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�M�Ý�©): · · · → P−2 → P−1 → P0 → M → 0

Ý��êproj.dim Mµ©)��á�Ý§��Ã¡�
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ÓN5�£Y¤

Theorem (Serre, 1955)

��qV ⊆ Cn 1w�⇐⇒ Ù�K¼ê�O(V )÷

vgl.dim O(V ) <∞. d�, dim V = gl.dim O(V ).

äkÃ��N�ê��êAk,«“ÓNØ1w5”�

XÛ£ãù«Ø1w5ºÛ:�Æ�
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�Ñ�Æ

A-�E/· · · → X n−1 dn−1

→ X n dn

→ X n+1 → · · · ÷
vdn ◦ dn−1 = 0;

k.µX n = 0e|n| >> 0¶þÓN

+Hn(X ) = Ker dn/Im dn−1¶

E/�²£: (X [1])n = X n+1, dX [1] = −dX¶

óN�f : X → Yµf n : X n → Y n¦�ã��¶

óN�f¡�[Ó�µefp�ÓN+�m�Ó�"
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�Ñ�Æ£Y¤

k.�Ñ�ÆDb(A-mod):

é��k.A-�E/¶���

óN�§�§I“V\”[Ó��/ª_�

Db(A-mod)��Ø´Abel�Æ§́ Verdier¿Âe�n��

Æ�

äN5`§E/�á�Ü�0→ X → Y → Z → 0éA

uDb(A-mod)¥��Ün�

Y

��
X

??

Zoo

=§n�X → Y → Z → X [1]"

��Î§¥I�ÆEâ�Æ lÛ:�Æ�Leavitt´�ê



�Ñ�Æ£Y¤

k.�Ñ�ÆDb(A-mod): é��k.A-�E/¶

���

óN�§�§I“V\”[Ó��/ª_�

Db(A-mod)��Ø´Abel�Æ§́ Verdier¿Âe�n��

Æ�

äN5`§E/�á�Ü�0→ X → Y → Z → 0éA

uDb(A-mod)¥��Ün�

Y

��
X

??

Zoo

=§n�X → Y → Z → X [1]"

��Î§¥I�ÆEâ�Æ lÛ:�Æ�Leavitt´�ê



�Ñ�Æ£Y¤

k.�Ñ�ÆDb(A-mod): é��k.A-�E/¶���

óN�§�§

I“V\”[Ó��/ª_�

Db(A-mod)��Ø´Abel�Æ§́ Verdier¿Âe�n��

Æ�

äN5`§E/�á�Ü�0→ X → Y → Z → 0éA

uDb(A-mod)¥��Ün�

Y

��
X

??

Zoo

=§n�X → Y → Z → X [1]"

��Î§¥I�ÆEâ�Æ lÛ:�Æ�Leavitt´�ê



�Ñ�Æ£Y¤

k.�Ñ�ÆDb(A-mod): é��k.A-�E/¶���

óN�§�§I“V\”[Ó��/ª_�

Db(A-mod)��Ø´Abel�Æ§́ Verdier¿Âe�n��

Æ�

äN5`§E/�á�Ü�0→ X → Y → Z → 0éA

uDb(A-mod)¥��Ün�

Y

��
X

??

Zoo

=§n�X → Y → Z → X [1]"

��Î§¥I�ÆEâ�Æ lÛ:�Æ�Leavitt´�ê



�Ñ�Æ£Y¤

k.�Ñ�ÆDb(A-mod): é��k.A-�E/¶���

óN�§�§I“V\”[Ó��/ª_�

Db(A-mod)��Ø´Abel�Æ§

´Verdier¿Âe�n��

Æ�

äN5`§E/�á�Ü�0→ X → Y → Z → 0éA

uDb(A-mod)¥��Ün�

Y

��
X

??

