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Abstract For an additive category with a Serre duality and a finite group action, we com-
pute explicitly the Serre duality on the category of equivariant objects. We prove that under
certain conditions, the equivarianzation of an additive category with a periodic Serre dual-
ity still has a periodic Serre duality. A similar result is proved for fractionally Calabi-Yau
triangulated categories.
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1 Introduction

Let k be a field, and let A be a k-linear additive category with a Serre duality [4]. We assume
that there is a k-linear action on A by a finite group G; see [8, 9, 14]. Then the category
A€ of equivariant objects is additive and naturally k-linear. In case that the order of G is
invertible in k, it is known that the category .A® has a Serre duality. However, it seems that
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an explicit description of the Serre duality on A%, in particular, the Serre functor on A, is
not contained in any literature.

The first goal of this paper is to describe the Serre duality on AS explicitly. It turns out
that the commutator isomorphism for any k-linear auto-equivalence on A, studied in [11],
plays a central role.

The second goal is to study a fractionally Calabi-Yau triangulated category 7T, that is, a
triangulated category with a Serre duality such that a certain power of the Serre functor is
isomorphic to some power of the translation functor. We are indeed motivated by examples,
which arise as the bounded derived category of the category of coherent sheaves on weighted
projective lines of tubular type and the one on elliptic curves. These two categories are
related via some equivariantization; see [5, 10, 12].

We observe that a k-linear additive category with a periodic Serre duality, that is, a certain
power of its Serre functor is isomorphic to the identity functor, is similar to a fractionally
Calabi-Yau triangulated category. Indeed, examples arise as the category of finitely gen-
erated projective modules over a Frobenius algebra, whose Nakayama automorpihsm has
finite order.

We describe the content of the paper. In Section 2, we recall some notation on the equiv-
ariantization with respect to a finite group action on an additive category. In particular, the
comparison functor between the orbit category and the category of equivariant objects is
recalled. In Section 3, we recall the notation of a Serre dualiy on a k-linear additive category
A and the corresponding trace function. Following [11], we study the basic properties of
the commutator isomorphism for a k-linear auto-equivalence. In case that A has a periodic
Serre duality, we obtain a crossed homomorphism from the group of isoclasses of k-linear
auto-equivalences on A to the multiplicative group of invertible elements in the center of
A. These abstract consideration yields for any Frobenius algebra, the commutator map and
the induced map, both of which seem to be of interest; see Subsection 3.4.

In Section 4, we describe explicitly the Serre duality on both the orbit category
and the category AC of equivariant objects; see Proposition 4.2 and Theorem 4.5.
Here, the commutator isomorphisms play an important role. Under certain conditions
on the group action, if A has a periodic Serre duality, so does the category AC of
equivariant objects. However, the orders of their Serre functors may differ; see Propositions
4.6 and 4.9.

In Section 5, we consider a k-linear triangle action by a finite group on a fractionally
Calabi-Yau triangulated category 7. This study is similar to the one on a category with
a periodic Serre duality. In particular, we introduce the induced map for 7 and also for
the given group action. Then we prove that under certain conditions, the category 7¢ of
equivariant objects in 7 is fractionally Calabi-Yau; see Proposition 5.7. We end the paper
with a discussion on the above motivating examples, where we describe explicitly the Serre
functor on the category of equivariant sheaves on an elliptic plane curve, with respect to a
certain action by a cyclic group of order two.

2 Finite Group Actions and Equivariantization

In this section, we recall from [8, 9, 14] some notation on the category of equivariant objects
with respect to a finite group action. In particular, we recall the comparison functor from
the orbit category to the category of equivariant objects.

Let G be a finite group, which is written multiplicatively and whose unit is denoted by
e. Let A be an additive category.
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Equivariantization and Serre Duality I 541

2.1 The Finite Group Action

We recall the notion of a group action on a category; see [8, 9, 14]. A G-action on A consists
of the data {Fg, &g 1| g, h € G}, where each Fy: A — A is an auto-equivalence and each
gg.n: FgFp — Fgp is a natural isomorphism such that the following 2-cocycle condition

Egn,l 0 Eg.nF1 = €g i o Fyep 2.1

holds for all g, h,l € G.

The given G-action {F,, €4.4| g, h € G} is strict provided that each Fy: A — A is an
automorphism and each isomorphism &, j is the identity transformation. Therefore, a strict
G-action on 4 coincides with a group homomorphism from G to the automorphism group
of A.

When the category A is k-linear over a field k, the above G-action is k-linear provided
that each auto-equivalence Fy is k-linear. Then a strict k-linear G-action on A coincides
with a group homomorphism from G to the group formed by k-linear automorphisms on .A.

In what follows, we assume that there is a G-action {Fg, &¢ 1| g, h € G} on the additive
category A. We observe that there exists a unique natural isomorphism u: F, — Id 4, called
the unit of the action, satisfying ¢, . = F.u. Taking i = e in (2.1) we obtain that

ggel] = Fgee . 2.2)

Taking g = e in (2.2) we infer that u F; = ¢, ; in particular, we have u F, = ¢, .. Taking
[ = e in (2.2) and using the identity &, . = uF,, we infer that g, , = Fou.
For g € G and each d > 1, we define a natural isomorphism sg . F g — F gd as follows,

where Fg‘f denotes the d-th power of F,. We define 5;, = IdFg and 8§ =¢ggq.1fd > 2, we

define ¢4 = ¢ d-14 0 8‘;’1 Fg. It follows from (2.1) and by induction on d that

8 8 8

Sd

¢ =t 10 Fgeld™" 2.3)

We assume that g¢ = e for some d > 1. Consider the following isomorphisms

e‘{
0: F{ — Foa=F, —> Ida.

We claim that 6 Fg = Fgb. Indeed, by uFy = ceg = &4d 4,

(2.3) we have sg“ = 844 O ngg = Ege O Fgeg. Recall that g . = Fgu. It follows that

ed*! = Fy0, proving the claim.

The following terminology will be convenient. An auto-equivalence F: A — A is peri-
odic if there exists a natural isomorphism n: F' d 5 1d A for some d > 1. In this case
n is called a periodicity isomorphism for F of order d. The periodicity isomorphism 7 is
compatible provided that n F = Fn.

The above claim on 6 implies the following result.

we have 0F, = ng. By

Lemma 2.1 Let (F,, e54| g, h € G} be a G-action on A. Then each auto-equivalence
Fy: A — A has a compatible periodicity isomorphism. O

The following example is a partial converse of Lemma 2.1.
Example 2.2 Let F: A — A be an auto-equivalence with a compatible periodicity iso-

morphism 6: F? — Id4 of order d. We recall that the compatibility condition means
Fo =0F.
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542 X.-W. Chen

Denote by C; = {e = g° g,---, g% '} the cyclic group of order d. Then we have
glgl = glitilfor0 <i,j <d—1,where[i+j]l =i+ jifi+j <d—1and
[i + jl =i+ j — d otherwise.

We now construct a Cg4-action on A, that is induced by F and 0. Foreach0 <i <d —1,
we define ng = F', where FY = Idg. For 0 < i,j < d — 1, we define the natural
isomorphism Eqi gi' ng ng — nggj = Fg[i+j] as follows: ¢ Idgpi+j ifi4+j <d—1,
and g1 ,j = Fiti=dg otherwise.

We claim that the following 2-cocycle condition

g8l =

Egli+l gl O Egi gi Fgl = Egi olj+1 0O ngé’gjygl 2.4)

holds. Then we are done with the construction.

Indeed, we have to verify (2.4) according to the four cases depending on whether i + j
and j + [ are less than d — 1 or not. Then for the two cases with i 4+ j > d, we have to use
the condition O F! = F'0 for any0<l<d-1.

We observe that the constructed Cg-action on A is strict if and only if F: A — Ais an
automorphism such that F¢ = Id 4 and that 6 is the identity transformation.

2.2 The Category of Equivariant Objects

Let {Fg, 01| g, h € G} be a G-action on A. A G-equivariant object in A is a pair (X, &),
where X is an object in A and « assigns for each g € G an isomorphism ag: X — Fg(X)
subject to the relations

Qger = (€4,¢/)x © Fylatg) 0 ag. (2.5)

These relations imply that o, = u}l. A morphism f: (X, «) — (Y, B) between two G-
equivariant objects is a morphism f: X — Y in A such that 8; o f = F,(f) o «, for
all g € G. This gives rise to the category A® of G-equivariant objects, and the forgetful
functor U: AS — A defined by U(X,a) = X and U(f) = f.

The process forming the category AY of equivariant objects is known as the equivari-
antization of A with respect to the G-action; see [9]. We refer to [5, Section 3] for another
well-known description of A as the module category over a monad. We mention that A%
is an additive category and that the forgetful functor U is additive.

The following description of the Hom-group between two G-equivariant objects (X, o)
and (Y, B) will be useful. The Hom-group Hom 4 (X, Y) carries a G-action associated to
these two objects: for g € G and f: X — Y, the actionis givenby g.f = /Sg_l oFg(f)oay.
We observe by (2.5) that g’.(g.f) = (¢g’g). f. By the very definition, we have the following
isomorphism of abelian groups

Hom 46 (X, @), (Y, B)) —> Hom4(X, ¥), (2.6)

which is induced by the forgetful functor U. Here, for any abelian group M with a G-action
we denote by MY the invariant subgroup.

The forgetful functor U admits a left adjoint Ind: A — A%, which is known
as the induction functor; see [9, Lemma 4.6]. For an object X, set Ind(X) =
(D),cc Fn(X), e(X)), where for each g € G the isomorphism

e(X)g: @D Fa(X) — Fo(ED Fu(x))

heG heG

is diagonally induced by the isomorphism (sgygqh);(l D Fp(X) —> Fg(ngh(X)). Here, to
verify that Ind(X) is indeed a G-equivariant object, we need the 2-cocycle condition (2.1).
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Equivariantization and Serre Duality I 543

The functor Ind sends a morphism 0: X — Y to Ind(®) = P Fr(0): Ind(X) —
Ind(Y).

