective resolution of M, by Lemma [0.8]

and [55] Lemma 2.4], we have the following isomorphism

lim Extjy (M, Q) (M)) ~ Homp,, (rgnies) (M, 'M).

o
Combining the above two isomorphisms we obtain the desired isomorphism. (Il

Recall from ([@.2) the maps af, and Si,. Analogous to [52] Lemma 4.5], we
have the following result.

PrOPOSITION 9.14. Assume that the A-II-bimodule M is projective on each
side. Then there is an exact sequence of cochain complezes

(9.10)
0 — ST (M M) 5 Ty p(01) U T, (0 0) 0T (1 11) 0,

which yields a long exact sequence
res;

.-+ — HH,(I,T) @ HH{, (A, A) @ HHZ (1L, IT)

(—oigBig)

Homp_, (agrior) (M, X' M) — - - .

ProOOF. The exact sequence of cochain complexes follows immediately from
(@3, since the three maps inc and res; (i = 1,2) are compatible with the colimits.
Then taking cohomology, we have an induced long exact sequence. However, it is
tricky to prove that the maps agg and Bég do appear in the induced sequence. For
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this, we have to analyze the following induced long exact sequence of ([@.5]).

, (re3)  HH'(A, QP ()
. i p 2 " 2 nc, R
(911) — HH (F7 QnC7R7E(F)) oHH® (H7 QgC)R(H))

(—ay.8,) ;
T Bt (M, Q8 (M) = - .
Here, to see that the connecting morphism is indeed (—aﬁ,, B;), we use the explicit
description ([@4) of the differential, and apply Lemmas [0.10 and 012

Note that we have the following commutative diagram

—@AM M®n—

D’(A°) D’ (A ® TI°P) D (1T¢)
D, (%) — 2 - D, (A @ 1) <21 D (T1°),

where the vertical functors are the natural quotients. This induces the following
commutative diagram for each p > 0.

i

. ,Bp i oz;J i
HH'(IL QF , p(I1)) —— Ext}grrop (M, QF 1y (M)) <—— HH"(A, @} (7))

L | .

. 65 . asg 1
HH, (I, ) ——— Homp_, (Agror) (M, £7M) HH{, (A, A)

Thus, by Lemmas [B.1] and we have that
(9.12) aig = ligﬂa; and Big = hglﬁ;
P P

for any i € Z.

Recall the standard fact that the connecting morphism in the long exact se-
quence induced from a short exact sequence of complexes is canonical, and thus is
compatible with colimits of short exact sequences of complexes. We infer that the
long exact sequence induced from ([@I0) coincides with the colimit of (@I1]). Then
the required statement follows from (@I2]) immediately. O

REMARK 9.15. We would like to stress that, unlike [52] Lemma 4.5], the short
exact sequence ([@I0) does not have a canonical splitting. In other words, there is
no canonical homotopy cartesian square as in [52, Lemma 4.5].

The reason is as follows. Note that for each p > 0, ([@.3)) splits canonically as an
exact sequence of graded modules, where the sections are given by the inclusions

incl : 6* (A7 Qic,R(A)) — 62‘ (P7 Qﬁc,R,E(F»
incy: O (IL Q8 5 (1)) — Cr(D, Q8 p(I)).

‘We observe that 9]1; oincy = incy o 0{}. Taking the colimit, we obtain an inclusion
of graded modules

C:g,R(A’ A) — C:g7R7E(Fa ),
which is generally not compatible with the differentials. We also have 911)\4 oa, =
Qpy1 O 911)\. Taking the colimit, we obtain a lifting at the cochain complex level

a: Oy g(A,A) — T (M, M)
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i
Sg'
However, the situation for incy and §, is different from inc;. In general, we
have

of the maps «

9; oincy # incg o 911;[ and 911,” o Ep #+ Epﬂ o 95.
Indeed, for any f € C (I, Q. z(I)), we have
(911: oincy — incg o 95)(]“) =1l ® f.
For feC" "1, 7. z(ID)), we have

(62 0 B,)(f)) (2 ® 8b1ms1) = 0
((Bps1 00 () (@ @ sbims1) = (=)™ Pz > (b1 @ f(sbams1)) # 0,

where = ® sby,;1 belongs to M & ST and v is defined in @7). This means
that the section (jnc!) of (LF) is not compatible with ) and 0]/0\ @0}, so we cannot
take the colimit.

The above analysis also shows that we cannot lift the maps g, at the cochain
complex level canonically. This forces us to use the tricky argument in the proof of

Proposition [0.14]

We are now in a position to prove Theorem
Proof of Theorem Since both the maps o, and S, are isomorphisms, the
long exact sequence in Proposition 0.14] yields a family of short exact sequences

(resl
ress

0 — HHZ, (I,T) ~"2% HH! (A, A) & HH, (IL, TI)

7azg,ﬁ;’g .
; HomDsg(A(X)HDP) (]\/[7 EZM) — 0.

In other words, we have the following commutative diagram

HH, (T',T) HH!, (A, A)

s i
ress \L lasg
i

i Pes i
HH{, (11, IT) —— Homp_, (agrer) (M, X° M),

resi

which is a pullback diagram and pushout diagram, simultaneously. We infer that
both res; are isomorphisms. Then both projections

resy : 6:g,R,E(F’ r — U:g)R(A, A) and resy: U:g,R,E(F’F) — U:&R(H, IT)

are quasi-isomorphisms. It is clear that they are both strict Bs,-morphisms, and
thus Boo-quasi-isomorphisms. This yields the required isomorphism in Ho(By,). O
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CHAPTER 10

Algebras with radical square zero
and the combinatorial B, -algebra

Let Q be a finite quiver without sinks. Let A = k@Q/J? be the corresponding
algebra with radical square zero. We will give a combinatorial description of the
singular Hochschild cochain complex of A; see Section [U0.Il For its B.,-algebra
structure, we describe it as the combinatorial B..-algebra éjg, r(Q,Q) of Q; see
Section

10.1. A combinatorial description of the singular
Hochschild cochain complex

Set E = kQo, viewed as a semisimple subalgebra of A. Then A = A/(E - 1,)
is identified with k@Q;. We will give a description of the E-relative right singular
Hochschild cochain complex 6:& R, (A, A) by parallel paths in the quiver Q. We
mention that the construction below is a generalization of the one in [25] Section 2].

For two subsets X and Y of paths in ), we denote

X/)Y ={(7,7) € X xY | s(y) = s() and t(7) = t(+)}.

An element in Q,,//Q, is called a parallel path in Q). We will abbreviate a path
Bm -+ P21 € Qm as Pi,1. Similarly, a path ay, -+ asas € @, is denoted by a 1.

For a set X, we denote by k(X) the k-vector space spanned by elements in X.
We will view k(Q,,//Q,) as a graded k-space concentrated in degree m — p. For a
graded k-space A, let s~ A be the (—1)-shifted graded space such that (s71A)* =
A=l fori € Z. For an element a in A, the corresponding element in s~ A is denoted
by s~ta with |s~!a| = |a| + 1. Roughly speaking, we have |s~!| = 1. Therefore,
s k(Qm//Qp) is concentrated in degree m — p + 1.

We will define a k-linear map (of degree zero) between graded spaces

Bt K(Qm//Qp) & s 'k(Qm//Qp+1) — Homp g((sA)®7™, (sA)®"? @p A).

See Figure [[0] below for an illustration of this map. For y = (tum,1,8p1) €
Qm//Qp and any monomial 2 = saj, @p --- ©p sa) € (sA)¥»™ with of; € Qy for
any 1 <5 < m, we set

Fom p () (2) = {

For s 1y = s Y (aum 1, Bp0) € s ' k(Qm//Qpt1), we set

(5~ 1y ) () = (—1)sBp @ - Qr sP1 Qg Bo i a; = a;- forall 1 < j <m,
P 0 otherwise.

(—1)sBp ®p - Qrsfr @l if o = a; forall 1 <j <m,
0 otherwise.

— (m=p)(m—p+1)
Here, we denote € = (m — p)p + 22—

79
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LEMMA 10.1 ([89] Lemma 3.3]). For any m,p > 0, the above map kp, p is an
isomorphism of graded vector spaces. ([l

We define a graded vector space for each p > 0,

KQ//Qp) = [] K(Qm//Qp),

m>0

where the degree of (v,v') in Q.,//Qp is m—p. Here, [ [ means the infinite product

in the category of graded spaces, which will correspond to the infinite product ap-

pearing in the Hochschild cochain complexes Cp(A, Qﬁg r.z(A)). We mention that

k(Q//Qp) is isomorphic to the corresponding infinite coproduct [], <o k(Qm//Qp)-
We define a k-linear map of degree zero

Opr: K(Q//Qp) — K(Q//Qps1),  (7,7) — > (ay, ).
{a€Q1|s(a)=t(7)}

Denote by 6:& r.0(@, Q) the colimit of the inductive system of graded vector spaces

K(Q//Qo) =25 K(Q//Q1) 255 K(Q//Qs) 2255 - ZM 1(Q//Q,) 225

Therefore, for any m € Z, we have

(10.1) Cero(Q Q) = I K(Quatp//Qp).

p R
We define a complex

(10'2) sg, (Q Q) bg,R,O (Qa Q) @ 8716;71%70(@7 Q),
whose differential § is induced by

(10.3) (5 707) : K(Qm//Qp) & s~ 'K(Qm//Qpt1)
— ”<(Qm+1//Q:D) @ S_1U<(Qm+1//Qp+1)'
For (v,7') € Qum//Qp, we have
(10.4) Do p((1,7")) = > s Hay,a) = (=)™ 7P
{0€Q1 | s(@)=t(1)}

x > s~H (78,7 B).