Zoo

=§n�X → Y → Z → X [1]"

��Î§¥I�ÆEâ�Æ lÛ:�Æ�Leavitt´�ê



�Ñ�Æ£Y¤

k.�Ñ�ÆDb(A-mod): é��k.A-�E/¶���

óN�§�§I“V\”[Ó��/ª_�

Db(A-mod)��Ø´Abel�Æ§́ Verdier¿Âe�n��

Æ�

äN5`§E/�á�Ü�0→ X → Y → Z → 0éA

uDb(A-mod)¥��Ün�

Y

��
X

??

Zoo

=§n�X → Y → Z → X [1]"

��Î§¥I�ÆEâ�Æ lÛ:�Æ�Leavitt´�ê



�Ñ�Æ£Y¤

k.�Ñ�ÆDb(A-mod): é��k.A-�E/¶���

óN�§�§I“V\”[Ó��/ª_�

Db(A-mod)��Ø´Abel�Æ§́ Verdier¿Âe�n��

Æ�

äN5`§E/�á�Ü�0→ X → Y → Z → 0éA

uDb(A-mod)¥��Ün�

Y

��
X

??

Zoo

=§n�X → Y → Z → X [1]"

��Î§¥I�ÆEâ�Æ lÛ:�Æ�Leavitt´�ê



�Ñ�Æ£Y¤

k.�Ñ�ÆDb(A-mod): é��k.A-�E/¶���

óN�§�§I“V\”[Ó��/ª_�

Db(A-mod)��Ø´Abel�Æ§́ Verdier¿Âe�n��

Æ�

äN5`§E/�á�Ü�0→ X → Y → Z → 0éA

uDb(A-mod)¥��Ün�

Y

��
X

??

Zoo

=§n�X → Y → Z → X [1]"

��Î§¥I�ÆEâ�Æ lÛ:�Æ�Leavitt´�ê



�Ñ�Æ–ÓN5�

A-mod ⊆ Db(A-mod)µ�À�8¥3"?�E/

�Ñ�Æ¥�Hom = ��Æ¥�Ext�äN5`§

HomDb(A-mod)(M,N[n]) = ExtnA(M,N),

Ù¥M,N�A-�, n ≥ 0"

�§proj.dim M ≤ n ⇐⇒ HomDb(A-mod)(M,N[n + 1]) = 0,

?¿A-�N¶

aq��µgl.dim A <∞ ⇐⇒ ?Ûk.E
/X3Db(A-mod)¥Ó�uk.�Ý��E/
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Û:�Æ

perf(A) = {X ∈ Db(A-mod) |XÓ�uk.Ý��E/}

perf(A) ⊆ Db(A-mod)�n�f�Æ¶

þãü�Æ����=�gl.dim A <∞.

Definition (Buchweitz 1987/Orlov 2004)

�êA�Û:�Æ½Â�

Dsg(A) = Db(A-mod)/perf(A).
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Û:�Æ£Y¤

Û:�ÆDsg(A)µ

é�E�k.A-�E/§I“V\”£�

õ¤���/ª_�

Û:�ÆDsg(A) ´n��Æ�

Dsg(A) ´²��⇐⇒ gl.dim A <∞.
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3Db(A-mod)¥§X Ó�uk.�Ý��E/.
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Û:�Æ�GorensteinÝ��

éuA-�M§M∗ = HomA(M,A)¤�mA-�§�d

/§Aop-�

Definition (Auslander-Bridger 1969/Enochs-Jenda 1995/...)

A-�M¡�´GorensteinÝ��§eM´g�

�(M ' M∗∗)§ExtiA(M,A) = 0 = ExtiAop(M∗,A)§?¿i ≥ 1"

Ý��´GorensteinÝ��§=§A-proj ⊆ A-Gproj

A-Gproj ⊆ A-modµ*Üµ4§�§¤�Quillen¿Âe��

Ü�Æ
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Û:�Æ�GorensteinÝ��£Y¤

A-Gproj´Frobenius�Æ§Ù£�é¤Ý�-S�é�T�

Ý�A-�

­½�ÆA-Gproj: ò²dÝ��©)���C�"

�â��(Øµ­½�ÆA-Gproj¤�n��Æ�

Theorem (Buchweitz 1987/Happel 1991/....)