For an object X in A and an object (¥, ) in A®, a morphism Ind(X) — (¥, B) is of
the form Y ;.5 0n: @peq Frn(X) — Y satisfying F,(0,) = Bg 0 Ogp, o (g,1)x for any
g, h € G. The adjunction of (Ind, U) is given by the following natural isomorphism

Hom 4¢ (Ind(X), (Y, B)) — Homu (X, U(Y, B)) 2.7)

sending ) ", 6n to 6, o u}l. The corresponding unit n: Id 4 — Ulnd is given such that
nx = (u;l, 0,---,0), where ‘t’ denotes the transpose; the counit €: IndU — Id 46 is
given such that ey gy = > By, !, We remark that the induction functor Ind is also right
adjoint to U.

An idempotent @ = a%: X — X in an additive category A splits provided that there are
morphisms u: X — Yandv: Y — X witha = vou and Idy = u o v, in which case Y is
called a retract of X. The category A is idempotent-complete provided that each idempotent
splits.

Lemma 2.3 Let A be an idempotent-complete category with a G-action. Then the category
AG of equivariant objects is also idempotent-complete.

Proof For an idempotent a: (X, «) — (X, o) in AG | consider the splitting X Sy3Xx
in A. We observe that uoa = u and aov = v. Then the morphism Bg = Fg(u)oagov: ¥ —
F¢(Y) is an isomorphism, whose inverse equals u o (ozg)*l o Fg(v). This gives rise to a

G-equivariant object (Y, ), and then the required splitting (X, o) = , B) 5 X,). O

For any additive category A, there is a standard construction of an idempotent-complete
category A", known as the idempotent completion. The objects of A" are pairs (X, a) with
X an objectin A and a: X — X an idempotent. The morphism f: (X,a) — (Y,b)isa
morphism f: X — Y in A satisfying f = b o f o a, while the composition is induced
by the one in .A. We have a fully faithful functor 1 4: A — A" by 1.4(X) = (X, Idx) and
14(f) = f. Then the category A is idempotent-complete if and only if 7 4 is dense, and
thus an equivalence.

Any additive functor F: A — B extends naturally to an additive functor F1: A? — 3
between their completions. More precisely, F?(X, a) = (F(X), F(a)) and FI(f) = F(f).
We say that F is an equivalence up to retracts provided that F? is an equivalence. Indeed,
this is equivalent to the following condition: the functor F is fully faithful such that each
object B is a retract of F(A) for some object A in A; see [7, Lemma 3.4(2)].

2.3 Comparison with the Orbit Category

The above adjunction (2.7) allows us to compare the category AS with the orbit category.

Let {Fg,&01| 8. h € G} be a G-action on A. The orbit category A/G is defined as
follows; compare [14, Subsection 3.1] and [11]. The objects of A/ G are the same with A.
For two objects X and Y, the Hom-group is given by

Hom_4/6(X, ¥) = @) Hom4(X, Fe(Y)),
geG

whose elements are denoted by (fg)gec: X — Y with f, € Homy(X, F,(Y)) for each
g € G. The composition of two morphisms (fg)gec: X — Y and (fg’)ge(;: Y - Zis
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544 X.-W. Chen

given by (f{)geG: X — Z, where f' = 37, (e, p14)z © Fh(féflg) o f. The orbit
category A/ G is additive. We refer to [1, Section 2] for various descriptions of the orbit
category.

We have an additive functor K : A/G — A9, called the comparison functor, as follows.
For an object X, we set K(X) = Ind(X). For a morphism (fy)geg: X — Y in A/G, we
have the morphism

K ((fo)ge6): Ind(X) = (D Fa(X), £(X)) — Tnd(¥) = (P F (¥), e(Y)),

heG heG

whose entries are given by (&), j-1;)y © Fp(fy-1): Fr(X) — Fp(Y).

The following result is well known, which might be deduced from [7, Section 4]. Recall
that a natural number 7 is said to be invertible in A provided that for any morphism f: X —
Y there exists a unique morphism g: X — Y such that f = ng. This unique morphism is
denoted by %f; see [14, Subsection 3.1].

Proposition 2.4 The comparison functor K : A/G — A is fully faithful. If the order
|G| of G is invertible in A, then K is an equivalence up to retracts. If in addition A is

idempotent-complete, then K induces an equivalence (A/G)" 5 AC.

We mention that the idempotent completion (A/G)? of the orbit category is called the
skew group category of A by G; see [14, Section 3].

Proof The fully-faithfulness of K follows from the following observation: the composition

Homy,6(X,Y) X, Hom 46 (K (X), K(Y)) —> Hom(X, @ Fp(Y))
heG
equals the identity, where the right isomorphism is given by the adjunction (2.7). For the
observation, we use (&, p')y = Up, (y) in Subsection 2.1 to obtain the identity fj =
(Cen)y © Fo(fi) 0 u}l foreach b’ € G.

Recall the counit € of the adjoint pair (Ind, U). If |G| is invertible in A, the counit
€x,0): Ind(X) = (P),eq Fr(X), (X)) — (X, o) admits a section s = Wl‘ [Thegon- 1t
follows that (X, ) is a retract of K(X) = Ind(X); compare [7, Lemma 4.4(1)]. We infer
that K is an equivalence up to retracts.

For the final statement, we apply Lemma 2.3 and then identify A% with its idempotent
completion (A%)". O

Example 2.5 Let F: A — A be a periodic auto-equivalence. We assume that there is a
compatible periodicity isomorphism 6 : F¢ — Id 4 for some d > 1. Recall the cyclic group
Cs={e=2g%g, -, g% "} of order d. We consider the Cy-action on A induced by F and
6 in Example 2.2.

The corresponding orbit category A/Cy is usually denoted by A/F. In case that d is
invertible in A, we will denote the category A of C4-equivariant objects by A/ F. The
notation is justified by Proposition 2.4. We emphasize that both the categories A/F and
A/ F depend on 6.

We observe that a C-equivariant object (X, «) is completely determined by the isomor-
phism ag: X — Fg(X) = F(X), which satisfies Fd_l(ozg) o---oF(ag)oag = 07"
a morphism f: (X,«a) — (¥, B) of C,-equivariant objects is a morphism f: X — Y
satisfying B, o f = F(f) o atg.

@ Springer



Equivariantization and Serre Duality I 545

Let k be a field, and let A be a finite dimensional k-algebra. We denote by A-mod the
category of finite dimensional left A-modules, and by A-proj the full subcategory formed
by projective modules. For a left A-module M = 4 M, we sometimes denote the A-action
on M by “..

We denote by Auti(A) the group of k-algebra automorphisms on A. We say that G acts
on A by k-algebra automorphisms, if there is a group homomorphism G — Aut (A). In this
case, with slight abuse of notation, we identify elements in G with their images under this
homomorphism. The corresponding skew group algebra AG is defined as follows: AG =
@D e Aug is a free left A-module with basis {u, | ¢ € G} and the multiplication is given
by (aug)(buyp) = ag(b)ug,. We view A as a subalgebra of AG by sending a to au,.

The following classic example is treated in a slightly different manner in [14, Sub-
section 3.1].

Example 2.6 For a k-algebra automorphism g on A and an A-module M, the twisted module
&M is defined such that 8 M = M as a vector space and that the new A-action “,” is given
by a,m = g(a).m. This gives rise to a k-linear automorphism ¢(—): A-mod — A-mod,
called the twisting functor, which acts on morphisms by the identity. We observe that for
two k-algebra automorphisms g and / on A, " (8 M) = &" M for any A-module M.

Let G act on A by k-algebra automorphisms. Then we have a strict k-linear G-action on

A-mod by setting Fy = g (—). There is an isomorphism of categories
(A-mod)® —> AG-mod, (2.8)

by sending a G-equivariant object (X, o) to the AG-module X, where the AG-module
structure is given by (aug)x = a.o g1 (x), where “.” means the original A-action on X, not
the one on F-1(X) = ¢ X. Using this isomorphism, the induction functor Ind: A-mod —
(A-mod)© is identified with the functor AG ®4 —: A-mod — AG-mod. Recall from
Proposition 2.4 that the orbit category A-mod/ G is equivalent to the essential image of Ind.
Therefore, A-mod/ G is equivalent to the essential image of AG ® 4 —. In particular, if |G|
is invertible in k, we have an equivalence (A-mod/ G)" — AG-mod.

The above G-action restricts to a G-action on A-proj. We have full subcategories
(A-proj)® < (A-mod)€ and A-proj/G < A-mod/G. By the isomorphism (2.8), we have
AG-proj C (A-proj)©. By the identification of Ind with AG ® 4 —, we infer that the compar-
ison functor K : A-mod/G — (A-mod)€ induces an equivalence K: (A-proj/G)? —>
AG-proj. If in addition |G| is invertible in k, we have following equivalences

. f K' G .
(A-proj/G)" —> (A-proj)” —> AG-proj,

where the right one is restricted from (2.8).

3 The Serre Duality on an Additive Category

In this section, we recall from [4, 6, 15] some notation on Serre duality. Following [11], we
study basic properties of the commutator isomorphisms. For a Frobenius algebra, these com-
mutator isomorphisms correspond to the commutator map. We study an additive category
with a periodic Serre functor.

We will work on a fixed field k. We denote by D = Homy(—, k) the duality on finite
dimensional k-spaces. All functors and categories in this section are k-linear.
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546 X.-W. Chen

3.1 The Trace Function

Let A be a k-linear additive category. We assume that A is Hom-finite, that is, the Hom-
space Hom 4 (X, Y) between any objects is finite dimensional.
Recall that by definition a Serre duality on A is a bifunctorial k-linear isomorphism

¢x.y: DHom4(X,Y) —> Homy(Y, S(X)), (3.1)

where S: A — A is a k-linear auto-equivalence. The functor S is called the Serre functor
on A.

The Serre duality (3.1) yields a non-degenerate bilinear pairing
(=, =)x.y: Hom4 (X, Y) x Homy (Y, S(X)) — k
such that (f, fxy = d))}’ly( F)(f). The functorialness of ¢x.y in Y is equivalent to the
following identity
(@aox, fx,y = (x, fica)x,y, 3.2)
with arbitrary morphisms x: X — Y,a: Y — Y and f;: Y’ — S(X). The functorialness
in X is equivalent to
(xob, H)x .y =(x,S(B)o f)xy, (3.3)
with arbitrary b: X’ — X and f2: ¥ — S(X’).
Following [15, Subsection 1.1], the trace function, defined for each object X,
Try : Hom4 (X, S(X)) — &

is given by Trx(f) = (Idx, f)x.x. Indeed, to describe the Serre duality formula (3.1), it
suffices to describe the trace function because of the following identity

oxy SV = (f. fxy =Tex(f o f) (34

for any morphisms f: X — Y and f': Y — S(X), where the right equality uses (3.2) for
x = Idy.
The following facts are well known. The statement (2) is due to [11, Lemma 2.1 b)].