{BeQ1 [ t(B)=s(7}

We implicitly use the identity s—16 p+1,R © Dm.p = Dmy1.p+1 0 0p, r. Here if the set
{8 € Q1| t(B)=s(7)} is empty then we define 3= 5.0 | y(s)=s(yy 5 (V87 B) =

Recall from Section B3 that Q) » p(A) = (sA)®2P @5 A. Recall from (8J)) the
left A-action » . Note that we have

Bp+1 ® (88 @ - @ sp1 @F Po)

o if fo € Q1;
(- D)PsBos1 @ - ®p sp2 @p fifo if Bo € Qu;

where 3; € Q1 = A for 1 < i < p+ 1. Then it is not difficult to show that the map
([03) is compatible with the differential &,, of Cp(A, Q. r.p(A)). More precisely,

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



10.2. THE COMBINATORIAL B.,-ALGEBRA 81
the following diagram is commutative.

Homp. g ((sA)®2™ (sA)®EP @5 A) =, Homp. g ((sA)®EmTL (sA)®2P @5 A)
NWTQ (0 Prs) MMT%
k(Qun//Qp) @ 57 K(Qm//Qpi1) K Qums1//Qp) ® s ' K(Qums1//Qpr1)

Here, we recall that the formula for ., is given in Section
The above commutative diagram allows us to take the colimit along the iso-
morphisms Ky, p in Lemma [[0.Il Therefore, we have the following result.

LEMMA 10.2. The isomorphisms km, p induce an isomorphism of complexes

K 5;,3(62, Q) = 6:g,R,E(A7A)'

We illustrate the isomorphism & in the following figure.

Oy -+ s a;
ﬂp B 50
Oy -+ o a;
p(Zy L Bpem oy o
5p e B

FIGURE 10.1. The map r: Ou z(Q,Q) = CThypp(AA) in
Lemma We use the non-standard sequences in (I0.I) and

(I02) below.

10.2. The combinatorial B, -algebra

In this section, we will transfer, via the isomorphism «, the cup product —Ug —
and brace operation —{—, ..., —} g of 6:g7R7E(A, A) to 6:&13(@, Q). We will provide
an example for illustration.

By abuse of notation, we still denote the cup product and brace operation on
Clyr(Q,Q) by —Ug — and —{—,...,—}r.

We will use the following non-standard sequences to depict parallel paths.
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(i) We write s 12 = s (a1, Bpo) € silﬁzgﬁRﬁo(Q, Q) as

(10.1) Boy Buy o Bryom o o

(ii) We write = (qn,1,8p1) € U:g)R)O(Q, Q) as

(10.2) By P o 2
Here, all oy, ..., am, Bo, B1, ..., Bp are arrows in Q.

The above sequences have the following feature: the left part consists of rightward
arrows, and the right part consists of leftward arrows. Recall that

Qﬁc,R,E(A) = (SK)®EP ®E A = (SK)@)EP ®E K © (3K)®Ep ®E Ea

and that the leftmost arrow 3y in (i) is an element in the tensor factor A. To
emphasize this fact, we color the arrow blue. These sequences will be quite con-
venient to express the cup product and brace operation on C’:g, r(Q,Q), as we will
see below.
—*
Let us first describe — Ugr — on Cy, p(Q, Q). Let
-1, -1 _ /Bo. B By am

(103) sT =58 (m,1,0p0) = (— — - )

' _ - Bo. Bi ’
S ly:3 1( nlﬂﬂqo):(—()) —

be two elements in s'Cy, (@, Q). Let

B B
2= (1, Bpa) = (P e )

w= (o, By) = (D o

(10.4)

be two elements in 6;;7&0(@, Q). The cup product — Ug — is given by (C1)-(C4).
In what follows, we denote by ¢ the Kronecker delta.

(C1) (s'z)UR (s~'y) = 0;
(C2) The cup product z Ugr w is given by the following parallel path

ﬁl Bp  am ar B By
N T N N T 1

z w

Here, we replace the subsequence JLIEN by da,p iteratively, until obtaining
a parallel path, that is, the left part consists of rightward arrows and the
right part consists of leftward arrows. More precisely, we have

ZzUgw = ( ;'1:1 6B£7(¥i) (O‘m,q—klaln,lvﬂp,l) if ¢ <m,
(H:; 55;,047:) (a/n,bﬂé,m-s-lﬂp,l) it g > m.
(C3) (s7x) Ur w is obtained by replacing &8, with 0.3, iteratively

Bo am B Ba o, o
(Lo, By o o B B O

s—1lx w
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Therefore, we have

(S_la?) Up w = ( 3:1 55750@-) Sil(am,q-i-la;z,la Bpo) if g <m,
m — .
(Hi:1 5,8,2,%) § 1(Oé;L,1ﬁ 5;7m+15p,0) if g > m.

(C4) zUg (s71y) is obtained by replacing &P with 0o, iteratively

’ ’
ay A @

Br. am B Ba

Therefore, we have

(105) 2Up (Sily) _ {( g:l 6&7&1‘) S_l(am,qula;z,hﬁp,lﬁ(/)) if g <m,

(121 081.00) 57 (@15 Bmi1BpaBo) - if g = m.

The above formulae are obtained from (82]) along x; see Figure B3 Figure
below illustrates that x(z) Ur k(s~y) = k(2 Ug (s~ 'y)), and explains why j3{ is
Y)-

placed before 8; in z Ug (s7!

By -+ B B By oo Blir By o B B

FIGURE 10.2. The map k is compatible with the cup products.
Let z = (o1, Bp1) and s7'y = s7(a), 1,8 0)- The left graph
represents k(z) Ug k(s™1y) for the case ¢ < m, by using Figures
[0T and B3l Tt is nonzero only if the two elements in each internal
edge coincide (i.e. ] = ai,...,8; = ag). Then comparing with
the cup product (C4), we have k(z) Ug k(s~1y) = k(2 Ug (s~ 1y)).
Similarly the right graph is for the case ¢ > m.

Let us describe the brace operation —{—,...,—}r on 6:&}%(@, @) in the fol-
lowing cases (B1)-(B3).

(B1) For any = € 6:&13(@, @), we have

x{yla"'ayk}R =0

if there exists some 1 < j < k with y; € éjg,R,O(Q, Q) C éjg,R(Q, Q).
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(B2) If sy, € s’lazngVO(Q,Q) is such that y; is a parallel path for each
1<j <k and s7'o = s Y am1,Bpo) € s’lézgvao(Q,Q), then

(s_lx){s_lyl, A s_lyk}R

_ ate g (i1558a) f =1, —1 -1
= Z (=D)* T by (7 @ s ST k),
a+b=k, a,b>0
1<y <ig< - <ig<m
1< <l <<l <p

where b, (i1, ))( Yoy sy, ..., s tyy) is illustrated as follows

[5_0>ﬁ_1> ﬁ111y1&> ﬁlblyb

B, Bp aq
Doy Dnom e et S s

To save the space, we just use the symbol y; to indicate the sequence of
the parallel path y; as in (I0.2) for 1 < j < k. We replace any subsequence

LN by da, iteratively, and then arrive at a well-defined parallel path.
Let us explain the sign (—1)%*¢ appeared above. The sign

b
Z Ly | = 1) (m+p—1, +1) +Z yk—rga] = 1) — 1)

r=1 r=1

is obtained via the Koszul sign rule by reordering the positions (5] and
«; are of degree one) of the elements

ﬁgaﬁfy-~-B;704m7-~-0417y17y27"' » Yk

and the extra sign (—1)* is to make sure that the brace operation is
compatible with the colimit maps 6, g.
(B3) If s7ly; € s_la;kg’R’o(Q7Q) is such that y; is a parallel path for each

1 < j < ka and =z = (am,laﬁp,l) € 6:g,R,O(Q7Q)7 then

-1 -1 _ ate p(i1sta) (0 —1 -1
z{s yi,...,S Yrtr = E (=) by (@™ g, 8T k),
a+b=k, a,b>0
1<iy <ip<--<ig<m
1<h <lb < <ly<p

where b(“’ ’Z“))(:E s7lyi,...,s7lyx) is obtained from the following se-

quence by replacing &8, with 0a,p iteratively
B B
By ey eI Yo e T Y
/Blb :Bp Qg Qg aq
—y e e <—yb+1 T Yk—1 S Yk
and € is the same as in (B2).

