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Abstract

This thesis for Ph.D degree is on triangulated categories and their applications. It

mainly consists of the following three parts.

1. For any abelian category A and a self-orthogonal full additive subcategory ω, we

introduce in Chapter 2 the notion of relative singularity category Dω(A). This generalizes

Orlov’s notion of singularity category for Noetherian rings [93]. We introduce a Frobenius

exact category α(ω): it is an additive full subcategory of A, whose subcategory of projective-

injective objects are exactly the additive closure of ω. The main result of Chapter 2 asserts

that the natural functor from the stable category α(ω) to Dω(A) is a fully-faithful exact

functor of triangulated categories; moreover, under some reasonable conditions, it is even

an equivalence. Using this equivalence, we describe the relative singularity category Dω(A)

via the homotopy category of unbounded acyclic complexes over ω.

Applying the results above to some concrete singularity categories, we obtain:

1). For a noncommutative Gorenstein ring, its singularity category is triangle-equivalent

to the stable category of the full subcategory consisting of maximal Cohen-Macaulay mod-

ules. This is an unpublished result of Buchweitz [28];

2). For a Gorenstein category with finite Gorenstein dimension, its singularity cat-

egory is triangle-equivalent to the stable category α(ω), where ω is any functorially-finite

tilting subcategory. This generalizes a corresponding result of Happel [51].

2. For any Hom-finite additive category C, we introduce the notion of generalized Serre

structure (duality) on C. It is a six-tuple (S, Cr, Cl, φ
−,−, (−,−), Tr

−
), where Cr and

Cl are certain full subcategories of C, S : Cr −→ Cr is an equivalence, which is called the

generalized Serre functor, and for the definitions of φ
−,−, (−,−) and Tr

−
see Chapter 3.

Note that any one of the last three terms in the six-tuple is uniquely determined by any

other. For a Krull-Schmidt pre-triangulated category C, the main result of Chapter 3 asserts

that:

1). Both Cr and Cl are thick triangulated subcategories of C;

2). The generalized Serre functor S is an exact functor of (pre-)triangulated cate-

gories�
vii
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3). Let X ∈ C be indecomposable. Then X ∈ Cr (resp. X ∈ Cl) if and only if there

exists an Auslander-Reiten triangle with X being its right term (resp. left term).

Note that by the well-known result of Reiten and Van den Bergh [98], the existence of a

Serre functor is equivalent to the existence of Auslander-Reiten triangles in C. By the result

above, the generalized Serre functor always exists. Thus, in particular, our result generalizes

Reiten-Van den Bergh’s theorem.

For the bounded derived categories of finite-dimensional algebras and some noncom-

mutative projective schemes, we explicitly compute their generalized Serre structures. As

two applications, we give a new characterization for finite-dimensional Gorenstein algebras;

and we strengthen a remarkable theorem of Rickard [101] via a short proof.

3. Note that for Hom-finite additive categories, the idempotent-split property is equiv-

alent to the property of being Krull-Schmidt. In Chapter 4, we study the idempotent-split

property of triangulated categories. We prove the following two fundamental results, which

seem to be known but have no exact references:

1). For any idempotent-split category C, the bounded homotopy category Kb(C) is

also idempotent-split;

2). For any abelian categoryA, its bounded derived category Db(A) is always idempotent-

split.

Keywords: triangulated categories, derived categories, relative singularity categories,

generalized Serre duality, idempotent-split.
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�U)�N���{�_E<0� X | Fano g�(Y,W ) |Y{U)�
*�N (Y,W ) | Landau-Ginzburg <:�W | J6J
�$� X �{ A- =&X�|�G Fukaya &X
Æ (Y,W ) �{ B- =&X8}){�����D�1�N?����BRST- =0?
{BW�
*{ B- =&X=�8S^E{t\&X�M. Konstevich `\�Y{KK�l�D. [59, 91]
� ��|8K� C�Y |+�g�W : Y −→ C |3$gK�$ (Y,W ) �{ B-=&X�l|��T8<VfP{h#&X�dDT8<8<

P 0
d0

P 1

d1dD P i | Y �{*�f�\� di (d d0 ◦ d1 = W�d1 ◦ d0 = W ()= D.

Eisenbud \00E{>Q�D. [37]��Æ�)�|�NW Landau-Ginzburg<:�{ B- =&X�D. Orlov [91] s��nKg{g�&X{>Q� X |nKg��lg�&X| Verdier ��:&X
Dsg(X) := Db(coh(X))/per(X)dD per(X) | X �t$8<fP{�:_&X [106]�=G57�Dsg (X) = 0rtLr X 3$��8�:&X Dsg(X) #v�nKg X {go?�� [91] {PW����� 3.9 mo% 3.10
�Pd��l{ B- =&X�:})��1g�&X{:��_5��B- =&XL{e�J6J W { critical �{[�?A�)= [60]�� 738 [� 4 �
�=G������l{g�&X�Y{0d<0d�-8�<0�D. [93, 108]�_5�����hi Noether � R��ldg�&X| Verdier ��:&X

Dsg(R) := Db(R-mod)/Kb(R-proj)dD R-mod, R-proj 05|��#Pi R- <&Xm��#Pk�i R- <&X��.Uhv��GO!�nK�nmnK31%D��}Q�i��D. Buchweitz [28, 29], Rickard [100], Happel [51], Beligiannis [18] }�R. O. Buch-

weitz 57��r R | Gorenstein �*�g�&X Dsg(R)})�d�l Cohen-

Macaulay <&X{��&X [28]�D. Happel Z������}QC%�)=
[51]
�gO�H. Krause [74] �} Brown 31��d� recollement zNWg�
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� A |�h Abel &X�ω|dD{a38& (_&X��l#�g�&X|��{ Verdier ��:&X
Dω(A) := Db(A)/Kb(ω).� [7] m [4]��.j� A {(_&X ω⊥�⌢

ω�ωX� ∨

ωX��d�X ⊥ω�⌣
ω�Xω�m X̂ω }�Uhv�α(ω) = Xω ∩ ωX 8 Frobenius 3p&X�d#�k� - I��,{�
k| ω {& ,� addω�� Heller-Happel �����&X α(ω) 8�:&X�� Kex(ω) | K(ω)D3p8<fP{(_&X����Y8�:_&X�Cp�� 2.2.7 m�� 2.3.1��.yv'�{�_EPWC`�-� I O ω Z Abel '� A �aJi`'��bO X̂ω = A =

∨

ωX : ⌢
ω⊆

ω⊥�⌣
ω⊆ ⊥ω�E6aC�Jj�


Dω(A) ≃ a(ω) ≃ Kex(ω)./E��{57B}v00{?A�t\&XD1[�:{7,d�E�q�?{S5�<C`{hl��5#�g�&XÆ Abel&X Aa!{�E3p_&X{��&X��hz�/E% g m� [100]��� 2.1 i\�5�� I v}��b
{g�&X{NW�{ A | Gorenstein �{��#P<&XÆ|b��� Gorenstein ~K{ Gorenstein &X���� 2.4.3 m�� 2.4.8��.yv'�{��EPWC`�-� II

(1) O R | Gorenstein R�E6Jj'�d��

Dsg(R) ≃ MCM(R) ≃ Kex(R-proj).

(2) O A ||66
 Gorenstein }a� Gorenstein '��ω ⊆ A |C`6




2007 9 V T Æ # n j � # � h # � + � 5�=.;�`'��E6Jj'�d��

Dsg(A) ≃ a(ω) ≃ Kex(ω).�� II(1) o\� Happel ([51]��� 4.6) m Buchweitz [28]���� II(2)o\� Rickard ([100]��� 2.1) m Happel ([51]��� 4.6) d��.�l{Ll [32]�Uhv�./�Vs{ Rickard ��m Happel�����D{57g�-_"{=t�8`�

0.2.2 <&X{ Auslander-Reiten �%8�nnK31%D{�(8_�YPW� Auslander-Reiten F�{i�?d� Auslander-Reiten 0m{CO�%OP [8, 102]�D. Happel [48] �� Krull-Schmidt �:&X C `\���{
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� Auslander-

Reiten �:{�5+��� [48] 57�� A ���{1
~K�$ Db(A-mod)� Auslander-Reiten �:�Uv�� [50] 57� Db(A-mod) � Auslander-Reiten�:rtLr A {1
~K����_)3�1989 O A. I. Bondal m M. M. Kapranov [21] �b���~\�r+{�:&Xs�� Serre �Xd� Serre g_{>Q�e�5nK�n�Q�{ Serre�X4GPS^E{�Gt\&X�{ Serre�X�h*�� [21]Z<\� Serre g_{i�?Æ�1g_{m31?�V�857� Serre g_
83pg_�2002 O I. Reiten- M. Van den Bergh 57��:&X� Serre�XrtLrY� Auslander-Reiten �:�D. [98]��� I.2.4�8t��}�gK{�q�M. Van den Bergh I757� Serre g_{3p?�D. [19]�:��� A.4.4��r�� [81] NW�b���~\�r+{& &X�{ Serre�X�gO�Serre �X{�S� D- ={NWDZ8_E$�VU{	a�D. [60, 76] }���7���_�{b���~\�r+{ Krull-Schmidt�:&X C��
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 ? R 2 Serre 4 A 2007 N.=JavY� Auslander-Reiten �:�Æ})��Y� Serre �X�p8�	-�/%�6���B�5���} Auslander-Reiten \| b1e;1�e
&�Æ C E6�
0_
: Serre 5B�/Y8'���){PWNWI
�|
�	-4Y S3 Serre �L�r�S3 Serre V_�lF-3B�RB�Ayam� �#
� K |���C | K �b���~\�r+{& &X��.sN���ÆE(_&X
Cr := {X ∈ C | g_ DHomC(X,−) m31},

Cl := {X ∈ C | g_ DHomC(−,X) m31},dD D |fH{ K �X�=Gyv�i�z_{& g_ S : Cr −→ Cl -y�La�hO
φX,Y : DHomC(X,Y ) ≃ HomC(Y, S(X)),dDX ∈ Cr�Y ∈ C�� φX,Y��.ma��l-p�L ?: (−,−)X,Y d��gK TrX : HomC(X,S(X)) −→ K�Nd�{��f (S, Cr, Cl, φ−,−, (−,−), Tr−)|&X C { \l Serre CO(Æ|\l Serre �X)�_5���.Ng_ S |

C {\l Serre g_�_&X Cr m Cl 05N| S {�l�m;���G��8'�{��EPWC`��� 3.2.1
�_5��Y5��:&X C {\l Serre COÆ C ��lR��� Auslander-Reiten �:{	a��hz�-� III O C Z= K L|66
}lN�d� Krull-Schmidt >Jj`'��℄ S : Cr −→ Cl |5L�=. Serre C`�E6
(1) `'� Cr G Cl �|6M��Jj`'��
(2) 
B X ∈ Cr aC�t7 ηX : S(X[1]) −→ S(X)[1]�U� (S, η) ~| CrG Cl Nd�Jj�
�
(3) O X ∈ C v�*q�E X ∈ Cr(X ∈ Cl) �:t�* X |7��f�
�
Auslander-Reiten Jj
B��� III{57'`���){_�℄5��_E�PB}v Freyd-Verdier�����E�Po\� [21]�:a 3.3�d57"� [19]��� A.4.4 {57{i����E�Po\� [98]�:a I.2.3�KIW{8��<�Pm7���:&X C ��lR��� Auslander-Reiten �:{	a℄Cv_&X Cr�Æ Cl




2007 9 V T Æ # n j � # � h # � + � 7Æ C ��lG
{	a��8����1IW{�:&X��Sd\l SerreCO0y'0IW��.�'�{�PEPWC` (�� 3.3.5 m�� 3.3.9)-� IV

(1) O A |= K L|66
}lN�d� Abel '��O A 6
8!�uN �G,N ��bO Ar = P�Al = I u℄ SA = ν�E6 Db(A)r =

Kb(P)�Db(A)l = Kb(I) :5=. Serre C` S = ν�[��h4B-�L
�
(2) O R |�s�bp Noether *��a�X = Proj(R) |5�1�(iTN21��O R *Zk�&�a Rop �!
rg “χ” :�1�C` τ �|66
�Lt�}a�O R• | R �4K 3-��u℄ R• = π(R•)�E6r��'� Db(coh(X)) �=. Serre p75*	4��

Db(coh(X))r = Db(coh(X))fpd, Db(coh(X))l = Db(coh(X))fid,:5=. Serre C`| S = −⊗L R•[−1].�� IV�1
� D. Happel {�� ([50]��� 1.4) {i����� IV(2)ym� K. De Naeghel m M. Van den Bergh gO{_EC%�[85]��� A.4
�Zm58Æ [104]�:a 7.48 j)=�5�� IV (1) v}v A = A-mod ��dD A |��~nK��.yv���~ Gorenstein nK{7o~�o% 3.4.3
8t&p� J. Rickard V��NnK{_E����� 3.4.5
�
0.2.3 & &XD{1}\�84m0�{	auu8'0-_"t"o{�Dj [2], � 207 [Æ [41]
� a |& &X�1}\� e : X −→ X N|m�{��i�\� u : X −→ Y m v : Y −→ X -y e = v ◦ u t IdY = u ◦ v�� aD+E1}\�gm��$N&X a 1}m��Æ Karoubian
�Uhv���b���~\�r+{& &X a�a 1}m�rtLrY8 Krull-Schmidt&X�D. [31]�:� A
�gO�P. Balmer m M. Schlichting [11] W,NW��:&X{1}m�?d�#V	a�_5��W.�}="o{ K- �%57�1}m�3p&X{�Gt\&XZ81}m�{��.Uhv���,opIW
{5+� C |�E�:&X{�:_&X�� C 1}m��$ C _�8�t�{�'�{�P)57����� (�� A m�� B)�d�_�0�v J.

Rickard � [99] m M. Bökstedt-A. Neeman � [20] {i�����0{57t�8Z}{��.L}vt\&X{ t- COd�h?�g_ τ {?A�/�-C<\{8�<����W$zNmJ8b7{�
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(1) O C |%����a$'��E56rt�'� Kb(C) &|%�����
(2) O A | Abel '��E56r��'� Db(A) Z%�����
0.3 �3,oH�'�{f9CO��_)=�i�H���:&X{�'�%d�h#&XÆt\&X{O!m?A���)NW�#�g�&Xd���&X α(ω)�85VyC`v}vb
{g�&X����)NW���:&X{\l Serre CO8�S\�1�Gt\&X{\l Serre CO��P)NW��:&X{1}m�?�dD��_)LE5:a87{�����){C`87{��P)�0C`87{�



%,I g�P
')PWH��:&X{�'�%d�#V{_1C%��.H���:&X�d[��{�%�3p&Xd� Heller-Happel ���8=$��NW��:&XDgIW{ÆE�_�h#&XÆt\&X��./�{`�)0�p�Q�{�����[110, 54, 57] }
d�_1=7{6l (��[67, 73]})�
§1.1 \|�Æ

§1.1.1 
C�Zz=�	S�:&X{�l� C 8& &X�H� T | C �{ahO�8Nd|C.V_�� T−1 | T {L�T n |#v{pP�n ∈ Z�&X C D{\|8<��f (X, Y, Z, u, v, w)�dD X,Y,Z 8 C D{�,�u : X −→ Y�v : Y −→ Z m w : Z −→ T (X) 8 C D{\���*Z�<�:|F� X
u

−→ Y
v

−→ Z
w

−→ T (X)��r��� [57]�)= [49]��_[
5�:<,��|
X

u
Y

v

Z
w&X C D{�: (X, Y, Z, u, v, w) v�: (X ′, Y ′, Z ′, u′, v′, w′) {\|q`8<(d�m8�{\�f (f, g, h)

X
u

f

Y
v

g

Z
w

h

T (X)

T (f)

X ′ u′

Y ′ v′

Z ′ w′

T (X ′)�\� f�g m h g| C D{hO�$N�:\� (f, g, h) |uL� T 8�&X C D{_1�:OP{}�class
�N��f (C, T, T ) |\|�Æ [110]�Æ,N C |�:&X��`d�M�yv(d�
9
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(TR1) Æ T D�:hO{�:g� T D��+E\� u : X −→ Y�i� T{�: (X, Y, Z, u, v, w)�(X, X, 0, IdX , 0, 0) ∈ T�
(TR2) (�:{HX) � (X, Y, Z, u, v, w) ∈ T �$ (Y, Z, T (X), v, w, −T (u)) ∈

T�
(TR3)  (X, Y, Z, u, v, w), (X ′, Y ′, Z ′, u′, v′, w′) ∈ T , t f : X −→ X ′,

g : Y −→ Y ′ -y u′ ◦ f = g ◦ u�$i�\� h : Z −→ Z ′ -y (f, g, h) |�:\��
(TR4) (�3
M� the octahedral axiom) �H T D{�: (X, Y, X ′, u, i, i′)�

(Y, Z, Z ′, v, j, j′) d� (X, Z, Y ′, v ◦ u, k, k′)�$���{8�m
X

u
Y

i

v

X ′ i′

u′

T (X)

X
v◦u

Z
k

j

Y ′ k′

v′

T (X)

T (u)

Z ′

j′

Z ′
j′

w′

T (Y )

T (Y )
T (i)

T (X ′)dD���ZD� T� (C, T, T ) |�:&X�$} T D{�:N|L[\|�&X C �{\|�L8<��f (T, T ) -y (C, T, T ) P|�:&X�[q 1.1.1 (1) ;:Jj'���.�6���t%>54)C` T |'�a�
�Æ\-���#6r^�g$U�a�
aC� “q~” at7�xf [1]�� 248-250 'W [63]�� 293 '�� 11.1�
(2) J?d (C, T, T ) }|D\|�Æ [90] (< D. Puppe ��-u(�Æ�11u�mk [96])�Ik#R!
6� (TR1)-(TR3)��#\-�d&p6�Z5 J. L. Verdier 0H� [110]�
(3) >Jj'�X�4)C`9℄~[1]�xf [16]�:Z�T n(X)℄| X[n]�T n(f)℄| f [n]�n ∈ Z�6��h4)C`℄| S [67] WH Σ [90, 73]�
(4)  :>Jj'� C��#�*K': Jj (X, Y, Z, u, v, w) ∈ T �:t� (Y, Z, T (X), v, w, −T (u)) ∈ T �xf [49]�� 6 '�



2007 9 V T Æ # n j � # � h # � + � 11 (C, T, T ) |�:&X� A | Abel &X�& g_ H : C −→ A N|_u*V_��`��+E3p�: X
u

−→ Y
v

−→ Z
w

−→ T (X)��F�3p�
· · · → H−1(Y )

H−1(v)
→ H−1(Z)

H−1(w)
→ H0(X)

H0(u)
→ H0(Y )

H0(v)
→ H0(Z)

H0(w)
→ H1(X) → · · ·dD Hn = H ◦ T n�n ∈ Z�}Q��m�l<y_u*V_�[q 1.1.2 5{ (TR2) �M�a$C` H : C −→ A |Lt�C`�:t� :D-GL�JJJj��� H(X)

H(u)
−→ H(Y )

H(v)
−→ H(Z) BXd�JJ�V���:&X��3{C%g|�'�D. [110, 96, 90]�3r 1.1.3 O (C, T, T ) |>Jj'��

(1) O (X, Y, Z, u, v, w) |JJJj�E6 v ◦ u = 0�w ◦ v = 0 *Z
T (u) ◦ w = 0�
(2) O X ∈ C�EC` HomC(X,−) G HomC(−,X) �|Lt�C`�
(3) O (f, g, h) |JJJj (X, Y, Z, u, v, w) � (X ′, Y ′, Z ′, u′, v′, w′) �JjlN�I f G g Zt7�E h Zt7�mt��C X�D(lN u : X −→ YBt7-.	{(�8H*JJJj (X, Y, Z, u, v, w)�
(4) O Λ |D-QrY�4�JJJj (Xi, Yi, Zi, ui, vi, wi)�i ∈ Λ�bOLX ⊕

i∈Λ Xi�⊕
i∈Λ Yi G ⊕

i∈Λ Zi �
B�EG	Jj|JJJj
(
⊕

i∈Λ

Xi,
⊕

i∈Λ

Yi,
⊕

i∈Λ

Zi,
⊕

i∈Λ

ui,
⊕

i∈Λ

vi, γ ◦
⊕

i∈Λ

wi),5X γ :
⊕

i∈Λ T (Xi) −→ T (
⊕

i∈Λ Xi) |�'t7� :X&6�1�p��[q 1.1.4 5{(o 1.1.3(3)�6� (TR4) �T~G	6��
(TR4’) D-4�lN ũ : X̃ −→ Ỹ G ṽ : Ỹ −→ Z̃�
BG (TR4) X�iTv:�(�#�G#�J�JJ�5X u G v ZU�	viT�lN

X̃
ũ

Ỹ
ṽ

Z̃

X
u

Y
v

Z5X�3N�|t7lN�;:6� (TR4) �5j�
�W��xf [94, 80,

87]�
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§1.1.2 ZzU^'.�	S�:g_{>Qd��'C%� C m D g|�:&X�e C v D {\|V_�ÆL[V_
8<��f (F, α)�dD F : C −→ D |& g_�α : FT −→ TF |g_{a�hO�t(d��� C D�_3p�: (X, Y, Z, u, v, w)��D D
�:
(F (X), F (Y ), F (Z), F (u), F (v), α(X) ◦F (w)) 3p��=<7 α {xv��Z,N F |�:g_�_5���.N F |$G\|V_��#v{a�hO
α 8}h0��� 1.1.5 Z-
46� (TR2)��#6�4)C` T : C −→ C |JjC`�5�1�aCt7| −IdT 2; " T 2 : C −→ C &|JjC`�5�1�aCt7E| IdT 3�/� T 2 Z�2JjC`��x�L�C` IdC &Z�2JjC`� (F, α) m (F ′, α′) |e�:&X C v D {ÆE�:g_��:g_+{`Uuq�Æ`Uyd
8<g_+{a�h\ θ : F −→ F ′ -y�m8�

FT (X)
θ(T (X))

α(X)

F ′T (X)

α′(X)

TF (X)
T (θ(X))

TF ′(X)dD X ∈ C� (G, γ) |e D v�:&X B {�:g_�$ (F,α) m (G, γ){C[�l|��f (GF, γF ◦ Gα)�
eS5�<8p�8�:g_��d�{�'C%�3r 1.1.6 ([65]�6.7; [90]�s� 5.3.6) O C G D �|Jj'��O (F, G, ε, η)|5L�fhC` (xf [79]�� IV F)�O (F,α) |JJC`�E
BaCt7 β : GT −→ TG U� (G, β) |JjC`�: ε : IdC −→ GF G η : FG −→ IdD�|JjC`d�aCtl�[q 1.1.7 YTL��#��DaCt7 β U�
β−1(D) = GTη(D) ◦ GαG(D) ◦ εTG(D)~��5X D ∈ D�(3aC��oxZ�!
(o� β Z,{(�
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(G, β) : D −→ C -yi��:g_{a�hO IdC ≃ GF m IdD ≃ FG�l|:a 1.1.6 {:>o%���C%8'0�}{�x, 1.1.8 ([49]�� 4[) Jj'� C G D ZJj�
��:t�
BJjC` F : C −→ D U� F Z'�d��
�

§1.2 L[�Æ'�	S3p&X [97]m Frobenius&X [55]{�l�8H� Heller-Happel���
§1.2.1 KZ=� A 8& &X�&X A D{L[5 (exact pair) 8<mpP{\��
X

i
−→ Y

d
−→ Z -y i 8 d {kt d 8 i {	k��<3p�| (i, d)�3p�

(i, d) m (i′, d′) N|uL �i���8�m�dD�z�g|hO\�
X

i
Y

d
Z

X ′ i′

Y ′ d′

Z ′.}Q��m�l3p�+{q`�3p� (i, d) N|�# ��YhO��&3p� X
(1

0)−→ X ⊕ Z
(0 1)
−→ Z�Uhv�(i, d) m�})�\� i | section�Z})��\� d | retraction�L[�Æ8<��f (A, E)�dD A |& &X�E |� A D�13p�fP{}�N} E D{� (i, d) | conflation�#v{ i | inflation�d |

deflation�Wz} E (dd�M��
(Ex0) } E �hO�1,�\� Id0 | deflation�
(Ex1) deflation {8p
8 deflation�
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(Ex1)op inflation {8p
8 inflation�
(Ex2) ���hH�{\� f : Z ′ −→ Z m deflation d : Y −→ Z�i���{x	m (pullback diagram = cartesian diagram)