Lemma 3.1 Keep the notation as above. Then the following statements hold.

(1) Trx(f' o f) =Try(S(f) o f') for any morphism f: X — Y and f': Y — S(X);

2) Trx(f) =Trsx)(S(f)) = (f, ldsx)) x,s(x) for each morphism f: X — S(X);

(3) two morphisms f, f': Y — S(X) equal if Trx(f oa) = Trx(f' oa) foreacha: X —
Y.

Proof (1) follows by combining (3.3) and (3.4), by taking x = Idy, while (2) follows
from (1). The last statement follows from (3.4) and the non-degeneration of the pairing
(= )xy. O

Remark 3.2 We assume that for each object X, the trace function Try is already given. We
have the pairing (—, —)x,y according to (3.4). Suppose that this pairing is non-degenerate.
Then we also have the linear isomorphism ¢y, y, which is automatically functorial in Y.
Then its functorialness in X is equivalent to the property of the trace functions in Lemma
3.1(D).

The following uniqueness result for the Serre duality will be useful.
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Equivariantization and Serre Duality I 547

Lemma 3.3 Assume that A has the Serre duality (3.1). Suppose that there is another Serre
duality ¢ y: DHomA(X,Y) — Homa(Y, S (X)) on A with the corresponding trace

function denoted by Tr'. Then there is a unique natural isomorphism §: S —> S with the
property Trx (f) = Tr'y, (8x o f) for each f: X — S(X).

Proof We apply Yoneda Lemma to the bifunctorial isomorphism
Gy 0 Py Homa(Y, S(X)) —> Homa(Y, §'(X)),
and obtain the isomorphism 8y : S(X) — §’(X) with the property

¢y y = Hom4(Y, 8x) o ¢x.y.

From this and (3.4), we deduce the required equation on trace functions. The uniqueness of
8x follows from Lemma 3.1(3) for the trace function Tr'. O

For a k-linear Hom-finite category A, its idempotent completion .A? is naturally k-linear
and Hom-finite. We observe that the Serre duality behaves well with the idempotent com-
pletion. Recall that the Serre functor S on A extends to a functor S?: A% — A", whichis a
k-linear auto-equivalence.

Lemma 3.4 Assume that A has the Serre duality (3.1). Then we have an induced Serre
duality

DHom 4:((X, a), (Y, a')) —> Hom 4z ((Y, a"), S*(X, a)).

In particular, S* is the Serre functor on A" and the corresponding trace function
Tr(x,q): Hom 4:((X, a), SY(X, a)) — kis given by Trx,a)(f) = Trx(f).

Proof Recall that $%(X, a) = (S(X), s(a)). By the construction of A%, we might identify
Hom 4: ((X, a), (Y, a’)) with the subspace a’oHom 4 (X, Y)oa of Hom 4 (X, Y). We identify
Hom 4: ((Y, @), SU(X, a)) with the subspace S(a)oHom 4 (Y, S(X))oa’ of Hom 4 (Y, S(X)).
Recall the non-degenerate pairing (—, —)x,y given by ¢x y. By (3.2) and (3.3), the pairing
(—, —)x,y restricts to a non-degenerate pairing between these two subspaces. Then we have
the induced bifunctorial duality. O

3.2 The Commutator Isomorphism

Let A have the Serre duality (3.1) and the Serre functor S. The following result is essentially
contained in [11, Subsection 2.3]; compare [13, Section 3].

Lemma 3.5 Let F: A — A be a k-linear auto-equivalence. Then there is a unique natural
isomorphismop: FS — SF satisfying

Trx (f) =Trrxy((oF)x o F(f)) (3.5)
for each object X and f: X — S(X).

This unique isomorphism of: F'S — SF is called the commutator isomorphism for F.
For example, Lemma 3.1(2) implies that o5 = Idg>.

Proof Take a quasi-inverse F~! of F. Indeed, we assume that (F, F~!) is an adjoint pair
with the unit : Id4 — F~!'F and the counite: FF~! — Id 4.
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548 X.-W. Chen

Consider the following composition of natural isomorphisms

(DF)~! PF(X),F(Y)
- 5

DHom 4(X,Y) DHom 4(F(X), F(Y)) Hom(F(Y), SF(X))

-t

Homu(F~'F(Y), F-'SF(X)) —> Hom(Y, F~'SF(X)),

where % = Hom4(ny, F~'SF(X)).

We set ' = F~ISF and denote the above composition by qb;“,. This yields a new
Serre duality on .A. We denote by the corresponding pairing by (—, —)x.y.For f: X —> Y
and f': Y — S'(X), it follows by tracking the above isomorphisms that {f, f')xy =
(F(f), f")Fx),Fry, where the morphism f”: F(Y) — SF(X) is uniquely determined
the condition F~1(f") = f’ o n;l. Consider the corresponding new trace function Tr’. We
apply Lemma 3.1(2) and (3.4) to obtain the following identity

Ty () = (f. ldsx) x.s0x) = (F(O), [ rx).rs o) = Trreo (f7 o F(f)),

where f”: FS'(X) — SF(X) is uniquely determined by the condition F~!(f") =
(ns/(x))’l = (nF_lsF(X))’l. We apply the well-known fact (nF~H~! = F~le It follows
that f” = €SF(X)-

In summary, we have proved Tr’X (f) = Trrox(esrxy o F(f)) for each morphism
f: X — S§(X). Applying Lemma 3.3, we obtain an isomorphism §: S — S’ such that
Trx(a) = Tr’X(SX oa) foreacha: X — S(X). Set o = €SF o F4§. This is the required
isomorphism, whose uniqueness might be deduced from Lemma 3.1(3). O

The dependence of the commutator isomorphism o on the auto-equivalence F is shown
in the following result, where the first statement is due to [11, Lemma 2.1 b)] in a slightly
different setup.

Lemma 3.6 Keep the notation as above. Let Fy, F) be two k-linear auto-equivalences on
A. Then the following two statements hold.

(1) We have o = (o, F2) o (Fi0F,), where F = F| F>.
(2) Letf: Fi — F, be a natural isomorphism. Then we have o, 0 0S = S6 o op,.

Proof Write oF, = 01 and o, = o02. For (1), by the uniqueness of o it suffices to prove
that Trx (f) = Trrx)(((01) Ry (x) © F1((02)x)) o F(f)) for each morphism f: X — S(X).
Indeed, the right hand side equals Trr, r,x) ((01) 7, x) © F1((02) x 0 F2(f))). Applying (3.5)
for both F| and F>, we are done.

For (2), we consider any morphism f: F»(X) — F1S(X). There is a unique morphism
1 X — S(X) with F>o(f') = 0Osx) o f. We claim that F|(f’) = f o 0x. Indeed,
es(x) o Fi (f/) = Fz(f/) o0y = (Qs(x) o f) o Ox. The claim follows, since 95()() is an
isomorphism.

We will prove that (02)x o Osx)y = S(0x) o (01)x. By Lemma 3.1(3), it suffices to
prove that Trr, (x)(((02)x 0 0s(x)) © f) = Trp,(x)((S(Ox) o (o1)x) o f) for any morphism
[ Fa(X) — F1S(X). Applying (3.5) for F», the left hand side equals Trx(f’). Apply
Lemma 3.1(1), we infer that the right hand side equals Trg, (x)(((c1)x o f) o 8x), which
equals, by the above claim, Trz, (x)((61)x o F1(f’)). Then we are done by applying (3.5)
for Fj. O
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We now extend Lemma 3.6 slightly. Let F: A — A be a k-linear auto-equivalence. For
each d > 1, we define a natural isomorphism ag: Fs?d — siF inductively as follows:
o}g = ofF and afﬁ“ = Soﬁ o ade for d > 1. Here, S¢ denotes the d-th power of S. We

refer to the isomorphism afé as the d-th commutator isomorphism for F.

Proposition 3.7 Let A have the Serre duality (3.1) and let d > 1. Let Fy, F> be two k-linear
auto-equivalences on A. Then the following two statements hold.

(1) We have af, = (aﬁ1 F)o (Flo,‘fz), where F = F1 F,.
(2) LetO: F|1 — F, be a natural isomorphism. Then we have U;;ZZ 0689 = 899 o 0;{1.

Proof The case that d = 1 is due to Lemma 3.6. Write o, = o1 and of, = 02.
We assume by induction that (1) holds for d — 1. We have the following identity

(0{'F2) o (Fio5) = (Sof ™' F2) 0 (01897 ) o (F1Sod ™) o (Fiop8971h)
= (Soi ™' Fy) o (SF1087 ) 0 (01 28971 o (Flop897)

= Safé_l oade_1

= O‘g,
where the second equality uses the naturalness of o and the third uses the induction hypoth-
esis and Lemma 3.6(1). Then we are done with (1). By a similar argument, we prove
2). O

3.3 The Periodic Serre Duality and Induced Map

The Serre duality (3.1) is said to be periodic provided that the Serre functor S is periodic. As
an extreme case, we say that the Serre functor § is frivial if it is isomorphic to the identity
functor.

Corollary 3.8 Let A have a periodic Serre duality. Then any periodicity isomorphism
n: 8¢ — Id 4 for S is compatible.

The above corollary allows us to construct a k-linear Cg-action on A, that is induced by
S and 7. Then we have the orbit category .A/S and the category A/ S of Cy-equivariant
objects; see Example 2.5.

Proof We recall that g = Idg. By iterating Lemma 3.6(1) we infer that o4« equals the
identity transformation on S9!, We apply Lemma 3.6(2) to the periodicity isomorphisms
n: 8¢ — Id 4 and deduce nS = 1S, that is, the periodicity isomorphism 7 is compatible.

O

We denote by Z(A) the center of A, which is by definition the set consisting of all
natural transformations A: Id 4 — Id4. It is a commutative k-algebra with multiplication
given by the composition of natural transformations.