REMARK 10.3. In both cases (B2) and (B3), the elements y;’s are not allowed

Otm

to lie between (3, and o, since I, < p and 7, < m. That is, this shape - - 6—) Yi
- is not allowed. Note that if @ = 0, then all y;’s lie between (;’s. Similarly, if
b = 0 then all y;’s lie between «;’s.
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THEOREM 10.4. The complex E:&R(Q, Q), equipped with the cup product —
— and brace operation —{—, ..., —}gr, is a brace Byo-algebra. Moreover, the iso-
morphism k: 6:&3(@, Q) — éjg’R’E(A, A) is a strict Boo-isomorphism.

The resulting B.,-algebra 6;;’3(@, Q) is called the combinatorial B, -algebra
of Q.

PROOF. The above cup product — Ugr — and brace operation —{—,...,—}gr
on 6:& r(Q, Q) are transferred from 6:& r.z (A, A) via the isomorphism #; compare

Theorem R§ and Lemma[0.21 More precisely, for any z,y, y1,...,yx € ng, (@Q,Q)
we may check

(10.6)
k(z Ury) = k(z) Ur K(y)
(=)™ w (b @iy, we)) = (<D B (k@) wwn), - k()
where € is defined as in (B2) above. We refer to Definition B2l and Figure [8:4] for

B o) () (1), . K.

We may check the first identity in (I0.0]) case by case. But here, let us only check
for the case (C4), which may be less trivial than other cases. We omit the routine
verification for the other three cases, according to (C1), (C2) and (C3).

Let z = (@m,1,Bp,1) and s™'y = s7 (o, 1, 8] ). Suppose first that ¢ < m.

Then for z € 5A®Em+n 1

k(2 Ur (s7'y))(2)

- H ﬁua (s (m.g+109,15 Bp15p))(2)

we have

B (—1)51( z‘:l%&%) sBp®---@sfief), ifz=sap® - ®sa10s50,®- - @50,
0, otherwise,

where
(mtn-—p-—qg(m+n-—p-—qg+1)
5 .
Here, the first equality follows from (C4) and the second one follows from the
definition of ; see Figure for an illustration.
Note that

k(z) € HomE_E(sK®Em,QﬁC’R’E(A)) and k(s ly) € HOIHE_E(SK(@ETL,QgC,R,E(A)).

ee=(m+n—p—q)p+

By the definition of the cup product of 6; r.e(AA) in (82), we have
k(x) Un k(y) € Homp.p(sA™"" ", Q0T 1 (A)).
One may check that

K(x) Ur K(y) = (Oprq—1,R,EC - 0 bpt1,R.E 0 Op rE)(K(XURY))

by noting that both sides may be illustrated by Figure Thus we have k(z Ug
y) = k() Ugr k(y) in E:&RE(A,A). Similarly, we may check the identity for the
case ¢ > m.

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



86 10. ALGEBRAS WITH RADICAL SQUARE ZERO, COMBINATORIAL B, -ALGEBRA

The second identity in (I0.6]) follows from the observation that the Deletion
Process in Definition exactly corresponds to the iterative replacement in (B2)
and (B3). See Example [[0.5 below for a detailed illustration. O

ExaMPLE 10.5. Consider the following four monomial elements in 62&1{(@, Q)

sty =gt (asuazazar, B3B26100)

sy = s (aganal, B15)

s~y = 57 (afafal, B BYB18))

571y3 — 871(0/2//0/1”, :/5” é// i// (/)//)
According to (I0]), they may be depicted in the following way

ﬁ_o>5_1>ﬁ_2>5_3>a5 ay a3z g ocl)

In view of (B2), the operation bEQ’) )( Lo sy, sflyg, s71y3) is depicted by

/B al B/I IB/// al’/
(/3_0>/3_1>_> 1&>ﬁi>a5 ag By az as Bo 1 al)
——— %,_/
Y1 Y2 Y3

After replacing &2 with 0q,p iteratively, we get
(10.7) ALy B B0, By B on o0 o ey
where
A = 8ot 85 004,:004,85 Oas 87 Oay By Oz By Ocvs 817 Oy By Oy gy € {0, 1}
Hence,

(10.8) 65334)(8_1$;S_1y1,8_1y2,S_lyg) = AsHajad o an, BY B, BB Bo)-

Let us check that preserves the brace operations. Note that
o fi=r(s1z)€ CE(A Q3. r(A)) is uniquely determined by
sas ® say ® sag ® st ® say — —sP3 ® P2 ® s61 ® Po,

i.e. sending any other monomial to zero;
o g1 :=r(s"ly) € 62(A7 Q;C’R(A)) is uniquely determined by

sa ® salhy @ sa = —sP] @ B
o go:=r(slys) € UO(A7 Q3. r(A)) is uniquely determined by
sl @ sahy @ salf > sPy ® 5By @ sBY @ By
o g3:=nr(s7ly3) € 671(A7 Q3. r(A)) is uniquely determined by
sal' @ sall — —spy @ 5By @ sBY @ By
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By Figure [B.6] we have that the element
2,4 _ _ i
BV (s(s ™ w)s k(s ), m(s ' y2), w(s1ys) = B3y (f3 91, 92, 95)
is depicted by the graph in Figure [[0.3] which is uniquely determined by
sy ® sa’ ® sal’ @ sap > AN(sBy @ 8B @ 5P @ sB) ® s Po).
Here A is the same as the one in (I0.7]).

By (I0.8) we have that n(bg;l)(s’l:z:;5’1y1,s’1y2,s’lyg)) is uniquely deter-
mined by

sy @ say’ @ saf' @ sap > —\(sBY ® By ® 8B ® 8By ® 8B @ Bo).
Therefore, we have
(58)4)( J} s y1a3_1y275_1y3))
=BGV (s(s 0)sals M) (s y2). w5 ).

This verifies that s preserves the brace operations.

BY B1 B B1 Bo

FicUre 10.3. The graph represents B( (f,gl,gg,g;;) where

f+91, 92,93 are given in Example [T0.5 compare Figure B6l 1t is

nonzero only if the two elements in each internal edge coincide

(ie. of =pY o =84, a2 = B and so on). By ([I0.J), we have
2,4y, _ _ - _ 2,4

k(b5 (7 a5 hyn, 57 bya, 57 1ys)) = — B Y (£1.91, 92, 95).
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CHAPTER 11

The Leavitt B.-algebra as an intermediate object

Let @ be a finite quiver without sinks. Let L = L(Q) be the Leavitt path alge-
bra of @. In this chapter, we introduce the Leavitt By,-algebra (6* (L,L),d, -V
—;—{—,--+,—}), which is an intermediate object connecting the singular Hochs-
child cochain complex of kQ/.J? to the Hochschild cochain complex of L. More pre-
cisely, we will show that the Leavitt Bo-algebra o (L, L) is strictly Boo-isomorphic
to U:g’R(Q, Q); see Proposition [[T.4] below.

In Chapters 2] and [[3] we will show that there is an explicit non-strict Beo-
quasi-isomorphism between the two Ba-algebras C *(L,L) and C (L, L). Namely,
we have

(P1,P2,

Crpp(MA) = Tl p(Q,Q) =25 C*(L, L) 22220, &7 (L, 1),

where the first two maps on the left are strict Boo-isomorphisms and the rightmost
one is a non-strict Byo-quasi-isomorphism. Recall that the leftmost map « is already
given in Theorem [I0.4

11.1. An explicit complex
We define the following graded vector space

6*(L,L) = @ eiLe; @ @ s~ te;Le;,
1€EQo 1€Qo

where we recall that the degree [s™!| = 1. The differential § of 6*(L, L) is given
by (8 %’), where

§'(z) = s o — (=1) Z s ta*za
{a€Q|t(a)=1}
for any x = e;xe; € e;Le; and i € QQy. Note that we have g(s_ly) = 0 for
Y € Dicq, eiLe;. This defines the complex (C*(L, L), ).

Recall the complex 6:& r(Q, Q) from [I0Z). We claim that there is a morphism
of complexes

(111) p: 6:g,R(Q362) —>6*(L,L)
given by
p((v:7) ="~ for (v,7") € Qm//Qyp;
p(s7H (1, 7)) = s 19"y for s~ (7,7') € s 'k(Qm//Qp+1)-

Indeed, we observe that for (v,7') € Qm//Qp,

PO r(1,7) = D (ay) ey ="y = p((7.7)),
a€Q1

89
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where the second equality follows from the second Cuntz-Krieger relations
Z ofa = e;.
{a€Q1|s()=i}
Similarly, we have
p(Op,r (s (7,7) = p(s ™ (7,7)-
This shows that p is well-defined. Comparing D,, , in (I04) and ¢’, it is easy to

check that p commutes with the differentials. This proves the claim. Moreover, we
have the following result.

LEMMA 11.1. The above morphism p is an isomorphism of complexes.

Proor. This follows immediately from the definition of U:g’R’O(Q, Q) in (I0)
and Lemma (1] O

11.2. The Leavitt B..-algebra

We will define the cup product — U’ — and brace operation —{—,...,—} on
C*(L,L).