�3n��Æ�÷i\A-Gproj −→ Dsg(A)§ò�À�8¥

3"?�E/¶Ti\´�Æ�d��=�A´Gorenstein�

ê"

5µ�êA¡�Gorenstein�ê§eÙ�mgS��êþ

k�¶~Xµg\��ê"
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��"�ê

�ãQ = (Q0,Q1; s, t : Q1 → Q0)µ

Q0º:8§Q1�Þ8§

é�Þα§s(α)å:§t(α)Ùª:§=s(α)
α−→ t(α)

�êAQ = kQ0 ⊕ kQ1:Ä{ei | i ∈ Q0} ∪ {α | α ∈ Q1}§¦{
eiej = δijei , α = αes(α) = et(α)α, αβ = 0

N�1AQ
=

∑
i∈Q0

ei ; Jacobson�J(AQ) = kQ1§÷

vJ(AQ)2 = 0
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~f

Example

�Ä�ü¡s��“p4”�ãR2

·1 βffα 88

K(R2)0 = {1}, (R2)1 = {α, β}¶�êAR2�ê�3.

Example

�Ä�Ý�3�Ä��Z 3

·2
α2

��
·1

α1
??

·3α3

oo

K(Z 3)0 = {1, 2, 3}, (Z 3)1 = {α1, α2, α3}¶�êAZ3�ê�6.
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��"�êµgS��/

�Q�ëÏ��ã"

�êAQ´gS�� ⇐⇒ Q�Ä��Zn¶

d�§?Û�þ�GorensteinÝ��§KdBuchweitz½n

�µ

AZn -mod
∼−→ Dsg(AZn)

­½�ÆAZn -mod´�ü�Abel�Æ§�d

ukn-mod£kn�n�k�¦È¤; ²£¼féAugÓ

�σ : kn → kn§σ(λ1, λ2, · · · , λn) = (λn, λ1, · · · , λn−1)
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��"�êµ�gS��/

Xþ§Q�ëÏ��ã"

Theorem (�2010/Ringel-=��2012)

�QØ�Ä��"K��"�êAQ�?ÛGorensteinÝ��

þ�Ý��§=§AQ-proj = AQ-Gproj"

d�§­½�ÆAQ-Gproj´²��¶

Buchweitzi\

0 = AQ-Gproj −→ Dsg(AQ)

ØUJø?Û&E�Leavitt ´�ê�
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∑

i∈Q0
ei¶́ �ê�©

g�ê�

5¿�µAQ = kQ/kQ≥2

V­�ãQ̄: éuQ¥?��ãα§V\������
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Leavitt´�ê:½Â

�ãQ¥º:i¡�sink§eØ�3liÑu��Þ"

Definition (Abrams-Aranda Pino 2005/Ara-Moreno-Pardo 2007)

�ãQ�Leavitt ´�ê L(Q)½Â�´�êkQ̄'ude¡�

�)¤�V>n��û�ê

(CK1) αβ∗ − δα,βet(α), ?¿�Þα, β ∈ Q1;

(CK2)
∑
{α∈Q1 | s(α)=i} α

∗α− ei , ?¿�sink�º:i ∈ Q0.

ùp§CK �Cuntz-Krieger.

��Î§¥I�ÆEâ�Æ lÛ:�Æ�Leavitt´�ê



Leavitt´�ê:½Â

�ãQ¥º:i¡�sink§eØ�3liÑu��Þ"

Definition (Abrams-Aranda Pino 2005/Ara-Moreno-Pardo 2007)

�ãQ�Leavitt ´�ê L(Q)½Â�´�êkQ̄'ude¡�

�)¤�V>n��û�ê

(CK1) αβ∗ − δα,βet(α), ?¿�Þα, β ∈ Q1;

(CK2)
∑
{α∈Q1 | s(α)=i} α

∗α− ei , ?¿�sink�º:i ∈ Q0.