For a morphism f: X — Y and A € Z(A), we have folx = Ay o f, both of which will
be denoted by Af. In this manner, the Hom space Hom 4 (X, Y) is naturally a Z (A)-module;
moreover, the composition of morphisms is Z(A)-bilinear. In other words, the category .4
is naturally Z(A)-linear. We observe that an endofunctor F: A — A is Z(A)-linear if and
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only if it is k-linear satisfying that F (Ax) = Apx for each object X in A and A € Z(A), or
equivalently, FA = ALF foreach A € Z(A).
The following observation is well known.

Lemma 3.9 Let A have the Serre duality (3.1). Then the Serre functor S is Z(A)-linear.

Proof For any A € Z(A) and any object X, we will show that S(Ax) = Ag(x). By Lemma
3.1(3), it suffices to show that Trx (S(Ax) oa) = Trx (As(x)ca) for each morphisma: X —
S(X). Indeed, by Lemma 3.1(1), the left hand side equals Try (a o Ax). Then we are done
by the identity @ o A x :)\.S(X) oa. O

We will use the following standard fact.

Lemma 3.10 Let F: A — A be an auto-equivalence. Then any natural transformation
F — F is of the form \F = F)' for unique , ) € Z(A). In case that F is Z(A)-linear,
we have A = ).

We denote by Auty(A) the set consisting of isomorphism classes [F] of k-linear auto-
equivalences F on A, which is a group by the composition of functors.

We assume that .4 has a periodic Serre duality. Take a periodicity isomorphism 7: §¢ —
Id 4 for some d > 1.Let F: A — Abe a k-linear auto-equivalence. Consider the following
natural isomorphisms

—1 d
trr F O psd 7 gdp M (3.6)
By Lemma 3.10 there exists a unique « (F) € Z(A)* with tr = «(F)F. We claim that
k(F) = k(F') for any given natural isomorphism 6: F — F’. Then this gives rise to a
well-defined map

i Autg(A) — Z(A)*, [F]+— «(F), 3.7
called the induced map of the periodicity isomorphism 7. Here, we denote by Z(A)*
the group consisting of invertible elements in Z(A), that is, natural automorphisms of
Id 4.

For the claim, we apply Proposition 3.7(2) to infer that 0 ot = 5/ 00; here, we also use
the naturalness of @ and 1. Then we have 0 o (k(F)F) = (k(F')F’) o 6. Since « (F) lies in
Z(A),wehave fo (k(F)F) = (k(F)F')00, and thus (k (F)F') 00 = (k(F')F’") 0. Recall
that 0 is an isomorphism and that F’ is an auto-equivalence. It follows that « (F) = k (F’).

For a group G and an abelian group M, by a G-action on M we mean a group homo-
morphism from G to the automorphism group of M. For a given G-action on M, a map
f:G — M is called a crossed homomorphism with respect to the action, provided that
f(gh) = f(g)(g.f(h)) for any g, h € G. Here, the dot denotes the G-action on M. For
details, see [17, Section 6.4].

We recall that there is a canonical Auti(A)-action on Z(A)*: for a k-linear auto-
equivalence F: A — A and A € Z(A)*, there is a unique 2’ € Z(A)* satisfying
F)\ = ) F; see Lemma 3.10. We then put [F].A = A’. This is a well-defined group action.

Proposition 3.11 Let A have a periodic Serre duality. Keep the notation as above. Then

the induced map « : Auty(A) — Z(A)* is a crossed homomorphism with respect to the
canonical Auty (A)-action on Z(A)*.
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Proof Let F) and F; be two k-linear auto-equivalences on A. Set F = F} F,. For the result,
it suffices to claim that k (F) = x (F1)([F1].« (F2)). By Proposition 3.7(1) we have the first
equality of the following identity

tp = (tp F2) o (F1tF,)
= (k(F1)F1F2) o (Fik(F2) F2)
= (k(FDF) o ([F1].k(F2))F)
= (k(FD)([F1l.c(F2))F,

where the third equality uses the definition of the canonical action. Recall that tr = k (F)F
and that F is an auto-equivalence. By the uniqueness statement in Lemma 3.10, we infer
the claim. (|

3.4 The Commutator Map of a Frobenius Algebra

Let A be a finite dimensional k-algebra. We denote by A-inj the full subcategory of
A-mod formed by injective A-modules. Recall that DA = Homg(A, k), as the dual
of the regular bimodule, has a canonical A-bimodule structure. The Nakayama functor
DA ®4 —: A-mod — A-mod restricts to an equivalence A-proj = A-inj. Moreover, we
have a bifunctorial k-linear isomorphism

DHomy (P, X) —> Homu (X, DA ®4 P) (3.8)

for a projective module P and an arbitrary module X.

Example 3.12 Recall that the algebra A is selfinjective if and only if A-proj = A-inj. It
follows immediately that the isomorphism (3.8) yields a Serre duality on A-proj, where the
Serre functor is the Nakayama functor.

For a better description of the trace function on A-proj, we assume now that A is Frobe-
nius, which means that there is an isomorphism ¢: D(4A) >~ A4 of right A-modules. The
trace on A is given by tr = ¢_1 (14): A — k, which induces a non-degenerate bilinear
form (—,—): A x A — k by (a,b) = tr(ab). There is a unique k-algebra automorphism
v: A — A such that

tr(ba) = tr(v(a)b), 3.9

which is called the Nakayama automorphism of A. We observe that tr(a) = tr(v(a)) for all
acA.

We observe that ¢~ (a) = (a, —) fora € A. Then ¢ is indeed an isomorphism DA =
YA of A-bimodules, where the left A-module structure on VA is twisted from the regular
left A-module 4 A. Tt follows that the Nakayama functor is isomorphic to YA ® 4 —, which
is further isomorphic to the twisting functor (—). In summary, the Serre duality on A-proj
for a Frobenius algebra A is given by

DHomy4 (P, P') —> Homyu (P, P). (3.10)

The corresponding trace function is given by Tra» (f) = Y i, tr(ai;), where f: A" —
V(A") is given by an n x n matrix (a;;) with entries in A. More generally, let P be a
projective A-module. Take morphisms u: P — A" and v: A" — P withvou = Idp.
Then by Lemma 3.1(1) we have Trp (f) = Tra» (Y (u) o f o v).

We mention that if v € Aut;(A) has finite order, A-proj has a periodic Serre duality.
Recall that A is symmetric if there is an A-bimodule isomorphism DA =~ A. Then the
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bilinear form (—, —) might chosen to be symmetric. The corresponding Nakayama auto-
morphism v = Id,4. In particular, the Serre functor on A-proj is trivial, that is, isomorphic
to the identity functor.

The following observation is a partial converse to Example 3.12. In particular, it shows
that if A-proj has a Serre duality, the algebra A is selfinjective. Here, we recall that the
selfinjective property is invariant up to Morita equivalences.

Lemma 3.13 Ler A have the Serre duality (3.1). Suppose that X is an object satisfying
S(X) >~ X. Then the endomorphism algebra End 4(X) is Frobenius.

Proof Take an isomorphism #: S(X) — X. Composing the isomorphism ¢x x and the
isomorphism Hom 4 (X, ), we have an isomorphism DHom4 (X, X) ~ Hom4(X, X).
It is routine to verify that this isomorphism respects the right End4(X)-module
structures. O

Let A be a Frobenius algebra with the trace tr: A — k and its Nakayama automorphism
v. The above explicit trace functions allow us to compute the commutator isomorphism for
some automorphisms on A-proj.

We make some preparation. For each g € Auti(A), there is a unique invertible element
o(g) € A such that

tr(a) = tr(o(g) ' g(a)) (3.11)

for each a € A. Here, we use implicitly that both tr and tr o g are generators of the cyclic
right A-module D(4 A).

Definition 3.14 Let A be a Frobenius algebra. We define its commutator map
o Aute(A) — A%, g 0(g),

where A* denotes the multiplicative group of invertible elements in A. O

The following lemma summarizes basic properties of the commutator map. Recall that
each invertible element x € A gives rise to an inner automorphism ¢y € Auty(A) by cx(a) =
xax~'. For g, h € Auty(A), we recall their commutator [g, k] = ghg_lh_l.

Lemma 3.15 Keep the notation as above. Then the following statements hold:

1 [v,glx) = U(g)_lxa(g)for each g € Auty(A) and x € A;
2) o(gh) =g(o(h))o(g) foreach g, h € Auty(A);
3) o(cx) =xv(x)~! foreach x € A%;
@) o0 =1foreachn € Z.

In the proof, we sometimes use the central dot “*-”
in A.

to denote the multiplication of elements

Proof We will often use the following fact, which is analogous to Lemma 3.1(3). Two
elements x and y in A are equal if tr(xa) = tr(ya) for each a € A.
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For (1), we will show that [v, g](x)o(g)~! = o(g)~'x. For each a € A, we have the
following identity

(v, gl)o (9)"'a) = wo () 'a-gv g7 (x))
(o () 'gle™ @ v (1))
(g (@ - v g7 @)
(g () - g7 (@)
(g~ (xa))
= (o ()" 'xa),

where the first and fourth equalities uses (3.9), the third and last equalities uses (3.11). Then
we are done by the above fact.

For (2), we apply (3.11) twice to obtain that tr(c (&) 'g(o(h)~"Hgh(a)) = tr(a), while
the latter equals tr(o (gh)~'gh(a)). Then (2) follows from the above fact.

We observe by (3.11) and (3.9) that tr(c (¢x) " 'a) = tr(x"'ax) = tr(v(x)x'a). Then
we infer (3) from the above fact.

By the identity tr(a) = tr(v(a)), we infer that o (v) = 1. Then (4) follows from (2) by
induction on 7. O

We recall the following elementary fact.

Lemma 3.16 Assume that g,h € Auti(A) and that 0: 8(—) — "(=) is a natural
transformation with 04 (1) = x. Then the following statements hold:

(1) Oa(a) = hg’l(a)x = xa foreacha € A;
(2) if6 is an isomorphism, then x is invertible in A and hg ™ (a) = xax~! foreacha € A;
(3) forany g’ € Aun(A) and each a € A, 0y 4 (a) = (h2g7 ¢ Ha) - h(x) = h(x) -

hg/_l (a).