Recall from (@) that each element in e;Le; C 6*(L,L) can be written as a
linear combination of the following monomials

(11.1) BiBs - Bypamm—1 -+,

where 3, - -- 8231 and aap,—1 - - - a1 are paths in @ with lengths p and m, respec-
tively. In particular, all 8; and oy, belong to Q1. Moreover, we require that p > 1
and m > 0, and that t(am,) = s(B,) = t(Bp). In the case where m = 0, these a;’s
do not appear. The monomial (IT.I) has degree m — p.

Similarly, we write any element in s~ 'e;Le; C 6*(L, L) as a linear combination
of the following monomials

(11.2) 5_16661*---6;amam,1~-~a1

where ag, 8; € Q1 for 1 <k <m and 0 < j < p. The monomial (IT.2) also has
degree m — p. The difference here is that we require p > 0 and m > 0, since the
B;’s are indexed from zero.

The cup product — U’ — on C*(L, L) is defined by the following (C1°)-(C4).
(C1’) For any s~ 'u € s~te;Le; and s~ v € s~ 'ejLe; with i,j € Qp, we have
sTtulU s o =0;
(C2’) For any u € e;Le; and v € e;Le; with i,j € Qo, we have
ulU v = uv;
(C3’) For any s~ 'u € s~te;Le; and v € e;Le; with 4,5 € Qo, we have
(s7tu) U v = s tuw;
(C4) For any u € e;Le; and s~ 1v = s7155 57 - Bramaum 1o € s’lejLej
with i, j € Qo, we have
wlU sty = Z s tatuow = s BLuBI B - By m Q1 -+ - Q.
acQq
Here, we use the relations a3* = 0, g€ (o). Note that there is no Koszul
sign caused by swapping s~ with u, as the degree of s~1; is zero.

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



11.2. THE LEAVITT B..-ALGEBRA 91

Then 6*(L, L) becomes a dg algebra with this cup product.

REMARK 11.2.

(1) It seems that we cannot extend the cup product naturally to L & s~ L.
For instance, take u € e;Le; and v € ejLe; with 4,5 € Qo, @ # j. When
we define u U’ v = uv and extend the differential §': L — s~ 1L by &' (u) =
s7lu and ¢’ (v) = s~ v, then we have

8w v) = s uw — (=1)wl Z s~ tatuva.
{a€Q1t(a)=i}

But on the other hand, we have
Sw)U v+ () ¢ () = s tu U v+ (=) U st

= s tuw + ( |“‘ E s~ lofuaw
a€Q1

= s luw.

So we may have that ¢'(u U’ v) # &' (u) U v + (—1)1*lu U’ §'(v). In other
words, we do not obtain a dg algebra with the cup product and the dif-
ferential.

(2) By (C3’) and (C4’), we may view @, s 'eiLe; as a bimodule over

Dicq, eiLlei- According to (C1’), C*(L,L) is a trivial extension algebra;
see [8 p.78].

Let v,uy, ..., u; be monomials in C* (L, L). The brace operation v{uy,...,ux}
is defined by the following (B1’)-(B3’).

(BY") If uj € @,cq, €ilei C 6*(L,L) for some 1 < j < k, then
(11.3) v{ug,...,u} = 0.
(B2)) If s7'u; € Dicq, sle;Le; C C*(L,L) for cach 1 < j < k, and

sty =s1B5B7 - By Q1+ € @ s te;Le; C 6*(L, L)

1€Qo
then we define
(11.4) s 'o{s tuy, ..., s tug)
_ ate p(i1,esta) (=1, —1 -1
= g (-1) b, (s ;8 ur, ..., S Uug),
a+b=k, a,b>0
1<i1 <92 < <ig<m
1<l <la < <Ip<p
where [b(“’_”’;“))(sflv; s ug, 57 ug) € @y, s TeilLe; is defined as

-1
sT BoBY - Bl awa By, - By —au2B, - By, aunBy, - By 1 Bpmaim 1

G, Up+1 G -1 Qg U —1 (1 * - Oy U Qi —1 - - A2,

and the sign

G—Z Ly =) (m4p—1,+1) +Z gy = 16 — 1)

r=1
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is obtained via the Koszul sign rule by reordering the elements (5 and
«; are of degree one)
ﬂg,ﬂrv"', ;;am;amfla"'aal;ul,"';uk-
(B3) If s7lu; € D.ca, s~le;Le; C C*(L,L) for each 1 < j < k, and v =
Bi - Bpam a1 € @yeq, €ilei C C*(L, L), then
(11.5)
-1 -1 _ (#150sta) (), =1 —1
v{s tu, ... s g = Z (—1)ote Ib(;i,.‘.,llb) (v;8  ug, .oy s tug),
a+b=k, a,b>0
1<i1<iz<-<ig<m
1<l <l <<l <p

(i1,000sia)
where Ib(li,.‘.,lb)

BiBa - Bl —awa B, -+ B, yu2Br, - B, yusBy, - By 1 Bpomim 1

O Up 410G, 1 Qg U — 1y —1 * O U Qg —1 - - (2 (X

(v;s7tug, ..., s tug) € ®ier e;Le; is defined as

and € is the same as in (B2’).

Let us give more explanations on the operations [bgi ’:::’f:)); compare Remark [I0.3]

REMARK 11.3. The following remarks apply both to (B2’) and (B3’). We only
write those for (B2’) in details.
(1) Each summand ﬂog;i’:::’;:))(silv;sflul,. ..,8 tuy) is an insertion of uy, . . ., uy

(from left to right) into s~ tv = s~ 18567 - - - BpOm@m—1---aq as follows
—1 % * . *
s 60"'6l171\u;611'”
* * * * *
512_1$512 B —1 U Bl By Qi Uyl U Qi1 O

We are not allowed to insert any u; between 3, and a;,; in the case where m = 0,
the insertion on the right of 3, is not allowed. If a = 0, there is no insertions into
«a;’s. Similarly, if b = 0, there is no insertions into 5;’s.

Since 1 <[y <l <--- <, < p, we are allowed to insert more than one u; into
s~ v at the same position between Bi_y and S for some 1 < j < p. For example,
we might have the following insertion with lo = I3

—1 % p* * * * * * *
s BBy ﬁl171 Uy le T ﬁl271u2u3613 o 'ﬁlb—l Up Blb
*
o.oﬂpam...aiaqL})+1.o.ail ’llk o.oal'
As 1 <id; <ig <--- <1i; <m, we are not allowed to insert more than one u; into

s~ 1v at the same position between aj—1 and o for some 1 < j < m. For example,
the following insertion is not allowed

—1 % p% * * * p
5" BoBr - ur B b Py BpQm e Qig Uy O Uk s 1 U542 O

(2) The brace operation is well-defined, that is, it is compatible with the second

Cuntz-Krieger relations or ([@I]). For the proof, one might use the following relation

to swap the insertion of up into s~tw

g ofouy = g upa*a,

{a€@1 | s(a)=i} {ae@y | s(a)=i}

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



11.2. THE LEAVITT B..-ALGEBRA 93

where both sides are equal to 6; ju, for u, € ejLe;. Proposition [T.4] will provide
an alternative proof for the well-definedness.

(3) We observe that v{s~'uy,...,s 'u;} in (ILH) is also defined for any v € L,
not necessarily v € P, eiLe;. However, due to (2), it seems to be essential to
require that all the u;’s belong to EBier e;Le;.

It seems to be very nontrivial to verify directly that the above data define a Bo-
algebra structure on C*(L, L). Instead, we use the isomorphism p in Lemma [[T.1]
to show that the above data are transferred from those in 6:& r(@,Q).

PROPOSITION 11.4. The isomorphism p: U;)R(Q,Q) — 6*(L,L) preserves

the cup products and the brace operations. In particular, the complex c* (L, L),
equipped with the cup product — U — and the brace operation —{—,...,—} defined
as above, is a Bs-algebra.

The obtained B.-algebra a*(L7 L) is called the Leavitt Boo-algebra, due to its
close relation to the Leavitt path algebra. Combining this result with Theorem [10.4]
we infer that C*(L, L) and U:gvaE(A, A) are strictly Boo-isomorphic.

PROOF. By a routine computation, we verify that p sends the formulae (C1)-
(C4) to (C1)-(C4’), respectively. The key point in the verification is the fact that
replacing LA by dq,p in (C2)-(C4) corresponds to the first Cuntz-Krieger relations
aff* = 0a,5€4(a), Which are implicitly used in the multiplication of L in (C2’)-(C4’).

Here, let us only check that p sends (C4) to (C4’) in detail. Let z = (1, Op,1)

and s™'y = s7'(a}, 1,8 ) be as in (I04) and [I0.3). Assume that ¢ < m. Then
we have

q
p(zUr s™ty) = (] 8pr.00) pls™ (@mgs10, 1, Bpa B)
i=1

q
1 %
= (H 55;,(1,;) S B({) 5T,p04m,q+1042,1
i=1

where the first equality follows from (I0.5]), and the second one follows from the
definition (IT.I)) of p. Here, 7, = 81535 ... ;. On the other hand, we have

p(2) U p(s™y) = Bf poma U 571807 B ja, o

—1r* 1% /
=S BO Bipam,l/ﬁ l,qan,l
q
—1r* !
= (H 56;,%) s~ By BT,pO‘m,qHO‘n,r
=1

where the first equality uses the definition (TT]) of p, the second one uses (C4’), and
the third one uses the first Cuntz-Krieger relations. This shows that p(zUgrs™1y) =
p(2) U p(s~1y) for ¢ < m. We leave the other cases to the reader as exercises.