Y ′ d′

f ′

Z ′

f

Y
d

Z,dD d′ 8 deflation�
(Ex2)op ���hH�{\� f : X −→ X ′ m inflation i : Z −→ Y�i���{o\m (pushout diagram = cocartesian diagram)

X
i

f

Y

f ′

X ′ i′
Z ′,dD i′ | inflation�[q 1.2.1 (1) � [64]�/� AK'�I���.< [97]�� 91'X��.Z($��uQ��6� (Ex1)op �55j6�����x\-��I��JJ'�G�� [83, 57] X�JJ'�Z
Cvt��P�(n�Z�� [36]�/�Q��0�.< [43]��wFX�JJ'���.Nd�;��\-� [102]�� 59 'X�JJ'��\|0�.�m℄<��

(2) 5 (Ex0) +M inflation G deflation �Bt7	vq��x�deflation �FxZ inflation�&N�inflation �;FxZ deflation�mt��5 (Ex0) �MlN Id0 &Z inflation�
(3) O (A, E) |JJ'���#} E |'� A �L[�L�B E Za'�<�	�e} A |JJ'��� 1.2.2 (1) O A |D-a$'��? E |��JJ �Ap�E+#K
(A, E) |JJ'��
(2) O B | Abel '��O A |5�Gn�!`'��? E |"�� B AX�JJ �[�B X��JJ�
�Ap�E (A, E) |JJ'��
(3) O (A, E) |JJ'��v+K'�A Z Abel '�: E Z55�JJ�



2007 9 V T Æ # n j � # � h # � + � 158�� (xf (2))��:t� A XD(lN f �6*q f = i ◦ d�U� i |
inflation�d | deflation� (A, E) |3p&X�(_& &X B N|L[_�Æ��` B 8�w*1,{������h conflation X −→ Y −→ Z�� X,Z ∈ B�$ Y ∈ B�eS5�B "S� A {3pCOP|3p&X�Æ3p&X+{& g_
F : B −→ A N|L[V_��` F  T conflation����� B | A {3p_&X�$n�g_ B →֒ A 83pg_��.BW�3{:a�3r 1.2.3 ([64],� 406 [) O (A, E) |GL�.�JJ'����6� (Ex2)X��Uv�E Y ′

(−d′

f′ )
−→ Z ′ ⊕ Y

(f d)
−→ Z | conflation�mt��deflation Bfpa3*�SZ deflation� : (Ex2)op G inflation 6�1�p��

§1.2.2 �,=� (A, E)|3p&X�N I ∈ A|7`5��Æ�57`5��fÆ E-7`5�
���nd I h.{ conflation g0��<�l})Æd�ÆEe2D{�n_E��1
 g_ HomA(−, I) l}��_ conflation �3p��2
 ���_ inflation i : X −→ Y m�n\� f : X −→ I�i�\�
f ′ : Y −→ I -y f = f ′ ◦ i�N&X A:aM6 7`5���`d�n�, X gi� inflation i :

X −→ I�dD I |I��,��X��m�lw`5�d�:aM6 w`5�{>Q�j� A {�-�ÆA(Dj [8], � 101 [): d�,m A D{�,_U�\�r+�l|
HomA(X,Y ) := HomA(X,Y )/I(X,Y )dD I(X,Y ) = {f : X −→ Y | f Q�EI��,0E}�\�{pP8� A D{\�pPa��t{�=GS5�A 8& &X�t�&g_ πA : A −→ A|& g_�|)/h.�� πA(f) = f�
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8!,N ��JJ'��"4*L�℄E�O
X,Y ∈ A�E πA(X) ≃ πA(Y ) �:t�
Bt7 X ⊕ I ≃ Y ⊕ J�5X I, J |,N ���x�I A |6D-�5QrY4��
LX�E'� A &|6D-LX:C` πA i�LX�N. =��Uhv πA(J) ≃ 0 rtLr J |I��,�5+��πA (J) ≃ 0 rtLr IdJ ∈ I(J, J)�{ i : J −→ I0 | inflation�dD I0 |I��,�$e7
I(J, J) = {f : J −→ J | f Q� i 0E}��8�i� s : I0 −→ J -y s ◦ i = IdJ�=G57�I0 ≃ C ⊕ J�dD C | i {	k�R�J |I��,{:m(�N�
J '!Z8I�{� πA(X) ≃ πA(Y )�t f : X −→ Y m g : Y −→ X |zL\��$ IdX − g ◦ f ∈ I(X,X)�{ inflation a : X −→ I�dD I I��$i�\� b : I −→ X -y IdX = g ◦ f + b ◦ a = (g b) ◦

(f
a

)�J`:a 1.2.3�\�
(f
a

)
: X → Y ⊕ I | inflation�_5��Y{	k
i���| J�=G57�i�hO ξ : Y ⊕ I ≃ X ⊕ J -y ξ ◦

(
f
a

)
=

(
IdX

0

)�Uhv�πA(ξ) Æ πA(
(
f
a

)
)g|hO��8 πA(

(IdX

0

)
) Z|hO�� πA(J) |\� πA(

(IdX

0

)
) {	k�q


πA(J) ≃ 0��8���7 J |I��,�/Y57��_EC%�v_EC%{578:>{S5�=BUhv�I��,{��
8I�{
� �	S suspensiong_{O!�D. [55]� A |b�dP�I��,{3p&X����h X�{� conflation X
iX−→ I(X)

πX−→ S(X)�dD I(X) |I��,����h\� f : X −→ Y����{8�m
X

iX

f

I(X)
πX

S(X)

S(f)

Y
iY

I(Y )
πY

S(Y )Uhv�\� S(f) =_�z_�p��&XD{\� πA(S(f)) = S(f) �8� f z_e�{�/U��.Y�l�suspension V_ S : A −→ A�=G57�S 8& g_�
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§1.2.3 Frobenius =�> Heller-Happel ,�3p&X (A, E) N|Frobenius �Æ ([55]�� 386 [)��`Y�dP�{I��,��dP�{k��,tI��,{�
mk��,{�
8_?{����{�'WF�4� 1.2.5 O A | Frobenius '��E suspension C` S : A −→ A Z'�a�
��.
' ��3{C%�D. [55]�� 387 [�[48]�� 370 [Æ [49]��
13 [
s- 1.2.6 O A | Frobenius '��E suspension C`Zat7C`��.5�&X A D�l_}1[�:� u : X −→ Y | A D{�h\��j��o\m�D.M� (Ex2)op


X
iX

u

I(X)
πX

S(X)

Y
v

C(u)
w

S(X)N�: X
u

−→ Y
v

−→ C(u)
w

−→ S(X) |z℄\|��l T |� ADV�hO�1[�:{�:fP{}��3{�����D� A. Heller m D. Happel�Y��:&X{�%D8g�'{��8_�-� 1.2.7 �Heller-Happel�Dj [56]��� 9.2 d� [48]��� 9.4
O A |
Frobenius '��"4*L℄E�E (A, S, T ) |Jj'��[q 1.2.8 \-�'� A X� conflation -8� A X�JJJj�O X

i
−→
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Y

d
−→ Z | conflation�E6iTv

X
i

Y
d

Z

w

X
iX

I(X)
πX

S(X).:Z�Jj X
i

−→ Y
d

−→ Z
−w
−→ S(X) JJ�\-I��.Eumk6� (TR2)X���.E�v+���A XD-JJJj��I$���xf [103]��

65-67 '�	S ∂�g_{>Q�D. [65]�� 381[� (A, E)|3p&X�(C, T, T )|�:&X�& g_ F : A −→ C N|∂�V_��`�� AD{�h confla-

tion (i, d)�gi�3p�: F (X)
F (i)
−→ F (Y )

F (d)
−→ F (Z)

w(i,d)

−→ TF (X)�dD\�
w(i, d) 8� conflation (i, d) e�{t(d����hH� conflation +{\�

X
i

f

Y

g

d
Z

h

X ′ i′
Y ′ d′

Z ′,���{�:\�
F (X)

F (i)

F (f)

F (Y )

F (g)

F (d)
F (Z)

F (h)

w(i, d)

TF (X)

TF (f)

F (X ′)
F (i′)

F (Y ′)
F (d′)

F (Z ′)
w(i′, d′)

TF (X ′).UhvU� 1.2.8��.q
eyv3r 1.2.9 O A | Frobenius '��C |Jj'��O F : A −→ C | ∂�C`�bO F h,N �3� 0�E F {(8��JjC` (F, η) : A −→ C�5X
η(X) = w(iX , πX)�X ∈ A�x, 1.2.10 ([49]�� 23 [) O A G A′ �| Frobenius '��O F : A −→ A′|JJC`:h,N �3�,N ��E5 F {(8��C` F : A −→ A′ZJjC`�N. =BUhvpPg_ A

F
−→ A′ πA′

−→ A′ 8 ∂- g_t5I��,zv 0��
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§1.3 \|�Æ ��a'��	S&X[��{_��%�N�℄%�:&X{[����:_&X{�ld�#VC%�
§1.3.1 =����` a |�h&X� Σ |� a D�1\�fP{}�d�5 Σ D{\�~|L �N Σ |;	;���`d�M�yv(d�
(FR1) Σ ��\�{pP81,{; IdX ∈ Σ, ∀ X ∈ a�
(FR2) a D+Em

·

s

· ·dD s ∈ Σ�gm;dP8�m
·

t

·

s

· ·dD t ∈ Σ�
(FR3) �H a D{8�m

·

gf

·

s

·
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 ? R 2 Serre 4 A 2007 N� s ◦ f = s ◦ g�dD s ∈ Σ�gi� t ∈ Σ -y�m8�
·

t

·

gf

·� f ◦ t = g ◦ t�,N “����”� Σ |&X a {�Q �� X,Y ∈ a�$e X v Y {;Bd (b, s) �l|\�m
·s b

X· ·Y,dD s ∈ Σ��{��N8|
+(roof)�D. [44]�� 90 [Æ [82]�� 5 [�ÆEe X v Y {�00 (a, r) m (b, s) N|#t ��| (a, r) ∼ (b, s)��`i���{8�m
·

r a

X· ·t
·Y

·
s bdD t ∈ Σ�md57V� ∼ 8�e X v Y {�00fP{}�{})V��D. [90]�s� 2.1.14
� (b, s) |�00�� b/s |dV�{})}���b/s := {(a, r) | (a, r) })�(b, s)}��l�00})}+{[���� a/r 8 X v Y {�00})}�b/s8 Y v Z {�00})}�� (FR2) �8�m

·
t c

·
r

a

·
s

b

X· Y · ·Z�lpP
(b/s) ◦ (a/r) := (b ◦ c)/(r ◦ t).
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[90]�s� 2.1.18
��r�/U�l{pP(dCp ��.
S	�3{e2�D. [112]��� 10.3.7 Æ [90]�� 2.2 �
s- 1.3.1 OD- X,Y ∈ a�E� X � Y �7*W�

�Ap�~YJ� Σ|&X a{�Q ���l;��a�Æa[Σ−1 ]���d�,m&X
a D{8_U{�\�r+�l|

Hom
a[Σ−1](X,Y ) := {b/s | b/s 8e X v Y {�00})}};\�{pP���l��l�g_ Q : a −→ a[Σ−1]-y Q(X) = X t Q(f) = f/IdX�f : X −→ Y�Uhv� s : X −→ Y ∈ Σ�$\� Q(s) mLtdL� IdX/s H\�V�&X[����.���{�'C%�3r 1.3.2 O Σ |'� a L�7�$��℄ Q |�1�KC`�E Q h Σ X�lN�3~t7lN�O F : a −→ C |D(C`U� F (s) ��/�s ∈ Σ�E
B{(�C` F ′ : a[Σ−1] −→ C U� F = F ′Q�[q 1.3.3 (1) I��.�7*WB [112]�� 381 'k}|f*W��#�l$<� [67]�� 9 oX�Z(T��

(2) �* 3��.b	;��bBd*Zb��a�Æ[Σ−1 ]a�s{��#hf*W��

℄~ s\b�5X s ∈ Σ�I Σ ^Z7�$�9Zf�$��E} Σ |	;���S�
4(o 1.3.2 *Zk� 3�+K�6'���'t7 a[Σ−1] ≃ [Σ−1]a��3{5+m:>S5�4� 1.3.4 O Σ |'� a L��$��O f, g : X −→ Y | a X�lN�E6
(1) Q(f) = Q(g) �:t�
B Σ X*3lN s U� f ◦ s = g ◦ s��:t�
B Σ X*3lN t U� t ◦ f = t ◦ g�
(2) Q(f) �/�:t�
B a XlN h G h′ U� f ◦ h ∈ Σ : h′ ◦ f ∈ Σ�
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h′ -y f ◦ h, h′ ◦ f ∈ Σ�$� f ∈ Σ�R��s� 1.3.4(2) 7�� Σ |!mQ ��$ Q(f) mLrtLr f ∈ Σ� a |�& &X�$[��&X a[Σ−1] a�P|�& &Xt�g_
Q 8& g_�Uhv��e X v Y {�00})} a/r m b/s�
i�M0A t ∈ Σ -y a/r = a′/t t b/s = b′/t�5+��� (FR2) �8�m

·

r′

s′

·

r

· s
·X� t = r ◦ s′ = s ◦ r′�a′ = s′ ◦ a�b′ = r′ ◦ b �m�/U� a[Σ−1] m�l\�& 

a/r + b/s := (a′ + b′)/t.5+��� a |& &X�$ a[Σ−1] Z8& &X�D. [90]�s� 2.1.30
��3{C`Qw87{�)= [20]�s� 1.5
�4� 1.3.5 O a ||6D-LX�a$'��O Σ | LX+n�7�$��EywP'� a[Σ−1] 6D-LX:KC` Q i�LX�N.  Xi ∈ a, i ∈ I�dD I |<1��� σi : Xi −→
⊕

i∈I Xi |�&\���.=B57 Q(σi) H\� Xi �&X a[Σ−1] D{��� Y ∈ a�H��he X v Y {\� bi/si�dD si : Zi −→ Xi ∈ Σ�i ∈ I�{ s =
⊕

i∈I si�J`a �s ∈ Σ����{'?A�m7z_i�\� b :
⊕

i∈I Zi −→ Y -y b ◦ δi = bi�dD δi : Zi −→
⊕

i∈I Zi |�&z��/U��.Yyv�e ⊕
i∈I Xi v Y {\� b/s�te7 b/s ◦Q(σi) = bi/si��_)3� b/s 8e ⊕

i∈I Xi v Y {\��� b/s ◦Q(σi) = 0�i ∈ I�B5 b/s = 0�/U�.YtP�s�{57�5+�� s : Z −→
⊕

i∈I Xi ∈ Σ�$ b : Z −→ Y�� (FR2) �8�m
Xi

σi
⊕

i∈I Xi

Yi

si

ai

Z

s
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 Q(b ◦ ai) = 0�N��s� 1.3.4(1)i� Σ D{\� ui : Zi −→ Yi -y b ◦ ai ◦ ui = 0�j�z� v :
⊕

i∈I Zi −→ Z-y v ◦ δi = ai ◦ ui�dD δi |��{�&\��$e7 s ◦ v =
⊕

i∈I(si ◦ ui) t
b ◦ v = 0�Uhv ui m si g� Σ D�R�a 7 s ◦ v =

⊕
i∈I(ui ◦ si) ∈ Σ��� s, s ◦ v g� Σ D��.=Gy\ Q(v) mL�N�� b ◦ v = 0 m7 Q(b) = 0��8 b/s = 0�5*	 � Σ|&X a�{�Q �� b| a{(_&X�N bO< Σb cofinal��`�� Σ D{�h\� s : X ′ −→ X -y X ∈ b�gi�\� t : X ′′ −→ X ′-y s ◦ t ∈ Σ t X ′′ ∈ b���C%{578:>{�4� 1.3.6 ([67]�s� 9.1; [112]�s� 10.3.13(2)) O Σ |'� a L�7�$��O b Z;: Σ f cofinal �!`'��E Σ ∩ b | b L�7�$��:�'C` b[(Σ ∩ b)−1] −→ a[Σ−1] Z!8H�

§1.3.2 Zz=����` (C, T, T ) |�:&X� Σ |d�{Q ��N Σ 8 (V�H��:CO{)�W	;���`(dd�e2�
(FR4) \� s ∈ Σ rtLr T (s) ∈ Σ�
(FR5)  �mDÆ=g|3p�:�f, g ∈ Σ�ti.)s8�

X
u

f

Y
v

g

Z
w

h

T (X)

T (f)

X ′ u′

Y ′ v′

Z ′ w′

T (X ′)$i� h ∈ Σ -y1Em8�� Σ |�:&X C �{#
Q ��$� (FR4) d�:a 1.3.2��[��&X C[Σ−1] �z_i�ahO�Z�P T�(d TQ = QT�dD Q |�g_��.�d�{�'���



24 � 4 I ( ? 
 ? R 2 Serre 4 A 2007 0-� 1.3.7 O Σ |Jj'� (C, T, T ) L��F�$���. T ′ | C[Σ−1]Xt7: (Q(X), Q(Y ), Q(Z), Q(u), Q(v), Q(w)) �Jj�Ap�5XJj
(X, Y, Z, u, v, w) ∈ T�E (C[Σ−1], T, T ′) |Jj'�:KC` Q |�2JjC`�O (F,α) : C −→ D |JjC`U� F (Σ) �/�E{(
BJjC`
(F ′, α′) : C[Σ−1] −→ D U� (F ′, α′) Q = (F,α)�N. �:a 1.3.2�=B5<��{l_�0���U� 1.1.4�=BS5 (TR1),

(TR2), (TR3) d� (TR4’)�Uhv (TR1), (TR2) d� (TR4’) 8��{�(TR3){S5mD. [90]�� 97-99 [� � N |�:&X C {(_&X�
5 N }h�d#v{$G_�Æ���	| N �dV�Æ N D�E�,hO{D1�,�N N |\|_�Æ��`(d��e2�
(TS1) X ∈ N rtLr T (X) ∈ N�
(TS2) ���n3p�: X

u
−→ Y

v
−→ Z

w
−→ T (X)�� X,Z ∈ N�$ Y ∈ N� N |�:_&X��l

Σ(N ) := { \�s | i�3p�:X
s

−→ Y −→ N −→ T (X) -yN ∈ N }.mS5 Σ(N ) 8#
Q ���/��.B} (TR4) d� [57]�� XI ):a
5.6�
�lVerdier ℄�\|
�Æ [110]

C/N := C[Σ(N )−1].�C%=8�� 1.3.7 {I73G�-� 1.3.8 O N |Jj'� (C, T, T ) �Jj`'��℄ Q : C −→ C/N |KC`��. T ′ | C[Σ−1] Xt7: (Q(X), Q(Y ), Q(Z), Q(u), Q(v), Q(w)) �Jj�Ap�5X (X, Y, Z, u, v, w) ∈ T �E (C/N , T, T ′) |Jj'�:�'C` Q |�2JjC`�
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BJjC`
(F ′, α′) : C/N −→ D U� (F ′, α′)Q = (F,α)��:_&X N N|:\0 (épaisse, thick)��`�e2yv(d�
(TS3) ���h3p�: X

u
−→ Y −→ Z −→ T (X)�-y Z ∈ N t u JQ�

N D�,0E�$ X,Y ∈ N�-� 1.3.9 ([44], � 5 )��� 1.10.2 Æ [45]) O C |Jj'��E6M�`'��Ap<jG�F�$��Ap6G	�(( 1�
N 7−→ Σ(N ), Σ 7−→ N (Σ),5X N (Σ) := {N ∈ C | 
BJJJjX

u
−→ Y −→ N−→T (X) U�u ∈ Σ}��3{C%'0�}�3r 1.3.10 ([100]�:a 1.3 Æ [111]) O N | C �Jj`'��E N 6M��:t� N BOG�	+n��8���h�:_&X N�d& ,� (D, [4]�� 9[��_�) addN|�t�_&X�Uhv���:&X{�&hO C/N ≃ C/addN�R���j� Verdier �&X C/N *��.
md' N 8�t�{�[q 1.3.11 O C ||6D-LX�Jj'��E�� 1.3.9 X� 18��G	�(( 1� LX+n�Jj`'��Ap< LX+n�jG�F�$��Ap�I�\-� �
LX+n�Jj`'�bZ6M�� (pJ(o 1.3.10< [90]�(o 1.6.8 [��,�xfl��eF0� 4.2.1)�I$�hI3<y<0� 1.3.5 pJ6	��#�[�� [20]�0� 1.5�	Sa:_&X{>Q�D. [110]�� 24[� C |�:&X�N |d�:_&X��l N {;�Q�Æ|(_&X N⊥ := {X ∈ C | HomC(N ,X) = 0}�}Q��m�lb�Q�Æ ⊥N��:a 1.1.3(2) m:a 1.3.10�e7 N⊥ m

⊥N g|�t�{�:_&X�



26 � 4 I ( ? 
 ? R 2 Serre 4 A 2007 0�}00{�l�=G57��C%�4� 1.3.12 "4*L℄E�℄ Q : C −→ C/N |KC`�E6
(1) I X ∈ C�Y ∈ N⊥�EC` Q8��t7 HomC(X,Y ) ≃ HomC/N (Q(X), Q(Y ))�
(2) I X ∈ ⊥N�Y ∈ C�EC` Q8��t7 HomC(X,Y ) ≃ HomC/N (Q(X), Q(Y ))�9�J~C` N⊥ →֒ C

Q
→ C/N G ⊥N →֒ C

Q
→ C/N �|!8H�

§1.4 u(�Æ����Æ'��.5NW�:&X{ÆEgIW{�_�h#&XÆt\&X�8H�Y.{_1�'?A�
§1.4.1 t'=� a |& &X�� C(a) | a { (�
�cochain)C��Æ: d�,�|
X• = (Xn, dn

X)�dD dn
X : Xn −→ Xn+1 ||Bq` (d dn+1

X ◦ dn
X = 0; d\�|
8<z� f• = {fn} : X• −→ Y • (d dn

Y ◦ fn = fn+1 ◦ dn
X�n ∈ Z��lC.V_ [1] : C(a) −→ C(a)��:8< X•[1]8� (X•[1])n = Xn+1 m

dn
X[1] = −dn+1

X e�{; \� f•[1] (d (f•[1])n = fn+1����[1] 88<&X{ahO� f• : X• −→ Y • |8<+{\��\� f• {7`\��| Con(f•)��l|8<-8(d
(Con(f•))n = Xn+1 ⊕ Y n tw0z�| dn

Con(f•) =



−dn+1

X
0

fn+1 dn

Y



.8<&XD{3p�X• i•
−→ Y • p•

−→ Z•N|��# ��`���h n�Xn in

−→

Y n pn

−→ Zn | a D{m�3p����� f• : X• −→ Y • |
z��$��V� f• {z℄L[58
m�{
Y • (0

1)−→ Con(f•)
(1 0)
−→ X•[1].