Proof Recall the following standard fact: any morphism f: €A — A satisfies f(a) =
hgil(a)f(lA) for each a € A. Then to prove (1), it remains to show that 84 (a) = xa.
Consider the left A-module morphism r,: A — A sending y to ya. Then we are done by
applying the naturalness of 6 to r,. The statement (2) follows from (1).

For (3), consider the isomorphism 7: A — §' A of A-modules with 7(y) = gO).
Applying the naturalness of 6 to 7, the required identity follows from (1). O

The following result justifies the terminology of the commutator map.

Proposition 3.17 Let A be a Frobenius algebra. Keep the assumption as above. For
g € Auty(A), we consider the twisting functor F = 8(—) on A-proj and its commutator iso-
morphism o . Recall that the Serre functor equals ¥ (—). Then the commutator isomorphism
oF: 8("(—)) ="8(—) = 8"(—) = "(8(-)) satisfies (op)a(l) = o (g).

More generally, for d > 1, the d-th commutator isomorphism U;;i 08 ("d (=) —> v (=)
satisfies (o) a(1) = 6 ()v(@(8) - v~ (@ (9).

Proof We only prove the case d = 1. The general case follows immediately from the
definition of og and Lemma 3.16(3).
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Recall that Tra(f) = tr(f(1)) for each morphism f: A — VA. Consider the iso-
morphism 7: A — $A by w(a) = g(a). It follows from Lemma 3.1 that Trs4(f) =
TI’A(V(H_l)OfOT[). We compute that Trs 4 (f) = tr(g_] (f(1))) foreach f: 8A — V(8 A).

Set (6r) 4(1) = x, which is an invertible element in A. For each b € A, we have a unique
morphism f: A — VA with f(1) = b. Recall from (3.5) that Trs(f) = Trsa((cF)a o
8(f)). We observe by Lemma 3.16(1) that ((or)4 o 8(f))(1) = xb. Then we have tr(b) =
tr(g~ 1 (xb)). Set a = g~ (xb) and thus b = x~!g(a). Then we have tr(a) = tr(x ' g(a)).
Since a runs over A, we infer that x = o (g) in view of (3.11). O

By the additivity, the commutator isomorphism o is completely determined by (oF)4.
By combing Lemma 3.16(1) and Proposition 3.17, we have the following description of
(og) A for each d > 1. In particular, we reobtain Lemma 3.15(1).

Corollary 3.18 Keep the assumption as above. For d > 1, we set t(g) =
a(g)v(o(g)):--- vl (2)). Then for each a € A, we have

(0 a(a) =g, v'1@) - 1(g) = t(g)a. (3.12)

In particular, if v? = Id s, we infer that t(g) is a central element.

Let us consider the case v¢ = Id 4. We obtain a well-defined map
K Aut(A) — Z(A)*, g g(t(g™), (3.13)

called the induced map for A. Here, Z(A)™ denotes the multiplicative group of invertible
central elements in A.

The category A = A-proj has a periodic Serre duality, where we take the periodicity
isomorphism of order d to be the identity transformation. Then the above induced map is
compatible with the one in (3.7). More precisely, we have a commutative diagram

Auty(A) —> Z(A)*

_

Auty(A) = Z(A)*

where the left vertical homomorphism sending g € Aut;(A) to the twisting functor F' =
g (—) on A, and the right one is restricted from the well-known isomorphism Z(A) =
Z(A). Here, we use (3.12) to infer k (g) F = of.

By Proposition 3.11, the above identification of these two induced maps implies that the
map in (3.13) is a crossed homomorphism with respect to the obvious Auti(A)-action on
Z(A)*, thatis, k(gh) = k(g)g(k (h)) for any g, h € Autg(A).

4 The Serre Functors on Orbit Categories and Equivariant Objects

In this section, we give explicit formulas on the Serre duality for the orbit category and
the category of equivariant objects. The commutator isomorphisms play an important role.
It turns out that under certain conditions, the constructions of the orbit category and the
equivariantization preserve periodic Serre duality.

Throughout, A is a k-linear additive category with the Serre duality (3.1) and the Serre
functor S. We assume that there is a k-linear G-action {Fy, €¢.4| g, h € G} on A, where G
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is a finite group. The commutator isomorphism o, : FgS — SFg for F, will be denoted
by o,.
The following fact will be used.

Lemma 4.1 Keep the notation as above. Then the following identity of natural transforma-
tions holds

eenS 0 Fg(o1) 1o (ag) " Fy = (0gn) ™' 0 Seg . .1

Proof Indeed, by Lemma 3.16(1) we have o, F, o Feop, = oF, F,- Applying Lemma 3.6(2)
to £g, 1, We have ogj 0 8¢, S = Seg 0 OF,F- Putting these two identities together, we infer
the required one. O

4.1 The Serre Duality on the Orbit Category

We define a k-linear functor S: A/G — A/G on the orbit category by setting S(X) =
S(X). For a morphism (fg)gec: X — Y, the g-th component of .S_’((fg)ge(;) is given by
(og);] o 8(fg): S(X) — F,S(Y). Consider two arbitrary morphisms (fg)eeg: X — Y
and (f,)geg: ¥ — Z. To show that S preserves the composition of morphisms, we use the
following identity

(Ong)7' © S((eng)z o Fu(f3) o fn) = (eng)z 0 Fa((0)7" 0 S(f)) o ((on)y" o S(fn)).

The above identity follows from the naturalness of o~ ! and the identity (4.1) for & and g on
the object Z. We observe that the functor S is an auto-equivalence.

Recall the bilinear pairing (—, —) x,y induced by the Serre duality (3.1). We define a new
bilinear pairing

(—, —)x,y: Hom4,6(X,Y) x Hom 4,6 (Y, S(X)) — k “4.2)

by (fo)eeG: (flgea)x,y = Dgec (forUsx) © (€g o-1)s(x) © Fg(fé—l))X,Fg(Y)- Here,
u: F, — Id 4 is the unit of the G-action.

We claim that the bilinear pairing (—, —)x,y is non-degenerate. Indeed, we recall
that Homy,6(X,Y) = @geG Hom 4 (X, Fy(Y)) and that Homy,c(Y, S(X) =
@gec Hom 4 (Y, FgS(X)). We observe an isomorphism Hom (Y, Fg—lS(X)) ~
Hom 4 (Fg(Y), S(X)), which is induced by the functor F, and the natural isomorphism

UoOEy, . Via this isomorphism, the pairing (—, —)X.Fy(Y) induces a non-degenerate
pairing between Hom 4 (X, F¢(Y)) and Hom4(Y, Fg—IS(X)) for each ¢ € G. These
non-degenerated pairings yield the non-degeneration of (—, —)x,y.

The following result is analogous to [11, Lemma 2.1 a)].

Proposition 4.2 Assume that A has the Serre duality (3.1). Then we have the following
Serre duality for the orbit category

éx.y: DHom4;G(X,Y) —> Hom /G (Y, S(X)),

such that (x,y)xy = gl_);(.ly (»)(x). In particular, we have the Serre functor S: A/G —
A/G. '

The corresponding trace function is given by

Trx : Hom4,6(X, S(X)) — k
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with Trx ((fg)gec) = Trx (uscx) o fo)-

Proof The non-degenerate pairing (—, —)x.y defines the k-linear isomorphism ¢x y as
above. We observe that (x, y)x y = Trx (y o x). It follows that d_)X’y is functorial in Y. For
the functorialness in X, we have to show that Trx (S(a) ob) = Try:(boa) for any morphism
a: X' - Xandb: X — S(X'); compare Remark 3.2.

Write a = (ag)geg and b = (bg)gec- In particular, we have morphisms a,-1: X' —
Fgfl (X)and by : X — FgS(X’) for each g € G. We claim that the following identity holds

bg ouyx o (Sg,gfl )X = Fg(us(xr) o (ngl,g)S(X’) o Fgfl (bg)) (43)
Indeed, using that u o, -1 is a natural isomorphism, the left hand side equals u r, g(x’)
(€g.¢-1)Fo8(x) © FgFy-1(bg). Recall from Subsection 2.1 that u Fy = €. ¢ and &g, = Fou.
Then (2.1) implies that uFg o €, ,—1 Fy = €g,c 0 Fgé,-1 ,. Combining these equations, we
are done with the claim.
The above required identity on trace functions follows immediately from the following
identity.

Trx (us(x) © (4 ¢-1)s(x) © Fg(0,-1)x" 0 S(ag-1)) o by)
= Trx(usx) o ((Ge);(1 0 S(gg -1)x © (Gg)Fg,l (x)) © FgS(az-1) o bg)
= Trx(S(ux) o S(gg -1)x © (Ug)Fg_l (x) © FgS(ag-1) o byg)
= TngFg,l(X)((Ug)Fg,l (x)0 FgS(ag-1) obgoux o(gy o-1)x)
= Trrr, 00 ((00)F, () © Fg(S(ag-1) o tsixry o (eg-1 o)sx7) © Fo-1(bg)))
= Trr_00(S(ag-1) ousxny o (-1 g)s(x1) © Fy-1(bg))
= Trx (usxr) 0 (€g-1 4)s(x") © Fyg-1(bg) 0 ay-1)

The first equality uses (4.1) applied to g and g ~!. The second equality uses Suoo, = usS,
which follows from Lemma 3.6(2). The fourth equality uses (4.3). The third and the last
equalities use Lemma 3.1(1). The fifth equality uses (3.5) for F. O

We apply Lemma 3.4 to obtain an explicit Serre duality on the idempotent completion
(A/G)". We assume that |G| is invertible in k and that A is idempotent-complete. It follows
from the equivalence in Proposition 2.4 that AY has a Serre duality. However, it seems to
be nice to have a more explicit Serre duality formula for AC.

4.2 An Explicit Serre Duality on Equivariant Objects

We will give an explicit Serre duality formula on the category A of equivariant objects, if
|G| is invertible in k. We observe that AY is Hom-finite.

We assume that A has a Serre duality and the Serre functor S. We recall the notation
og =0F,: FoS — SFg. Let (X, @) be a G-equivariant object. For each g € G, we consider
the following isomorphism

Gy = (0g)y 0 S(ag): S(X) —> FoS(X).
Lemma 4.3 Keep the notation as above. Then the isomorphisms dg’s satisfy the identity

Ogh = (g,n)5(x) © Fg(ap)ody. In other words, the pair (S(X), &) is a G-equivariant object

in A.