It remains to check that p is compatible with the brace operations. That is, p
sends the formulae in (B1)-(B3) to the ones in (B1’)-(B3’), respectively.

Let x,y1, ..., yr be parallel paths either in U:g)R)O(Q, Q) orin 3*162&370(@, Q).
If there exists some y; belonging to U:g)R)O(Q, Q), then z{y1,...,yx}r = 0. Thus,
we have

px{y, - uetr) = 0= p(x){p(y1); -, p(yr)}
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This shows that p sends the formula in (B1) to the one in (B1’).

Let 2 = s Y(am.1, Bpo) € 5_16:&]%70(@, Q) and y1,...,yx € 5_16:&]%70(@, Q).
Using the first Cuntz-Krieger relations a8* = 64, sei(q), we infer that p sends the

summand ’ :
b(ﬁ?i YT PR Y

of x{y1,...,yr} in (B2) of Section [[0.2] to the one
[bgﬁj_'ffjfi),j)(p(x); p(y1),- -, p(yk))

of p(z){p(y1),...,p(yx)} in (IT4). See Example below for a detailed illustra-
tion. Thus we have

p{y, . uetr) = p(@){p(y1), ..., p(yr)}-

This shows that the formula in (B2) corresponds to the one in (B2’) under p.
Similarly, if 2 = (m 1, Bp.1) € Cgg p0(Q, Q) and yy, ...,y € silCSgyRVO(Q, Q),

we have

p(b&lj s y1,-.-,yk)) = b (@) (), o)

and thus p(x{y1,...,yx}r) = p(@){p(¥1), ..., p(yr)} . This shows that p sends (B3)
o (B3). O

ExAMPLE 11.5. Consider the following monomial elements in ézg,R(Q, Q) as
in Example

'z = s N asauasasar, B3B2581Bo)
s~ 1(a3a2a1,6160)
sy = 57 (afofal, B SLBL )

_ —1 " n 111 Q111 QI Q11!
s 193—5 (%0‘1’ 3 By B By )

Let us check that p preserves the brace operations. Note that

p(s™ x) = 571 B3 81 Bs By asauas s

1 —1
p(s™ Y1) = ﬂ " éa20‘1
p(S 1 ) —1/8//* ES //* :/;/* gaga/ll

p(s yg) — S_lﬂ///* 111% él//* é//*aglla?l//.
Then in view of (B2’), we have that
24), , - _ _
no§2) (p(s™ 2); p(s™ ), p(s ™ 02), (5™ 1y3))

71 I£3 /* / ES //* sl I Il Il
Bo 81 By asanay By Biasay B 5 B3 oz 0y 0] aizoen
%,_/

LS ///* Ik QI 111111
X By 2 3 Qa1

— >‘5_15061 / //*aga/z//o/l//a1
(b(2 4)( Lo s~ st “ty3))
(2) yla Y2, S y3 )

where the second identity follows from the second Cuntz-Krieger relations, the
coefficient A € {0,1} is defined in Example [[0.5] and the last equality uses (I0.8).
Therefore we have

p(b " (s s s g1, s e s ) = by (p(s ™ @) p(s ), p(s 1 y2), (s s).
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11.3. A RECURSIVE FORMULA FOR THE BRACE OPERATION 95

11.3. A recursive formula for the brace operation

We have the following recursive formula for the brace operation of the Leavitt
Byo-algebra C*(L, L). The formula will be used in the proof of Proposition 128

PROPOSITION 11.6. Let v = 37 - -+ Braum - - - a1 € L be a monomial with B, o €
Qi forl1<i<pandl <j<m, and let s~ uy,...,s tuy € @ier s~ le;Le; for
k> 1. Then we have

(11.1)
o{s tuy, .. s g Y
p—1
= Z Z (_1)(]+|v\+1)ek+\uk| ((ﬁi«’j,}/*){s—lul’ o 5_1U'k—1}l) . ('Yukﬁ;‘k+17p04m,1)
J=0~v€Q:
m—1
- (—1) U Dertusl ((ﬂipam,jﬂ){f ug, 7571%—1}’) (ojp1urag),
=0

where e = |uy| + -+ - + |ug|, and the central dot - indicates the multiplication of L.

For the brace operation v{s~luy,...,s luy} with v € L, we refer to Re-
mark I1.3(3). Here, we write ay; = ajaj1- i, B; = BB, B; for any
i < j. The above proposition also works for v = g7 ..., and v = @, ... 1.

Recall that the summands bgzi:::::l’:))(v;sflul, oo s ug)inu{s Ty, L s T g Y
are defined by the insertions of ui,...,u; into v in order; see Remark We
have two ways to carry out these assertions. Namely, either we insert them simulta-
neously, or we first insert w1, -+ ,ug_1 into v and then insert uy afterwards. These

two ways yield the same summands, and essentially lead to the recursive formula.

ProOF. We only prove the identify for the cases m,p > 0. The cases where
m =0 or p =0 can be proved in a similar way.

We will compare the summands on the right hand side of (III]) with the
summands -

[bg;i:’lz:)) (v;s tuy, ..., s tuy)

in (ITH). We analyze the position in v = 85 - - By mQup—1 -+ - a1, where uy, is
inserted according to Remark [TT.3(1).

For any fixed 0 < j < p — 1, the first term on the right hand side of (IT.1I)

S (Gt (55 ) s, s 1)) (g p0m.)

YEQ1
is illustrated by
Z Z 61 B Bl B -1y

YEQL 1< < <1 <lp=j+1
B kB By,
Using the first Cuntz-Krieger relations we note that the above equals
Z (_1)‘U|5k+z’;;11(lr_l)‘ur""'j‘ukl
1<l <l < <lp—1 <lp=j+1

0 Lol -
X B, 1yt VST UL, 8T ).
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96 11. THE LEAVITT B, -ALGEBRA AS AN INTERMEDIATE OBJECT

To complete the proof, we assume that the insertion of uy into v is at the position
between ;41 and a; for any fixed 0 < j < m — 1. That is, we are concerned with
the following summand

(11.2) > (=)™ b ) (0 sy, s ).
a+b=k, a,b>0

JHI=i1<io< - <ig<m
1<l <lp<-+-<1p<p

Here, € is the same as in (IT0). We observe that

(3+1si2,.9a) ¢ p* L1 -1
[b(l1;~'~7lb) (BT pQm,158 U1, ..., 8 Ug)
_ [b(i'zw-,ia)(ﬂ* | -1 ) . ( ) ) )
=Dy, ) WPLplmj+2;8 UL, .-y 8 TUE-1 Q1 UEQ 1),
where the insertion of uy, ..., ux—1 into 87 - - By, - - - ;4o is involved in the latter

term. It is illustrated as follows
* * * *
By Biy—1 b B, - BpQm =+ Qi Up 1 Qi1 =+ Qi U1 Qi -1+~ Q1 Uk Q=== 1
RN AR p —— e —~

It follows that for each 0 < j <m — 1, (IT.2)) equals

(= 1)U Dentlux] ((ﬁi‘,pam,ﬂz){s_luh B _78—1uk71}/) (1)
This is the second term on the right hand side of (ITI]). Then the required identity
follows immediately. ]
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CHAPTER 12

An A -quasi-isomorphism
for the Leavitt path algebra

In this chapter, we use the homotopy transfer theorem for dg algebras to ob-
tain an explicit A,-quasi-isomorphism between the two dg algebras C*(L, L) and
C (L, L); see Propositions [27 and [Z8

12.1. An induced homotopy deformation retract

In what follows, we apply the functor Homy_r,(—, L) to the homotopy defor-
mation retract (ZI)) to obtain the one (I22). We recall from Section the dg-
projective bimodule resolution P of L.

Recall from Chapter [I] the Leavitt Boo-algebra C*(L,L). We will use the
identification

~

Hom; ., (P,L) = (C*(L, L), )
by the following natural isomorphisms
Homy, r(Le; ® e;L, L) =N e;Le;, o — oe; ®e;);
(12.1)
Homy. p(Le; @ sk®e; L, L) — s 'e;Le;, ¢ — (—1)%s7o(e; @ s @ e;).

It is straightforward to verify that the above isomorphisms are compatible with the
differentials.
Recall that E = ®ier ke; and that the E-relative Hochschild cochain complex

C (L, L) is naturally identified with Homy_; (Barg(L), L); compare (6.2). Under
the above identifications, (Z.I)) yields the following homotopy deformation retract

~ ~ @,
(12.2) (C*(L, L), ) = (C(L, L), OH
with ®; = Homy,_p,(m, L), ¥y = Homy,_ (¢, L) and H = Homy,_y,(h, L) satisfying
Uy 0Py =145, and 15 (L) = =®,00; +50H+Hob.