2007 9 V T Æ # n j � # � h # � + � 27[q 1.4.1 YTL�"3���JJ �t7:*3r^JJ �O (i•, p•)|���JJ �B�z*3t7	��O Y n = Zn⊕Xn : in =
(0
1

)�pn = (1 0)�E+M dn
Y =



 dn

Z
0

hn+1 dn

X



�5X hn+1 : Zn −→ Xn+1 U� dn+1
X ◦hn+1+hn+2◦dn

Z =

0�E h• : Z•[−1] −→ X• Z�3N�:JJ (i•, p•) t7:;: h• �r^JJ �I���3N h• }|JJ (i•, p•) �u(�y��xf [57]�� 19'����{�'C%�3r 1.4.2 O a |D-a$'��C(a) |5-�'���. E |���JJ �Ap�E (C(a), E) | Frobenius '��N. ()= [66]�s� 2.2 {57) �5 (C(a), E) 83p&X�Uhv
z�
f• | inflation (deflation) rtLr����h n�fn 8m�o (m�()�RM� (Ex0), (Ex1) m (Ex1)op ey�=B5 (Ex2)�d�X}Qm5�Uhv�U� 1.4.1�+E deflation g| (1 0) {<0��H f• : Z ′• −→ Z• d� deflation

(1 0) : Y • −→ Z•�dD
Y n = Zn ⊕ Xn tw0z�| 

 dn

Z
0

hn+1 dn

X



�dD h• |#v{h#=0�����l8< Y ′•:

Y ′n = Z ′n ⊕ Xn tw0z�| 

 d′n
Z

0

hn+1 ◦ fn dn

X



�$��{8<8�m�| (Ex2) DVz{x	m
Y ′•

0

B

B

@

f• 0

0 Id

1

C

C

A

(1 0)
Z ′•

f•

Y •
(1 0)

Z•.
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(/��.B}vd�5+�����h n, �m|&X a D{x	m

Y ′n
0

B

B

@

fn 0

0 IdXn

1

C

C

A

(1 0)
Z ′n

fn

Y n
(1 0)

Zn,$#v{8<8�mZ|x	m�)�53p&X C(a) | Frobenius &X� X•�Y • |8<�$��3{a�hO
∏

n∈Z

Homa(X
n+1, Y n) ≃ HomC(a)(Con(Id•

X), Y •) (1.4.1)

{an}n∈Z 7→ f•dD�fn = (an, dn−1
Y ◦ an−1 + an ◦ dn

X)�n ∈ Z;

∏

n∈Z

Homa(Y
n,Xn) ≃ HomC(a)(Y

•,Con(Id•
X)) (1.4.2)

{bn}n∈Z 7→ g•dD�gn =



bn+1 ◦ dn

Y
− dn

X
◦ bn

bn



�n ∈ Z�J`/ÆEhO�e78< Con(Id•
X) 8I��,�8k��,��Uhv�1[3p�

X• (0

1)−→ Con(Id•
X)

(1 0)
−→ X•[1]./YN7� C(a) �dP�{k� - I��,�t=Gy\ (C(a), E) | Frobe-

nius &X� � (C(a), E)���Ndk� -I��,|contractible C��$��3{57m78< X• |k� - I��,rtLr
z� X•
(0

1)
−→ Con(Id•

X) m���J`hO (1.4.1)�=Gy\�8< X• 8 contractible {rtLri�\�
an : Xn+1 −→ Xn -y���h n ∈ Z�IdXn = an ◦ dn

X + dn−1
X ◦ an−1��l C(a) {��&X| a {u(�Æ��| K(a). Q} §1.2.2 {�j�$h#&X{�,
88<�\�r+(d

HomK(a)(X
•, Y •) = HomC(a)(X

•, Y •)/I(X•, Y •),



2007 9 V T Æ # n j � # � h # � + � 29dD I(X•, Y •) |e X• v Y • Q�I��,0E{
z�{�
���:a{577 Con(Id•
X) |I��,�e�

I(X•, Y •) = {f• : X• −→ Y • | f• Q�(
0

1

)
: X• −→ Con(Id•

X) 0E}.��0 (1.4.1)�my
I(X•, Y •) = {f• | i�an : Xn+1 −→ Y n -yfn = dn−1

Y ◦ an−1 + an ◦ dn
X , n ∈ Z}./�{ {an}N|u(�8N#v{
z� f•u(< 0�>
�=Gi\�/��l{h#&XÆfH{ ([112]�� 18 [��� 1.4.5) 8_U{�J`�� 1.2.7�h#&X K(a) |�:&X�d�4G K(a) {�:CO�J`m�3p� X•

(0

1)−→ Con(Id•
X)

(1 0)
−→ X•[1]��.m{d suspension g_|_ag_ [1]�Dj §1.2.3
����h
z� f• : X• −→ Y •�j���{�8<&XD{
o\m

X•
(0

1)

f•

Con(Id•
X)

(1 0)
X•[1]

Y •
(0

1)
Con(f•)

(1 0)
X•[1]dDD+{�z�| 

Id 0

0 f•



�R��3p�: (�{��N8|z℄\|)

X• f•

−→ Y • (0

1)
−→ Con(f•)

(1 0)
−→ X•[1].�_)3��H
m�3p� X• i•

−→ Y • p•

−→ Z•��U� 1.4.1�m=* 
Y n = Zn ⊕Xn�in =

(0
1

)d� pn = (1 0)� h• |#v{h#=0�����{8<8�m�
X• i•

Y •
p•

Z•

h•[1]

X•
(0

1)
Con(Id•

X)
(1 0)

X•[1],dDD+{�z�| 

h•[1] 0

0 Id



�R�U� 1.2.8���3{3p�: ()=
[57]�� 22 [)

X• i•
−→ Y • p•

−→ Z• −h•[1]
−→ X•[1].
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 ? R 2 Serre 4 A 2007 0� 1.4.3 (Dj [54]�� 69-72 [Æ [62]) ��5-�lPaC4��JJJj�|���0H brutal n��11�O X• |-��D? n ∈ Z��.G	�3-�
σ≥nX• = · · · −→ 0 −→ 0 −→ Xn dn

X−→ Xn+1 dn+1
X−→ Xn+2 −→ · · ·

σ≤nX• = · · · −→ Xn−2 dn−2
X−→ Xn−1 dn−1

X−→ Xn −→ 0 −→ 0 −→ · · · .6G	�aC�3N:

σ≥nX• = · · · 0 0 Xn Xn+1 Xn+2 · · ·

X• = · · · Xn−2 Xn−1 Xn Xn+1 Xn+2 · · ·*Z
X• = · · · Xn−2 Xn−1 Xn Xn+1 Xn+2 · · ·

σ≤nX• = · · · Xn−2 Xn−1 Xn 0 0 · · ·�.�3N c•n : σ≤nX• −→ (σ≥n+1X•)[1] U� (cn)n = dn
X�(cn)i = 0�i 6= n�5{L&U:�t�'��Jjp7�v+��G	�JJJj

σ≥nX• −→ X• −→ σ≤n−1X• −c•n−→ (σ≥nX•)[1]. (1.4.3)=\-�I��.E�
4 (TR2)�W\-��3N c•n−1[−1] �3N℄7|
X•
�6JJJj

(σ≤n−1X•)[−1]
c•n−1[−1]
−→ σ≥nX• −→ X• −→ σ≤n−1X•. (1.4.4)U:-� X• }|jWE n � stalk C��G� Xi = 0�i 6= n�I$�-�s{℄~ Xn[−n]�I n = 0��#h X0[0] e℄| X0��x�\-�'�

a XDH ��aC�~�(3YXB 0 �� stalk -��T_L�I�.�aC�!8HC` a −→ K(a)�*thW (1.4.3) 14�-� σ≥n−1X• G σ≤nX• L��#��JJJj
σ≥nX• −→ σ≥n−1X• −→ Xn−1[1 − n] −→ (σ≥nX•)[1] (1.4.5)*Z

Xn[−n] −→ σ≤nX• −→ σ≤n−1X• −→ Xn[1 − n]. (1.4.6)



2007 9 V T Æ # n j � # � h # � + � 31[q 1.4.4 (1) �#I�4��3N℄��.< [57]�� 23 'W [112]�� 18'X��.6�zzt�Æ< [54]�[44] *Z [49] X�Z($��brutal n��℄E< [54] Xv($�Æ<� [104] X�Z($��
(2) O a |a$'���. C−(a)�C+(a) G Cb(a) *t|_:���:�/l (mx) :�C��Æ�Et$�K'�I?Ap���JJ |JJp7�k#�| Frobenius '��℄�1���'�*t| K−(a)�K+(a) G

Kb(a)�k#�|Jj'��:�Zt�'� K(a) �Jj`'��/��}k#*t| a �_:���:�/l:�u(�Æ�
§1.4.2 ��=� A | Abel &X�C(A) |d8<&X��lg_ H : C(A) −→ A -y
H(X•) = H0(X•)t H(f•) = H0(f•)�dD H0(X•)|8< X• � 0`{�h���Uhv���,o�p-_"{
5+��\� f• h#� 0�$ H(f•) = 0�R H z_�t�g_ K(A) −→ A�<g_
�| H��C%m;|h�nK{�'C%�4� 1.4.5 O A | Abel '��EC` H : K(A) −→ A |Lt�C`�N. 	S K(A) {3p�:gm�
m�3p�yv��J`U� 1.1.2�=BUhv�H�
m�3p� X• −→ Y • −→ Z•�$#v{F� H(X•) −→

H(Y •) −→ H(Z•)3p��/m� [112]�� 12-14 [yv�yUh�/��.=BW}v�}7``{3p?� �[q 1.4.6 O a | A �a$!`'���. K−(A) �!`'�
K−,b(a) := {X• ∈ K−(A) | Xi ∈ a : X• t66
3(�Lt�B}.5{L0��M K−,b(a)|Jj`'��
f���#��.Jj`'� K+,b(a)�	S8< X• N|L[ �Æ$* 
��`+Eh�� Hn(X•)g| 0;
z� f• : X• −→ Y • N|8uL��`���h n�Hn(f) : Hn(X•) −→ Hn(Y •)
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 ? R 2 Serre 4 A 2007 08hO�$�s� 1.4.5 e7�
z� f• |KhOrtLrdz�Z Con(f•)|3p8<��l Kex(A) | K(A) D{3p8<fP{(_&X��s�
1.4.5�e7 Kex(A) |�:_&X�5+��Y8�t�{�:_&X�J`�� 1.3.9 ms� 1.4.5�=Gyv� Kex(A) e�{!m#
Q �k|
Σ = {f• | f• 8KhO}��l Abel &X A {���Æ| Verdier �&X

D(A) := K(A)/Kex(A) = K(A)[Σ−1],8�#v{�g_| QA : K(A) −→ D(A)�[q 1.4.7 �D. [112], �l 10.3.1 m� 10.3.2(2)
 ��aCC`
qA : C(A) −→ K(A)

QA
−→ D(A).E :D-.t7 f•�qA(f•) �/� :D-a$C` F : C(A) −→ a U� :"3.t7 f•�F (f•) ��/�E
B{(�a$C` F ′ : D(A) −→ a!
 F ′ ◦ qA = F�T}Q
���'� D(A) ��~Z5-�'� C(A) OmsA i6.t7gywP"�����x� [82]��(F
�I�-Z A.

Grothendieck  ��'�e�V��. [47]�J`�� 1.3.8�t\&X D(A)|�:&X�td�:CO8�h#&X{3p�:e�{�	Sg_ H : K(A) −→ A�Uhv����h f• ∈ Σ�H(f•)gmL�R�:a 1.3.2�i�z_{g_ H ′ : D(A) −→ A -y H ′QA = H�d���.� H ′ | H�/U��s� 1.4.5 =Gyvx, 1.4.8 O A | Abel '��EC` H : D(A) −→ A |Lt�C`�� 1.4.9 lÆsMDn� (good truncation) �11�u v��'� D(A) �Jjp7�
(1) (D. [57]�XI.3 �) O 0 −→ X• u•

−→ Y • v•

−→ Z• −→ 0 |-���JJ���#���	&�-��JJ�
0 −→ Con(Id•

X)

0

B

B

@

1 0

0 u•

1

C

C

A

−→ Con(u•)
(0 v•)
−→ Z• −→ 0.



2007 9 V T Æ # n j � # � h # � + � 33\-�-� Con(Id•
X) bZJJ��:Z50� 1.4.5 �M�3N (0 v•) Z.t7�5{t�'�X�r^Jj�7C�+�G	 D(A) X�JJJj�I�R��C` QA


Con(u•)
(0 v•) (1 0)

X• u•

Y • v•

Z• X•[1].

(2) (D. [54]�� 70 [s� 7.2) O X• |D(-���.G	�3-��
τ≥nX• = · · · −→ 0 −→ 0 −→ Coker(dn−1

X ) −→ Xn+1 dn+1
X−→ Xn+2 −→ · · ·

τ≤nX• = · · · −→ Xn−2 dn−2
X−→ Xn−1 −→ Kerdn

X −→ 0 −→ 0 −→ · · · .P�(n�Z τ≥n G τ≤n �aC�~ K(A) *Z D(A) L�aC` (xf [57]�� 39 G 48 'W [78]�� 28-30 ')�6G	�aC�3N�
τ≤nX• = · · · Xn−2 Xn−1 Ker(dn

X) 0 0 · · ·

X• = · · · Xn−2 Xn−1 Xn Xn+1 Xn+2 · · ·*Z
X• = · · · Xn−2 Xn−1 Xn Xn+1 Xn+2 · · ·

τ≥nX• = · · · 0 0 Coker(dn−1
X ) Xn+1 Xn+2 · · · .\-�6-���JJ� 0 −→ τ≤nX• −→ X• −→ X•/τ≤nX• −→ 0�*ZG	�aC.t7

X•/τ≤nX• = · · · 0 0 Xn/Ker(dn
X ) Xn+1 Xn+2 · · ·

τ≥n+1X• = · · · 0 0 0 Coker(dn
X) Xn+2 · · ·A\-�5{ (1)�-���JJ��8���'� D(A) X�JJJj�+�	&�JJJj

τ≤nX• −→ X• −→ τ≥n+1X•
99K (τ≤nX•)[1], (1.4.7)
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 ? R 2 Serre 4 A 2007 05X�Æ�lN5*W4��*thLW14�-� τ≤n+1X• G τ≥nX• L��#��*	�JJJj
τ≤nX• −→ τ≤n+1X• −→ Hn+1(X•)[−n − 1] 99K (τ≤nX•)[1] (1.4.8)*Z
Hn(X•)[−n] −→ τ≥nX• −→ τ≥n+1X•

99K Hn(X•)[1 − n]. (1.4.9)j���g_{8p
iA : A −→ K(A)

QA
−→ D(A),dD�_Eg_|a�n�-y iA(X)|�D� 0`{ stalk 8<�X ∈ A�fH�.5 iA(X) �| X[0] Æ X����{�'C%�3r 1.4.10 (Dj [54]�� 40 [:a 4.3) O A | Abel '��"4*L℄E�EC` iA : A −→ D(A) |!8H�N. Uhv�a�hO H ◦ iA ≃ IdA�R iA 8E+{��5 iA 8({� 

X,Y ∈ A� a•/s• ∈ HomD(A)(iA(X), iA(Y ))|�00 iA(X)
s•

⇐= Z• a•

−→ iA(Y )�dD s• |KhO�R H0(s•) : H0(Z•) −→ X |hO�� j• : τ≤nZ• −→ Z•m π• : τ≤0Z• −→ iA(H0(Z•)) |a�
z��UhvY.g|KhO� 
u = H0(a•) ◦ H0(s•)−1 : X −→ H0(Z•) −→ Y�j���{h#8�m�5+��88<8�m


Z•

s• a•

X[0] ·
s•◦j•

s•◦j•

j•

a•◦j•

Y [0]

X[0]

u[0]R�00{�l7 a•/s• = iA(u)�(/�BS5 u[0] ◦ s• ◦ j• = a• ◦ j•�5+��e7 s• ◦ j• = H0(s•)[0] ◦ π•�a• ◦ j• = H0(a•)[0] ◦ π•��8 u[0] ◦ s• ◦ j• =

u[0] ◦ H0(s•)[0] ◦ π• = H0(a•)[0] ◦ π• = a• ◦ j•�) 5*	 �



2007 9 V T Æ # n j � # � h # � + � 35[q 1.4.11 �LK'v+���-� Z• t7: stalk -��:t� Z• S!6(3(�Lt�B��
4LK'X�.t7 j• *Z π•�
 X•, Y • ∈ D(A)��ld n dhyper-Ext T�n ∈ Z�|
ExtnA(X•, Y •) := HomD(A)(X

•, Y •[n])._5�� M,N ∈ A�$d n dExt Tm�l|
Extn

A(M,N) := ExtnA(M [0], N [0]) = HomD(A)(M [0], N [n]).Uhv� n < 0�ExtnA(M,N) = 0 (}h?��=G57<5+)�	S Yoneda w*{�l� M,N ∈ A�M t N  n ��J8<3p�
0 −→ N −→ X−n+1 −→ X−n+2 −→ · · · −→ X0 −→ M −→ 0.��3{w*|8< X•�dD X−n = N�X1 = M�ÆE M % N { n dw*

X• m Y • N|#t ��`i�w* Z• -y��3{8�m
0 N X−n+1 · · · · · · X0 M 0

0 N Z−n+1 · · · · · · Z0 M 0

0 N Y −n+1 · · · · · · Y 0 M 0.� M % N { n dw*{})}{�
| Yextn
A(M,N)���H�{w* X•��lY{e �|

χ(X•) = (−1)
n(n+1)

2 f•/s• ∈ ExtnA(M,N),dD s• : σ≤0X• −→ M�f• : σ≤0X• −→ N [n] g|a�
z��Uhv�s• 8KhO
��3{C%5 Yoneda w*Æd��l{ Ext �}hhz�3r 1.4.12 ([57], � IX ):a 4.7 m 4.8) O M,N ∈ A�n > 0�EX�
3N
χ : Yextn

A(M,N) −→ Extn
A(M,N) ZbN�
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f�. Verdier K'� D∗(A)�∗ ∈ {−,+, b}�ÆG�
Db(A) = Kb(A)/(Kex(A) ∩ Kb(A)).k#�6aC�Jjp7��#} D−(A)�D+(A) G Db(A) *t|'� A �_:���:�/l:����Æ�
4Dn�C`�0� 1.3.6 Z5 3�v+K'aCC` D∗(A) −→

D(A) �|!8H�O X• ∈ D(A)�
4Dn�C`�+K X• ∈ D−(A) �:t� H i(X•) = 0�i >> 0�X• ∈ D+(A)�:t� H i(X•) = 0�i << 0�X• ∈ Db(A)�:t� H i(X•) = 0�|i| >> 0�mt���#6 D−(A) ∩ D+(A) = Db(A)�� P m I 05|�&X A {�
k��,m�
I��,fP{(_& &X�a����.	| K−(P) m K+(I) | K(A) {(_&X�5+��Y.g|�:_&X���{WFm:>S5��}k�ÆI��,{?A
�4� 1.4.14 ([54],�_)s� 4.4) Bt�'� K(A)X���o�E6 K−(P) ⊆
⊥Kex(A) G K+(I) ⊆ Kex(A)⊥�J`�s�d�s� 1.3.12�a�g_ K−(P) −→ D(A) m K+(I) −→

D(A) g|(n���_)3��3{C%'0IW�d57BI8}vo\{�q�3r 1.4.15 ([54]��_)s� 4.6(1); [62]�:a 1.7.7) O P ′ | A �!`'�U� :D- � X��
B!lN P ։ X�5X P ∈ P ′�E :D-L6r-� X• ��
B.t7 π• : P • −→ X•�5X P • ZL6r-�:5"3*L Pn ∈ P ′�



2007 9 V T Æ # n j � # � h # � + � 375�:a�d�X<0Æs� 1.4.14 Cphz�ey��C%�-� 1.4.16 ([54]��_):a 4.7; [70]�:a 6.3.1)

(1) O A ||6
8!uN �� Abel '��EaCC` K−(P) −→ D−(A)ZJj�
�0�
�
U��aC�Jj�
 K−,b(P) ≃ Db(A)�
(2) O A ||6
8!,N �� Abel '��EaCC` K+(I) −→ D+(A)ZJj�
�0�
�
U��aC�Jj�
 K+,b(I) ≃ Db(A)�
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%9I �3H'>�|�NW Landau-Ginzburg<:�{ B-=&X�D. Orlov�i Noether� Rs��g�&X Dsg(R) {>Q: g�&X Dsg(R) �l|t\&X Db(R-mod)V��:_&XKb(R-proj){Verdier�&X�D. [91, 93]�=Gi\�Dsg (R) ≃

0 rtLr+E��#Pi R- <b���k�~K���1x<��� R 83${�)= [104]�:a 7.26
��8�&X Dsg(R) #v�� R {go?�R�y9�5+�� ��4#�'On>�R. O. Buchweitz [28] m D. Happel

[51] 05e=:��g�&XN=�=�i{NW�Oz�A. Beligiannis m H.

Krause }��g�&Xd�#Vpa{NW��_17{N&�_5��W.Uhv��1
G�#8<{IW?�D. [18, 74] }�')`\#�g�&X{>Q� A | Abel &X�ω ⊆ A |a38& (_&X��l#v{#�g�&X| Verdier �&X Dω(A) = Db(A)/Kb(ω)��.NWÆ8#V{ Frobenius 3p&X α(ω) d�
G3p8<{h#&X
Kex(ω)�'){P��o\� R. O. Buchweitz m D. Happel }�{Ll�

§2.1 Abel �Æ -�_�Æ'���.
' A | Abel &X�ω ⊆ A 8d& (_&X�
§2.1.1 pWkE:'.�D{>Qme�� [4], [7] d� [32] D+v��&X A D��l��PE& (_&X�

ω̂ := {X ∈ A | i�3p� 0 → T−n → T 1−n → · · · → T 0 → X → 0, dD T−i ∈ ω, n ≥ 0};
⌢
ω := {X ∈ A | i�3p� · · · → T−n → T 1−n → · · · → T 0 → X → 0, dD T−i ∈ ω};

ω⊥ := {X ∈ A | Exti
A(T,X) = 0, �h T ∈ ω, i ≥ 1};

ωX := {X ∈ A | i�3p�
· · · → T−n d−n

→ T 1−n → · · · → T 0 d0

→ X → 0, dD T−i ∈ ω, Kerdi ∈ ω⊥}.