@ Springer



Equivariantization and Serre Duality I 557

Proof We have the following identity
(eg.)s(x) © Fg(@n) 0 &g = (g.n)s(x) © Fg((on)y") o FeS(an) o (0)y" 0 S(arg)
= (eg)s(x) © Fg((on)x") 0 (00) 7 ) © SFe(an) o S(atg)
= (ogn)y' © S((eg.n)x) 0 SFg(an) o S(arg)
= (ogn)y' © S((eg.n)x 0 Fglan) o atg)
= (ogn)y' © S(atgn) = gn,
where the second equality uses the naturalness of (ag)_l, the third uses (4.1) and the fifth

uses (2.5). O

We define a functor S¢: A° — A% by sending (X,a) to (S(X),&), a mor-
phism f: (X,a) — (¥,B) to S(f): (SX),a) — (S(Y), ﬁ). Since S is a k-linear
auto-equivalence on A, it follows that SC is a k-linear auto-equivalence on AC.

We mention that the auto-equivalence S¢ on A€ extends the Serre functor S on A/G
via the comparison functor K in Subsection 2.3. More precisely, we have a commutative
diagram up to a natural isomorphism

A)G 2= AJG

S

G s JC

Indeed, for an object X in .4/ G, we have the following natural isomorphism
Ponx: KSX) = (@ FuS(X), e(SX)) — SCK(X) = (@D SFa(X), e(X)).
heG heG heG

We use (4.1) to verify that it is indeed a morphism of equivariant objects.

Let (X, @) and (Y, B) be two objects in AC . Consider the following map
Y : Hom 46 (Y, B), S9(X, @)) — DHom 4 (X, @), (Y, B))

defined by ¥ (f)(f) = Trx(U(f" o f)) for any morphism f: (X,a) — (¥, B) and
f (Y, B) - S°(X,a), where U: A®° — A is the forgetful functor. We observe that
v = q&;’l (U (fH)US)). It follows that ¥ is functorial in both (X, ) and (Y, B).

The following fact is standard. For a kG-module V, we denote by DV = Homg(V, k)
the kG-module with the contragredient action.

Lemma 4.4 Assume that |G| is invertible in k. Then there is a k-linear isomorphism
(DV)® — D(V©), sending a linear function on V to its restriction on the invariant
subspace VO.

The following result describes explicitly the Serre duality on AC.

Theorem 4.5 Let G be a finite group acting k-linearly on A. Assume that the order |G| of
G is invertible in k. Then the above map  is an isomorphism. Consequently, the category
AS has a Serre duality given by

v ~': DHom 46 (X, @), (Y, B)) —> Hom 46 ((Y, B), S¢ (X, a)),

where SC: AS — AG is the Serre functor:
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The trace function corresponding to the above Serre duality is given by
Trx,q): Hom 46 (X, @), S(X, @)) —> k
such that Trx o) (f) = Trx (U (f)).

Proof We recall that associated to G-equivariant objects (X, «) and (Y, §), the G-action on

Hom 4 (X, Y)is givenby g.f = ,Bg_l o Fy(f)oag. Then DHom 4 (X, Y) has the contragre-

dient G-action. The G-action on Hom 4 (Y, S(X)) associated to the G-equivariant objects

(Y, ) and SO (X, a) is given by g.f" = @, ' o Fy(f") 0 Bg = S(ag!) o (0g)x 0 Fy(f) 0 .
We claim that the isomorphism

¢~ = ¢y 'y : Homu(¥, S(X)) —> DHom (X, Y)

is compatible with these G-actions. Recall that ¢~ (f/)(f) = Trx(f’ o f). Take g € G.
There is a unique morphism f”: X — Y with

Fo(f"y=PBgo foag'. (4.4)

It follows from the definition that g.(f”) = f and thus g~'.f = f”. The above claim
amounts to the equation ¢! (g.f') = g.¢~ ' (f").
The following identity proves the claim:
¢~ (8. = Tex((g-fN o )

= Trx (S(e; ") 0 (o) x 0 Fyg(f') o Bg o f)

= Trr,c0)((0g)x 0 Fg(f) o Bgo foay ")

= Trr,x((0g)x-Fg(f' o f")

= Trx(f'o f")

= ¢~ (N = b N,
Here, for the third equality we use Lemma 3.1(1), for the fourth we use (4.4), and for the
fifth we apply (3.5) to F}. The last equality follows from the definition of the contragredient

G-action.
It follows from the claim that the isomorphism ¢! induces the left k-linear isomorphism

Hom (Y, S(X))¢ — (DHom (X, Y))° — D(Homu (X, Y)%),

where the right one uses Lemma 4.4. Applying (2.6), we have the desired isomorphism.
We observe that the above obtained isomorphism is identified with the map v, which is
bifunctorial. Then we are done. O

4.3 The Periodic Serre functor

We will give a sufficient condition such that the functor S G is trivial, that is, isomorphic to
the identity functor on A%. We keep the notation as above. In particular, {F, o Eqnl &, h €
G} is a k-linear G-action on A, and S denotes the Serre functor on A.

Setup A: There is a central element g € G with F, ¢ = S, the Serre functor on A. Moreover,
for each h € G we have sg_}l 0 Epg = Op.

Here, we recall that 0}, = o, : F;,S — SF), denotes the commutator isomorphism for
Fy.
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We recall from Subsection 4.2 that the auto-equivalence S on AC extends, via the
comparison functor, the Serre functor S on the orbit category .A4/G. The following result
implies that in Setup A, the Serre functor § is trivial. By Theorem 4.5, if the order |G| of G
is invertible in k, the Serre functor on A€ is also trivial.

Proposition 4.6 Assume that we are in Setup A. Then the auto-equivalence S¢ on AC is
isomorphic to the identity functor.

Proof We construct an explicit isomorphism §: Id 46 — SC. For an object (X, a), we
define 8(x o) = a1 (X, ) — (S(X), &). We claim that §x ) is a morphism of equivariant
objects, that is, for each h € G we have &, o oy = Fp(crg) o ap.

Indeed, we have the following identity

~ -1 -1
apoa, = 0y, oS((xh)ootgzsh,gosg,hoS(oth)ootg
-1 -1
= &g Clgh = &) o O0pg = Fp(ag) o ap,

where the second and fourth equalities use the assumptions in Setup A, and the third and
final ones use (2.5). The functorialness of § in (X, «) is direct to verify. O

We consider a special case of Proposition 4.6, which will justify a statement in [12]:
factoring out the Serre functor yields a category with a trivial Serre functor; compare [11,
Subsection 2.4].

We assume that 4 has a periodic Serre duality. Take any periodicity isomorphism
n: 8¢ — Id 4 for some d > 1. By Corollary 3.8 7 is compatible. Then we have the induced
Cg-action on A as in Example 2.2. Here, C; = {e = g%, g,---, g%~} denotes the cyclic
group of order d. Recall the notation A/S = A/Cy. If d is invertible in k, we have the
notation A/ S = A%; see Example 2.5.

Corollary 4.7 Let A have a periodic Serre duality. Keep the notation as above. Then the
orbit category A/ S has a trivial Serre functor. If in addition d is invertible in k, the category
A//S also has a trivial Serre functor.

Proof By the construction in Example 2.2, the conditions in Setup A are trivially satisfied.
Then the results follow from Proposition 4.6. O

We now apply Corollary 4.7 to Example 3.12.

Example 4.8 Let A be a finite dimensional Frobenius algebra with its trace tr: A — k and
the Nakayama automorphism v. We assume that v¥ = 1 for some d > 1. This induces a C4-
action on A by algebra automorphisms, which sends g to v~!. We denote by B = AC; =
EB?Z_OI Au i the skew group algebra. Itis well known that the algebra B is Frobenius. Indeed,
B is even symmetric with its trace tr’: B — k given by tr’ (aug,-) = §;1tr(a), where §
denotes the Kronecker delta.

By Example 3.12, the Serre functor on A-proj is given by the twisting functor ¥ (—), thus
is periodic. By Corollary 4.7, the orbit category A-proj/”(—) has a trivial Serre functor. We
identify the idempotent completion (A-proj/”(—))" with B-proj; see Example 2.6. Then
using Lemma 3.4, we infer that B-proj has a trivial Serre functor. However, this is not
surprising, since the algebra B is symmetric.
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We observe that the given G-action on A yields a group homomorphism G — Auty (A),
sending g to the isomorphism class [F,] of the auto-equivalence F,. Then using the
canonical Auty (A)-action on Z(A)*, we obtain a G-action on Z(A)*.

We recall a general fact, which slightly generalizes the consideration in [9, Subsection
4.1.3]. Let p: G — Z(A)* be a crossed homomorphism respect to the above G-action on
Z(A)*. In other words, p(gh) = p(g)(g.p(h)) for any g, h € G. Here, from the G-action,
we have Fyp(h) = (g.0(h)) Fg.

For an object (X, o) in AC, we define another G-equivariant object (X, p ® ) such that
(P ®a) = ,o(g)_lozg for each g € G. Observe that it is indeed a G-equivariant object.
This gives rise to an automorphism on A%

p®—: A — A9,

which sends (X, @) to (X, p ® ) and acts on morphisms by the identity.

Let A have a periodic Serre duality. We take a periodicity isomorphism 7: §¢ — Id4
for some d > 1. We recall from Subsection 3.3 the induced map «: Autp(A) —
Z(A)*, which is a crossed homomorphism with respect to the canonical action. We hav
e a map

k:G— Z(A)*, g k(g) =K (Fyp),
which is referred as the induced map of the G-action. Indeed, this map « is a crossed

homomorphism with respect to the G-action on Z(A)*. By the above fact, we have the
automorphism x ® —: A% — AC.

Setup B: We assume that we are given the periodicity isomorphism 7. We assume that
in the k-linear G-action, Fgk(h) = k(h)F, for any g,h € G. This condition is satis-
fied if each auto-equivalence F,: A — A is Z(A)-linear, or if « (k) lies in k™ for each
heg.

Proposition 4.9 Let A have a periodic Serre duality with a periodicity isomorphism
n: 84 — Id 4. Then we have an isomorphism of endofunctors on A%

(9 S k-
In particular, in Setup B the auto-equivalence S¢ on A is periodic.

