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Abstract

The aim of this paper is to construct comodules of Uy (s/3) and modules of SLg;(2) via quiver, where g is not a root of unity.
By embedding Uy (sl3) into the path coalgebra kD¢, where D is the Gabriel quiver of Uy, (sl3) as a coalgebra, we obtain a basis
of Ug(slp) in terms of combinations of paths of the quiver D; this special basis enables us to describe the category of Uy (sl3)-
comodules by certain representations of D; and this description further permits us to construct a class of modules of SL4(2), from
certain representations of D, via the duality between Uy (sl) and SLy(2).
© 2007 Elsevier B.V. All rights reserved.

MSC: 81R50; 16W30; 16G20

1. Introduction

Drinfeld [14] has established a duality, between the quantized enveloping algebra U, (sl>) and the quantum
deformation SL,(2) of the regular function ring on SL> (see [17], VID). This has been extended between Uy (sl,)
and SL,(n) by Takeuchi [30]. Therefore, any U, (sl,)-comodule (resp. SL,(n)-comodule) can be endowed with an
SL,(n)-module structure (resp. a U, (sl,)-module), in a canonical way (see e.g. (5.1) below). However, this duality
does not give U, (sl,)-comodules (resp. SL, (n)-comodules) from SL, (n)-modules (resp. Uy (sl,)-modules).

Modules of U, (g) have been extensively studied (see e.g. [18,27,16]), and they depend on g: when ¢ is not a root
of unity, any finite-dimensional module is semi-simple, and the finite-dimensional simple module is a deformation of
a finite-dimensional simple g-module. In [8] the prime and primitive spectra of (Lusztig’s) quantized hyperalgebras
(at roots of 1) are described. Another thing about U, (g) which depends on ¢ is its coradical filtration [2,11,19,22]:
when ¢ is not a root of unity, the graded coalgebra U, (g) is coradically graded.

The study of SL,(n)-comodules can also be found, e.g. in [24,7] (see also [15]). However there are few works
on Uy (sl,)-comodules. A possible reason for this lack might be that there are no proper tools to construct Uy (sl,)-
comodules. The aim of the present paper is to understand the U, (s/2)-comodules by using the quiver techniques.
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In the representation theory of algebras, quiver is a basic technique (see [1,26]). Recently, it has also shown powers
in studying coalgebras and Hopf algebras. For example, one can construct path coalgebras of quivers, define the
Gabriel quiver of a coalgebra, and embed a pointed coalgebra into the path coalgebra of its Gabriel quiver (see [9,
21,6]); after this embedding one can expect to study the comodules of the coalgebra by certain locally nilpotent
representations of the quiver (see [4]); and this makes it possible to see the morphisms, the extensions, and even
the Auslander—Reiten sequences (see e.g. [28]). One can also start from the Hopf quivers of groups to construct
non-commutative, non-cocommutative pointed Hopf algebras (see [12]); this makes it possible to classify some Hopf
algebras by quivers, whose bases can be explicitly given (see e.g. [5,23]).

Inspired by these ideas, in this paper, we construct comodules of U, (sl) and modules of SL,(2) via quiver
methods, where ¢ is not a root of unity. By embedding the quantized algebra U, (sl>) into the path coalgebra kD¢,
where D is the Gabriel quiver of U, (sl>) as a coalgebra, we obtain a basis of U, (s/z) in terms of combinations of
paths of the quiver D (Theorem 3.5); this special basis enables us to describe the category of U, (sl2)-comodules by
certain locally nilpotent representations of D (Theorem 4.3); in particular, we can list all the indecomposable Schurian
comodules of U, (sl2) (Theorem 4.7); and this description further permits us to construct a class of modules of the
quantum special linear group SL,(2), from certain locally nilpotent representations of D, via the duality between
U, (slp) and SL;(2) (Theorem 5.2).

Note that these results also relate to the ones in [3] and [10], where the representations and prime ideals of SL,(2)
are studied.

2. Preliminaries

Throughout this paper, let k denote a field of characteristic zero, and ¢ a non-zero element in k with g # 1. For
a k-space V, let V* denote the dual space. Denote by Z and Ny the sets of integers and of non-negative integers,
respectively.

2.1

By definition U, (sl) is an associative k-algebra generated by E, F, K, K —1 with relations (seee.g. [17], p. 122,
or [16],p.9)
KK '=K'Kk =1,
KEK™ ' =4E, KFK~'=¢7?F,

K—K!