39



40 � 4 I ( ? 
 ? R 2 Serre 4 A 2007 0�����dV� ω ⊆ ω̂ ⊆
⌢
ω�ω ⊆ ωX ⊆

⌢
ω��r�
eiv addω ⊆

⌢
ω�dD addω | ω {& ,���g_ ExtiA(−,−) {I3p��e7_&X ω⊥ �w*�o\�{	kd�:m(81,{�	S ω-0E~K{>Q� X ∈ ω̂��lX {ω-B�~l,�| ω-res.dimX�|g.{-91K n -yi�3p� 0 → T−n → T 1−n → · · · → T 0 → X → 0�dD T−i ∈ ω�� X /∈ ω̂�$�l ω-res.dimX = ∞��X���.�l��PE& (_&X�

∨
ω:= {X ∈ A | i�3p� 0 → X → T 0 → · · · → T n−1 → T n → 0, dD T i ∈ ω, n ≥ 0};
⌣
ω := {X ∈ A | i�3p� 0 → X → T 0 → · · · → T n−1 → T n → · · · , dD T i ∈ ω};

⊥ω := {X ∈ A | Exti
A(X,T ) = 0, �h T ∈ ω, i ≥ 1};

Xω := {X ∈ A | i�3p�
0 →X

d−1

→ T 0 d0

→ T 1 → · · · → T n−1 dn−1

→ T n → · · · , dD T i ∈ ω, Cokerdi ∈ ⊥ω}.�.��dV� ω ⊆
∨
ω ⊆

⌣
ω�ω ⊆ Xω ⊆

⌣
ω d� addω ⊆

⌣
ω��g_ Exti

A(−,−){I3p��=Gi\_&X ⊥ω �w*�(\�{kd�:m(81,{�	S ω- 	0E~K{>Q� X ∈∨ ω��l X {ω- =B�~l��| ω-cores.dimX�|g.{-91K n -yi�3p� 0 → X → T 0 → · · · →

T n−1 → T n → 0�dD T i ∈ ω�� X /∈
∨
ω�$�l ω-cores.dimX = ∞�N_&X ω8`Ly{��`���h i ≥ 1, T, T ′ ∈ ω�g� ExtiA(T, T ′) =

0�R�ω a38rtLr ω ⊆ ω⊥�rtLr ω ⊆ ⊥ω�4� 2.1.1 O!`'� ω ZaJi��E6
(1) ω ⊆ ω̂ ⊆ ωX ⊆ (ω⊥ ∩

⌢
ω)�u"+M�⌢

ω ⊆ ω⊥ �:t� ⌢
ω= ωX�

(2) ω ⊆
∨
ω ⊆ Xω ⊆ (⊥ω ∩

⌣
ω)�u"+M�⌣

ω ⊆ ⊥ω �:t� ⌣
ω= Xω�N. =5 (1)�Uhv ω⊥ �o\�{	k1,t ω ⊆ ω⊥�$e7 ωX ⊆ ω⊥ d� ω̂ ⊆ ω⊥�N�� ω̂ ⊆ ωX�/UYq
eyv (1)� ����{�'C%�



2007 9 V T Æ # n j � # � h # � + � 414� 2.1.2 (Dj [49], � 103 [s� 2.1) O ω |aJi�a$!`'��EaCJ~C` Kb(ω) →֒ Kb(A)
Qb

A−→ Db(A) Z!8H�N. J` Beilinson s� ([13] Æ [49]�� 72 [s� 3.4(a))�=B57<g_�t�hO
HomKb(ω)(T, T ′[n]) ≃ HomDb(A)(T, T ′[n]),dD T, T ′ ∈ ω�n ∈ Z�r n = 0 *��0Æ.ga�hO� HomA(T, T ′) (Dj:a 1.4.10)�r n 6= 0 *�i0r| 0��0r n < 0 *| 0�r n > 0 *��0�| ExtnA(T, T ′)��a 7f| 0�5*! �

§2.1.2 +�fu~)�.��.s���E& (_&X�'.��.	SY.{_1�'?A� ω ⊆ A ��� X |�d ω {�_& (_&X�N ω=a�X��`���h X ∈ X�gi�3p� 0 → X → T → X ′ → 0 -y T ∈ ω�X ′ ∈ X��X��m�l ωa�X {>Q����{IWC%�-� 2.1.3 (Auslander-Buchweitz 0E�� [4]) O X |hB ω : �G+n�a$!`'��
(1) O ω ;Q~ X�E :D- � C ∈ X̂��
BJJ�

0 −→ YC −→ XC −→ C −→ 0, 0 −→ C −→ Y C −→ XC −→ 0,5X YC , Y C ∈ ω̂�XC ,XC ∈ X�
(2) O ω Q~ X�E :D- � C ∈

∨

X��
BJJ�
0 −→ C −→ CX −→ CY −→ 0, 0 −→ CX −→ CY −→ C −→ 0,5X CX, CX ∈ X�CY , CY ∈

∨
ω�N. �2
8�1
{�X���1
mD. [4]��� 1.1� ��.BW��{�'C%�
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 ? R 2 Serre 4 A 2007 N3r 2.1.4 (Dj [7]�:a 5.4) O ω | A XaJi�a$!`'��E6
(1) `'� ωX  �G�
lN�;F*ZOG�+n�̀ '� ω̂  �G�
lN�;F+n�
(2) `'� Xω  �G�!lN�F*ZOG�+n�̀ '� ∨

ω  �G�!lN�F+n�N. (1) 8 (2) {�X�(2) {�_E�PmD. [7]�:a 5.4�v_E�P{57mD, [7]�:a 5.4 {57 (e 138 [v 139 [� 7 =)� �	S1}m�{>Q�mDj'��P)
� a|& &X� e : X −→

X|1}\��N e�#��`i�\� u : X −→ Y m v : Y −→ X(d v◦u = et u◦v = IdY�N&X a0#�#��`d+E1}\�gm��� a ⊆ A|& (_&X�$ a 1}m�rtLr a �:m(�1,�D. [31]�:� A
�R��:a7�_&X ωX m Xω g1}m���.`\��	a�_&X ω̂m ∨
ω 84Z1}m��3r 2.1.5 O ω ⊆ A |aJi�a$!`'��E

(1) 6hB;� ω ⊆ (ω̂ ∩ ⊥ω) ⊆ addω *Z ω ⊆ (
∨
ω ∩ω⊥) ⊆ addω�

(2) O ω %����\ Kb(ω) G A �| Db(A) X��2`'��xf0�
2.1.2 *Z(o 1.4.10
�E6 Kb(ω) ∩ ω⊥ = ω̂ *Z Kb(ω) ∩ ⊥ω =

∨
ω�N. (1). J`�X�=B5�_E�dV���� ω ⊆ (ω̂∩⊥ω)� X ∈ (ω̂∩⊥ω)�$i�3p�

0 −→ T−n −→ · · · −→ T−1 d−1

−→ T 0 −→ X −→ 0,dD T−i ∈ ω��� X ∈ ⊥ω�R� T−i ∈ X⊥�Uhv_&X X⊥ �(\�{	k1,��8�.yv Imd−1 ∈ X⊥�q
���3p�0�
0 −→ Imd−1 −→ T 0 −→ X −→ 0.�Uhv T 0 ∈ ω�q
 X ∈ addω�

(2). Uhv ω̂ ⊆ ω⊥ t��� ω̂ ⊆ Kb(ω) (5+��� X ∈ ω̂� �3p�
0 −→ T−n −→ · · · −→ T−1 d−1

−→ T 0 −→ X −→ 0.$�a�{KhO T • −→ X[0]�R X ∈ Kb(ω))��8� ω̂ ⊆ Kb(ω) ∩ ω⊥�



2007 9 V T Æ # n j � # � h # � + � 43�_)3� Y ∈ Kb(ω) ∩ ω⊥�$ stalk 8< Y [0] KhO���{�G8<
0 −→ T−n −→ · · · −→ T−1 d−1

−→ T 0 d0

−→ T 1 −→ · · · −→ T n −→ 0,dD T i g� ω D�R��3p�
0 −→ Imd−1 −→ Kerd0 −→ Y −→ 0.�Uhv Imd−1 ∈ ω̂ ⊆ ω⊥�Kerd0 ∈

∨
ω t Y ∈ ω⊥���_&X ω⊥ �w*1,�R�.yv Kerd0 ∈

∨
ω ∩ω⊥���} (1)�yv Kerd0 ∈ addω = ω����3{�3p� (Uhv Imd−1 ∈ ω̂)��.Yi\� Y ∈ ω̂�/Y57��_E}0���E}Qm5� ��.d��C%zCH'.��Y�0�	j��.l3`\{	a�-� 2.1.6 O ω ⊆ A |aJi�a$!`'��E6

(1) `'� ω̂ %����:t�6hB;� addω ⊆ ω̂�
(2) `'� ∨

ω %����:t�6hB;� addω ⊆
∨
ω�N. =5 (1)��Lr��0q��� addω ⊆ ω̂���&X ω̂ �o\�{	k1,�ey ω̂ = âddω�R�=B5�� ω 1}m��$ ω̂ Z1}m��Uhv���n& _&XD�ÆE1}m�{& (LC) _&X88
81}m�{� ω 1}m��$J`�P)�� A�Kb(ω) 1}m���r�A {_&X ω⊥ ���:p(�1,�R�1}m��J`:a 2.1.5�2
��.my\&X ω̂ 1}m��5*	 �

§2.2 �5J)�Æ ω | Abel&X A {a38& (_&X�J`s� 2.1.2�a��:g_ Kb(ω) −→ Db(A) 8(n��q
�.m; Kb(ω) | Db(A) {�:_&X��lV�a38_&X ω {�5J)�Æ| Verdier �&X
Dω(A) := Db(A)/Kb(ω).8�#v{�g_| Qω : Db(A) −→ Dω(A)�
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§2.2.1 NXU^Uhv��C%�4� 2.2.1 B��'� Db(A) X��#6 addKb(ω) = Kb(addω)�/�� :D- X• ∈ Db(A)�Qω(X•) ≃ 0 �:t� X• ∈ Kb(addω)�N. J`'��P)�� A�Kb(addω)81}m�{�R addKb(ω) ⊆ Kb(addω)��_)3�addω ⊆ addKb(ω)�� Kb(addω)8�d addω {g.�:_&X�q
� Kb(addω) ⊆ addKb(ω)�N� addKb(ω) = Kb(addω)�gv_E�P8:>{� �j� A D{(_&X Xω ∩ ω⊥ m ⊥ω ∩ ωX�Uhv ω ⊆ Xω ∩ ω⊥ t ω ⊆
⊥ω ∩ ωX�05� Xω ∩ ω⊥ m ⊥ω ∩ ωX |Y.V�_&X ω {��&X�j���{pPg_

Xω ∩ ω⊥ →֒ A
iA−→ Db(A)

Qω

−→ Dω(A),dD iA |a�n�g_�D.:a 1.4.10
�Uhv<g_5_&X ω z| 0�R�z_{�tg_
Xω ∩ ω⊥ −→ Dω(A).}Q���.��tg_ ⊥ω ∩ ωX −→ Dω(A)�'.�{PW��|-� 2.2.2 O ω | A �aJi`'��EL&�aCC` Xω ∩ ω⊥ −→ Dω(A)*Z ⊥ω ∩ ωX −→ Dω(A) �|!8H�|�57<����.Bj_1[$�N8< X• ∈ Cb(ω) 8jWED�B ��` Xn = 0�n ≥ 0�� D≤−1(ω) | Kb(ω) D�hO��E�D�9�0{8<fP{LC(_&X�}Q��m�l_&X D≥1(ω)�4� 2.2.3 (1) O M ∈ ⊥ω, X• ∈ D≤−1(ω)�E6 HomDb(A)(M,X•) = 0�

(2) O N ∈ ω⊥, Y • ∈ D≥1(ω)�E6 HomDb(A)(Y
•, N) = 0�
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L := {Z• ∈ Db(A) | HomDb(A)(M,Z•) = 0}.�� M ∈ ⊥ω�$� ω[i] ⊆ L�i ≥ 1�Uhv L �w*1, (���H Db(A) D{3p�:

X• −→ Y • −→ Z• −→ X•[1],� X•,X• ∈ L�$ Y • ∈ L)�J`� 1.4.3�e7�h X• ∈ D≤−1(ω) m�_&X
⋃

i≥1 ω[i] Qa��>w*yv�R D≤−1(ω) ⊆ L��|V5� �d�5 Dω(A) D{\��|00��� Db(A) D{\���dz�Z&� Kb(ω) D�$�8|L0l� M,N ∈ A�� ω(M,N) := {f : M −→ N | f Q� ω 0E}�j�a�z�
θ : HomA(M,N) −→ HomDω(A)(M,N)-y θ(f) = f/IdM�e7�θ(ω(M,N)) = 0�4� 2.2.4 O�1
M ∈ Xω�N ∈ ω⊥�W�2
M ∈ ⊥ω�N ∈ ωX�E θ 8��t7

HomA(M,N)/ω(M,N) ≃ HomDω(A)(M,N).N. /�=5x< (1)��2
{578}Q{�pB}i00{�q�)= [91]�:a 1.21 {57
��5 θ 8(�� a/s : M
s

⇐= Z• a
−→ N | Dω(A) D{\��dD a m sg| Db(A) D{\�t s {z�Z C• = Con(s) ∈ Kb(ω)��8�� Db(A) D���{3p�:

Z• s
=⇒ M −→ C• −→ Z•[1]. (2.2.1)�� M ∈ Xω�m{I3p�

0 −→ M
ε

−→ T 0 d0

−→ T 1 −→ · · · −→ T n dn

−→ T n+1 −→ · · ·
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T • := 0 −→ T 0 d0

−→ T 1 −→ · · · −→ T n dn

−→ T n+1 −→ · · · ,N�hO� τ≤lT •��h l ≥ 0�Uhv� Kb(A) D���{3p�:
(σ<lT •)[−1] −→ Kerdl[−l]

s′′

=⇒ τ≤lT • −→ σ<lT •.� Db(A) D�� s′ |��{8p\�
Kerdl[−l]

s′′

=⇒ τ≤lT • −→ T • ε
⇐= M.$J`�3{�:��.yv Db(A) D{3p�:

(σ<lT •)[−1] −→ Kerdl[−l]
s′

=⇒ M
ε

−→ σ<lT •. (2.2.2) �
C• = · · · −→ 0 −→ W−t′ −→ · · · −→ W t−1 −→ W t −→ 0 −→ · · · ,dD W i ∈ ω�t′, t ≥ 0� l0 = t + 1�E = Kerdl0��� E ∈ ⊥ω t C•[l0] ∈

D≤−1(ω)�$J`s� 2.2.3(1)��
HomDb(A)(E[−l0], C

•) = HomDb(A)(E,C•[l0]) = 0.q
�\� E[−l0]
s′

=⇒ M −→ C• | 0�J`�: (2.2.1)�i� h : E[−l0] −→ Z•-y s′ = s ◦ h�N� a/s = (a ◦ h)/s′��� N ∈ ω⊥ t (σ<l0T •)[−1] ∈ D≥1(ω)�J`s� 2.2.3(2)��
HomDb(A)((σ

<l0T •)[−1], N) = 0.5�h�g_ HomDb(A)(−, N) l}� (2.2.2) ���.yv3p��{ l = l0

HomDb(A)(M,N)

HomDb(A)(s
′,N)

−→ HomDb(A)(E[−l0], N) −→ HomDb(A)((σ
<l0T •)[−1], N).R�i� f : M −→ N -y f ◦ s′ = a ◦ h�q
�

a/s = (a ◦ h)/s′ = (f ◦ s′)/s′ = θ(f)./Y57� θ 8(��



2007 9 V T Æ # n j � # � h # � + � 47>�z��5 Kerθ = ω(M,N)�b7 ω(M,N) ⊆ Kerθ� f : M −→ N -y θ(f) = 0�$J`s� 1.3.4(1)�i� s : Z• =⇒ M -y f ◦ s = 0�dD s {z�Z C• ∈ Kb(ω)�/��.Q}d��j�N��.myv s′ = s ◦ h��8
f ◦ s′ = 0�J`�: (2.2.2)�i� f ′ : σ<l0T • −→ N -y f ′ ◦ ε = f�j���{a�3p�:

T 0[−1] −→ σ>0(σ<l0T •) =⇒ σ<l0T • π
−→ T 0.�� N ∈ ω⊥ t σ>0(σ<l0T •) ∈ D≥1(ω)�J`s� 2.2.3(2)��

HomDb(A)(σ
>0(σ<l0T •), N) = 0.N��pP\� σ>0(σ<l0T •) =⇒ σ<l0T • f ′

−→ N | 0�$i� g : T 0 −→ N -y g ◦ π = f ′��8�f = g ◦ (π ◦ ε)�/Y57� f � Db(A) DQ� ω 0E�Uhv iA : A −→ Db(A) 8(n���.y\ f � A DZQ� ω 0E���f ∈ ω(M,N)�5*	 �-� 2.2.2  N2: Uhvz� θ 8�Vj�{a�g_H\{��8��mJ`s� 2.2.4 �y� �

§2.2.2 �,=�h�� ω | Abel &X A {a38(_&X�j�(_&X a(ω) =

Xω ∩ ωX�4� 2.2.5 '� a(ω) Z Frobenius JJ'��5uN - ,N ��Ap7Z
addω�N. �:a 2.1.4�_&X Xω m ωX �w*d�:m(1,��8 a(ω) �w*d�:m(Z1,��� 1.2.2(2)�a(ω) a��P|3p&X�te7
addω ⊆ a(ω)�Uhv�Xω ⊆ ⊥ω t ωX ⊆ ω⊥�R� a(ω) ⊆ ⊥ω ∩ ω⊥�_5���.�����h T ∈ ω m X ∈ a(ω)�Ext1A(T,X) = 0 = Ext1A(X,T )��8 ω D{�N� addω D{��,� a(ω) D k��I�� X ∈ a(ω)��� X ∈ Xω, �.� A D{3p�

0 −→ X −→ T −→ X ′ −→ 0,



48 � 4 I ( ? 
 ? R 2 Serre 4 A 2007 NdD T ∈ ω t X ′ ∈ Xω�pUhv X,T ∈ ωX��J`:a 2.1.4(1)�ωX �o\�{	k1,��8� X ′ ∈ ωX�N� X ′ ∈ a(ω)�q
�3p�&� a(ω)D��Uhv T 8I��,�/Y57� a(ω) b�dP�{I��,��X�����h X ∈ a(ω)�i�3p� 0 −→ X ′′ −→ T ′ −→ X −→ 0�dD
T ′ ∈ ω�X ′′ ∈ α(ω)�e��a(ω) b�dP�{k��,�e�3y57��.=Go\ a(ω) 8 Frobenius &X�td�
k� - I��,k| addω� �j� a(ω) V� addω {��&X��| a(ω)�J` Heller-Happel �� (�� 1.2.7)�a(ω) 8�:&X��d_ag_���suspension g_
| S�Uhv
a(ω) ⊆ Xω ∩ ω⊥��8 a(ω) ⊆ Xω ∩ ω⊥�J`�� 2.2.2��a�{(n�

F : a(ω) −→ Dω(A).-� 2.2.6 
BC`�aCt7 α : FS −→ [1]F U� (F,α) ~|Jj'�d�JJC`�N.  X ∈ a(ω)�j���l suspension g_ S *V}{3p�
0 −→ X

iX−→ T (X)
πX−→ S(X) −→ 0,dD T (X) ∈ addω�� C• |8< · · · → 0 → X

iX→ T (X) → 0 → · · ·�dD T (X)`�� 0��R��.yva�{
z� p′X : C• −→ X[1]m π′
X : C• −→ S(X)�dD p′X m π′

X 058� IdX m πX �t{����π′
X |8<{KhO��l\�

βX := −p′X/π′
X ∈ HomDb(A)(S(X),X[1]).N���l αX := Qω(βX)�Uhv αX 8hO�5+���.� Db(A) Da�{3p�:

X
iX−→ T (X) −→ C• p′

X−→ X[1].<�:�t� Dω(A) D{3p�:�p Qω(T (X)) = 0��8 Qω(p′X) 8hO�N� αX 8hO�Uhv����h Y ∈ a(ω)�� F (Y ) = Qω(iA(Y ))�dD iA : A −→ Db(A)|a�n��R�αX m;|e FS(X) v F (X)[1] {hO�



2007 9 V T Æ # n j � # � h # � + � 49=���.z57 α : FS −→ [1]F |a�hO� f : X −→ X ′ | a(ω) D{\��$i�8�m
X

iX

f

T (X)
πX

T (f)

S(X)

S(f)

X ′
iX′

T (X ′)
πX′

S(X ′).}Q� C•�βX }��.md�l8< C ′•�
z� βX′ }�Uhv����{8<8�m
S(X)

S(f)

C•
π′

X p′
X

X[1]

f [1]

S(X ′) C ′•
π′

X′ p′
X′

X ′[1],dDD+�{
z�� f m T (f)e��/UY=Gyv�� Db(A)D��f [1]◦

βX = βX′ ◦ S(f)�N�� F (f)[1] ◦ αX = αX′ ◦ FS(f)�/Y57� α {a�?�dd��.57 (F,α) 83pg_�	S��&X a(ω) D{3p�:gm�3p�yv� 0 −→ X
u

−→ Y
v

−→ Z −→ 0 | a(ω) D�Z| A D
{3p�����{8�m3
0 X

u
Y

ρ

v
Z

w

0

0 X
iX

T (X)
πX

S(X) 0.e��X
u

−→ Y
v

−→ Z
−w
−→ S(X) | a(ω) D{3p�:��5 (Z=B5)

F (X)
F (u)
−→ F (Y )

F (v)
−→ F (Z)

−αX◦F (w)
−→ F (X)[1]| Dω(A) D{3p�:�	S A D{3p�m�t Db(A) D{3p�:�m 

X
u

−→ Y
v

−→ Z
w′

−→ X[1] (2.2.3)|#v{3p�:�J`� 1.4.9(1)��.md��o~\� w′�{ Con(u) |8< · · · → 0 → X
u
→ Y → 0 → · · ·�dD Y `�� 0 ��j�a�8<
z�

pX : Con(u) −→ X[1]m v′ : Con(u) −→ Z�$� w′ = pX/v′ ∈ HomDb(A)(Z,X[1])�
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X

u
−→ Y

v
−→ Z

−βX◦w
−→ X[1]�<�:a���t� Dω(A) D{�:��|Vz��/���.BUhv

F (u) = Qω(u)�F (v) = Qω(v) d� αX ◦ F (w) = Qω(βX ◦ w)�
|�57�G�P��.=B5� Db(A) D� pX = −βX ◦ (w ◦ v′)��
ρ′ : Con(u) −→ C• |� ρ a�e�{
z��dD8< C• ���5+���.�

−βX ◦ (w ◦ v′) = (p′X/π′
X) ◦ (w ◦ v′)

= p′X ◦ ρ′ = pX ,dD��E}j��00{8p $yv�8Uhv w ◦ v = πX ◦ ρ�N��
w ◦ v′ = π′

X ◦ ρ′��gv_E}jm��li\�/U�.YtP���{57� �

§2.2.3 Y,� ω | Abel &X A {a38(_&X��.�byv3p(n�g_
F : a(ω) −→ Dω(A)�_Ea�{	a8�n*<g_P|})g_�'�{P��8-� 2.2.7 O ω | Abel '� A �aJia$!`'��bO X̂ω = A =

∨

ωX�E F : a(ω) −→ Dω(A) ZJj'�d��
�N. J`�� 2.2.2 m�� 2.2.6�F 8�:&X+{(n��R=B5 F 8Y/{��.�P�=B5 Qω(A) �d� F {,D�5+���� A�� [49]�� 70 [{hl�
#P Db(A)�N� Qω(A) #P Dω(A)��Uhv ImF 8 Dω(A) {�:_&X�R Qω(A) ⊆ ImF YJo\g_ F 8Y/{�|�57 Qω(A) ⊆ ImF� X ∈ A��� ω 	#P Xω t X ∈ X̂ω = A�R
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�i�3p�
0 −→ Y −→ X ′ −→ X −→ 0,dD X ′ ∈ Xω�Y ∈ ω̂�N��(�t\&X Db(A) D) � Y ∈ Kb(ω)��8

Qω(Y ) ≃ 0�Uhv<3p�a��t Db(A) D{�N� Dω(A) D{�3p�:���� Qω(Y ) ≃ 0�Vd Qω(X) ≃ Qω(X ′)��_)3��� ω #P ωX t
X ′ ∈

∨

ωX= A��J` Auslander-Buchweitz 0E�� (�� 2.3.1(2))�i�3p�
0 −→ X ′ −→ X ′′ −→ Z −→ 0,dD X ′′ ∈ ωX�Z ∈

∨
ω��}Q��3{℄%�e7 Qω(X ′) ≃ Qω(X ′′)��8

Qω(X) ≃ Qω(X ′′)�Uhv ∨
ω⊆ Xω��8�X ′ , Z ∈ Xω��Uhv Xω �w*1,�:a2.1.4(2)
�/U��3p���.y\ X ′′ ∈ Xω�e�� X ′′ ∈ a(ω)��8 F (X ′′) ≃ Qω(X ′′)�N�� Qω(X) ≃ F (X ′′) ∈ ImF�5*	 �

§2.3 �-�Æ �_
§2.3.1 Y,� ω | Abel&X A {a38& (_&X����.57���_�e2��#�g�&X Dω(A)�:})���&X a(ω)�'���.5H\<��&X{�_Go~�e�ZYyv#�g�&X Dω(A) {_E7o~�D.lPD{�� I
�� Kex(ω) |h#&X K(ω) D�3p8<fP{(_&X��s� 1.4.5e7�Kex(ω) | K(ω) {�:_&X�'�{PWC%|�-� 2.3.1 OaJia$!`'� ω !
 ⌢

ω⊆ ω⊥ *Z ⌣
ω⊆ ⊥ω�E6Jj'�d��
 Kex(ω) ≃ a(ω).
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§2.3.2 Y,��M1'.�5H\�� 2.3.1 {57�+!���.557_EK_�{C%���� 2.3.1 5l|do%� a | Frobenius 3p&X�� I |dI��,fP{(_&X�a D{8< X• = {Xn, dn

X} N|$*{��`i� conflation Zn in

−→ Xn dn

−→ Zn+1 (d dn
X = in+1 ◦ dn�n ∈ Z (D. [67]�� 11 �)�� Cac(I)| C(I)D���8<fP{(_&X�� Kac(I) |#v{h#&X��C%8JVK7{�4� 2.3.2 (Dj [86]�s� 1.1 Æ [67]�s� 11.3) Kac(I) | K(I) �Jj`'��5+��|�57<s��=B5: ���h
z� u• : X• −→ X ′•�dD

X•,X ′• |��8<�$z�Z Con(u•) Z|��8<� ��8< X ′•�� conflation Z ′n i′n
−→ X ′n d′n

−→ Z ′n+1 -y dn
X′ = i′n+1 ◦ d′n�q
eiv�i��z_{
\� vn : Zn −→ Z ′n -y�m8�

Zn in

vn

Xn

un

dn

Zn+1

vn+1

Z ′n i′n
X ′n d′n

Z ′n+1.��+E n ∈ Z�{x	m�v}M� (Ex2)

Z ′n cn

Kn

bn

an

Zn+1

vn+1

Z ′n i′n
X ′n d′n

Z ′n+1.�x	{'?A�e7i�\� en : Xn −→ Kn -y an ◦ en = dn t
bn ◦ en = un�N����x	m{'?A�� en ◦ in = cn ◦ vn�R��.yvz
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Con(u•) =