We observe that in Setup B, the induced map « is indeed a group homomorphism, since
g-k(h) = «k(h). In this case, the orbit category .A/G has a periodic Serre duality; if in
addition |G| is invertible in k, Theorem 4.5 implies that AC also has a periodic Serre
duality.

Proof Let (X,«) be an arbitrary object in AY. We observe that (S9)Y(X,a) =
(S4(X), a@%), where &Zf = (o‘f)%l o Sd(ag) for each g € G. Here, 0¥ = a;{g: Fng —

54 Fy is the d-th commutator isomorphism for F,. On the other hand, (x ® —)(X, ) =
(X, k ® a), where (k @ a)g = K(g)_lO[g with « (g) = k (Fg). We claim that

nx: (84(X), @) — (X,k @)

is a morphism, and thus an isomorphism, in AC.
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It suffices to show that Fy(nx) o &g = (K(g)’lozg) o nx. By (3.6) we have Fy(nx) o
(o;{g);l = (tr,)"" o nE,x) = (&) 7'nF,(x). Then we have the first equality of the
following identity

Fe(nx) 0@l = k() " nr,x) 0 S (eg)
= nr,x) 0 k()15 (arg)
= nr,00 0 Sk () )
= (k(9) ') o nx.

Here, the second the last equalities uses the naturalness of « (g)~' and 7, respectively. The
third equality uses Lemma 3.9. We are done with the claim.

We observe that the above isomorphism 7y is natural in (X, ). This proves the required
isomorphism of functors.

As mentioned above, in Setup B, the induced map k: G — Z(A)* is a group homo-
morphism. Since the |G|-th power of the automorphism ¥ ® — equals the identity functor,
the above isomorphism implies that S is periodic. O

5 Fractionally Calabi-Yau Categories

In this section, we show that under certain assumptions, the category of equivariant objects
in a fractionally Calabi-Yau triangulated category is also fractionally Calabi-Yau. We first
recall standard facts on triangle functors.

5.1 Triangle Functors and Actions

Let 7 and 7" be two triangulated categories with the translation functors ¥ and X', respec-
tively. Recall that a triangle functor (F,w): T — 7T’ consists of an additive functor
F:T — 7T’ and a natural isomorphism w: FX — X’F such that each exact trian-
ge X - Y - Z 5 Y (X) in T is sent to an exact triangle F(X) — F(Y) —

wyxoF (a)

F(Z) — Y F(X)in T . We call o the connecting isomorphism for F. In the sequel,
if w is understood, we write the triangle functor F instead of (F, w).

The connecting isomorphism  is trivial provided that F¥ = ¥'F and that w is the
identity transformation on FX. For example, if 7 = 7T, then the identity functor Idy is
a triangle functor, which is understood as the pair (Id7, Idy). The translation functor X is
also a triangle functor, which is understood as the pair (¥, (—1)Idy2). Here, the minus sign
arises because of the minus sign in the rotation axiom.

A natural transformation between two triangle functors (F, w) and (Fj, 1) means a
natural transformation n: F — Fj satisfying w; o nZ = ¥'now. Let (F/,o'): T' — T”
be another triangle functor. The composition of (F’, ") with (F, w), denoted by (F’, @') -
(F, w), means the triangle functor (F'F, @' F o F'w). This composition is also denoted by
F'F for simplicity. For example, for eachd > 1, (X, —Id22)d = (z¢, (—l)dld2d+1).

Lemma 5.1 Let (F, w), (F|, w1) and (F», wy) be triangle endofunctors on T. Assume that

n: F1 — F is a natural transformation of triangle functors. Then both Fn: FF; — FF,
and nF: F\F — F> F are natural transformations of triangle functors.
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Proof 1t is routine to verify that Fn and nF respect the connecting isomorphisms for the
compositions F F; and F; F, respectively. O

Recall that a triangle equivalence means a triangle functor (F, w) with F an equivalence
of categories. In this case, the quasi-inverse F~! is also a triangle functor such that the unit
and the counit are isomorphisms of triangle functors.

Recall that Z(7) denotes the center of 7, which consists of natural transformations
A: Idr — Id7. We denote by Z2(T) its subring formed by natural transformations
A: Id7 — Id7 between triangle functors, or equivalently, by those X satisfying AX = X A.

Lemma 5.2 Let (F,w): T — T be a triangle auto-equivalence. Then any natural trans-
formation n: (F,w) — (F, ) is of the form A\F = F) for some uniquely determined
rA e ZA(T.

Proof The existence of A and A" in Z(7T) is claimed in Lemma 3.10. We apply £now =
w o nX tohave AF o w = w o AFX, which equals AX F' o w by the naturalness of A. It
follows that ¥A = A X, that is, A lies in Z2 (7). Similarly, we have A’ € Z2(T). O

For a triangle endofunctor (F, @) on T, we define the natural isomorphism ol FY4 -
S F as follows. We set o = Idp and w! = w. Ford > 2, we define 0 = Tw? oz~ 1.

Lemma 5.3 The above defined o is an isomorphism of triangle functors

o (F,0)- (S, —lds2)? — (2, —Ids2)? - (F, w).

Proof The statement follows from the fact that w?*! = 9w o w? =, which will be proved
by induction on d. By the definition of w?, the right hand side equals %0 o T~ 'S o

0Y? = (4w o w?'T) 0 wE?, which equals by induction T’ o w%? = 0t [

Let 7 be a triangulated category and G a finite group. A friangle G-action
{(Fg, wg), €g.1n| g, h € G} consists of triangle auto-equivalences (Fg, wg) on T and natural
isomorphisms &g ,: Fg F, — Fgj, of triangle functors subject to the condition (2.1). Since
the isomorphism &g j, respects the connecting isomorphisms, we have the condition

Wgh 0 Egp X = Xeg p 0 (wgFy o Fewp). (5.1

We consider the category 7Y of G-equivariant objects in 7. The translation functor
% extends to an auto-equivalence £°: T7¢ — TC as follows: for a given equivariant
object (X, ), we set 20X, a) = (Z(X), =(a)), where for each ¢ € G the isomorphism
Y(a)g: T(X) — FyX(X) equals (a)g)g1 o X(ag). The pair (X(X), X(«)) is indeed a
G-equivariant object by using (5.1). The functor £ acts on morphisms by .

The following basic result is essentially due to [2, Corollary 4.3], which is made explicit
in [7, Lemma 4.4]. By a pre-triangulated category, we mean a triangulated category which
might not satisfy the octahedral axiom.

Lemma 5.4 Assume that the (pre-)triangulated category T has a triangle G-action as
above. Suppose that T is idempotent-complete and that |G| is invertible in T. Then
TC is a pre-triangulated category with £ its translation functor. Moreover, a triangle
X,a0) > (Y, B) = (Z,y) —> »9(X, ) is exact if and only if the corresponding triangle
of underlying objects is exact in T . O
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5.2 The Fractionally Calabi-Yau Property

Let k be a field, and let 7 be a Hom-finite k-linear triangulated category. Assume that T~
has a Serre duality
éx.y: DHom7(X,Y) —> Hom7(Y, S(X))
with § its Serre functor. Recall that oy : £S5 — SX denotes the commutator isomorphism
for the translation functor X. Set s = —(ox )~ L. Then we have
Trx (f) = —Trs ((5x) ™ 0 () (5.2)

for each object X and f: X — S(X). By [3, Theorem A.4.4], the pair (S, s) is a triangle
functor. In other words, s is a connecting isomorphism for S.
We observe the following triangle version of Lemma 3.3.

Lemma 5.5 We assume that T has another Serre duality ¢;(,Y: DHomy(X,Y) —

Homt (Y, S'(X)). Set s' = —(og)~"!, where of.: £S' — S'X denotes the commutator
isomorphism. Then the unique natural isomorphism & in Lemma 3.3 is an isomorphism
8:(S,s) — (5, 5") of triangle functors.

Proof We observe that the required statement is equivalent to 8% o oy = oy o £4. Indeed,
we will show that §5(x) o (ox)x = (U’E)X o X(6x). By Lemma 3.1(3), it suffices to prove

Tr'y ) Bsx) © (05)x 0 f) = Tryxy ((0g)x 0 E(éx) 0 f) (5.3)

for each morphism f: X (X) — X S(X). We may assume that f = X(f’) for some
morphism f": X — S(X).

Recall the identity on the two trace functions Tr and Tr’ in Lemma 3.3. Then the left
hand side of (5.3) equals Trxx)((ox)x o £(f’)), which equals Trx (f’) by (3.5). A similar
argument shows that the right hand side also equals Trx (f”). Then we are done. O

Lemma 5.6 Let (F, ) be a triangle auto-equivalence on T. For each d > 1, the d-th
commutator isomorphism (7;{: FS¢ — S9F for F is an isomorphism of triangle functors.
In other words, we have the following isomorphism of triangle functors

ol (F,®)-(S,5) — (S, (F, ).

Proof We only prove the result for d = 1. The general case follows from the definition of
afé and Lemma 5.1. The required statement is equivalent to s FoSwoor ¥ = YopowSoF's.
By the definition of s, we are done by the following identity

SwoopXoFoy = Swoofy
= oxfrowS
= oy F o YofowsS.
Here, the first and last equalities use Lemma 3.6(1), and the second uses Lemma 3.6(2) for
the isomorphism w. O
Let m > 0 and d > 1. The triangulated category 7T is fractionally *;-Calabi-Yau

provided that there is a natural isomorphism

n: (S, 5) — (T, (=Dldg2)™ (5.4)
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of triangle functors. We mention that the integers m and d are not uniquely determined.
A fractionally 7-Calabi-Yau category is said to be m-Calabi-Yau. These notions are also
applied to pre-triangulated categories.

We assume now that 7 is fractionally %-Calabi-Yau with the isomorphism 7. Let
(F,w): T — T be a k-linear triangle auto-equivalence. There is a unique ¥ = «(F, @) in

Z2(T) satisfying the following identity
nFo(rl‘,z:KEmFoa)moFr]. (5.5)

Indeed, by Lemmas 5.1, 5.3 and 5.6, the composition nF o al‘ﬁ o (@" o Fp)~! is an
automorphism of the triangle functor (X, (—1)Idy2)" - (F, w). Then we apply Lemma 5.2.