ùp§CK �Cuntz-Krieger.

��Î§¥I�ÆEâ�Æ lÛ:�Æ�Leavitt´�ê



Leavitt´�ê:½Â

�ãQ¥º:i¡�sink§eØ�3liÑu��Þ"

Definition (Abrams-Aranda Pino 2005/Ara-Moreno-Pardo 2007)

�ãQ�Leavitt ´�ê L(Q)½Â�´�êkQ̄'ude¡�

�)¤�V>n��û�ê

(CK1) αβ∗ − δα,βet(α), ?¿�Þα, β ∈ Q1;

(CK2)
∑
{α∈Q1 | s(α)=i} α

∗α− ei , ?¿�sink�º:i ∈ Q0.

ùp§CK �Cuntz-Krieger.

��Î§¥I�ÆEâ�Æ lÛ:�Æ�Leavitt´�ê



Leavitt´�ê:½Â

�ãQ¥º:i¡�sink§eØ�3liÑu��Þ"

Definition (Abrams-Aranda Pino 2005/Ara-Moreno-Pardo 2007)

�ãQ�Leavitt ´�ê L(Q)½Â�´�êkQ̄'ude¡�

�)¤�V>n��û�ê

(CK1) αβ∗ − δα,βet(α), ?¿�Þα, β ∈ Q1;

(CK2)
∑
{α∈Q1 | s(α)=i} α

∗α− ei , ?¿�sink�º:i ∈ Q0.

ùp§CK �Cuntz-Krieger.

��Î§¥I�ÆEâ�Æ lÛ:�Æ�Leavitt´�ê



Leavitt´�ê:½Â

�ãQ¥º:i¡�sink§eØ�3liÑu��Þ"

Definition (Abrams-Aranda Pino 2005/Ara-Moreno-Pardo 2007)

�ãQ�Leavitt ´�ê L(Q)½Â�´�êkQ̄'ude¡�

�)¤�V>n��û�ê

(CK1) αβ∗ − δα,βet(α), ?¿�Þα, β ∈ Q1;

(CK2)
∑
{α∈Q1 | s(α)=i} α

∗α− ei , ?¿�sink�º:i ∈ Q0.

ùp§CK �Cuntz-Krieger.

��Î§¥I�ÆEâ�Æ lÛ:�Æ�Leavitt´�ê



~fµLeavitt�ê

Example

�Ä�ü¡s��“p4”�ãR2

·1 x2ffx1 88

KkÓ�

L(R2) ' k〈x1, x2, y1, y2〉
〈xiyj − δi ,j , y1x1 + y2x2 − 1〉

.

�ö�¡�£��2�¤Leavitt �ê L2; [W.G. Leavitt, 1962].

��L2-�§L2 ⊕ L2 ' L2;

Leavitt�êL2�ìA§ü�ê
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�Ä�5�ãQ

·1 // ·2 // · · · // ·n

Kk�êÓ�: L(Q) ' Mn(k)

Example

�Ä�ãQ ′ (üº:§n��Þ)

·1 *4 ·2

Kk�êÓ�: L(Q ′) ' Mn(k)
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Leavitt´�êµå


Leavitt ´�êL(Q)äk�gÓ�(−)∗ : L(Q)→ L(Q)§

÷

v(ei )
∗ = ei , (α)∗ = α∗§(α∗)∗ = α

e�k = C, L(Q) ⊆ C ∗(Q)��È�f�ê, Ù

¥C ∗(Q)�Cuntz-Krieger C ∗-�ê [1977]

Ï":£?¿�kþ�¤Leavitt´�êL(Q)��ê5�

�C ∗(Q)�C ∗-�ê5��q, 
�öÏ~��ãQ�|

Ü5��'"