[E, F]= —.

Then U, (sl>) has a Hopf structure with (see e.g. [17], p. 140)

AE)=1QE+E®K, AF)=K'®F+F®l,
AK)=K ®K, AK HY=KkTeKk!,
e(E)y=e(F)=0, eK)=eK H=1,
S(K)=K"!, S(K™H =K, S(E)y=—EK™!, S(F) = —KF.
Note that Uy (sl) is a Noetherian algebra without zero divisors, and it has a basis {K 'ETFI |i,j > 0,1 € Z} (see
e.g. [17], p. 123).
By definition SL,(2) is an associative k-algebra generated by a, b, c, d, with relations (see e.g. [17], p. 84)
ba = qab, db = qbd, ca = qac, dc = qcd, bc = cb,
ad —da = (cf1 —q)bc, da — gbc = 1.

Then SL,(2) has a Hopf structure with (see e.g. [17], p. 84)

Al@)=a®a+bQc, AbD)=a®b+b®d,
Alc)=c®a+d®c, Ald)=c®b+d®d,
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gla)=¢e(d) =1, e(b) =¢e(c) =0,
S(a) =d, S() = —qb, S(c) = —q_lc, S(d) =a.

2.2

By definition a duality between two Hopf algebras U and H is an algebra map ¥ : H — U™, such that
¢ : U —> H™ is also an algebra map and has the property

Y (x)(Sy ) = ¢ m)(Sy(x))
forallu € U, x € H, where ¢ is defined by

W) (x) =Y (x)u),

and Sy and Sy are respectively the antipodes of U and H.

Suppose that there exists a duality between U and H. Then there also exists a duality between H and U; and
each U-comodule can be endowed with an H-module structure, and also each H-comodule can be endowed with a
U-module.

We have the following well known duality between U, (sl2) and SL,(2). See Theorem VIL.4.4 in [17].

Lemma 2.3. There is a unique algebra map ¥ : SL;(2) — U, (sl2)* such that
V(@) (K'E'F7) =68;08,0q' +8i18j14",  YBIK'E'FI) =5118j04,
Y((K'E'F)) =81 08j1q7",  Y(@)(K'E'F/) =6i080q7",

where §; ; is the Kronecker symbol. This 1 is a duality between U, (sl>) and SLy(2).

Note that such a v is not injective. This duality was essentially introduced in [14], and has been extended to be a
duality between Uy (sl,) and SL,(n) in [30].

2.4

A quiver Q = (Qo, O1, s, t) is a datum, where Q is an oriented graph with Qg the set of vertices and Qi the
set of arrows, s and ¢ are two maps from Q; to Qg, such that s(a) and ¢(a) are respectively the starting vertex and
terminating vertex of a € Q. A path p of length / in Q is a sequence p = a;---aza; of arrows a;, 1 < i <1,
such that 7(a;) = s(aj4+1) for 1 <i <[ — 1. A vertex is regarded as a path of length 0. Denote by s(p) and #(p)
the starting vertex and terminating vertex of p, respectively. Then s(p) = s(a;) and #(p) = t(a;). If both Q¢ and
0 are finite sets, then Q is called a finite quiver. We will not restrict ourselves to finite quivers, but we assume the
quivers considered are countable (i.e., both Q¢ and Q are countable sets). For the quiver method to representations
of algebras we refer to [1] and [26].

Given a quiver Q, we define the path coalgebra k Q¢ (see [9]) as follows: the underlying space has as basis the set
of all paths in Q, and the coalgebra structure is given by

Ap =) BOa

Ba=p

and
e(p)=0 ifl>1, and e(p)=1 ifl=0

for each path p of length /.
2.5
By a graded coalgebra we mean a coalgebra C with decomposition C = P, C(n) of k-spaces such that

A(C(n)) < Z C(i) ®C()), e(Cn)) =0, Vn=1
i+j=n
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Let C be a coalgebra. Following [29], the wedge of two subspaces V and W of C is defined to be the subspace
VAW ={ceC|Alc)eVR®C+CQ W}

Let C¢ be the coradical of C, i.e., Cy is the sum of all simple subcoalgebras of C. Define C,, := Cy A C,,—1 forn > 1.
Then {C, },>0 is called the coradical filtration of C.