We claim that for any isomorphism 6 : (F, w) — (F’, @') of triangle auto-equivalences,
we have k (F, w) = «(F', o). Then we have a well-defined map

i Autp (T) — Z2(T)*,  [(F, )]~ k(F, ),

called the induced map of the isomorphism 7. Here, we denote by AutkA (T) the group of
isomorphism classes [(F, )] of k-linear triangle auto-equivalences (F, w) on 7T, whose
multiplication is given by the composition of triangle functors.

Indeed, by Proposition 3.17(2) we have X0 o nF o al‘i =nF'o al‘ﬁ, 0084, By (5.5) this
equals "0 ok (F,w)X"F o™ o Fn = k(F,0)X"F' 0 (£™0 o @™ o Fn). We observe
that £0 o 0™ = o™ 0 § L™, which is a consequence of the condition £ o w = &' 0§ X.
Then we have S"0ow™ o Fj = @™ 008%™ 0 Fp = '™ 0 F'n065?, where the naturalness
of 6 is used. We combine these identities to have

nF 0o 008 = k(F,0)E"F 0™ o F'nogs.

Since 6 is an isomorphism, we infer that n F’ o U,dw =k(F,0)X"F' o™ o F'n. In view
of (5.5) for (F/, '), we have « (F, w) = « (F/, o).

Recall the canonical AutkA (T)-action on Z» (7)*: for a triangle auto-equivalence (F, w)
on7 and A € Z2(T)*, by Lemmas 5.1 and 5.2 there is a unique A" € Z2(7)* satisfying
Fi = )F.Weput [(F,w)].A = A. This is a well-defined group action.

We observe that the above induced map « is a crossed homomorphism with respect to
the canonical action, which is a triangle analogue of Proposition 3.11, with a similar proof.
Here, we use the following fact: for a given composition (F, w) = (F1, w1) - (F2, wy) of
triangle functors, we have 0™ = /' F2 o Fio}'.

We now consider a k-linear triangle G-action {(Fg, w,), g1 g, h € G} on T and the
category 7 of equivariant objects. We observe a group homomorphism G — AutkA ),
sending g to the isomorphism class [(F, wg)] of the triangle auto-equivalence (Fy, wg).
Therefore, we have a G-action on Z2 (7)*.

We assume that 7 is fractionally %—Calabi—Yau with the isomorphism 7. Then we have
a map

k:G—> Z2T)*, g k(g) =k(Fg, wy),
which is called the induced map of the triangle G-action. We observe that « is a crossed
homomorphism with respect to the G-action on Z* (7)*. Then it yields the automorphism
k® —: TS — TG compare Subsection 4.3. Moreover, since each «(g) lies in Z2(7),
the automorphism x ® — commutes with the translation functor > G, In other words, k ® —
is a triangle automorphism with the trivial connecting isomorphism, provided that |G| is
invertible in k and thus 7°C is pre-triangulated.

Setup C: Assume that we are given the isomorphism 7 in (5.4). In the triangle G-action
above, we assume that Fy« (h) = k(h) Fg for any g, h € G. This condition holds if each Fy
is Z2(T) -linear, or if each « (h) lies in k.
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We have the following triangle version of Proposition 4.9.

Proposition 5.7 Let T be a fractionally %-Calabi- Yau (pre-)triangulated category. Assume
that |G| is invertible in k. Then we have an isomorphism of triangle functors

($¢, 59 = k®— (29, (=Dldz6)".

In particular, in Setup C the pre-triangulated category T is fractionally ’legll -Calabi-Yau.

Let us explain the notation s¢. Recall from Theorem 4.5 and Lemma 5.4 that S© is the
Serre functor on the pre-triangulated category 7¢. Then we have

s¢ = —(O‘G)):GZ §Cx6 5 »0g9,

where (O'G)EG denotes the commutator isomorphism for the translation functor »C with
respect to the Serre functor S¢. By [3, Theorem A.4.4] the pair (5%, s%) is a triangle
functor.

Lemma 5.8 Keep the notation as above. For a G-equivariant object (X, a), we have
S(GX,ot) = SX.

Proof Write S(GX’O() = t. Then it is uniquely determined by

Trix.a)(f) = —Trc(x.0 0 Z9()

for any morphism f: (X, o) — SO(X, ).

We claim that sy: S°2¢(X,a) — 29S%(X, @) is a morphism, and thus an iso-
morphism. Recall that the trace function on 7C is given by the composition of the
forgetful functor with the trace function on 7. In view of (5.2) we have Tr(x )(f) =
—Trs6 (x.0)((sx) "1 0 BE(f)) foreach f: (X, a) - SY(X, @). Then by Lemma 3.1(3) we
infer that t = sx.

For the claim, we observe S6XC¢(X,a) = (§2(X), B) with B, = (ag_l)g(x) o
S((a)g);]) 08X (ag) foreach g € G. Here, 0, = OF, denotes the commutator isomorphism
for Fp. We have £9S59(X, @) = (E5(X), y) with v, = (@)% (x, © Z((0)x") 0 TS (@)
The above claim is equivalent to ygosx = Fg(sx)oB, foreach g € G. Recall thats = —ox.
We infer that the desired identity follows from the following one on natural transformations

Swgo00,X o Feoy = o Fg 0 Xog owgS. (5.6)

We apply Lemma 3.6(1) to have 0, X o Fyoy = OF,% andog Fy 0 Yo, = O5F,- Then (5.6)
follows from Lemma 3.6(2) applied to the isomorphism wyg. O

We now prove Proposition 5.7.

Proof We observe that in Setup C, the induced map x: G — Z(7T)* is a group homo-
morphism, since [(Fy, wg)].k(h) = «(h). Then the |G|-th power of the automorphism
k ® — equals the identity functor. Since the two triangle auto-equivalences ¥k ® — and
(29, (—DId(56y2) commute, the last statement follows immediately.

For a G-equivariant object (X, ), we have (S9)(X, @) = (84(X), @?), where a§ =

(ag)gl o Sd(ag) for each g € G. Here, aé‘f = Gf’g : Fng — Sng is the d-th commutator
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isomorphism for F,. On the other hand, (x ® —) (ZH"(X, ) = (T"(X), k @ T"()),
where (k @ X" (a)), = K(g)_l(a)g,”);(l o X" (ag).
We claim that

Nixey = 1x: (S1(X), @) — (Z"(X),k ® 2" (@)

is a morphism, and thus an isomorphism, in TG Indeed, it suffices to show that F, ¢(nx) o
&g = (K(g)’l(a)’g”)}1 o X™(ag)) o nx, which follows immediately from (5.5) and the
naturalness of 7.

The naturalness of 1" in (X, ) is obvious. In other words, we have an isomorphism
7 (9 = (k ® —) ()™ of functors.

By the isomorphism 7 of triangle functors in (5.4), we have X7 o sd = (=1)"pX. In
view of Lemma 5.8, we have (sG)‘(iX’a) = sgj(. It follows that =7 o (s9)? = (=1)"y'TC.
This means that n’ is a natural transformation of triangle functors. We are done with the
proof. O

5.3 A Corollary and an Example

Let A be a Hom-finite k-linear abelian category. Let d > 1 and m > 0. The category A
is called fractionally % -Calabi-Yau provided that its bounded derived category D’(A) is
Hom-finite and fractionally %-Calabi-Yau; compare [16].

Let G be a finite group. Assume that there is a k-linear G-action {Fyg, & 5| g, h € G} on
A. Then the category A of G-equivariant objects in A is abelian. Moreover, a sequence
(X,a) — (Y, B) — (Z, y) of equivariant objects is exact if and only if the corresponding
sequence X — Y — Z of underlying objects is exact in .A.

Recall that any exact endofunctor F: A — A extends to a triangle functor
D?(F): D?(A) — D?(A), which has a trivial connecting isomorphism. Any natural trans-
formation e: F — F’ between exact endofunctors extends to a natural transformation
D’(e): D’(F) — DP(F') of triangle functors. Consequently, the above G-action on A
extends to a k-linear triangle G-action {D”(Fg), Db (eg,n)| g, h € G} on D?(A). We then
have the category D?(A)¢ of G-equivariant objects.

Corollary 5.9 Keep the notation as above. Assume that A is fractionally %-Calabi-Yau.

Assume further that |G| is invertible in k and that the above triangle G-action on D?(A)
satisfies Setup C. Then AC is fractionally %-Calabi-Yau.

Proof We recall from [7, Proposition 4.5] that there is a triangle equivalence between
D?(A%) and D? (A)C. We mention that by [7, Remark 4.6(1)] the quoted proposition holds
for non-strict actions. Then the statement follows from Proposition 5.7. O

We end this paper with our motivating example; see [5, 10, 12].

Example 5.10 Let k be a field whose characteristic is not 2, and let > € k which is not 0 or
1. Denote by C> = {e = g°, g} the cyclic group of order 2.

We denote by X the weighted projective line in the sense of [10] with weight sequence
(2, 2, 2, 2) and parameter sequence (0o, 0, 1, ). We denote by E the projective plane curve
defined by the equation yzz = x(x — z)(x — Az), which is a smooth elliptic curve. Recall
that the category coh-E of coherent sheaves on E is 1-Calabi-Yau.
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The category coh-X of coherent sheaves on X is fractionally %-Calabi-Yau, and is not 1-
Calabi-Yau. Indeed, the Serre functor is induced from the degree-shift functor given by the
dualizing element.

We observe an automorphism o of order 2 on E such that o(x) = x, o(y) = —y
and o (z) = z. This gives rise to a strict k-linear C>-action such that F, = oy, the direct
image functor, on coh-E.. We may apply Corollary 5.9. Here, we recall that Z* (D”(coh-E))
is isomorphic to k, and then we are in Setup C. It follows that (coh-E)€2 is fractionally
%-Calabi-Yau. However, this is not surprising, since we have from [10, Example 5.8] and
[5, Theorem 7.7] the equivalence

(coh-E)¢2 =5 coh-X.

It follows that (coh-E)€2 is not 1-Calabi- Yau. We identify D? ((coh-E)€2) with D? (coh-E)€2
by [7, Proposition 4.5]. By Proposition 5.7 applied to D?(coh-E), this implies that the
induced map k: C; — k* is non-trivial, that is, x(g) = —1. Then Proposition 5.7 allows
us to describe explicitly the Serre functor on D?((coh-E)€2), where d = m = 1.
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