−dn

X 0

un dn−1
X′


 {0E

Xn ⊕ X ′n−1 (en, cn◦d′n−1)
−→ Kn (−in+1◦an

bn )
−→ Xn+1 ⊕ X ′nUhv��{8�m3

Z ′n+1 cn+1

Kn+1 an+1

Zn+2

X ′n

d′n

(0

1)
Xn+1 ⊕ X ′n

(en+1, cn+1◦d′n)

(1, 0)
Xn+1

dn+1

Z ′n

i′n

cn

Kn

(−in+1◦an

bn )

an

Zn+1

−in+1

Uhv�m{F=g| conflation�Æ.{�Z| conflation�/U�n��� ([64] d��3{U�)�=G57D+_�Z| conflation�/UY57�
Con(u•) |��8<�[q 2.3.3 B. Keller K'�G	�8H���DH��JJ'� a ��!8H�*3 Abel '� A XU� a B A X �G+n�: a X� conflation 75
A XJ�� B a X��JJ�4��xf [64] W [106]�(e�� :DHJJ'� a G4�5*3��`'� b�E
Be��hB b �a$`'� a

′ ⊆ a !
 FG;F+n�+K�a
′ |�'��:kaC�`�� a�JJp7"~|JJ'��T_L�̀ '� a

′ �5 b g�a��qaFG;F"����\-� a
′ v(�| a �JJ`'��mk §1.2.1X��.�
:Z��#�* JJ'� a

′ 14 Keller 8H���j�& g_ G : Cac(I) −→ a -y
G(X•) = Kerd0

X , G(u•) = u0|Kerd0
X
�
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 ? R 2 Serre 4 A 2007 NdD u• : X• −→ X ′•�4� 2.3.4 GL�.�C` G Z!:�$�JJC`�:!
 G(X•) |,N ��:t� X• |,N ��N.  Z ∈ a��� a �dP�{I��,mk��,��.m Z ���{I�0Emk�0E
0 −→Z −→ X0 −→ X1 −→ · · ·

· · · −→ X−2 −→ X−1 −→Z −→ 0,dD Xi ∈ I�/U�.Yyv���8< X•���� G(X•) = Z�/Y57�g_ G 8Y/{��_)3� Z ′ ∈ a���m{��8< X ′• -y G(X ′•) = Z ′� v :

Z −→ Z ′�$J`h�nKD{)=���[112]��� 2.2.6
�i���ÆE8�m
0 Z

v

X0

u0

X1

u1

· · ·

0 Z ′ X ′0 X ′1 · · ·

· · · X−2

u−2

X−1

u−1

Z

v

0

· · · X ′−2 X ′−1 Z ′ 0./UYyv
z� u• : X• −→ X ′•�t G(u•) = v�/Y57� G 8({�|�57 G 83pg_� X• −→ Y • −→ Z• | Cac(I) D{�_ confla-

tion��|
m�3p���U� 1.4.1�m �
z� u• : X• −→ X ′• -y�3p�hO�1[3p� X ′• −→ Con(u•) −→ X•[1]�Q}s� 2.3.2 {57D{�j�$� G(X ′•) = Z ′0�G(X•[1]) = Z1�� G(Con(u•)) = K0�p�.biv� aD{ conflation Z ′0 c0

−→ K0 a0

−→ Z1���F� G(X•) −→ G(Y •) −→ G(Z•)| a D{ conflation�/U�.Y57� G |3pg_���gv_E�P�	S Cac(I)D{I��,�| contractible 8<�R���8< X• | contractible rtLrd�v{ conflation Zn −→ Xn −→ Zn+1



2007 9 V T Æ # n j � # � h # � + � 55gm��Uhv Xn ∈ I�Vd��` X• |I��,�$ G(X•) = Z0 | X0{:m(��8 G(X•) � a DI��#8�� G(X•) = Z0 I��Zk�
�$
conflationZ−1 −→ X−1 −→ Z0d� Z0 −→ X0 −→ Z1gm��N� Z−1m Z1g|I� (Zk�)��8 conflation Z−2 −→ X−2 −→ Z−1 d� Z1 −→ X1 −→ Z2gm��N� Z−2 m Z2 gI��Zk�
�"G/G%5�gF�m7+E
conflation Zn −→ Xn −→ Zn+1 gm���88< X• contractible��| Cac(I)D{I��,�5*	 ��3{C%e5�4� 2.3.5 ([99]�� 446[Æ [70]�� 45[)O F : C −→ D|Jj'��JJC`�O F Z!��E F ZYT��:t� F B �LZYT��[�F (X) ≃ 0-�_ X ≃ 0
�J`s� 2.3.4�g_ G a��t���&X+{g_

G : Kac(I) −→ a.J`o% 1.2.10�g_ G|�:g_��J`s� 2.3.4�m7 G8({Y/g_�t��,�E+�R��s� 2.3.5�myvd��� ()= [44]�� 132 [
2.9.2�[18]��� 3.11 Æ [74]�:a 7.2)�-� 2.3.6 O a | Frobenius JJ'��5i6,N �d~�!`'�℄|
I�EL_C` G : Kac(I) −→ a |Jj'�d��
�-� 2.3.1  N2� Uhv addω k| Frobenius&X a(ω)D�
I��,VfP{_&X��8��� 2.3.6���:}) Kac(addω) ≃ a(ω)�Uhv�a�n� Kac(ω) →֒ Kac(addω)8Y/{���+E8< X• ∈ Kac(addω)mfa�mKd�
&� contractible 8< · · · → 0 → T

IdT→ T → 0 → · · ·�T ∈ addω�-8P| Kac(ω) D{8<
�q�8&X})��8���:}) Kac(ω) ≃ a(ω)��_)3��' � ⌢
ω⊆ ω⊥ d� ⌣

ω⊆ ⊥ωmy ⌢
ω= ωX t ⌣

ω= Xω�N��.yv�Kex(ω) D{�n8<gm;| K(a(ω)) D{��8<�q
�Kex(ω) =

Kac(ω)�/U�� 2.3.1 Yy5�� �
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§2.4 58�J)�Æ'�jF�-8�
Gorenstein �{ (0d) g�&Xd� Gorenstein &X{g�&X�

§2.4.1 Gorenstein b�G&=� R|i Noetherdo��� R-mod|��#Pi R-<&X�8� R-proj|d���#Pk�<fP{(_&X���� [91] D�)= [51]�[28] d�
[29]
�� R {J)�Æ�l| Verdier �&X

Dsg(R) := Db(R-mod)/Kb(R-proj).m}Q�l0dg�&X� R = ⊕n≥0Rn |30d{i Noether ��05� R-gr d� R-grproj |��#P0di R- <m��#P0dk�<fP{&X�$0d� R {B�J)�Æ�[93]�Z. [108]
�l| Verdier �&X
Dgr

sg(R) := Db(R-gr)/Kb(R-grproj).	S�-8�
do� R N|Gorenstein 
��` R |L. Noether �t3$< R l|i<m�<gb���{I�I� (D. [38], �X))�ÆER9{C%�H. Bass 57�8� Gorenstein �_�b���{ Krull~K�t
inj.dim RR = K.dim R (D. [12]�o% 3.4)�A. Zaks 57��n Gorenstein �g(d inj.dim RR = inj.dim RR (D. [115]�s� A)�s�_1�j�� A = R-mod�ω = R-proj�A′ = Rop-mod d� ω′ =

Rop-proj�	S5BV_
∗ = HomR(−, R) : A −→ A′ m ∗ = HomRop(−, R) : A′ −→ A����h M ∈ A�i�a�{z� θM : M −→ M∗∗ -y θM (m)(f) = f(m)�dD m ∈ M�f ∈ M∗�Uhv θP |hO�P ∈ ω�4� 2.4.1 ()= [4]�s� 1.7) O R | Gorenstein R�E 3C` ∗ 8��'�d��
 ⊥ω ≃ ⊥(ω′)�: ∗ i�I�3`'�X��JJ��
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· · · −→ P−n d−n

−→ P−n+1 −→ · · · −→ P−1 d−1

−→ P 0 d0

−→ M −→ 0. (2.4.1)� K−i = Kerd−i�i ≥ 0�� K1 = M�Uhv_&X ⊥ω �(\�{k1,��8+E K−i ∈ ⊥ω�5�Xg_ ∗ l}v���3p��
0 −→ K−i −→ P−i −→ K−i+1 −→ 0.�� K−i+1 ∈ ⊥ω��.yv A′ D{3p�

0 −→ (K−i+1)∗ −→ (P−i)∗ −→ (K−i)∗ −→ 0. (2.4.2) inj.dim RR = d���3�3p�} dimension-shift�myv
ExtjR((K−i+1)∗, R) ≃ Extj+1

R ((K−i)∗, R) ≃ · · · ≃ Extj+d
R ((K−(i+d−1))∗, R) = 0,dD j ≥ 1��8�(K−i)∗ ∈ ⊥(ω′)�i ≥ −1�_5��M∗ ∈ ⊥(ω′)�h���0

(2.4.2) }�Xg_��.yv3p�
0 −→ (K−i)∗∗ −→ (P−i)∗∗ −→ (K−i+1)∗∗ −→ 0,N��yvI3p�

· · · −→ (P−n)∗∗ −→ (P−n+1)∗∗ −→ · · · −→ (P−1)∗∗ −→ (P 0)∗∗ −→ M∗∗ −→ 0.

(2.4.3)Uhv�θP−i : P−i −→ (P−i)∗∗ g|hO�fa)=I3p� (2.4.1) m (2.4.3),�.yv θM |hO�h��#az��� M ′ ∈ ⊥(ω′)�m5 (M ′)∗ ∈ ⊥ω t
M ′ ≃ (M ′)∗∗�/Y57� ∗ : ⊥ω −→ ⊥(ω′) |})�q7��g_ ∗ J T ⊥ωm ⊥(ω′) D{�3p�� �3r 2.4.2 "4L&�℄E�O R | Gorenstein R�E6 Xω = ⊥ω =

⌣
ω :

X̂ω = A�N. �s� 2.1.1(2)��.b7 Xω ⊆ ⊥ω∩
⌣
ω� M ∈ ⊥ω��s� 2.4.17�M∗ ∈

⊥(ω′)�{�3p�
0 −→ K −→ Q −→ M∗ −→,
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 ? R 2 Serre 4 A 2007 NdD Q ∈ ω′��� ⊥(ω′) �(\�{k1,�$ K ∈ ⊥(ω′)��J`s� 2.4.1��F�3p
0 −→ M∗∗ −→ Q∗ −→ L∗ −→ 0,t L∗ ∈ ⊥ω�M ≃ M∗∗�Q∗ |k�<�� M ′ = L∗�P 0 = Q∗�$�.yv3p� 0 −→ M −→ P 0 −→ M ′ −→ 0�� M ′ j}Q{%5��.my

0 −→ M ′ −→ P 1 −→ M ′′ −→ 0�"G/G%5�m7 M ∈ Xω��8�Xω = ⊥ω� M ∈
⌣
ω�$i�3p�

0 −→ M −→ P 0 −→ P 1 −→ · · · −→ Pn −→ Pn+1 −→ · · · .�� inj.dim RR = d < ∞��} dimension-shift�=Gi\ M ∈ ⊥ω�/UY57��_E�P�|�5 X̂ω = A� M ∈ A�{I3p�
0 −→ K −→ P−d−1 −→ P−d −→ · · · −→ P 0 −→ M −→ 0,dD P−i|k��hU��} dimension-shift�m5 K ∈ ⊥ω = Xω�/UM ∈ X̂ω�5*	 ��� Gorenstein� R�Xω D{<N| R{i� Cohen-Macaulay4�8�

MCM(R) = Xω ()= [7]�� 148[Æ [6]�� 223[)�Uhv�Dsg (R) = Dω(A)�
*�e7 ωX = ω⊥ = A��J`:a 2.4.2�m7�� 2.2.7 d��� 2.3.1 {e2gyv(d�Cp�� 2.2.7 m�� 2.3.1��.yv�����Uhv�<���0�D� Buchweitz [28] m Happel [51]��� 4.6.-� 2.4.3 O R | Gorenstein R�E6Jj'�d��

Dsg(R) ≃ MCM(R) ≃ Kex(R-proj).�G���d0d<0�0d� R = ⊕n≥0Rn N|B� Gorenstein 
��` R |L.0d Noether �t0d3$< R l|i<m�<gb���{I�I��J` [109]�� 670 [� 9-11 =�=Gy\�0d Gorenstein �l|-0d�8 Gorenstein {�
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(d) : R-gr −→ R-gr -y M(d)n = Md+n�dD n ∈ Z�d ∈ Z�
*{5BV_|

∗ = Hom(−, R) =: ⊕d∈ZHomR-gr(−, R(d)) : R-gr −→ Rop-gr.N��=G57s� 2.4.1m:a 2.4.2 {0d<0�m}Q�l R {B�i�
Cohen-Macaulay 4�Æ | MCM(R-gr) := Xω�/� ω = R-grproj�A = R-gr���C%�|�� 2.4.3 {0d<0�-� 2.4.4 O R |*� Gorenstein R�E6Jj'�d��


Dgr
sg(R) ≃ MCM(R-gr) ≃ Kex(R-grproj).

§2.4.2 Gorenstein =��G&=� A|b�dP�k��,{ Abel&X��dV�k��,fP{&X| P�+, [91] m [93]��l&X A {J)�Æ | Verdier �&X
Dsg(A) := Db(A)/Kb(P).	S Gorenstein&X ()= [69], 3.2){>Q�Abel &X AN|Gorenstein�Æ��` Ab�dP�{k��,mdP�{I��,�t+Ek��,b���{I�~K�+EI��,b���{k�~K����Frobenius Abel&X8 Gorenstein {��� Gorenstein artin nK A�d<&X A = A-mod 8

Gorenstein &X�)= [51]
���0d Gorenstein artin nK A = ⊕n≥0An�d0d<&X A = A-gr | Gorenstein &X����{�'C%�4� 2.4.5 O A | Gorenstein '��P G I *t|5ApuNG,N �d~�!`'��E6
sup{inj.dim P | P ∈ P} = sup{n ∈ N | ExtnA(I, P ) 6= 0, I ∈ I, P ∈ P}

= sup{proj.dim I | I ∈ I}.I0aZ6
��E}N| A �Gorenstein ~l�℄| d�E A XD(uN}a6
� �|6uN}aG,N}a�v|A d�
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shift�=G57�3{_�5+��� M ∈ A� proj.dim M = n < ∞�$i�k��, P -y ExtnA(M,P ) 6= 0�}<5+��.mdi\�.l�}�i.d�gv_E�PP�� �	i\lw3_&X�)= [49]���)Æ [52]
{>Q� A |b�dP�k��,{ Abel &X�(_&X ω ⊆ A N|S3Q�_�Æ��` ω |a38_&Xt� Db(A) D�&X#} Kb(ω) = Kb(P)�J`:a 2.1.5�2
�=G7w�a38_&X ω |\lw3{rtLrd+E�,gb���{k�~K�t A D{+Ek��,gb���{ ω- 	0E~K�}Qm�lS3=Q�_�Æ��� Gorenstein &XzN�=Gi\\lw3m\l	w38_?{�D. [53]�s� 1.3
��s� 2.4.5�=Gi\x, 2.4.6 O A | Gorenstein '��ω |5=.;�`'��O A |66
� Gorenstein }a�℄| d�E : T ∈ ω�6 proj.dim T ≤ d : inj.dim T ≤ d�	S_&X ω ⊆ A N|<y:� �[9], [10]
��`���n M ∈ A�gi�\� g : T −→ M -y T ∈ ω t�n\� g′ : T ′ −→ M�T ′ ∈ ω�gQ� g0E�h*�/U{\� g N| M {; ω- w���X���lLy:�{>Q�N&X ω |V_:� (functorially-finite)��`Y 8#0��{Z830��{��C%}Q�:a 2.4.2�p57�-Ct�=h�3r 2.4.7 O A ||66
 Gorenstein }a� Gorenstein '��ω ⊆ A |=.;�`'��O ω |C`6
��E6
(1) Xω = ⊥ω =

⌣
ω : X̂ω = A; (2) ωX = ω⊥ =

⌢
ω : ∨

ωX= A�N. =5 (1)�m}Q5 (2)��5 Xω = ⊥ω�b7 Xω ⊆ ⊥ω� M ∈ ⊥ω�$i�n� f : M →֒ I�I |I��,�J`' Kb(ω) = Kb(P) = Kb(I)���:a 2.1.5(2)��.� I ∈ Kb(ω) ∩ ω⊥ = ω̂�N�i�3p�
0 −→ T−n −→ T−n+1 −→ · · · −→ T 0 d0

−→ I −→ 0,



2007 9 V T Æ # n j � # � h # � + � 61dD T−i ∈ ω�R T−i ∈ M⊥�q|_&X M⊥ �o\�{	k1,��.m��I3p�t\ K = Kerd0 ∈ M⊥�/U�5g_ HomA(M,−) l}��33p��
0 −→ K −→ T 0 d0

−→ I −→ 0Y
yv3p�
0 −→ HomA(M,K) −→ HomA(M,T 0) −→ HomA(M, I) −→ 0.�8�i�\� f ′ : M −→ T 0 -y d0 ◦ f ′ = f�_5��f ′ |o\���� ω |30��{�m{ M {i ω- (N g : M −→ T�R f ′ Q� g 0E�e� g |o\��m{�3p�

0 −→ M
g

−→ T −→ M ′ −→ 0.�.�P M ′ ∈ ⊥ω��8�$m� M ′ jhU{%5�e�gF57 M ∈ Xω�5+�� W ∈ ω�$�I3p�
HomA(T,W )

HomA(g,W )
−→ HomA(M,W ) −→ Ext1A(M ′,W ) −→ Ext1A(T,W )�� HomA(g,W ) |(�t Ext1A(T,W ) = 0�m7 Ext1A(M ′,W ) = 0��r�� dimension-shift, =Gyv Extj+1

A (M ′,W ) ≃ ExtjA(M,W ) = 0�j ≥ 1��8
M ′ ∈ ⊥ω��.tP��P{57�|�5t (1)��=B5 ⌣

ω⊆ ⊥ω d� ⊥̂ω = A�=WUhvo% 2.4.6�mdi\/157YÆ:a 2.4.2 vÆ�{578_U{�R�!}� �J`�:a�m7�� 2.2.7 d��� 2.3.1 {e2gyv(d�R�������)= Happel [51]��� 4.6
�-� 2.4.8 O A ||66
 Gorenstein }a� Gorenstein '��ω ⊆ A |C`6
�=.;�`'��E6Jj'�d��

Dsg(A) ≃ a(ω) ≃ Kex(ω).l|'){C���.�\�3ÆE�}{o%�
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Dsg(A) ≃ a(T ) ≃ Kex(addT ).x, 2.4.10 (Rickard [99]��� 2.1) O A | Frobenius Abel '��℄ I 5Ap,N �d~�!`'��E6Jj'���


Dsg(A) ≃ A ≃ Kex(I).



%[I Q1 Serre 3�
A. I. Bondal m M. M. Kapranov [21] s���:&X{ Serre �X{>Q�85Q�{Y|�yg�{ Serre �Xm:|#v�Gt\&X�{ Serre �X�3�� [21] <\{�Serre �X{i�?8Æ�1g_{m31?/r#V{�I. Reiten m M. Van den Bergh [98] 57���R9{C`��\�r+�� (Hom-finite) { Krull-Schmidt �:&X�Serre �X{i�?})�d�

Auslander-Reiten �:�JVK7����h\�r+��{Krull-Schmidt�:&X�dAuslander-

Reiten �%
8'0IW{�8tj�dC1=m0E�,�� Auslander-

Reiten �:8nK31%D_EqIW{pa�|
�')��h\�r+��{�& &Xs�\l Serre CO (�X) {>Q��� Krull-Schmidt ��:&X��.57�d\l Serre CO{�'���\l Serre g_�l�m;�{�:?�\l Serreg_{3p?�d�Y.Æ Auslander-Reiten�:{V���.{C`o\� Reiten-Van den Bergh {�� [98]��r��.�1��S\�Æ}IW{�Gt\&X{\l Serre CO8H\dv}�
§3.1 S3 Serre 5B -3'��K 8_T�{��C 8� K �\�r+��{�& &X�5

HomC(X,Y ) ,�| (X,Y )��h X,Y ∈ C�
§3.1.1 ,0k�U� K-mod |��~ K- r+fP{&X�� D = HomK(−, K) |d�{1[�X� &X C ���$ DHomC(X,−) |e C v K-mod { K-  ?& g_�5
g_,�| D(X,−)�}Q����j D(−, Y )�	S K-  ?g_
F : C −→ K-modN|�{e ��`i� X ∈ C d��E K- ?g_+{a�hO F ≃ (−,X)�}Q���l�{e <y� V_�

63



64 � 4 I ( ? 
 ? R 2 Serre 4 A 2007 0-3 3.1.1 O C |= K LlN�d6
�>a$'���.!`'� Cr G ClG	�
Cr = {X ∈ C | C`D(X,−) �sX}, Cl = {X ∈ C | C`D(−,X) �sX}.�.5O!& g_ S : Cr −→ Cl� X ∈ Cr�q|g_ D(X,−) m31�Ri��E�, S(X) ∈ C -y��K-  ?
g_{a�hO

φX : D(X,−) ≃ (−, S(X)).Uhv�g_{hO DφX : D(−, S(X)) ≃ (X,−)��8�g_ D(−, S(X)) m31�R� S(X) ∈ Cl� f : X −→ X ′ | Cr D{\��$J` Yoneda s��z_i�\� S(f) : S(X) −→ S(X ′) -y���{g_8�m
D(X,−)

D(f,−)

φX

(−, S(X))

(−,S(f))

D(X ′,−)
φY

(−, S(X ′))�g_ S {�l�e7 S(f + g) = S(f) + S(g)���S |& g_�5+��g_ S �8 K-  ?{� X ∈ Cr, Y ∈ C��lhO
φX,Y : D(X,Y ) ≃ (Y, S(X))-y φX,Y = φX(Y )�$ φX,Y ��0� Y 8a�{�J`g_ S {�l�m7

φX,Y ��0� X Z8a�{, R φX,Y 8m`U ��lL ?:
(−,−)X,Y : (X,Y ) × (Y, S(X)) −→ K-y (f, g)X,Y = φ−1

X,Y (g)(f)�dD f : X −→ Y�g : Y −→ S(X)��lhVl
TrX : (X,S(X)) −→ K-y TrX(f) = (IdX , f)X,X�dD f : X −→ S(X)�-3 3.1.2 (1) GL�.��?d (S, Cr, Cl, φ−,−, (−,−), Tr−) }|'� C �S3 Serre �L�} S |S3 Serre V_�̀ '� Cr G Cl *t}| S �-3BGRB�
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(2) I Cr = C��#}'� C:; Serre 5B; I Cl = C�E} C:b Serre 5B�I C ^67 Serre  396f Serre  3�E} C: Serre 5B��S}�1�C` S | C �Serre V_�[q 3.1.3 '� C �=. Serrep7��?yA5C`�aCt7 φX�X ∈ Cr�~��Æ5{ Yoneda 0��v+��vt� φX 8��O|t7�=. SerreC`�BI3-.	��#E|=. Serre C`*Z�1�=. Serre p7�Z{(��pJ	(o (2)�v+��=. Serre p7X�N&J3?gZO��~����x�l�6SV�=. Serre p7<S3 Serre 5B�3r 3.1.4 O C Z5=. Serre p7GL�E6�
(1) bÆ�� (−,−) !


(f ◦ θ, g)X′,Y = (f, S(θ) ◦ g)X,Y (3.1.1)

(f, g ◦ γ)X,Y ′ = (γ ◦ f, g)X,Y , (3.1.2)5X θ : X ′ −→ X�γ : Y ′ −→ Y��\�BW (3.1.1) X�f : X −→ Y�g : Y −→

S(X ′)�BW (3.1.2) X�f : X −→ Y ′�g : Y −→ S(X)�

(2) 6�W (f, g)X,Y = TrX(g ◦ f) ~��:6

TrX(g ◦ f) = TrY (S(f) ◦ g), (3.1.3)5X f : X −→ Y�g : Y −→ S(X)�
(3) =. Serre C` S : Cr −→ Cl |'��� K- Æ�
�
�N. (1) 5+��/ÆE}0gm�hO φ−,− {La�?:>yv�|�50 (3.1.1)�j�8�m���φX,Y V� X {a�?