Recall that a graded coalgebra C = @p,.,C(n) is said to be coradically graded, provided that {C, :=
EBi<n C(i)}n>0 1s exactly the coradical filtration of C. It was proved in [11], 2.2, that a graded coalgebra C =
EB,;O C(n) is coradically graded if and only if Co = C(0) and C; = C(0) & C(1).

2.6

Let M be a C—C-bicomodule over a coalgebra C. Denote by Cotc (M) the corresponding cotensor coalgebra
(see [13] for the definition and basic properties). This is a graded coalgebra with zeroth component C and first
component M. By Proposition 11.1.1 in [29], the coradical of Cotc (M) is contained in C. It follows that Cotc (M) is
coradically graded if and only if C is cosemisimple.

Note that a path coalgebra k Q¢ is graded with the length grading, and it is coradically graded, and kQ¢ =~
Cotro,(kQ1) (see [9], or [12]).

We need the following observation.

Proposition 2.7. Let C = P, C(n) be a graded coalgebra. Then

(i) There is a unique graded coalgebra map 6 : C —> Cotc o) (C(1)) such that 0 |cy = Id fori =0, 1.

(i) 0(x) = 7@+l o A (x) forall x € C(n+ 1) and n > 1, where m : C — C(1) is the projection, and
A" =(Id @ A" Yo Aforalln > 1, with A° = Id.

(@iii) If C is coradically graded, then 0 is injective.

@iv) If C(0) is cosemisimple, and 0 is injective, then C is coradically graded.

Proof. Clearly, C(0) is a subcoalgebra and C(1) is naturally a C(0)-C (0)-bicomodule, and hence we have the
corresponding cotensor coalgebra Cotc () (C(1)). The statements (i) and (ii) follow from the universal property of
a cotensor coalgebra (see e.g. [25], or [12]).

For statement (iii), if C is coradically graded, then C; = C(0) ® C(1). It follows that € |, is injective, and hence
0 is injective, by a theorem due to Heynemann and Radford (see e.g. [20], 5.3.1).

If C(0) is cosemisimple, then Cotc () (C(1)) is coradically graded. The injectivity of & implies that C is a graded
subcoalgebra of Cotc(y(C(1)). Thus C is also coradically graded. W

2.8

Consider a special case of Proposition 2.7 where C(0) is a group-like coalgebra (i.e., it has a basis consisting of
group-like elements; or equivalently, C (0) is cosemisimple and pointed). In this case we have C(0) = kG (C), where

G(O)={geC|A(R)=8Rg ¢e(g =1}
Since C(1) is a C(0)—C(0)-bicomodule, it follows that

cy= P "cwy,

g.heG

where "C(1)® = {c e C(1) | A(c) =c ® g + h ® ¢}. Define a quiver Q = Q(C) as follows: the set of vertices is G,
and there are exactly z,;, arrows from vertex g to vertex i, where t,, = dimy "C(1)8. Then by the universal property
of a cotensor coalgebra (and hence of a path coalgebra), there is a coalgebra isomorphism Cotc ) (C (1)) =~ kQ€, by
identifying the elements of G(C) with the vertices of Q and a basis of hc(1)® with the arrows from g toh.

Note that the quiver Q(C) is in general not the Gabriel quiver of C. If the graded coalgebra C = @, C(n) is
coradically graded, then Q(C) is exactly the Gabriel quiver of C. For the equivalent definitions of the Gabriel quiver
of a coalgebra we refer to [6], Section 2 (see also [9,21,28]). By Proposition 2.7 we have
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Corollary 2.9. Assume that C = @, C(n) is a graded coalgebra with C(0) group-like. Let Q(C) be the quiver
associated with C defined as above. Then

(i) There is a graded coalgebramap 6 : C — kQ(C)°.

(i1) 6 is injective if and only if C is coradically graded. In this case, Q(C) is exactly the Gabriel quiver of C.

3. U,y (slz) as a subcoalgebra of a path coalgebra

In this section, we embed Uy, (sl>) into the path coalgebra of the Gabriel quiver D of U, (s/2), and then give a new
basis of U, (sl>) in terms of combinations of paths in D, where g is not a root of unity.

Although bases of U, (sl») are already available, this new basis of U,(sl>) given here, which is in terms of
combinations of paths in D, will enable us to describe the category of U, (sl2)-comodules, in terms of k-representations
of the quiver D.