TÏ"k�é§�Øo´�
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Leavitt´�êµ5�

��ãQØ�¹sink"

Leavitt ´�êL(Q)´©g�ê: L(Q) =
⊕

n∈Z L(Q)n¦

�ei ∈ L(Q)0, α ∈ L(Q)1, α∗ ∈ L(Q)−1

Leavitt ´�êL(Q)´r©g�§

=§L(Q)nL(Q)m = L(Q)n+m, ?Ûn,m ∈ Z;

"g©|f�êL(Q)0��Ý
.�ê¶äN5`§Ý


.�ê�k���Ý
�ê�¦È§
ùa�ê��ê

¿¡��Ý
.�ê"AO/§L(Q)0�¾ì�ù�K�

ê£=§¤k�þ²"¤"
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£�µ��"�êAQ´gS�� ⇐⇒ Q = Zn�Ä�

�"

Leavitt´�êL(Zn) ' Mn(k[x , x−1])§©g�êÓ�§Ù

¥deg eij = i − j , deg x = n"

K, L(Zn)0 = kn¶��L(Zn)0-L(Zn)0-V

�§L(Zn)−1 =σ kn§Ù¥σ : kn → kn¦

�σ(λ1, λ2, · · · , λn) = (λn, λ1, · · · , λn−1).

�§AZn -mod ' Dsg(AZn) ' L(Zn)-grproj ' kn-mod§

¦�²£¼f[1]éAu(−1)§u´éAuσ"
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Example

�Än = 3"

·2
α2

��
·1

α1
??

·3α3

oo

�ÄÓ�θ : L(Z 3)→ M3(k[x , x−1])"Kθ(α1) = e21, θ(α2) =

e32, θ(α3) = e13x , θ(α∗1) = e12, θ(α∗2) = e32, θ(α∗3) = e31x
−1"

u´§AZ3-mod ' k3-mod"
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�ëÏ�ãQØ�¹sinkÚsource§�Q 6= Zn"

Leavitt ´�êL(Q)�ìA§ÛÜ�êÃ�§

=dim L(Q)n =∞§?Ûn ∈ Z"

Dsg(AQ)µHom-Ã�§�?Û�"é�þ�©)§AO

/§�Krull-Schmidt�Æ"

Example

�Ä�ü¡s��“p4”�ãR2

·1 βffα 88

K§Dsg(AR2)¥S = S [1]⊕2§Ù¥S�£���¤üAR2-�¶?

Ûé�þ/XS [n]⊕m§n� 0"
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,�äk?¿�Ú�;)¤

n��ÆT¦�Ù?é���NT c
n��duT¶��µ�

�z��35Ú��5º

Û:�ÆDsg(A)���zµKac(A-Inj) Ã.!�Ü£Ã�

)¤�¤S��E/�ÓÔ�Æ[Krause 2005]

n��ÆL(Q)-grproj���zµ�©©gm���Ñ�

ÆD(L(Q))§Ù¥L(Q)À��©�"��©©g�ê
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Theorem (�-
À2013)

��ãQØ¹sink"K�3n��Æ�d

Kac(AQ-Inj)
∼−→ D(L(Q)).

���;é�þ§·���Dsg(AQ) ' L(Q)-grproj"

Corollary

��ãQ�Q ′þØ¹sink"KDsg(AQ) ' Dsg(AQ′)��=

�L(Q) �L(Q ′)�Ñ�d§��=�L(Q)�L(Q ′)©

gMorita�d"
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|^shiftÿÀ�m§�

ELeavitt´�ê�m�Morita�d[Abrams/Hazrat...]¶�

ELeavitt´�ê�(Ø��)L«[Goncalves-Royer

2011/Smith 2012/�2012...]

Leavitt´�ê�����êAÛ: �Ä����KV

.kQ-Gr/kQ-Fin±9Ùþ�:�[Smith 2012]
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