(L7L)
As in Section 6] we denote the following subspaces of C' (L, L) for any k > 0
Oy (L. L) = Homp.p((sT)***. L)

—k, > — .
Cp (L, L) = [[ Homp.5((sT)®*", L)
i>k
—*,<k - ;
Cy (L, L)= ][] Homp.p((sL)®*',L).
0<i<k

In particular, we have UEO(L, L) =Homp g(E, L) = @,cq, eiLei-

97
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98 12. AN A-QUASI-ISOMORPHISM FOR THE LEAVITT PATH ALGEBRA

Let us describe the above homotopy deformation retract (I2.2]) in more detail.

(1) The surjection ¥y is given by

Uyi(z) == for z € UEO(L,L) = EB eiLe;;
1€Qo
(123) Ui(f)=— Y s 'a"f(sa) for f € O (L, L);
a€Q:
—k,>2
Ti(g)=0 for g€ Cp~ (L, L).

(2) The injection ®4 is given by

Dy (u) =u for u € @ e;Le; C 6*(L,L);
(12.4) L e R
(s tu) € Cfp (L, L) for s 1u € @ s tejLe;  C*(L, L).
1€Qo

Here, in the first identity we use the identification

CR'(L,L) = @ eiLe,.
1€Q0

The explicit formula of ®;(s~!u) will be given in Lemma [2.2] below.

(3) The homotopy H is given by

H oSt =0

(L.L)
H(f)(sal,n) = (-1 f(1®g sa1n 1 @pTo7(l ®F 50, @ 1))

for any f € C*ETLH(L L) withn > 1, where e = 1 + |f| + > (|az| -1

and f is the image of f under the natural isomorphism (compare ©2))

(12.6) ot

(L,L) = Homy, (L ®p (sL)®*" " @ L,L), f~ f

REMARK 12.1. To compute H(f)(sa1,,) in (IZ3), we recall from Section
that 7o is the composition of ¢ o 7 with the natural map

LRpsL@®rL — sL®gsLOrp L, a®pshbQpcr sa®psbQpgc
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12.1. AN INDUCED HOMOTOPY DEFORMATION RETRACT 99

of degree —1. Assume that a, = 5755 - ~6;am ---opoy € e;Lej is a monomial
with each oy, 8; € @1. Then we have

(1 ®p sa, ®g 1) = 1D(ay)
p—1

—tes(p) @ s@an) — » (-1 B ®S@ By B o)
=1

—

+ O (D) BY - B, ®@ s @ g - an)
=1

3

+ (D)™ Puan © 5 @ eg(ay))
p—1
ZZ L BiY OB Y ®E By Byom -
YEQ: I=
m—1

_ (_1)m+p—l 5;.../3;am...al+2 ®p S0 @ ap oy
=0

Here, the first equality uses the definition of 7 in (4], the second one uses Re-
mark 4] and the third one uses the definition of ¢ in (Z3) and the first Cuntz-
Krieger relations in L. As a degenerate case, we have
(12.7) im(1®p sy ®p 1) = eya,) O 501 @R €5(ay)-

The following lemma provides the formula of ®;(s~!u) in (I2.4).

LEMMA 12.2. For any s~ tu € D.ca, s~le;Le; C C*(L, L), we have

&1 (s~ M) (s0) = (=)D o {s Ty

where v € L and v{s~'u} is given by (ILH).

PROOF. Let v = (] - By, -~ a1 € e;Le; be a monomial, where i,j € Qo.
We first assume that m,p > 0. Under the identification (IZI]), the element s~'u
corresponds to a morphism of L-L-bimodules of degree |u| — 1

bs—14: Le; @ sk®@e, L — L, a®s@b— (—1)(|a‘+1)(‘“|*1)aub.

Then we have @1 (s u)(sv) = (¢4-1, 0 7)(1 ® sv ® 1). By Remark 4] we have

(I)l(s_lu)(‘sg) = (¢s‘1u © ’/T)(l VSV 1) = d)s_l (D(’U))

I+1)
‘“'uv+§: \u|(+ By BiuBly - Boum -+

m—1
+ Z (_1)|u\(M+p—l—1)+15T B gy 0
=1

+ (=)Dl
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100 12. AN A-QUASI-ISOMORPHISM FOR THE LEAVITT PATH ALGEBRA

It follows from the definition of the brace operation in (IT.3]) that

p—1
v{s~ ) = (=1)PH ey + Z(_1)|v|~\u|+\ull B BruBfy - Bt - an
=1

m—1
+ Z (_1)‘v|‘u|+1+|u‘(‘v‘7l) /BT e ﬁ;am Ceep1uUQg s i) — VU
=1

By comparing the signs of the above two formulae, we infer
By (s u)(s7) = (1) W=Dl =1y},

Similarly, one can prove the statement for either p = 0 or m = 0. O

REMARK 12.3. Note that for o € Q1 we have

(s tu)(sa) = af{s tu} = —au,
where the second identity is due to Remark [[T.3(3). The formula of ®; will be
generalized to @y, for k > 1 by using —{—, ..., —}'; see Proposition 2.8 below.
——
k

The following simple lemma on the homotopy H will be used in Lemma
below.

LEMMA 12.4. Let € Q1 and f € UE”H(L, L) with n > 1. Then we have
H(f)(sa1 ®p - @ SGp—1 Qp sa@) =0
for any ay,...,a,_1 € L.
ProOOF. By (IZ3) we have
H(f)(sa1,n—1 QF s@) = (-D)f(lor S@1n-1 Qp (1l ®p sG& Qg 1))
= (—1)6+1f(851,n71 ®F 5€i(q) OF 5Q)
=0,
where the second equality uses (I2.7)) and the last one uses the fact that &) = 0
inL=L/(E-1). |
The following lemma shows that the homotopy deformation retract (IZ.2]) sat-
isfies the assumption (2)) of Corollary [T.8
LEMMA 12.5. For any g1,g2 € Cg(L, L), we have
H(g1UH(g2)) = 0= W1(g1 U H(g2)).
PRrROOF. Throughout the proof, we assume without loss of generality that

g1 €Cy"(L,L) and gy € CR"(L,L) for some m,n > 0.

Note that if n < 1 then H(g2) = 0 by (IZ3H) and the desired identities hold. So in
the following we may further assume that n > 2.

Let us first verify ¥y (g1 UH (g2)) = 0. Since ¥;1(g) = 0 for any g € ngz(L, L)
by (2.3, we only need to verify ¥;(g; U H(g2)) =0 when m =0 and n = 2. In

. —*,0 . . .
this case, g1 € Cp (L,L) = @ier e;Le; is viewed as an element in eaier e;Le;.
Then we have

Uilg UH(g) = — Y s (a"gr) - (Hga)(s@)) =0,

aEQy
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where the second equality follows from Lemma[I2.4since o € Q1. In order to avoid
confusion, we sometimes use the dot - to emphasize the multiplication of L.

It remains to verify H (g1 U H(g2)) = 0. For this, we set f = gy U H(g2). Then
we have

H(g1U H(g2))(sa1,m+n—2)

= (1) f(s@1,min-3 ®p To7m(1 ®F SGmin—2 ®p 1))

= (—1)6+6/Jr1 Z Z 91(5@1,m) - H(92)(5Cm+1,m+n—3 @ ST,0* @ Q) - Y;
i a€e@Qq

where we simply write 7(1 ® g SGmin—2®p1) =D, x; ® s®y;; compare (4), and
the last equality follows from Lemma [[24] as o € ;. Here, the signs are given by

m+n—3 m
e=lgl+lgl+ D (ail—1) and € =(go| - 1) (Z(Iail - 1)) :

i=1 i=1

This completes the proof. |

12.2. An explicit A, ,-quasi-isomorphism between dg algebras

Thanks to Lemma [I2.5] we can apply Corollary [Z.8] to the homotopy defor-
mation retract (IZ2). We obtain an A.-algebra structure (m; = 3\, Mg, -+ ) on
6*(L, L) and an Ay-quasi-isomorphism (@, ®o,---) from (6’*([/, L),mi,ma, )
to (Cgx(L, L), 8, —U—). More precisely, thanks to Remark[Z9] we have the following
recursive formulae for k > 2:

(12.1) Pp(a1 @ @ap) = (—DF P H(®p_1(a1 @ ® ap_1) U Py (ag));
(122) mk(al X QR ak) = (—1)k_1 @1(@k,1(a1 (SR ak,l) @] <I>1(ak))
The following lemma provides some basic properties of ®y.

LEMMA 12.6. The maps Py : 5*(L,L)®k — UE(L,L) satisfy the following
properties.

(1) Fork > 1, we have
(12.3) Op(sur @@ s ug) € O (L, L)

if s7'uj € @ieq, 5 Teile; C C*(L,L) for all 1 < j < k;
(2) Fork > 2, we have

(12.4) <I>k(a1®-~-®ak) =0
if there exists some 1 < j < k such that a; € @ier e;Le; C @*(L,L).