3.1

For each non-negative integer n, let C (n) be the subspace of U, (s/2) with basis the set {K 'E'FJ |i,j e Ny, i+j=
n,l € Z}. Then

Uy(sh) = P cm)

n>0
is a graded coalgebra (see for example Proposition VII.1.3 in [17]) with

G(Uy(sh) ={K'|l €Z), and C(0)=EPkK"
leZ

We have in C(1)

AKT'E)y=K"'®KTE4+ KT'E® K,
AK'F) =K' K'F+ K'F® K'.

Note that C(1) has a basis {K'E, K'F |l € Z);
K2c)K" =0 for(y,b) # (.1 —1),l € Z,
and that for each [ € Z we have
K ek =kk''E @ kK'F, leZ

Therefore, the quiver of Uy (sl) as defined in 2.8 is of the form

We will denote this quiver by D in this paper.
3.2

We fix some notations. Index the vertices of D by integers, i.e., Dy = {e; | [ € Z}; there are two arrows from
e to e;_1 for each integer [. Put I = {1, —1} and let I" be the Cartesian product (understand 7° := {0}). Define
Z =,>0 1" Foreachv € Z, define [v| = nif v € I". Write v as v = (vy, ..., v,), Wwhere v; = 1 or —1 for each ;.
For any integer / and v € Z, define

Pl(v) =dp - aa)

to be the concatenated path in D starting at ¢; of length |v|, where the arrow a; is the upper arrow if v; = 1, and the
lower one otherwise, 1 < j < |v|.
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For example, Pl(o) is understood to be the vertex e;; Pl(l) (resp. Pl(_l) ) is the upper (resp. lower) arrow starting at
the vertex ¢; in D. Clearly,

{Pl(v) — P(vlvl)

(v2) p(v1)
17‘v|+1--~P,721PI YIleZ vel)

is the set of all paths in D.
As an application of Corollary 2.9 we have

Lemma 3.3. There is a unique graded coalgebra map 6 : U, (sly) —> kD¢ such that O(KY = ¢, 0(K'LE) = PI<1),
and O(K'F) = Pl(_l),for each integer I.

Moreover, if q is not a root of unity, then 0 is injective. In this case, D is the Gabriel quiver of the coalgebra
U, (sh).

Proof. The existence of 6 follows directly from Corollary 2.9, and the uniqueness follows from the universal property
of a path coalgebra. Note that if ¢ is not a root of unity, then the graded coalgebra U, (sl2) = @nzo C(n) is coradically
graded (see [11]). W

3.4

Forv e I C Z, put

23t
To={t|1<t<nv=1), x:=q T ifn>1T,#0

x () =1, otherwise.
Foreachl € Z,n € Ny, 0 <i < n, set

bniy:= > xwPY ekD".

veln |T,|=i
For example, we have
b(1,0,00 =¢;, b, 1,00=P"", b, 1,1) =¢>PY,
b(1,2,0) = PV D b, 2,2) = ¢8R,
b(l,2,1) = qZPl(l’_l) + q4pl<—1,1)_
The main theorem of this section is

Theorem 3.5. Assume that q is a not a root of unity. Then as a coalgebra U, (sl2) is isomorphic to the subcoalgebra
of kD€ with the set of basis

(bl,n,i)|0<i<n,neNylelZl.

For a non-zero element ¢ in k, and non-negative integers n > m, the Gaussian binomial coefficient is defined to be

(), = wie
m/q  mly(n —m)ly,

where nl, :==1,2,---ny,0ly =1, ng =1+g+--- +q"’1.
Given a positive integer n, and two vectors s = (59, S{, .- -, Sp—1), ¥ = (70, F15 .-+, Fn—1) € Ng with the property

S0 = 8S1 = 0 = Sp—1, rg=r = = In—1,

n—1
(), (), ), () e
PN e q =1 .
S1 q? Sn—1 g2 ri g2 'n—1 g2

set

c(s,r):
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Lemma 3.6. Put E' .= K~ 'E ¢ U, (slp). Then for any non-negative integers i and j, withn =i + j > 1, we have

An_l(KlE/iFj) — ZC(S’ r)Kl—S] —r E/SO*SI Fro—r| Q-

s,r
®K17S,1,17rn,1E/Sn—z_sn—l Fn—2"Tn-1 ® KlE/Sn—l Fin—1
where the sum runs over all the r and s with so =1 and ry = j.
Proof. It suffices to prove the formula for n > 2. Note that