D(X ′, Y )

D(θ,Y )

φX′,Y

(Y, S(X ′))

(Y,S(θ))

D(X,Y )
φX,Y

(Y, S(X))q
��
(f ◦ θ, g)X′,Y = φ−1

X′,Y (g)(f ◦ θ)

= D(θ, Y )(φ−1
X′,Y (g))(f) = φ−1

X,Y ((Y, S(θ))(g))(f)

= φ−1
X,Y (S(θ) ◦ g)(f) = (f, S(θ) ◦ g)X,Y ,



66 � 4 I ( ? 
 ? R 2 Serre 4 A 2007 NdD�_�ÆE}j�L ?:{�lyv����E}j�m38�yv�}Qm50 (3.1.2)�
(2) �0 (3.1.2)�{ X = Y ′�f = IdX�$� (IdX , g ◦ γ)X,X = (γ, g)X,Y��8
TrX(g ◦ γ) = (γ, g)X,Y��|�_E}0�|�50 (3.1.3)���_E}0�=B5� f : X −→ Y m g : Y −→ S(X)���0P�

(f, g)X,Y = (g, S(f))Y,S(X). (3.1.4)5+���.�
(f, g)X,Y = (f ◦ IdX , g)X,Y }0(3.1.1)

= (IdX , S(f) ◦ g)X,X }0(3.1.2)

= (g, S(f))Y,S(X).

(3) �.bUhv�g_ S 8 K- ?{��=B5 S 8(E+tY/{� 
X,Y ∈ Cr�j���hO{pP

Φ : (X,Y )
D(φX,Y )−1

−→ D(Y, S(X))
φY,S(X)

−→ (S(X), S(Y )).Uhv D(φX,Y )−1(f)(g) = (f, g)X,Y d� F (g) = (g, φY,S(X)(F ))Y,S(X)��h
F ∈ D(Y, S(X))�$�.my (f, g)X,Y = (g, Φ(f))�58Æ0 (3.1.4) N=)=8UhvL ?:{-p�?��.y\ S(f) = Φ(f)��8�g_ S 8(E+{�|�57 S 8Y/{��{ X ′ ∈ Cl���g_ D(−,X ′) m31�m �g_{hO D(−,X ′) ≃ (X,−)��8 D(X,−) ≃ (−,X ′)�q
 X ∈ Cr t�g_{hO

(−, S(X))
φ−1

X

≃ D(X,−) ≃ (−,X ′).� Yoneda s���hO S(X) ≃ X ′�/Y57�g_ S 8Y/{�5*	 �
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§3.1.2 ,0A^� Serre 2? C �d\l Serre CO��.��'.�NW\l Serre g_ S {�l� Cr n*� Serre �X�=���.�&X C s�ÆEe2�
(C) �hH� X,X ′ ∈ Cr�Z ∈ C�i�\� s : Z ′ −→ Z -y Z ′ ∈ Cr t(d (X,Z ′)

(X,s)
≃ (X,Z)�(Z ′,X ′)

(s,X′)
≃ (Z,X ′)�

(C�) �hH� Y, Y ′ ∈ Cl�Z ∈ C�i�\� s : Z −→ Z ′ -y Z ′ ∈ Cl t(d (Y,Z)
(Y,s)
≃ (Y,Z ′)�(Z ′, Y ′)

(s,Y ′)
≃ (Z, Y ′)�4� 3.1.5 O'� C GL�E6�1
 I Cl ⊆ Cr�E6 (Cr)r = Cr�

(2) &N�I (Cr)r = Cr : C !
rg (C)�E6 Cl ⊆ Cr�N. (1) 8q
e{� X ∈ Cr�$� C �{g_hO D(X,−) ≃ (−, S(X))�Uhv S(X) ∈ Cl ⊆ Cr��8l| Cr �{g_ D(X,−) 831{��_&X
(Cr)r {�l7 X ∈ (Cr)r��� (Cr)r = Cr�|�5 (2)� X ∈ Cr�q| (Cr)r = Cr�Vd� Cr �{g_hO φ :

D(X,−) ≃ (−,X ′)�dD X ′ ∈ Cr��.�PhO φmOqv C ���8�S(X) ≃

X ′��� S(Cr) = Cl�/Y57� Cl ⊆ Cr�5+���{ Z ∈ C��e2 (C) yv\� s : Z ′ −→ Z�Z ′ ∈ Cr�$���hO
D(X,Z)

D(X,s)
≃ D(X,Z ′)

φZ′

≃ (Z ′,X ′)
(s,X′)
≃ (Z,X ′).� Cr �{\l Serre g_| SCr

8 Tr | Cr �{�gK�$� SCr
(X) = X ′t φ−1

Z′ (f)(g) = TrX(f ◦ g)�dD f : Z ′ −→ X ′�g : X −→ Z ′�$e7�3{pPhO{Lm��0H\
(Z,X ′) ≃ D(X,Z), f 7→ (g 7→ TrX(f ◦ g))./UY=G57��.Vyv{hO D(X,Z) ≃ (Z,X ′) V� Z ∈ C 8a�{���� C �{g_hO D(X,−) ≃ (−,X ′)�5*	 �
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 ? R 2 Serre 4 A 2007 N�X���.�4� 3.1.6 O'� C GL�E6�1
 I Cr ⊆ Cl�E6 (Cl)l = Cl�
(2) &N�I (Cl)l = Cl : C !
rg (C�)�E6 Cr ⊆ Cl��.yv��{�|C%�3r 3.1.7 O C Z5=. Serre p7GL�O C !
rg (C) *Z (C�)�E	_rg�
�1
 '� Cr 6 Serre  3�
(2) 6 Cr = Cl�
(3) '� Cl 6 Serre  3�N. J`s� 3.1.5(1)m 3.1.6(2)�e7�2
⇒ (1)�(3)��=5 (1) ⇒ (2)��3
⇒
(2) m}Q57�|�5 (1) ⇒ (2)� Cr � Serre �X�� (Cr)r = Cr = (Cr)l�J`s�
3.1.5(2)�� Cl ⊆ Cr��8�� (Cl)l ⊇ Cl ∩ (Cr)l (/��.}v��{,o5+���&X Cr {�n& (_&X D�� Dl ⊇ (Cr)l ∩ D)�q| (Cr)l = Cr d�
Cl ⊆ Cr�Vd� (Cl)l = Cl���s� 3.1.6(2)��.yv Cr ⊆ Cl�5*	 �

§3.2 Z-�lFN2
§3.2.1 Y,�'.��C |� K �\�r+��{ Krull-Schmidt ��:&X��d_ag_| [1]�	S�[49], � 31 [
&X C D{Auslander-Reiten \|8<3p�:

X
u

−→ Y
v

−→ Z
w

−→ X[1](d
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(AR1) �, X�Z g=m0E�
(AR2) w 6= 0�
(AR3) \� v 8;m℄�#{����H C D- retraction {\� f : W −→

Z�$i� f ′ : W −→ Y -y v ◦ f ′ = f���� Auslander-Reiten �:�N X m Z 05|db1m;1�J`
[49]�Auslander-Reiten�:D{\� u8bm℄�# �t�hOhl��Auslander-

Reiten �:� X Æ Z z_e���:a 1.1.3(2)(ÆD. [50]�1.2)�=Gyve2 (AR3) m�P�
(AR3’) ���H C D- retraction {\� f : W −→ Z�� w ◦ f = 0�V�_���:&X�{ Auslander-Reiten �:{_1})o~�mD.

[72]�s� 2.6��3{��|'�{PWC%��.;8|V�\�r+��{ Krull-

Schmidt ��:&X�{\l Serre CO{�'���-� 3.2.1 ()= [30]���) O C Z= K LlN�d6
� Krull-Schmidt >Jj`'��℄ S : Cr −→ Cl |5L�=. Serre C`�E6
(1) `'� Cr *Z Cl �|6M��Jj`'��
(2) 
BaCt7 ηX : S(X[1]) −→ S(X)[1]�X ∈ Cr �U� (S, η) ~| Cr G ClNd�Jj�
�
(3) O X ∈ C v�*q�E X ~|*3 Auslander-Reiten Jj�7��f�
�:t� X ∈ Cr�X ∈ Cl
�[q 3.2.2 ��X�� 2 3�!w=� [21]�(o 3.3 *Z [19]��� A.4.4�"�J3�!w=� [98]�(o I.2.3�
§3.2.2 <�U^> Freyd-Verdier ,�'�|57��j[$��.5H\ Freyd-Verdier ��{t157� C |& &X�� (Cop,Ab) |�e C v Abel�&X{#0& g_fP{l&X�Uh�q|g_+{\��
=J<P_E�p�Vd (Cop,Ab)



70 � 4 I ( ? 
 ? R 2 Serre 4 A 2007 NfH=8&X�p�.�8md�la�\�{k�	kd�g_{3p�}>Q�5+���.m'Y (Cop,Ab) 8&X
�� p : C −→ (Cop,Ab) | Yonedag_�� p(C) = (−, C)�/���.
} (−, C) = HomC(−, C) 31#v{m31g_�� Yoneda s�m7g_ p |(n��	S�[2]�[3]
g_ F ∈ (Cop,Ab) N|=	V_��`i�g_{3p�
(−, C0) −→ (−, C1) −→ F −→ 0, dD C0, C1 ∈ C�� Ĉ |S^g_fP{(_&X�Uhv Ĉ 8&X��S^g_+{\�
<P�p�|�3GV�S^g_{�'C%�B	S_1>Q�\� f : C0 −→ C1{�=X8<\� k : K −→ C0 (d f ◦ k = 0�t�h k′ : K ′ −→ C0 (d f ◦ k′ = 0 gQ� k 0E�Æ})��\� k -yg_F� (−,K)

(−,k)
−→

(−, C0)
(−,f)
−→ (−, C1)3p�N&X C:�=X��`d+E\�g��	k��X�m�l�X�d�C%8V�S^g_{�'C%�3r 3.2.3 (Auslander) O C |a$'��E6

(1) `'� Ĉ ⊆ (Cop,Ab) Z ;F*Z�G+n��mt��Ĉ ⊆ (Cop,Ab)  OG�+n�
(2) Ĉ ⊆ (Cop,Ab) | Abel `'��:t� C 6~;F��S�'� Ĉ ||6
8!uN �� Abel '��N. �_E�PmCp [2]�:a 2.1 a) m b)yv�Uhv�Ĉ ⊆ (Cop,Ab)�:m(1,})� Ĉ 1}0��� Ĉ �	k�$d1}\�g0��D.'��P)s� 4.1.1(2)
���E�Pm� [2]�:a 2.1 b) Æ [3]�� 41 [:a a) yv�Uhv��
Yonedas���.my p(C)8k��,�C ∈ C��8=Gy\&X Ĉ b�dP�k��,� �4� 3.2.4 ([73]�� 16 [) O C |>Jj'��E C 6~F*Z~;F�N.  v : Y −→ Z | C D�_\��{3p�:

X
u

−→ Y
v

−→ Z
w

−→ X[1].



2007 9 V T Æ # n j � # � h # � + � 71J`:a 1.1.3(2)����h C ∈ C�g_ (C,−) m (−, C) g|�h�{�/U=G57 u m w 05| v {�km�	k� �e��h.�C |��:&X��.5�S^g_s�mxB�� F ∈ Ĉ�{3p�
(−, Y )

(−,v)
−→ (−, Z) −→ F −→ 0.{3p�: X

u
−→ Y

v
−→ Z

w
−→ X[1]�$�g_{I3p�

· · · −→ (−, Z[−1])
(−,w[−1])
−→ (−,X)

(−,u)
−→ (−, Y )

(−,v)
−→ (−, Z)

(−,w)
−→ (−,X[1]) −→ · · ·Uhv F ≃ Coker(−, v)�q
��.yv��ÆEI3p���|g_ F {L.0E�

· · · −→ (−, Z[−1])
(−,w[−1])
−→ (−,X)

(−,u)
−→ (−, Y )

(−,v)
−→ (−, Z) −→ F −→ 0,d�

0 −→ F −→ (−,X[1])
(−,u[1])
−→ (−, Y [1])

(−,v[1])
−→ (−, Z[1])

(−,w[1])
−→ (−,X[2]) −→ · · ·Uhv�3�_EI3p�8 F {k�0E�� Coho(C) | (Cop,Ab) D��h�g_fP{(_&X� F,G ∈ Ĉ��

Exti(F,G) |d�&X Ĉ D#v{ Ext ��i ≥ 0��.WFv��C%�4� 3.2.5 ()= [90]�� 258[)O H ∈ Ĉ�E H ∈ Coho(C)�:t� Exti(F,H) =

0�5X F |D-2zC`�i ≥ 1�N.  F ∈ Ĉ��.�}�3yv{k�0Ez�S Exti(F,H)��Uhv
Yoneda s� ((−, C),H) ≃ H(C)��.yv Exti(F,H) Y8�38<{� i `�h��

0 −→ H(Z) −→ H(Y ) −→ H(X) −→ H(Z[−1]) −→ · · ·�U�H(Z) ��� 0 `�
� H |�h�g_�$�3{8<�-�`g3p��8� Exti(F,H) = 0�i ≥ 1�
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 ? R 2 Serre 4 A 2007 N�_)3�' Exti(F,H) = 0�i ≥ 1�|�57 H |�h�g_��{3p�: X
u

−→ Y
v

−→ Z
w

−→ X[1]�{ F = Coker(−, v) |S^g_��l_�{%5m7�Exti(F,H) = 0 Yh�\8<
0 −→ H(Z) −→ H(Y ) −→ H(X) −→ H(Z[−1]) −→ · · ·�-�`g3p�_5���.y\g_ H 8�h�{�DjU� 1.1.2
��� add(p(C)) |� (Cop,Ab)Dm31g_{:m(fP{(_&X�=Gi\ add(p(C)) ⊆ Coho(C) ∩ Ĉ��3{���d�Y{=h<0
me [40]��

127-133 [�[111]�� 135-144 [, [90]�� 169 [Æ [73] D+v�-� 3.2.6 �Freyd-Verdier
O C |>Jj'��E'� Ĉ | Frobenius Abel '��5uN - ,N ��Ap7| Coho(C) ∩ Ĉ = add(p(C))�N. J`:a 3.2.3 d�s� 3.2.4�Ĉ ⊆ (Cop,Ab) | Abel _&X�Ĉ b�dP�k��,�tdk��,{�
| add(p(C))� C ∈ C�$g_ (−, C) |�h�g_�J`s� 3.2.5���h F ∈ Ĉ�� Exti(F, (−, C)) = 0�i ≥ 1��8�g_ p(C) = (−, C) � Ĉ D|I��,�q
 Ĉ D{+Ek��,g|I��,��.�P Ĉ �dP�{I��,t+EI��,gk��|�57<�P� F |�_S^g_�{3p� (−, Y )
(−,v)
−→ (−, Z) −→ F −→ 0�$��3V�L.0E{℄%m7�i�o\� F −→ (−,X[1])�p�.b5 (−,X[1])|I��,�/U F Yn�v�_EI��,D���̂C �dP�{I��,�+!��e/E%5e7+EI��,g8k��,�� F I��$��{o\� F −→ (−,X[1]) 50���8 F |k��,�/Y57��P�N���.57� Ĉ | Frobenius Abel &Xtdk� - I��,{�
| add(p(C))�gv57 Coho(C)∩Ĉ = add(p(C))��.bUhv add(p(C)) ⊆ Coho(C)∩Ĉ� H ∈ Coho(C) ∩ Ĉ�$J`s� 3.2.5�� Exti(F,H) = 0�dD F ∈ Ĉ�i ≥ 1�q
�H | Ĉ D{I��,�R��3{C%7 H ∈ add(p(C))� �

§3.2.3 Y,��M1'�5fa57�E:azyvP��{57� C |� K �\�r+



2007 9 V T Æ # n j � # � h # � + � 73��{ Krull-Schmidt ��:&X�3r 3.2.7 `'� Cr *Z Cl �|6M��Jj`'��N. =5 Cr |�t�{�:_&X�=���.�P Cr = {X ∈ C | D(X,−) ∈

Ĉ}�|�57/E�P�Uhv C 8 Krull-Schmidt{�_5��C D1}\�m���8� add(p(C)) = p(C)��Uhv�g_ D(X,−)
8�h�{�q
�� D(X,−) |S^g_�$� Freyd-Verdier ��7 D(X,−) ∈ Coho(C) ∩ Ĉ =

add(p(C)) = p(C)�� D(X,−) m31��8�g_ D(X,−) |S^g_rtLrY8m31{�/UY
ei\�PP�� X ∈ Cr�n ∈ Z�$ D(X[n],−) ≃ D(X,−) ◦ [−n] Z|m31{�Vd
X[n] ∈ Cr��_&X Cr �_ag_1,� X ′ −→ X −→ X ′′ → X ′[1] |3p�:�dD X ′,X ′′ ∈ Cr��8�g_{3p�

(X ′[1],−) −→ (X ′′,−) −→ (X,−) −→ (X ′,−) −→ (X ′′[−1],−),N��3{F�
D(X ′′[−1],−) −→ D(X ′,−) −→ D(X,−) −→ D(X ′′,−) −→ D(X ′[1],−)Z83p{�q| X ′,X ′′ ∈ Cr���3p�D℄� D(X,−) dWP(g|S^g_�J`:a 3.2.3 ms� 3.2.4�̂C ⊆ (Cop,Ab)|�w*1,{ Abel_&X�/U��.Yy\� D(X,−) ∈ Ĉ��J`��P��.yv X ∈ Cr��8 Cr8�:_&X�gvUhv Cr 8�t�{���:m(1,�/8q|m31g_{:m(�8m31{ (�dUhv&X C 1}m�)�5*	 ��3��.Uhv�57{_E�|{o%� C |'A.t\�r+��{ Krull-Schmidt&X�� (Cop, K-mod) ⊆ (Cop,Ab)|�V�{;|��~r+{g_fP{(_&X�e7�Ĉ ⊆ (Cop, K-mod)�Uhv��.�1[{�X
D : (Cop, K-mod) −→ (C, K-mod) m D : (C, K-mod) −→ (Cop, K-mod).N&X C |5B���`�Xg_ D  TS^g_�
ei\�&X C |�XgrtLr C ��km�	k�t D(X,−) ∈ Ĉ�D(−,X) ∈ Ĉop��h X ∈ C�D. [5]
�	S&X C � Serre�XrtLr Cr = C = Cl�D.�l 3.1.2�2
�
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 ? R 2 Serre 4 A 2007 N�8�Cps� 3.2.4 m:a 3.2.7 57D{�P (�d�X)��.y\x, 3.2.8 ()= [58]�:a 2.1.1) O C |lV�:lN�d6
� Krull-Schmidt>Jj'��E C 6 Serre  3�:t� C | 3	��3{C`'A�D� A. I. Bondal- M. M. Kapranovm M. Van den Bergh��./�H\{578<+ M. Van den Bergh {57�3r 3.2.9 O>Jj'� C GL�E
BaCt7 ηX : S(X[1]) −→ S(X)[1]�X ∈

Cr�U� (S, η) |� Cr � Cl �JJC`�N. �_>�O!a�hO η��� X ∈ Cr O! ηX� X ∈ Cr�Y ∈ C�j���La�hO{pP
ΨX,Y : (Y, S(X[1]))

φ−1
X[1],Y

−→ D(X[1], Y )
−D◦[−1]
−→ D(X,Y [−1])

φY [−1],X

−→ (Y [−1], S(X))
[1]
−→ (Y, S(X)[1]),dD φ |��l\l Serre CO*V}{a�hO�D. §3.1.1�℄�NW�3{pP�=Gyv����h f : X −→ Y [−1]�g : Y −→ S(X[1]),

(f, ΨX,Y (g)[−1])X,Y [−1] = −(f [1], g)X[1],Y .Uhv Ψ �t�g_{a�hO ΨX : (−, S(X[1])) ≃ (−, S(X)[1])�$J` Yonedas��z_i�hO ηX : S(X[1]) −→ S(X)[1] -y ΨX = (−, ηX)��� ΨX,Y (g) = ηX ◦ g�Uhvq| ΨX,Y 8La�{�Vd ηX � X 8a�{�� ηX : S(X)[1] −→ S(X[1]) |a�hO�e ηX {�l�=Gyv�
(f, (ηX ◦ g)[−1])X,Y [−1] = −(f [1], g)X[1],Y . (3.2.1)��>�57ÆE�P� X

u
−→ Y

v
−→ Z

w
−→ X[1] | Cr D{3p�:�j����:

S(X)
S(u)
−→ S(Y )

S(v)
−→ S(Z)

ηX◦S(w)
−→ S(X)[1]. (3.2.2)
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3p�:��P_���: (3.2.2) �t{g_F�83p{
(−, S(Y )) −→ (−, S(Z)) −→ (−, S(X)[1]) −→ (−, S(Y )[1]) −→ (−, S(Z)[1]).5+���3p�: X

u
−→ Y

v
−→ Z

w
−→ X[1]��.myv��{g_3pF�

(Z[1],−) −→ (Y [1],−) −→ (X[1],−) −→ (Z,−) −→ (Y,−),l}�Xg_ D��F�Z83p{
D(Y,−) −→ D(Z,−) −→ D(X[1],−) −→ D(Y [1],−) −→ D(Z[1],−).Uhv�3{8�m3�dD{�\�g|hO�

D(Y,−)

φY

D(Z,−)

φZ

D(X[1],−)

ΨX◦φX[1]

D(Y [1],−)

ΨY ◦φY [1]

D(Z[1],−)

ΨZ◦φZ[1]

(−, S(Y )) (−, S(Z)) (−, S(X)[1]) (−, S(Y )[1]) (−, S(Z)[1]),/� φX[1], φY [1] m φZ[1] g� §3.1.1 D{a�hO φ �t{�/UY57��P_��M� (TR2)�{3p�: S(X)
S(u)
−→ S(Y )

α
−→ W

β
−→ S(X)[1]��P��|�57�: (3.2.2) 83p{�=B+v\� δ : W −→ S(Z) -y�m8�.