PROOF. Let us prove the first assertion by induction on k. For k = 1 it follows
from (I24). For k£ > 1, by (IZI) we have the following recursive formula

Pp(s i @ @5 tup) = (“DFITH(@p 1 (s tuy @ - @ 5 tup 1) U Dy (s ).
By the induction hypothesis, we have that
(s ur @ @5 up_1) €Oy (L,L) and ®y(s‘ug) € O (L, L).
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102 12. AN A-QUASI-ISOMORPHISM FOR THE LEAVITT PATH ALGEBRA

Then we obtain @, _1(s lu; @ -+ @ s ug_1) Uy (s uy) € 622(L7 L). It follows
from ([ZH) that &4 (s luy®@- - ®s lug) € Oy (L, L), since H decreases the second
grading by one.
Similarly, we may prove the second assertion by induction on k. For k = 2 we
have
(I)Q(Ch ® az) = H(<I>1(a1) U @1(@2)).

By (IZ3]) we have H ousi ) = 0. It follows from ([I2)) that ®2(a; ® az) = 0 if

either a; or ap lies in P, eile; C C*(L,L).

Now we consider the case for k > 2. If there exists 1 < j < k — 1 such that
a; lies in @ier e;Le;, then by the induction hypothesis, we have that ®5_1(a; ®
-+ ®ag—1) = 0 and thus by [I2ZJ) we obtain ®p(a; ® --- ® ax) = 0. If all the

elements ay,...,ar_1 are in @ier s le;Le; then by assumption a, must lie in
EBier e;Le;. By the first assertion we obtain ®;_1(a1 ® -+ ® agp—1) € 621(L, L)
and ®q(ax) € 6EO(L, L). By [I21) again, we infer ®;(a; ® -+ ® ax) = 0. O

A priori, the higher A-products my, for k& > 3 might be nonzero; see (I22]).
From Lemma [I2.6] we have seen that the maps @ satisfy a nice degree condition,

i.e. for each k > 2, the image of ®; only lies in 621@, L). This actually will lead
to the fact that my; = 0 for £ > 3. Moreover, we vzill show that my = — U —.
Recall from Section the cup product — U’ — on C*(L, L).

PROPOSITION 12.7. The product ms on a*(L7 L) coincides with the cup product
— U’ —, and the higher products my, vanish for all k > 2.

Consequently, the collection of maps ®oo = (P1, Po, -+ ) is an As-quasi-iso-
morphism from the dg algebra (C*(L,L),8',— U —) to the dg algebra (Cp(L, L),
0,—U—).

PROOF. Let us first prove that mo coincides with —U'—. Let u,v € ®ier e;Le;.
1 1

Then we view s~ u, s~ v as elements in @ier s~te;Le;. We need to consider the
following four cases corresponding to (C1’)-(C4’); see Section

(1) For (C1’), since ®;(s~tu), ®1(s71v) € agl(L,L) and U,

we have
ma(s tu® s ) = Uy (D (s tu) Uy (s 1) =0 =stul s o,
(2) For (C2), since ¥4 (u) = u and ¥y (v) = v, we have
mo(u®@v) = U1 (P1(u) UPq(v)) = ¥y (uv) = uv = uU v.
(3) For (C3’), we have
ma(s v @u) = Uy (P1(s ) U Dy (u))
=— Z s @y (s ) (s@) - u

aEQy

= E s ta*avu

acQ

o) = 0

=stoU u,
where the third equality follows from Remark [2.3] and the last one is due
to the second Cuntz-Krieger relations.
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(4) Similarly, for (C4’) we have
ma(u® s o) = Uy (01 (u) Udi(s 1))
=— Z sTrta*(uU @ (s~ ) (s@)

a€Q1
= Z s~ ta*uaw
a€Qq
=uU (s 'v),
where the third equality follows from Remark 12.31

This shows that ms coincides with — U’ —.
Now let us prove my = 0 for £ > 2. Assume by way of contradiction that

mi(a1 @ -+ @ ay) # 0 for some aq,...,a; € @*(L,L). By ([IZ2)), we have
(125) mk(al (SRR ak) = (—1)]{0_1\1/1(@]6,1(041 K- ak,l) U <I>1(ak)),
It follows from Lemma that ®_1(a1 @ -+ ® ar—1) € Egl(L,L). Since

. . —=*,0
Uy o (L) = 0, we infer that ®1(ax) must be in Cg (L, L) = @D;cq, eilei
Thus, we have

me(ag ® -+ @ ag)
= — (- 5T 1 (ar ® - ® ag1)(s@) - Py (ax)
aEQy

— (-3 Y s_loz*H(@k_g(al ® - ®ag_z) U (I>1(ak_1)) (s@) - 1 (ay)
acQ

=0
where the first equality uses (I2Z5) and ([I23)), the second one uses (IZ1), and the
third one follows from Lemma [[2.41 We obtain a contradiction. This shows that
mi(a1 ® - ®ag) =0 for k> 2. O
12.3. The A.-quasi-isomorphism via the brace operation
It follows from Proposition [2.7] that we have an A..-quasi-isomorphism
Do = (D1, ®y,---): (C*(L,L),0,— U =) — (Cp(L,L),6,—U—)

between the two dg algebras. In this section, we will give an explicit formula for
®; compare Lemma [12.6]

PROPOSITION 12.8. Let k > 1. For any s ‘uy,...,s tuy € Dico, s~te;Le; C
C*(L, L), we have

(fol=Dest 3 (fusl-1) (k=)

Pp(srug @+ @5 tug)(s7) = (—1) v{s tug, .., s Y,

where v € L and v{s tuy,..., s uy} is given by (ILH). Here, we denote ¢, =
k

D it il

PrOOF. We prove this identity by induction on k. By Lemma this holds
for k =1.

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



104 12. AN A-QUASI-ISOMORPHISM FOR THE LEAVITT PATH ALGEBRA

Assume that & > 1 and that v = G055 - ~~6;am ---agaq € L is a monomial
with each oy, 8; € Q1. We write O 1(s ur 1) = Pp1(s7uy @ @ 57 ugq).
Moreover, we set f = ®_1(s  uy g—1) U ®1(s  ug). Then we have

(12.1) Dp(s ur ® - @ s ug) (D)
= (=) ' H(f)(s0)
= (_1)1+Ek+(k—1) f‘(l ®F m(l ®F ST QR 1))

_ (_1)6k+\uk\j+(k—1) ((I)kfl(3_1U1,k71)(35ij7*))
(@17 ur)(57)) - (87 41.p0m.1)

+ (_1)5k+|uk‘(m+p*j)+(k71) (‘I)k—l(Silul,k—l)(Sﬂik,pam,j—i-Q))

(@1(sT ) (sa541)) - (@,0),
where the first equality follows from (IZ1]), the second one from (21, and the
third one from Remark [2.1]1 Here, for simplicity we write a;; = ajo5-1 - - - o and
r; = BBl - By for any i < j.
By Remark 23] for any arrow a € Q7 we have

(12.2) 1 (s ug) (s@) = —auy,.
Then we may further simplify (I21]) as follows
Qs uy @ - @ s uy, ) (sT)

p—1 k=t N
S (sl —Dk—i)tientlunl .
= > > (= ((Br s w1} - (YunBi 41 i 1)

v€Q1 j=0
Tl S 1) (i) (b m— e+
u;|— —1 p+m—j)er+|uk N _
- Z(—l)"zl ((51,pam,j+2){5 1U1,k—1}/)
7=0

) (ij+1uk04j,1)

k—1
;1(qu'\—l)(k—i)-i-(\v\—l)%

=(-1) v{s  ug, . s g}
Here, to save the space, we simply write {s™'uj,s tug,...,s tux_1} as
{s7tuy x—1}’. The first equality uses (IZ2) and the induction hypothesis, and
the second one is exactly due to the identity in Proposition [[1.6] O

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



CHAPTER 13
Verifying the B,-morphism

This chapter is devoted to proving that the A,-quasi-isomorphism &,, =
(®1, Do, .. ) obtained in the previous chapter is indeed a Boo-morphism. The proof
relies on the higher pre-Jacobi identity of the Leavitt By,-algebra C (L, L); see Re-
mark I3l For the opposite By.-algebra A°PP of a B.-algebra A, we refer to
Definition 571

THEOREM 13.1. The Ay -morphism ®, is a B -quasi-isomorphism from the
Boo-algebra C*(L, L) to the opposite Boo-algebra C (L, L)°PP.