AE"Yy = A(EY =(KT'QE +E' ®1)

_ Xl: < I ) K_SIE/i—s] ® E/S].
S1 q2

s1=0
So
Anfl(E/l.) — (Id® An—z) (ZI: < i ) Kfle/i_Sl ® E/S1>
S]:O Sl (12
— lz ( i > Kfle/i—M ® A”’Z(E’S‘).
S1=0 51 q2

By induction we have

_ ; [ s1 Sp—2
0<sy 15y a<zsi<i N1/ g2 \52/ g2 Sn—1/42

X K—S] E/i_Sl ® K—SZE/SI_SZ ® .. ® K—Sn_| E/Sn72_snfl ® E/anl .

Similarly, we have

_ . j r )
0=ty <mo=esr<j N1/ g2 \2/ 472 n=1/4-2

X K_r] Fj_rl ® K_VZFrl_r2 R ® K_rn—] Frn—2_rn—1 ® Frn—] .
Now the formula follows from A"~ V(K!'E""FJ) = A" (K A1 (E"") A"~1(FJ) and the identity
EMK™'=¢*™KTE™, m,teNy. W
3.7. Proof of Theorem 3.5

Since ¢ is not a root of unity, it_follows from Lemma 3.3 that there is a coalgebra embedding 6 : U, (sl») —> kD°.
Put E' .= K~'E.Then {K'E"FJ | i, j € Ny, € Z} is a basis of U, (sl2). Note that

o0kh)y=e, oK'EN=P", oK'F)=p"".
Denote by 7 the projection Uy (sl2) —> C(1) >~ kD;. Then
k' 'Ey=P",  xk'F)=pP7",  aK'EF)=0 fori+j=>2.
By Proposition 2.7(ii) we have
O(K'E"FI)y =a®" o A" V(K'E"F)
where n =i 4 j, and both i and j are positive integers. By Lemma 3.6 and the definition of = we have

O(K'E"FT) = ZC(S’ Py (KIS g TS ey L

s,r

. n(Kl_Sn—] —Ipn—1 E/Sn—Z_Sn—l Frn—Z_rn—l) . T[(Kl E/Sn—] Frn—])
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where the dot means the concatenation of paths, and the sum runs over all the vectors s = (sg, S1, ..., Sy—1), 7 =
(ro, 71, ...,m—1) € N2, with
[ =80=>81 > =81, J=rQ=r=-2=In-1,

such that for each ¢, 1 <t < n, either
sic1—s =1, r1—r =0,
or
si1—85=0, r_1—r =1,

where s, and r,, are understood to be zero.
Now, for such a pair (s, r), define v = (vy, ..., v,) € I" as follows:

Vg1 =1, ifs, 1 —s,=1,r_1—r =0;
and
Vprp1 =—1, ifs 1 —s, =011 -1 =1,

for 1 <t <n.Write (s, r) as (s, r) = (5, I'y).
Since (s;—1 +ri—1) — (s +r;) = 1l and s, + r, = 0, it follows that s; +r, =n — ¢t for 1 <t < n — 1. Therefore,
we have

G(KZE”Fj) = Z c(sy, rU)Pl(v)

Sv,ly
(v)
= Z c(sy, rv)P[ .
vel,|Ty|=i
Note that for s, = (i = s9, 51, ..., Sy—1), any number in the sequence i — sy, ..., S,—2 — Sy—1, Sy—1 is either 1 or

0, and that the number of 1s in the sequence is exactly i. This implies

i Sn—2 .
. =il
S1/ 42 Sn—1/ 42

In order to compute c(sy, 1), let T, = {1, ..., t;}, with 1 <# < --- < t; < n. By an analysis on the components of
ry = (J = ro, "'7rl’l—l[’rn—l‘i+17~"ar,17[(l.71)7 "-’rtla --~»rn—1)7
we observe that r,_;, = r,_,41 since v, = 1,and j =ry, ..., r,—, are pairwise different. It follows that