S(X)
S(u)

S(Y )
α

W

δ

β
S(X)[1]

S(X)
S(u)

S(Y )
S(v)

S(Z)
ηX◦S(w)

S(X)[1]5+��' �.b+v/U{ δ��8���g_8�m3
(−, S(X)) (−, S(Y )) (−,W )

(−,δ)

(−, S(X)[1]) (−, S(Y )[1])

(−, S(X)) (−, S(Y )) (−, S(Z)) (−, S(X)[1]) (−, S(Y )[1])
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 ? R 2 Serre 4 A 2007 N��8�m3D�b7�_=|3p����P_���=Z83p{�/U}Æs��(−, δ) 8hO��� Yoneda s�m7 δ 8hO�/U��.Yyv�: (3.2.2) 83p{���>�+(d8�m{\� δ : W −→ S(Z)�Uhv�+/U{ δ })�E)R δ ◦ α = S(v) d� ηX ◦ S(w) ◦ δ = β�J`0 (3.2.1) m�gK{�l�yv
TrX((ηX ◦ f)[−1]) = −TrX[1](f), ∀ f ∈ (X[1], S(X[1])). (3.2.3)J`L ?: (−,−) {-p�?��.y\�)R δ ◦ α = S(v) })�)R

TrZ(S(v) ◦ x) = TrZ(δ ◦ α ◦ x)��h x ∈ (Z,S(Y )); )R ηX ◦ S(w) ◦ δ = β })�)R TrX((ηX ◦S(w) ◦ δ)[−1] ◦ y) = TrX(β[−1] ◦ y)��h y ∈ (X,W [−1])�Uhv�.�
TrX((ηX ◦ S(w) ◦ δ)[−1] ◦ y) = −TrX[1](S(w) ◦ δ ◦ y[1])

= −TrZ(δ ◦ y[1] ◦ w),dD�_E}j�}0 (3.2.3)����E}j�}0 (3.1.3)�q
��.B+v δ (dd�ÆE)R�
TrZ(δ ◦ α ◦ x) = TrZ(S(v) ◦ x), ∀ x ∈ (Z,S(Y )),

TrZ(δ ◦ y[1] ◦ w) = −TrX(β[−1] ◦ y), ∀ y ∈ (X,W [−1]).	Sa�hO φZ,W : (W,S(Z)) ≃ D(Z,W ) d� φW,Z(δ) = TrZ(δ ◦ −)�q
�|�tP��>�=B+vr+ (Z,W ) �{ ?gK F -y
F (α ◦ x) = TrZ(S(v) ◦ x), ∀ x ∈ (Z,S(Y )),

F (y[1] ◦ w) = −TrX(β[−1] ◦ y), ∀ y ∈ (X,W [−1]).� ?nK{7,�=G7w�/U{gK F i�{U0e2Y8�=W
α ◦ x = y[1] ◦w�Y� TrZ(S(v) ◦ x) = −TrX(β[−1] ◦ y)��3Y5/EU0e2� α ◦ x = y[1] ◦ w�� (TR3)��3p�:{8�m

Y
v

φ0

Z

x

w
X[1]

y[1]

−u[1]
Y [1]

φ0[1]

S(X)
S(u)

S(Y )
α

W
β

S(X)[1]
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��.�
TrZ(S(v) ◦ x) = TrY (x ◦ v)

= TrY (S(u) ◦ φ0)

= TrX(φ0 ◦ u)

= TrX(−β[−1] ◦ y)

= −TrX(β[−1] ◦ y),dD�_��E}j�}0 (3.1.3)�����PE}0�}m38�?�5*	
� �3{C%�d57g"� [98]�:a I.2.3 {i��3r 3.2.10 O'� C GL�:O X ∈ C |v�*q ��E6
(1) X ∈ Cr �:t� X ~| (C X�) *3 Auslander-Reiten Jj�7��
(2) X ∈ Cl �:t� X ~| (C X�) *3 Auslander-Reiten Jj�f��N. /��.=5�_E�P���Em�Xyv�|�5 “Lr”� X ∈ Cr�� S : Cr −→ Cl |&X C �{\l Serreg_�J`:a 3.2.3(3)�S 8})g_�_5��S(X) ∈ Cl 8=m0E{�� radEndC(X) |ah\nK EndC(X) { Jacobson J�	S C {L ?:
(−,−)�Ri�-�\� w : X −→ S(X) -y (EndC(X), w)X,X = 0�{3p�: S(X)[−1]

u
−→ Y

v
−→ X

w
−→ S(X)��.�P<�:8 Auslander-Reiten�:�/UY57� “Lr” �0��.=BS5e2 (AR3’):  γ : X ′ −→ X - retraction��5 w ◦ γ = 0�5+�����h x : X −→ X ′��� γ - retraction�$� γ ◦x ∈ radEndC(X)�N��

(x, w ◦ γ)X,X′ = (γ ◦ x,w)X,X = 0, ∀ x ∈ (X,X ′),dD�_E}j}0 (3.1.1)����E}j� w {I{�y��J`L ?:{-p�?��.yv w ◦ γ = 0�|�5 “r”� � Auslander-Reiten �: Z
u

−→ Y
v

−→ X
w

−→ Z[1]��{_
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 ? R 2 Serre 4 A 2007 N ?gK Tr : (X,Z) −→ K -y Tr(w) 6= 0��.�P��� X ′ ∈ C�L ?:
(−,−) : (X,X ′) × (X ′, Z[1]) −→ K�l| (f, g) = Tr(g ◦ f) 8-p�{���P
5�$��t{g_+a�hO D(X,−) ≃ (−, Z[1])�q
 X ∈ Cr��5L ?:-p�� f : X −→ X ′ -��{3p�: X ′′ s

−→ X
f

−→

X ′ −→ X ′′[1]�q| f -��R\� s - retraction�� (AR3’)�7 w ◦ s = 0�J`:a 1.1.3(2)�m7\� w Q� f 0E��m � g : X ′ −→ Z[1] -y
w = g ◦ f��8 (f, g) = Tr(w) 6= 0��_)3� g : X ′ −→ Z[1] -��{3p�: Z

u′

−→ X ′′′ −→ X ′ g
−→ Z[1]�q| g -��R\� u′ - section�J`

Auslander-Reiten �:{?A�u′ Q� u 0E�N�� (TR3) ���{�:\�
Z

u
Y

v
X

f

w
Z[1]

Z
u′

X ′′′ X ′
g

Z[1]�8�g ◦ f = w�R (f, g) = Tr(w) 6= 0�5*	 �[q 3.2.11 U:lN�d6
� Krull-Schmidt >Jj'� C L� Auslander-

Reiten4)�11�xf [49]W [98]�§I.2�O X ∈ C v�*q:
B Auslander-

Reiten Jj Z −→ Y −→ X −→ Z[1]�\-� Auslander-Reiten JjBt7-.	5 X {(~��u" � Z &5 X ~��℄ τ(X) = Z�}I$� “3N”τ|'� C �Auslander-Reiten C.�5L(oZ5K'M��[��D τ U� τ = [−1]S�mt��τ ZC`�"I(���.�	Z� (4%��
§3.3 opS3 Serre �L'���.5�0��S\��~nK{<&X{�Gt\&Xd��1-8��y>:{S^E{�Gt\&X{\l Serre CO�
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§3.3.1 9�t'=��P0 Serre ~K A |� K �\�r+��{& &X� SA : Ar −→ Al |d�{\l Serre g_�8 (−,−)X,Y : (X,Y ) × (Y, SA(X)) −→ K |#v{L ?:�j��Gh#&X Kb(A)�q7��Y{\�r+Z8��~{��d\l Serre g_| S : K(A)r −→ K(A)l��3{C`'A�D� D. Happel�Dj [48]��� 3.6 Æ [49]�� 37 [{57�3r 3.3.1 "4L&�℄E�E6
Kb(Ar) ⊆ Kb(A)r, Kb(Al) ⊆ Kb(A)l : S|Kb(Ar) = SA,5XI�� SA : Kb(Ar) −→ Kb(Al) Z[�h4B-�L��N. =��P�|�tP57=BO!_ELa�{-p�L ?:

(−,−)X•,Y • : HomKb(A)(X
•, Y •) × HomKb(A)(Y

•, SA(X•)) −→ KdD X• ∈ Kb(Ar)�Y • ∈ Kb(A)�5+���byv/U{L ?:�$���hX• ∈ Kb(Ar)��g_{hO φX• : DHomKb(A)(X
•,−) ≃ HomKb(A)(−, SA(X•))�R�X• ∈ Kb(A)r�tm9rI{ Kb(A) �{\l Serre g_ S -y S|Kb(Ar) =

SA (/���.BUhvhO φX• � X• ∈ Kb(Ar) 8a�{)����lL ?:� f• = (f i) : X• −→ Y •�g• = (gi) : Y • −→ SA(X•)�
(f•, g•)X•,Y • :=

∑

i∈Z

(−1)i(f i, gi)Xi,Y i .=��Uhv<L ?:8�lp�{��B5� f• Æ g• h#� 0�$
(f•, g•)X•,Y • = 0� X• = (Xi, di

X)i∈Z �Y • = (Y i, di
Y )i∈Z�=* f• h#� 0�
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Y ◦ hi + hi+1 ◦ di

X�i ∈ Z�$�
(f•, g•)X•,Y • =

∑

i∈Z

(−1)i(di−1
Y ◦ hi, gi)Xi,Y i + (−1)i(hi+1 ◦ di

X , gi)Xi,Y i

=
∑

i∈Z

(−1)i(hi, gi ◦ di−1
Y )Xi,Y i−1 + (−1)i(hi+1, SA(di

X) ◦ gi)Xi+1,Y i

=
∑

i∈Z

(−1)i(hi, gi ◦ di−1
Y − di−1

SA(X) ◦ gi−1)Xi,Y i−1

= 0,dD��E}jB}:a 3.1.4(1)��gv_E}jk�� g• : Y • −→ SA(X•)8
z��L ?:{La�?})���ÆE}0�
(f• ◦ θ•, g•)X′•,Y • = (f•, SA(θ•) ◦ g•)X•,Y •

(γ• ◦ f•, g•)X•,Y • = (f•, g• ◦ γ•)X•,Y ′• .�/1m�L ?:{�ld��V�&X A {
0 (3.1.1) m (3.1.2) :>yv�gv��.5L ?:{-p�?��{ X• ∈ Kb(Ar)�j���L ?:�t{a�0�
φX• : DHomKb(A)(X

•,−) −→ HomKb(A)(−, SA(X•)).�.�P φX• 8a�hO�/YtP�57�5+��φX• 8ÆE�h�g_+{a�0���8�� dévissage �Æs�e7=B5 φX•(Y •) 8hO�dD Y • | stalk 8<�=&_�?� 
Y • = Y ∈ A�Uhv DHomKb(A)(X

•, Y ) 8��8<{ 0 d�h��
· · · −→ D(X−1, Y ) −→ D(X0, Y ) −→ D(X1, Y ) −→ · · ·pJ` A {\l Serre �X��3{8<hO�

· · · −→ (Y, SA(X−1)) −→ (Y, SA(X0)) −→ (Y, SA(X1)) −→ · · ·�<8<{ 0 d�h��k8 HomKb(A)(Y, SA(X•))�/Y57� φX•(Y )8hO�5*	 �
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§3.3.2 9���=��P0 Serre ~K (I)'.��A |\�r+��{ Abel &X�N A |Ext-finite  ��`
Db(A) 8\�r+��{�q7��/})����h X,Y ∈ A�i ≥ 0�K- r+ ExtiA(X,Y ) g8��~{�05� P m I | A Dk��,mI��,fP{(_&X����� SA : Ar −→ Al | A {\l Serre g_��.�P Ar ⊆ P t
Al ⊆ I�5+�� X ∈ Ar�$�g_hO (X,−) ≃ D(−, SA(X))�q
 (X,−)8�3p{��8 X 8k��,�}Q��Al D{+E�,g|I��	S�Cps� 1.3.12 ms� 1.4.14
a�hO
HomDb(A)(P

•,X•) ≃ HomKb(A)(P
•,X•), HomDb(A)(X

•, I•) ≃ HomKb(A)(X
•, I•),

(3.3.1)dD P • ∈ Kb(P)�X• ∈ Kb(A)�I• ∈ Kb(I)�4� 3.3.2 O A | Ext-finite � Abel '��E6 Kb(Ar) ⊆ Db(A)r �Kb(Al) ⊆

Db(A)l : S|Kb(Ar) = SA�5X S : Db(A)r −→ Db(A)l | Db(A) L�=. SerreC`�N. Uhv Ar ⊆ P�Al ⊆ I�$J`�� 1.4.16�a�g_ Kb(Ar) −→

Db(A)�Kb(Al) −→ Db(A) g|(n�� P • ∈ Kb(Ar) �X• ∈ Kb(A)�$� (La�) hO
DHomDb(A)(P

•,X•) ≃ DHomKb(A)(P
•,X•)

≃ HomKb(A)(X
•, SA(P •))

≃ HomDb(A)(X
•, SA(P •)),dD�_��EhOg�0 (3.3.1) yv����EhO�:a 3.3.1 yv�/U�s���y5� �	S8< X• ∈ Db(A)N|
::�w`~l ��`i��E1K N -y HomDb(A)(X

•,M [n]) = 0 ��h M ∈ A�n ≥ N�� Db(A)fpd |�
b���k�~K{8<fP{(_&X�=Gi\Y8 Db(A) {�t��:_&X�
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::�7`~l{>Q�d��t��:_&X Db(A)fid�D. [85]�:�Æ [112]��� 10.7.2���C%8C7{�4� 3.3.3 O A | Abel '��E6
(1) Kb(P) ⊆ Db(A)fpd�I A |6
8!uN ��E6 Kb(P) = Db(A)fpd�
(2) Kb(I) ⊆ Db(A)fid�I A |6
8!,N ��E6 Kb(I) = Db(A)fid�N. =5 (1)��_E�dV�q
e�0 (3.3.1) {i0yv���H\{V���E�P{57}Q� [99]�:a 6.2 {57� X• ∈ Db(A)fpd��� A b�dP�k��,�m{KhO π• : P • −→

X•�dD P • ∈ K−,b(P)�Dj:a 1.4.15
�=* �31K N -y����h M ∈ A�i ≥ N�� HomDb(A)(X
•,M [n]) = 0�t=* H−n(P •) = 0�n ≥ N�j�d�{a�
z� θ• : P • −→ Cokerd−N−1

P [N ]

· · · P−N−1
d−N−1

P

P−N

θ

d−N

P

P−N+1
d−N+1

P · · ·

· · · 0 Cokerd−N−1
P 0 · · ·dD θ 8a�k��Uhv

HomKb(A)(P
•,Cokerd−N−1

P [N ]) ≃ HomDb(A)(P
•,Cokerd−N−1

P [N ])

≃ HomDb(A)(X
•,Cokerd−N−1

P [N ]) = 0.�8�θ• h#� 0�Rm i� h : P−N+1 −→ Cokerd−N−1
P -y h◦d−N

P = θ��_)3�d−N
P z_�Q� θ0E� d−N

P = i◦θ�dD i : Cokerd−N−1
P −→ P−N+1��8� h ◦ i ◦ θ = θ�N� h ◦ i = IdCokerd−N−1

P
�R i |m�o�N� Cokeri |k��,�/UY=Gy\8< P • h#�_8<

· · · −→ 0 −→ Cokeri −→ P−N+2 −→ P−N+3 −→ · · · ,�<8<8D� Kb(P) {�e��.y\ X• ∈ Kb(P)�5*	 �3r 3.3.4 O A | Ext-finite � Abel '��E6 Db(A)r ⊆ Db(A)fpd�Db(A)l ⊆

Sb(A)fid�
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•,−) ≃ DHomDb(A)(−, S(X•))�dD S | Db(A) {\l Serre g_�{31K N -y Hn(S(X•)) = 0��h

n ≤ −N� M ∈ A�n ≥ N�$�
HomDb(A)(X

•,M [n]) ≃ DHomDb(A)(M [n], S(X•))

≃ DHomDb(A)(M,S(X•)[−n]) = 0,dDgv_E}jP�8�� Hm(S(X•)[−n]) = 0��h m ≤ 0��8��.y\8< X• b���k�~K�N�� Db(A)r ⊆ Db(A)fpd��_E�dV�m}Qy5� �'.�{P��|�-� 3.3.5 O A |= K LlN�d6
� Abel '��O A |6
8!�uN �G,N ��bO Ar = P�Al = I u℄ SA = ν�E6 Db(A)r =

Kb(P)�Db(A)l = Kb(I) :5L�=. Serre C` S = ν�[��h4B-�L
�N. Uhv��a � Abel&X A8 Ext-finite {��8���mfaCps� 3.3.2�s� 3.3.3 d�:a 3.3.4 yv� ��.H\<��{_E�_�� 3.3.6 O A |6
}�a�A = A-mod |6
}f A- )'��E+M A L�=. Serre p7yA5G	�baCt74�
DHomA(P,M) ≃ HomA(M,νP ),5X P ∈ A-proj |uN)�ν = DHomA(−, A) | Nakayama C`�M ∈ A-mod�xf [8]�(o II.4.2�U: ν : A-proj −→ A-inj Z'��
�9�+M A !
�� 3.3.5 �rg�:Z��#�� Db(A-mod)r = Kb(A-proj)�Db(A-mod)l =

Kb(A-inj) :=. Serre C`5 Nakayama C` ν 4��hI�<y<�� 3.2.1(3) mJ6	��#�� D. Happel �(3��
[50]��� 1.4�mt��O

X• −→ Y • −→ Z• −→ X•[1]
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 ? R 2 Serre 4 A 2007 N| Db(A-mod)X� Auslander-ReitenJj�E6 X• ∈ Kb(A-inj)�Z• ∈ Kb(A-proj): X• ≃ ν(Z•)�
§3.3.3 9���=��P0 Serre ~K (II)'�NW-8��y>: X �S^E{�Gt\&X Db(coh(X)) {\l
Serre CO�	S_1�l� R = ⊕i≥0Ri|� K�	f���R0 ≃ K
{i Noether(Æ})��0di Noether) 0dnK�$e7 R 8[���~{�� dimRi <

∞�i ≥ 0�� R≥d = ⊕i≥dRi�d ≥ 1�e7�R≥d |L.�%�05� R-Gr m R-gr |0di R- <m��#P0di R- <&X�� (d)|d�{ degree-shift g_�d ∈ Z� M,N ∈ R-Gr��l
Hom(M,N) := ⊕d∈ZHomR-Gr(M,N(d)),8�l#v{t\g_ Exti(−,−)�i ≥ 0��8��
Exti(M,N) := ⊕d∈ZExti

R-Gr(M,N(d)). M ∈ R-Gr��l τ(M)| M {V���~0d_<8m�a���τ �l�g_ τ : R-Gr −→ R-Gr�� τ(M) = M�$N M |>4�e7�M 8T<rtLr���h m ∈ M�i� d ≥ 1 -y R≥dm = 0�05� R-Tor m R-tor|T<m��#PT<fP{(_&X��8 R-Tor ⊆ R-Gr�R-tor ⊆ R-gr g|Serre _�Æ�s���ÆE� Abel &X (D. [42]�� 368 [�o% 2)

Tails(R) := R-Gr/R-Tor, tails(R) := R-gr/R-tor,t� π : R-Gr −→ Tails(R) |3p�g_�=Gyv�a�g_ tails(R) −→

Tails(R) |(n� (D. [1]�:a 2.3)�� π(R) = O�dD R ;|�0 d#P{
3$0di R- <�-3 3.3.7 (Artin-Zhang [1]) O R = ⊕n≥0Rn |�s� Noether *��a�℄
X := Proj(R) := (tails(R),O).



2007 9 V T Æ # n j � # � h # � + � 85} X | R  1�Ayd`6F��℄ coh(X) = tails(R)�u}5 �| X L�=	��} O | X ��L�� R |	f{i Noether 0dnK�j���e2�)= [1]��l 3.2 m�l 3.7
sx “χ”: ��� M ∈ R-gr�dim Extj(K,M) < ∞�j ≥ 1�Uhv�/� K ≃ R/R≥1 a��;|��D� 0 `{
0d R- <�/Ee2{IW?�0�8q|���C%�4� 3.3.8 ([1]�o% 7.3(3) Æ [85]�:a 2.2.1) O R |�s�f Noether *��a!
rg “χ”�E Abel � tails(R) Z Ext-finite ���v [85]��� A.4 d� [104]�:a 7.48 {i���.�'.�{P���-� 3.3.9 O R |�s�bp Noether *��a�X = Proj(R)�bO R *Zk�&�a Rop �!
rg “χ” :�1�C` τ �|66
�Lt�}a�O R• | R �4K 3-��x� [109]��� 6.3 W [114]
�u℄ R• = π(R•)�E6r��'� Db(coh(X)) L�=. Serre p75*	4��
Db(coh(X))r = Db(coh(X))fpd, Db(coh(X))l = Db(coh(X))fid,:5=. Serre C`| S = −⊗L R•[−1].N. Uhv/�{g_ −⊗L R• 8� −⊗L R• �t{�D. [85]�:��J`s� 3.3.8�&X coh(X) 8 Ext-finite {���:a 3.3.4��.�
Db(coh(X))r ⊆ Db(coh(X))fpd, Db(coh(X))l ⊆ Db(coh(X))fid.�_)3�J` [85]��� A.4 e7

Db(coh(X))r ⊇ Db(coh(X))fpd�t S|Db(coh(X))fpd
= −⊗L R•[−1]8e Db(coh(X))fpd v Db(coh(X))fid {&X})��8yv Db(coh(X))fid ⊆

Db(coh(X))l�/UY=Gi\��P�� �
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§3.4 58'���.5H\\l Serre �X�_58� 3.3.6 {ÆEv}�

§3.4.1 Gorenstein �k��^	S�.� §3.1.2 Ds�{e2 (C) d� (C’)�4� 3.4.1 O A |lN�d6
� Abel '���#6
(1) I A |6
8!uN �: Ar = P�E Db(A) !
rg (C)�
(2) I A |6
8!,N �: Al = I�E Db(A) !
rg (C’)�N. =5 (1)� A b�dP�k��,t Ar = P�J`s� 3.3.2 m:a 3.3.4�Db(A)r = Kb(P)� X•,X ′• ∈ Db(A)r�Z• ∈ Db(A)�mN_> 
X•,X ′• ∈ Kb(P) |�k��,fP{�G8<�{k�0E P • −→ Z•�dD
P • ∈ K−,b(P)��� n >> 0�{ Z ′• := σ≥−nP • | brutal ?��{ s |pP

Z ′• −→ P • −→ Z•,dD Z ′• −→ P • |a�
z��Uhv�Z ′• ∈ Kb(P) = Db(A)r�$
eS5���� s �t{z�
HomDb(A)(X

•, Z ′•) −→ HomDb(A)(X
•, Z•),HomDb(A)(Z

′•,X ′•) −→ HomDb(A)(Z
•,X ′•)g|L��5*	 �	S Abel&X AN| Gorenstein&X��` Ab�dP�{k��,mI��,�t+Ek��,g���{I�~K�+EI��,g���{k�~K�D. §2.4.2���C%H\��1
Gorenstein &X_E7{o~�-� 3.4.2 O A |lN�d6
� Abel '��|6
8!�uN �G,N ��bO Ar = P�Al = I�E	�(o�
�

(1) '� Kb(P) 6 Serre  3�
(2) '� A Z Gorenstein '��
(2) '� Kb(I) 6 Serre  3�



2007 9 V T Æ # n j � # � h # � + � 87N. J`�� 3.3.5�� Db(A)r = Kb(P)�Db(A)l = Kb(I)�Uhv�A 8
Gorenstein &XrtLr Kb(P) = Kb(I)��J`s� 3.4.1��:a 3.1.7({
C = Db(A)) �yC%� � A |��~nK�J`� 3.3.6�&X A = A-mod (d��{e2��8���{V���~ Gorenstein nK{_E7{o~�)= [51]��� 3.4Æ [68]�� 8.3(1)
�x, 3.4.3 O A |6
}�a�E	�(o�
�
(1) '� Kb(A-proj) 6 Serre  3�
(2) �a A Z Gorenstein �a�
(3) '� Kb(A-inj) 6 Serre  3�
§3.4.2 Rickard ,��rO	SÆE��~nK A m B N|��#t ��`i��:&X+{}) Db(A-mod) ≃ Db(B-mod)�D. [99]�o% 8.3
�J. Rickard �� [101]�o%
5.2 ()= [100]�:a 1.2) D<\�����Ng{C%�-� 3.4.4 (Rickard) O�a A G B ���
�E A Z }�a�:t� BZ }�a��3��.5�}\l Serre COzH\<��{_E&p<0�)=
[81]�s� 3.1
�-� 3.4.5 O AG B |6
}�a�O6�K Æ��
'��
 F : Db(A-mod) ≃

Db(B-mod)�E A Z }�a�:t� B Z }�a��578l�H\_E>Q� C |\�r+��{�& &X��d\l Serreg_| SC : Cr −→ Cl�N&X C |S3 0-Calabi-Yau  ��` Cr = Clt�g_{a�hO SC ≃ IdCr
()= [68]�8.2)���C%8a�{�
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�>a$'��O F : C −→ D | (K-Æ��) '��
�E C Z=. 0-Calabi-Yau '��:t� D Z=. 0-Calabi-

Yau '��N. =�Uhv F �t�&X}) Cr ≃ Dr d� Cl ≃ Dl�|
�=B5�
X ∈ Cr�$ F (X) ∈ Dr� Y ∈ C�$�La�hO
DHomD(F (X), F (Y )) ≃ DHomC(X,Y ) ≃ HomC(Y, SC(X)) ≃ HomD(F (Y ), F (SC(X))).�8� ImF ��g_{hO

DHomD(F (X),−) ≃ HomD(−, F (SC(X))). (3.4.1)q| F Y/�R<hOmOqv1E&X D ���8 F (X) ∈ Dr�|�tP57� C 8\l 0-Calabi-Yau &X�� Cr = Cl t SC ≃ IdCr
�$��7 Dr = Dl�t�hO (3.4.1)7�a�hO SD(F (X)) ≃ F (SC(X))�X ∈ Cr�Uhv SC ≃ IdCr

t F 8&X})��
�.my\ SD ≃ IdDr
�/Y57�

D 8\l 0-Calabi-Yau &X� �-� N2�  F : Db(A-mod) −→ Db(B-mod) |&X})� A |�NnK���L<hO A ≃ D(A)�J`� 3.3.6�Db(A-mod) {\l Serre COm��4G�Db(A-mod)r = Kb(A-proj)�Db(A-mod)l = Kb(A-inj) t\l Serre g_� Nakayama g_H\ ν = DHomA(−, A) ≃ D(A)⊗A −��8���NnK A�m7 Db(A-mod) 8\l 0-Calabi-Yau {�J`�s��m7 Db(B-mod)Z|\l 0-Calabi-Yau&X�R��� 3.3.6�� Kb(B-proj) = Kb(B-inj)�t�g_}) η : IdKb(B−proj) ≃ νB�j� ηB : B ≃

νB(B) = D(B)�=��ηB 8i B-<{hO� b ∈ B��� b �QV�t{i
B- <\�| rb : B −→ B�$� η {a�?��

ηB ◦ rb = νB(rb) ◦ ηB .Uhv�}0YN7� ηB 8� B-<\���8 ηB |L<hO��nK B 8�N{�5*	 �



%oI [{>��/"�"�& &X{1}m�?8_E�'	a��_1b
{& &X841}m�uuÆ�1="{�%ÆA%/r#V�D. [2, 41, 106] }��r���b���~\�r+{& &X8 Krull-Schmidt &XrtLrY81}m�{�D. [31]�� [11]=W,�NW��:&X{1}m�?�_5{�<�57�1}m�3p&X{�Gt\&X81}m�{�D. [11]��� 2.88)= [31, 77]
�')=$��NW���:&X{1}m�?�8}=Z}{) 57�Gh#&Xd� Abel &X{�Gt\&X{1}m�?�v<\Æ��'){�0C`�W$zNmJb7{�'���)%Kds}'){PWC`�
§4.1 Z*�,

§4.1.1 .!�!� C |& &X�X ∈ C�\� e : X −→ X N|0#q`��` e ◦ e = e����r}\� IdX m�\�g|1}\��K_��� X = Y ⊕ Z�$pP\� X
(1

0)−→ Y
(1 0)
−→ X |1}\���/E�_�.q
e�E��{�l�N1}\� e : X −→ X�#��`i�\� u : X −→ Y m v : Y −→ X -y

v ◦ u = e t u ◦ v = IdY�N e : X −→ X |P�#��` e m IdX − e gm���.5V�1}\�0�{_1?A℄E|��e5{s��4� 4.1.1 O C |a$'��e : X −→ X |%�lN�
(1) O e*�| X

u
−→ Y

v
−→ X�E u |lN IdX −e�;F�v |lN IdX −e�F�9�e �*�I
Bo{(�

(2) %�lN e ���:t�lN IdX − e 6F��:t�lN IdX − e 6;F�
(3) O e 9���e G IdX − e *t*�| X

u
−→ Y

v
−→ X G X

u′

−→ Y ′ v′

−→ X�
89
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u′

)
: X −→ Y ⊕ Y ′�5/| (v v′)��3{C%q�|�4� 4.1.2 O C |>Jj'��e : X −→ X |%�lN�E e ���:t� e9���N. =B5� e m��$ IdX − e Zm���s� 4.1.1(2)�=B5 e �	k�|
� e 0�| X

u
−→ Y

v
−→ X��� u ◦ v = IdY�$e7� v {	ki��$ e {	kZi�tY.#h�j�3p�: Y

v
−→ X

π
−→ Z −→ Y [1]��� v | section�$� [49]�� 7[s� 1.4 m7 π | retraction��Cp:a 1.1.3(2)��.my\\� π | v{	k��8Z| e {	k�5*	 �

§4.1.2 Y,� C|& &X�N C 80#�# �idempotent-split, idempotent-completeÆ Karoubian
��`d+E1}\�gm��})��d+E1}\�gpm��'){PW��857��ÆE�'��-� A O C Z%����a$'��E56rt�'� Kb(C) &|Z%�����-� B O A | Abel '��E56r��'� Db(A) Z%�����[q� �� A �K'd�lVL�>: J. Rickard�[99]�(o 6.3
*Z M.