Proor. By Lemma [E.I6]it suffices to verify the identity (5.3]). That is, for any
T=u @up @ @up € CH(L,L)*P and y =01 @02 @ -+ ®@ vy € C*(L, L)®7, we
need to verify

(13.1) D> > (=1 By(sv1,0){ i, (su,), Py (52, 11,0, 4n): -+ -

r>1d1++i.=p
B; (SUiy iy 1 41,p)}
=) (1) @y(sv1, @ s(ua{vs, 1,40 ) © 5V5, 41,11,
® 5(u2{Vjy+1,j2+12 }') ® Vjotiz+1
® - ® 505, © 8(up{vj, 115,41, 1) © 50, 41,41,0);

where the sum on the right hand side is over all nonnegative integers (j1,. .., jp;
l1,...,1p) such that

0<i<n+h<plj+bs < <jih+l<gq

andt=p+q—1; —---—1,. Here, ®, is defined by (B2) and the signs are given by
€= (lua| + -+ |up| = p)(|oa] + -+ + [vg] — q),
p
n= (lwl = D((Jvs] = 1) + (fvo] = 1) +--- + (Jv,| = 1)).
i=1

To verify (I3]), we observe that if there exists 1 < j < p (or 1 <1 < q)
such that u; (or v;) lies in @, eile; C C*(L, L), then by ([[Z4) and ([II3)
both the left and right hand sides of (I31]) vanish. So we may and will assume
that all u;’s and v/’s are in @,cq, s~le;Le; € C*(L,L). Here, we recall that

a*(‘[/7 L) = @ier eiLei @D @ier S_IeiLei.
It follows from (5.2)) and Proposition [[2.8] that for any
N IPRS @ s te;Le;,
1€Qo
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D, (sv1,4)(s5a) := (_1)|v1\(q71)+\vzI(q72)+-~-+|vq71\ Py (v1 @ ®@vy)(sa)
(13.2) = (—1)Ual=Dvil+Fval=a) g ) 0y, . L vg}.
Here, we emphasize that the elements svq,...,sv, in &)q(svl,q) are viewed in the
second component s(B;cq, s~le;Le;) of sC*(L, L), rather than in the first com-
ponent s(€P,cq, eilei) C sC*(L,L).

It follows from (I23) that &)q(sm,q) € 621(L, L) = Homp_g(sL, L). Thus, by
(61) we note that

By (501,0){Piy (501,0,), P (51 41,0042 )s - o> P (Ui 1 41,p)} = 0
if r # 1. Therefore, the left hand side of (I3.1), denoted by LHS, equals
LHS = (-1)° (T)q(svl,q){&)p(sulm)}'
Applying the above to an arbitrary element s@ € sL, we have
LHS(sa@) = (=1)° ®4(s01,¢) (5@ (511,p)(57))
(13.3) = (—)etlal=blumbr-tlul=p) §_(sv; ) (s(a{us, ..., up}"))
= (=D (a{us,...,up}){v1, ..., v},

where 1 = (Ja] — 1)(|ua| + -+ + Jup| = p + |v1] + - - - + |vg| — @), and the second and
third equalities follow from (I3.2)).

For the right hand side of ([I3l), denoted by RHS, we use (I3:2)) again and
obtain that

RHS(sa) = Z(_l)ner a{vl,jl ) U1 {Uj1+17j1+11 }/7 Vj1 41141525 u2{vj2+17j2+12 }/7
(13.4) Uiprtlatts -5 Vi Up{ Vs, 41,1, Y O bty 1,0

where ny = (la| = D)(jur| + - 4 [up| = p+ o] + -+ [vg] = q).
Comparing (I33) and (I34]) with the higher pre-Jacobi identity in Remark 513l
for the Leavitt By.-algebra C*(L, L), we obtain

LHS(sa) = RHS(sa).
This verifies the identity (I31), completing the proof. O
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CHAPTER 14

Keller’s conjecture and the main results

Let k be a field, and A be a finite dimensional k-algebra. Denote by Ay =
A/rad(A) the semisimple quotient algebra of A by its Jacobson radical. Recall
from Example 2.9 that Sqg(A) denotes the dg singularity category of A.

Recently, Keller proved the following remarkable result.

THEOREM 14.1 ([55]). Assume that Ag is separable over k. Then there is a
natural isomorphism of graded algebras between HHZ, (AP, A°P) and HH"(Sag(A),
O

Sag(A))-
The following natural conjecture is proposed by Keller.

CONJECTURE 14.2 ([55]). Assume that Ag is separable over k. There is an
isomorphism in the homotopy category Ho(Bwo) of Boo-algebras

(14.1) Clg 1 (AP, AP) —5 C*(Sag(A), Sag(A)).

Consequently, there is an induced isomorphism of Gerstenhaber algebras between
HH:g(AOP, A°P) and HH" (Sqg(A), Sag(A)).

REMARK 14.3. Indeed, there is a stronger version of Keller’s conjecture: the
natural isomorphism in Theorem [I4.1] lifts to an isomorphism between C:g (AP,
A°P) and C*(Sgg(A), Sag(A)) in Ho(Bo). Here, we treat only the above weaker
version.

We say that an algebra A satisfies Keller’s conjecture, provided that there is
such an isomorphism (I41]) for A. It is not clear whether Keller’s conjecture is
left-right symmetric. More precisely, we do not know whether A satisfies Keller’s
conjecture even assuming that A°P does so; compare Remark

The following invariance theorem provides useful reduction techniques for
Keller’s conjecture. We recall from Section the one-point coextension

, (kM
=6 %)
, (AN
=0 %)

THEOREM 14.4. The following statements hold.

and the one-point extension

of A.

(1) The algebra A satisfies Keller’s conjecture if and only if so does N\’.

(2) The algebra A satisfies Keller’s conjecture if and only if so does A”.

(3) Assume that the algebras A and II are linked by a singular equivalence
with a level. Then A satisfies Keller’s conjecture if and only if so does II.
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108 14. KELLER’S CONJECTURE AND THE MAIN RESULTS

Proor. For (1), we combine Lemmas 210 and to obtain an isomorphism
C*(Sag(A'), Sag(A')) ~ C"(Sag(A), Sag(A))

in the homotopy category Ho(Bw,). Note that A’°P is the one-point extension of
A°P. Recall from Lemma the strict Boo-quasi-isomorphism
6:g,L,E’ (AP, A°P) — U:g,L,E(AOpv A°P).
Now applying Lemma [B13] to both A°? and A’°P, we obtain an isomorphism
Tl (AP, AP) = Ty | (AP, A°P),

Then (1) follows immediately.

The argument for (2) is very similar. We apply Lemmas 211 and to A”.
Then we apply Lemma to the opposite algebras of A and A”.

For (3), we observe that by the isomorphism (I]), Keller’s conjecture is equiv-
alent to the existence of an isomorphism

Crgr(A, A)°PP — C*(Sag(A), Sag(A)).
By Lemmas 2.14] and [6.I] we have an isomorphism
C"(Sag(A),Sag(A)) ~ C*(Sag(II), Sag (I1)).
Then we are done by Proposition O

The following result confirms Keller’s conjecture for an algebra A with radical
square zero. Moreover, it relates, at the B,-level, the singular Hochschild cochain
complex of A to the Hochschild cochain complex of the Leavitt path algebra.

THEOREM 14.5. Let Q be a finite quiver without sinks. Denote by A = kQ/.J?
the algebra with radical square zero, and by L = L(Q) the Leavitt path algebra .
Then we have the following isomorphisms in Ho(Bs)

—* o o T * A *
Cog (AP, AP) — C*(L, L) — C*(Sag(A), Sag(A)).
In particular, there are isomorphisms of Gerstenhaber algebras
HHZ, (AP, AP) — HH"(L, L) — HH"(Sqg(A), Sag(A)).

PRrROOF. The isomorphism A is obtained as the following composite

C*(L, L) =222 % (per g, (L°P), per g, (L))
LcmmPropm C*(

Sdg(A), Sag(A)).
Similarly, the isomorphism YT is obtained by the following diagram.
(14.2)

Ty p(aor, aor) PrBI T ayere <LemBTD T (4, apeer
: NOPPTThmm
* Ty (@, Q)
PopplPropm
v o~
oL, 0y~ el gy« T3 Gep e

¢C)O
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14. KELLER’S CONJECTURE AND THE MAIN RESULTS 109

Here, we recall that Proposition RI0] verifies the isomorphism ([I]). The combi-
natorial Bg.-algebra 6:& r(Q,Q) of @ is introduced in Chapter [0l The Leavitt

B.-algebra 6*(L,L) is introduced in Chapter [[I1 Both of them are brace Bso-
algebras. For the last statement, we apply the second assertion in Lemma[5. 181 [

Denote by X the class of finite dimensional algebras A with the following prop-
erty: there exists some finite quiver ) without sinks, such that A is connected to
kQ/J? by a finite zigzag of one-point (co)extensions and singular equivalences with
levels. For example, if Q' is any finite quiver possibly with sinks, then kQ’/.J?
clearly lies in X.

We have the following immediate consequence of Theorems [I4.4] and

COROLLARY 14.6. Any algebra belonging to the class X satisfies Keller’s con-
jecture. |

By [22] Theorem 6.3], there is a singular equivalence with level between any
given Gorenstein quadratic monomial algebra and its associated algebra with radical
square zero. It follows that X contains all Gorenstein quadratic monomial algebras,
and thus Keller’s conjecture holds for them. By [35], all finite dimensional gentle
algebras are Gorenstein quadratic monomial. We conclude that Keller’s conjecture
holds for all finite dimensional gentle algebras. Let us mention the connection
between gentle algebras and Fukaya categories [40].
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