Bökstedt -A. Neeman ( [20], (o 3.4
��� B �xf [11]�w� 2.10 W [77]�w� A��#I�4��K'<� [77] X�K'Z($��
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§4.2 -� A  N2�57�� A 8l��.BH\_1�$s�� C |& &X�N C
:�lXlQY��`���h X ∈ C�mK:m
⊕

n∈Z
X 
8i�{� X ∈ C� � C D{_� {Yj}j∈Λ t d:m ⊕

j∈Λ Yji��$�&z�
⊕

j∈Λ

HomC(X,Yj) −→ HomC(X,
⊕

j∈Λ

Yj)
|o��N X | C D{�5���`���h�:m{_� {Yj}j∈Λ �3{�&z�
8hO���X 8J�,rtLrg_ HomC(X,−) Æ�h��<1�H\{t�hl{
:m8���&X C D��
J�,fP{(_&X| Cc�=G57�_&X Cc ⊆ C �:m(d���:m�1,��r��
C |��:&X�$m5 Cc 8�t�{�:_&X�D. [90]�s� 4.1.4 Æ
[104]�3.3.2
���C%�'�D� [20]�ZmDj [90]�:a 1.6.8�=Gi\�Yfm;|� [41] DPC%{_Axv�
4� 4.2.1 O C ||6�aZaOG�>Jj'��E'� C Z%�����:Z�̀ '� Cc &Z%�����
N. /�{57B}vu(L�i�{% �D. [90]�� 68[� X ∈ C�e :

X −→ X |1}\��j���{3p�:
⊕

n≥0

X
θ

−→
⊕

n≥0

X
η

−→ Y −→ (
⊕

n≥0

X)[1]
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�\0H\�/���.	| ⊕
n≥0 X |�*�r+


θ =




1

−e 1

0 −e 1

0 0 −e 1

...
...

. . .
. . .




.

 η = (u0, u1, · · · )�� η ◦ θ = 0��.my u0 = u1 = u2 = · · · t ui ◦ e = e��
u = ui�i ≥ 0�Uhv�3p�:8m�{�Dj [49]�� 7 [s� 1.4
�5+��θ ���{iL�Uh�<
�\08�lp�{





1 − e −e −e −e · · ·

1 − e −e −e · · ·

1 − e −e

1 − e −e

. . .
. . .




.

�8J` [49]�� 7 [s� 1.4, η | retraction�j�\� γ :
⊕

n≥0 X −→ X�dD γ = (e, e, · · · )�$ γ ◦ θ = 0�J`:a 1.1.3(2)�i�\� v : Y −→ X -y
v ◦ η = γ��8 v ◦ u = e��.�P u ◦ v = IdY��8�/Y57� e m��5+���.�

(u ◦ v) ◦ η = (u ◦ v ◦ u, u ◦ v ◦ u, · · · ) Uhv v ◦ u = e

= (u ◦ e, u ◦ e, · · · ) Uhv u ◦ e = u

= (u, u, · · · ) = η.p η | retraction��8��.y\ u ◦ v = IdY��5_&X Cc |1}m�{�=�Uhv�Cc ⊆ C 8�:m(�1,�/Ydd57 Cc 1}m���5+�� X ∈ Cc�e : X −→ X |1}\��
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u

−→ Y
v

−→ X m X
u′

−→ Y
v′

−→ X�p�s�
4.1.1(3)�7 Y ⊕ Y ′ ≃ X��8 Y ∈ Cc�/U e �_&X Cc DZm�� ��s�'A�D� J. Rickard� R|do��05� R-Projm R-proj|k�i R- <m��#Pk�i R- <&X���C%{57�e�� [99] {s� 1.1�s� 2.1 d�:a 6.3 D�4� 4.2.2 O R |BiR�E6rt�'� Kb(R-Proj) 6�aZaOG�:6aC�'��
 Kb(R-proj) ≃ Kb(R-Proj)c�N. =�j�&X Kb(R-Proj) D{:m�|
����h n ≥ 1��(_&X
K [−n,n] := {P • | P • hO��E8< Q• (d Qi = 0, |i| > n}�=Gyv�8<
P • ∈ K [−n,n] rtLr����h P ∈ R-Proj�i > n��

HomKb(R-Proj)(P [−i], P •) = 0, HomKb(R-Proj)(P
•, P [i]) = 0. Λ |<1��P •

j ∈ Kb(R-Proj)�j ∈ Λ��.�P:m ⊕
j∈Λ P •

j i�rtLri� n ≥ 1�-y+E P •
j g&� K [−n,n] D���Py5�$�_EC%a�P��5 “Lr” �0� P • =

⊕
j∈Λ P •

j �$i� n ≥ 1 -y P • ∈ K [−n,n]�J`:m{?A��.yv����h P ∈ R-Proj�i > n�
HomKb(R-Proj)(P [−i], P •

j ) →֒ HomKb(R-Proj)(P [−i], P •) = 0,

0 = HomKb(R-Proj)(P
•, P [i]) ։ HomKb(R-Proj)(P

•
j , P [i]).�8�P •

j ∈ K [−n,n]�#8� P •
j ∈ K [−n,n]�j ∈ Λ�=* P •

j ≃ Q•
j�-y

Qi
j = 0�|i| > n��8�mda���l8< Q• :=

⊕
j∈Λ Q•

j ∈ Kb(R-Proj)�=G57 Q• Y8 P •
j �&X Kb(R-Proj) D{:m�/Y5t��P��5 Kb(R-proj) ≃ Kb(R-Proj)c� P •

j �j ∈ Λ t:m P • =
⊕

j∈Λ P •
j i����3{%5�m i� n ≥ 1 -y P i

j = 0�|i| > n��t:m P • 8a�yv{�_5{�P i =
⊕

j∈Λ P i
j�i ∈ Z (/�{:m8<&XD{:m)� 

X• ∈ Kb(R-proj)�j�
z� f• : X• −→ P •���+E Xi g|��#P�$i���_� Λ′ ⊆ Λ�-y f• Q��&z� ⊕
j∈Λ′ P •

j −→ P • 0E�/Yyv� X• |J�,�R� Kb(R-proj) ⊆ Kb(R-Proj)c�
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 ? R 2 Serre 4 A 2007 N#az� P • ∈ Kb(R-Proj)c��5 P • ∈ Kb(R-proj)�� P •{�0w(P •) :=

#{i ∈ Z | P i 6= 0} j℄E�� w(P •) = 1�� P • | stalk 8<�=* P • = P|�D� 0 `�m P ⊕ Q = F�dD F =
⊕

j∈Λ R |a�<�j�a�z�
f : P −→ F�85<z�;| Kb(R-Proj) D{\���� P |J�,�$i� Λ {��_� Λ′ -y f Q� ⊕

j∈Λ′ R 0E�/U��.myv< P 8��#P{�R P • = P ∈ Kb(R-proj)�� �P • |J�,t w(P •) ≥ 1�=* 8< P • = · · · −→ 0 −→ P 0 d0

−→ P 1 d1

−→ P 2 −→ · · ·�dD P 0 6= 0�x<_�  P 0 |��#P R- <�$ P 0 |J�,��8�a�{3p�:
σ≥1P • −→ P • −→ P 0[0] −→ (σ≥1P •)[1]my σ≥1P •Z|J�,���� w(σ≥1P •) < w(P •)��℄E' �m7 σ≥1P • ∈

Kb(R-proj)��8����3{3p�:�.yv P • ∈ Kb(R-proj)�/�BUhv�Kb(R-proj) ⊆ Kb(R-Proj) |�:_&X
�x<��  P 0 =|��#P<�fa&�9r{ contractible 8<��.m P 0 |a�<�j���{a�
z�
· · · 0 P 0

IdP0

d0

P 1 d1

P 2 · · ·

· · · 0 P 0 0 0 · · ·�� P • |J�,�<
z�Q� P 0 {�E��#P:m(0E��d�N�i�0E P 0 = P ′0 ⊕ P ′′0�-y P ′0 ��#Pt�3{
z�h#�
· · · 0 P ′0 ⊕ P ′′0

0

B

B

@

x y

0 0

1

C

C

A

(d′0 d′′0)
P 1 d1

P 2 · · ·

· · · 0 P ′0 ⊕ P ′′0 0 0 · · ·dD x, y |<&XD{\���8�i� (s′

s′′

)
: P 1 −→ P ′0 ⊕ P ′′0 -y

(
d′0 d′′0

)



s′

s′′


 =




1 − x −y

0 1


 .



2007 9 V T Æ # n j � # � h # � + � 95_5���.yv s′′ ◦ d′′0 = IdP ′′0��8�i�0E P 1 = P ′1 ⊕ P ′′0 -y
d0 =




a 0

b 1


 t d1 = (d′1 0)��8�
eiv8< P • h#���8<
P ′• = · · · −→ 0 −→ P ′0 a

−→ P ′1 d′1

−→ P 2 d2

−→ P 3 −→ · · ·�8�P ′• f|J�,�tUhv w(P ′•) ≤ w(P •)�P ′0 ��#P�/U�	aYX�vx<_�e�:ay5� �-� A  N2�  C 1}m��X• ∈ Kb(C)� e : X• −→ X• |1}\��Uhv�X• ∈ Kb(addT )�dD T =
⊕

i∈Z
Xi��.=B57 e �_&X

Kb(addT ) D0��m� R = EndC(T )op�$g_ HomC(T,−) �t��g_
ΦT : addT −→ R-proj.e7 ΦT 8(E+g_���� addT 1}m��$m7 ΦT |Y/{���ΦT8&X})��8�Kb(addT ) })� Kb(R-proj)�Cps� 4.2.1 ms� 4.2.2��.yv Kb(R-proj) 81}m�{ (Zm. [20]�:a 3.4)��8�Kb(addT )1}m��e� e �dD0��5*	 �

§4.3 -� B  N2|�57�� B��.Bj_1[$Ll��3{s�8JVK7{�4� 4.3.1 O X
u

−→ Y
v

−→ Z
w

−→ X[1] |>Jj'� C X�JJJj��#6
(1) IlN e : Z −→ Z !
 e ◦ v = v : w ◦ e = w�E e |t7lN�
(2) O6lN x : Z −→ Z ′ *Z y : Z ′ → Z !
 x ◦ v = 0�w ◦ y = 0�E
x ◦ y = 0�
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X

u
Y

v
Z

e

w
X[1]

X
u

Y
v

Z
w

X[1]$J`:a 1.1.3(3) 7\� e |hO�
(2) �� x ◦ v = 0�$J`:a 1.1.3(2)�\� x Q� w 0E�$m 

x′ : X[1] −→ Z ′ -y x = x′ ◦ w�q
�x ◦ y = x′ ◦ w ◦ y = 0� �>�z{:am;|'�{V/V��Uhv��.ZmdJ`� [11]{P����� 1.5 zHY_E=,o{57�p/��.I"H\:>�Z}{57�3r 4.3.2 O C |>Jj'��O	v|JJJj�lN
X

e1

u
Y

e2

v
Z

e3

w
X[1]

e1[1]

X
u

Y
v

Z
w

X[1]5X"3 ei �|%�lN�EI e1 G e2 *��E e3 &*��N. J`s� 4.1.2�1}\� e1 m e2 gpm���8��.m X = X1⊕X2t e1 =




1 0

0 0


�Y = Y1 ⊕ Y2 t e2 =




1 0

0 0


�J` e2 ◦ u = u ◦ e1�m7\� u8m�:�{��m u =




u1 0

0 u2


�{ C D{3p�:

Xi
ui−→ Yi

vi−→ Zi
wi−→ Xi[1], i = 1, 2.
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X1 ⊕ X2

0

B

B

B

B

@

u1 0

0 u2

1

C

C

C

C

A

Y1 ⊕ Y2

0

B

B

B

B

@

v1 0

0 v2

1

C

C

C

C

A

Z1 ⊕ Z2

θ

0

B

B

B

B

@

w1 0

0 w2

1

C

C

C

C

A

(X1 ⊕ X2)[1]

X
u

Y
v

Z
w

X[1]� e = θ−1 ◦ e3 ◦ θ�Uhv�e Z|1}\�t e 0�rtLr e3 0���a �=Gyv��{3p�:+{\�
X1 ⊕ X2

0

B

B

B

B

@

1 0

0 0

1

C

C

C

C

A

0

B

B

B

B

@

u1 0

0 u2

1

C

C

C

C

A

Y1 ⊕ Y2

0

B

B

B

B

@

1 0

0 0

1

C

C

C

C

A

0

B

B

B

B

@

v1 0

0 v2

1

C

C

C

C

A

Z1 ⊕ Z2

e

0

B

B

B

B

@

w1 0

0 w2

1

C

C

C

C

A

(X1 ⊕ X2)[1]

0

B

B

B

B

@

1 0

0 0

1

C

C

C

C

A

X1 ⊕ X2

0

B

B

B

B

@

u1 0

0 u2

1

C

C

C

C

A

Y1 ⊕ Y2

0

B

B

B

B

@

v1 0

0 v2

1

C

C

C

C

A

Z1 ⊕ Z2

0

B

B

B

B

@

w1 0

0 w2

1

C

C

C

C

A

(X1 ⊕ X2)[1]}\0{<0�� e =




e11 e12

e21 e22


���m{8�?�d�_1-W{\0�S
��.y\

e11 ◦ v1 = v1, w1 ◦ e11 = w1;

e12 ◦ v2 = 0, e21 ◦ v1 = 0, e22 ◦ v2 = 0;

w1 ◦ e12 = 0, w2 ◦ e21 = 0, w2 ◦ e22 = 0.J`s� 4.3.1(1)�m7\� e11 |hO��Pd9r��}s� 4.3.1(2)�myd�}0
e12 ◦ e21 = 0, e12 ◦ e22 = 0, e2

22 = 0, e21 ◦ e12 = 0.
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11 = e11, e11 ◦ e12 = e12, e21 ◦ e11 + e22 ◦ e21 = e21, e22 = 0.�8�e11 = IdZ1

t e =




1 e12

e21 0


�Uhv e12 ◦ e21 = 0 t e21 ◦ e12 = 0�q
�1}\� e 0�|

Z1 ⊕ Z2
(1 e12)
−→ Z1

( 1

e21
)

−→ Z1 ⊕ Z2.5*	 ��H\��578l��.B	St\&X Db(A) Dh?�g_{?A�D.� 1.4.9� X• ∈ Db(A)�$�?�8< τ≤nX• m τ≥nX•�n ∈ Z�t�1[3p�: (Dj0 (1.4.7))

τ≤nX• −→ X• −→ τ≥n+1X• −→ (τ≤nX•)[1]. (4.3.1)N_>� a : X• −→ Y • |t\&XD{\��$�3p�:+{\�m
τ≤nX•

τ≤n(a)

X•

a

τ≥n+1X•

τ≥n+1(a)

(τ≤nX•)[1]

τ≤n(a)[1]

τ≤nY • Y • τ≥n+1Y • (τ≤nY •)[1] X• ∈ Db(A)�NK hw(X•) := #{i ∈ Z | H i(X•) 6= 0} |8< X• {u*�0�Uhv���h n��
hw(τ≤nX•) + hw(τ≥n+1X•) = hw(X•).Uhv�/1>Q��b��G t- CO{�:&Xg9}�D. [44]�� 133-

137 [Æ [45]�� 278-286 [�-� B  N2�  e : X• −→ X• |1}\���5 e 0���8< X• {h�u� hw(X•)j℄E�� hw(X•) = 1��U� 1.4.11�m X• = X[n]| stalk8<�dD X ∈ A�=* n = 0�p�:a 1.4.10�m7a�g_ A −→ Db(A)|(n��� Abel&X A
|1}m�{�v}s� 4.1.1(2)
��8
*�\� e : X[0] −→ X[0] � Db(A) D0��
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hw(τ≤nX•), hw(τ≥n+1X•) ≤ l�j���3p�:+{\�m

τ≤nX•

τ≤n(e)

X•

e

τ≥n+1X•

τ≥n+1(e)

(τ≤nX•)[1]

τ≤n(e)[1]

τ≤nX• X• τ≥n+1X• (τ≤nX•)[1]� τ≤n m τ≥n+1 {g_?�m7�mD{PEI:\�g|1}\���8�℄E' �m7 τ≤n(e) m τ≥n+1(e) gm��/U�J`:a 4.3.2 1}\� eZ0��5*	 �
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[24] E. H. Brown, Cohomology theories, Annals Math. 75(1962), 467-484.

[25] J. L. Brylinski, M. Kashiwara, Kazhdan-Lusztig conjecture and holonomic systems, Invent. Math.

64 (1981), 387-410.

[26] A. B. Buan, R. J. Marsh, M. Reineke, I. Reiten, G. Todorov, Tilting theory and cluster combi-

natorics, Adv. Math. 204 (2006) 572-618.

[27] A. B. Buan, R. J. Marsh, I. Reiten, Cluster-tilted algebras, Trans. Amer. Math. Soc. 359 (1)(2007),

323-332.

[28] R. O. Buchweitz, Maximal Cohen-Macaulay Modules and Tate-Cohomology over Gorenstein Rings,

Unpublished manuscript, 155pp, 1987.

[29] R. O. Buchweitz, D. Eisenbud and J. Herzog, Cohen-Macaulay modules over quadrics, in: Singu-

larities, representation of algebras, and vector bundles, Lecture Notes in Math. 1273, 58-116, Springer-

Verlag, Berlin, 1987.

[30] X. W. Chen, Generalized Serre duality, math.RT/0610258.

[31] X. W. Chen, Y. Ye and P. Zhang, Algebras of derived dimension zero, Comm. Algebra, to appear.

[32] X. W. Chen and P. Zhang, Quotient triangulated categories, Manuscipta Math., accepted.

[33] C. Cibils and P. Zhang, Calabi-Yau objects in triangulated categories, math.RT/0612689.

[34] E. Cline, B. Parshall, L. L. Scott, Derived categories and Morita theory, J. Algebra 104 (2)(1986),

397-409.



2007 9 V T Æ # n j � # � h # � + � 103

[35] K. Costello, Topological conformal field theories and Calabi-Yau categories, math.QA/0412149.
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[52] D. Happel, I. Reiten, S. O. Smalø, Tilting in Abelian Categories and Quasitilted Algebras, Memoirs

Amer. Math. Soc., vol. 120 no. 575, Province, Rhode Island, 1996.



104 � 4 I ( ? 
 ? R 2 Serre 4 A 2007 N
[53] D. Happel and L. Unger, Modules of finite projective dimension and cocovers, Math. Ann. 306

(1996), 445-457.

[54] R. Hartshorne, Residue and Duality, Lecture Notes in Math. 20, Springer-Verlag, 1966.

[55] A. Heller, The loop-functor in homological algebra, Trans. Amer. Math. Soc. 96 (1960), 382-394.

[56] A. Heller, Stable homotopy category, Bull. Amer. Math. Soc. 74 (1968), 28-63.

[57] B. Iversen, Cohomology of Sheaves, Springer-Verlag, 1980.

[58] O. Iyama and Y. Yoshino, Mutations in triangulated categories and rigid Cohen-Macaulay modules,

math.RT/0607736.

[59] A. Kapustin, Y. Li, D-branes in Landau-Ginzburg models and algebraic geometry, J. High Energy

Phys. 12:005 (2003), 44pp.

[60] A. Kapustin, Y. Li, Topological correlators in Landau-Ginzburg models with boundaries, Adv. Theor.

Math. Phys. 7 (2003) 727-749.

[61] M. Kashiwara, Algebraic study of systems of partial differential equations, Thesis, Uni. Tokyo, 1970.

[62] M. Kashiwara and P. Schapira, Sheaves on Manifolds, Grundlehren der Mathematischen Wis-

senschaften, 292, Springer, 1990.

[63] M. Kashiware and P. Schapira, Categories and Sheaves, Grundlehren der Mathematischen Wis-

senschaften, 332, Springer-Verlag Berlin Heidelberg, 2006.

[64] B. Keller, Chain complexes and stable categories, Manuscripta Math. 67(4)(1990), 379-417.

[65] B. Keller, Derived categories and universal problems, Comm. Algebra 19 (1991), 379-417.

[66] B. Keller, Deriving DG categories, Ann. Sci. École. Norm. Sup. 27 (1994), 63–102.
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[82] D. Miličić, Lectures on Derived Categories, 222pp.

[83] B. Mitchell, Theory of Categories, Academic Press, 1965.

[84] G. W. Moore, Some comments on branes, G-flux, and K-theory, Int. J. Mod. Phy. A 16 (2001),

936.

[85] K. de Naeghel and M. Van den Bergh, Ideal classes of three-dimensional Sklyanin algebras, J.

Algebra 276 (2004), 515-551.

[86] A. Neeman, The derived category of an exact category, J. Algebra 135 (1990), 388-394.

[87] A. Neeman, Some new axioms for triangulated categories, J. Algebra 139 (1990), 221-255.

[88] A. Neeman, The connection between the K-theory localization theorem of Thomason, Trobaugh and

Yao and the smashing subcategories of Bousfield and Ravenel, Ann. Sci. École Norm. Sup. 25(4)(1992),
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