Fn—t =j—n+1.
A similar analysis shows that
Mn—ty =] —n+bL+@@—x), x=1...,i

It follows that

n—1

Zrt(st—l —5) = Z It

t=1 1<t<n—1,vy_;41=1
= TI'n—p +"'+rn—ti

ii+1
— (tl+"'+ti)_¥'
2
This shows

—i(i+1)

c(su. ) = il jly2q 7 Dy (v),
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and hence
G(K[E/lF]) = i!qu!qizq—l'(i-l—l) Z X(U)Pl(v)
vel™,|Ty|=i
=il jly2q Vb n, i) 3.1)

forn =i + j > 2 and any integer [. Thus U, (sl) >~ 6(U,(sl2)) is spanned by
{bd,n,i)|0<i<n,neNyleZ},

while this set is obviously k-linearly independent. This completes the proof. W
4. Comodules of Uy (sl»)

In this section, by applying Theorem 3.5 we will characterize the category of the U, (s/2)-comodules in terms of the
representations of the quiver D (see Theorem 4.3), and then list all the indecomposable Schurian U (s/2)-comodules
(see Theorem 4.7), where ¢ is not a root of unity.

4.1

Let Q be a quiver (not necessarily finite). By definition a k-representation of Q is a datum V = (V,, f,; e €
Qo,a € Q1), where V, is a k-space for each e € Qo, and f,; : Vi) —> Vi(q) 1S a k-linear map for each a € Q;. Set
fp = fo 00 f4 foreachpath p = q; ---ay, where each g; is an arrow, 1 <i < /. Set f, := Id for e € Q¢. Then
fp is a k-linear map from Vj(p) to V;(p). A morphism ¢ : (Ve, faie € Qp,a € Q1) —> (W,, gas e € Qop,a € Q1) is
adatum ¢ = (¢.; e € Qo) such that

¢t(a)fu = ga¢s(a)

for each a € Q. Denote by Rep(k, Q) the category of the k-representations of Q. We refer the representations of
quivers to [1] and [26].

A representation V = (V,, f;; e € Qp,a € Q1) is said to be locally nilpotent, provided that for each e € Q¢ and
each m € V,, there are only finitely many paths p starting at e such that f), (m) # 0.

It was observed by Chin and Quinn that there is an equivalence between the category of the right kK Q¢-modules and
the category of the locally nilpotent representations of Q (see [4]). The functors can be seen from the following.

For a right k Q¢-comodule (M, p), define for each e € Qg

M, ={me M| poim)=mQ e}

where pg = (Id ® mp)p, and my : kQ° —> k Qo is the projection. For every path p there is a unique k-linear map
fp i My(py —> M;(p), such that for each m € My, there holds

pmy= Y fym)®p
s(p")=s(p)

where p’ runs over all the paths with s(p’) = s(p). In this way we obtain a k-representation (M., f,; e € Qo,a € Q1)
of Q satisfying f), = fp fo for any path p = Ba. By construction it is clearly a locally nilpotent representation. Note
that M is a k Qg-comodule with pg. Since k Qg is group-like, it follows that we have a k Qp-comodule decomposition

M = @ M,. 4.1)
e€Qo
Conversely, given a locally nilpotent representation V = (V,, f;; e € Qo,a € Q1) of Q, define
M = @ Ve
ecQp
andp: M — M ®Q kQ° by
pm):= 3 f(m)®p

s(p)=e
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for each m € V, (where f, is understood to be Id for e € Q). Then p is well defined since V is locally nilpotent and
(M, p) is a right k Q¢-comodule.

4.2

Keep the notations in 3.2. Given a representation V. = (V;, V,; ¢, € Dp,a € Di) of the quiver D, define
fl(v) = fpw, for each integer / and v € Z. In particular, fl(o) =1d.
1

With the help of the representations of a quiver and Theorem 3.5, we can describe the category of the comodules
of Uy (sh).

Theorem 4.3. Assume that q is not a root of unity. Then there is an equivalence between the category of the right
U, (slp)-comodules and the full subcategory of Rep(k, D) whose objects V. = (V,, fq : e; € Dy, a € D) satisfies the
following conditions:

Q) Do £V = g2 0 £ foralll € 2.
@ii) For anym € 'V, fl(v)(m) = 0 for all but finitely many v € I.

Proof. By Theorem 3.5, as a coalgebra U, (sl3) is isomorphic to the subcoalgebra C of path coalgebra kD¢ with the
set of basis

{b(l,n,i):: > xR |0<i<nneNyleZy.

vel,|Ty|=i

For a coalgebra C, let M€ denote the category of the right C-comodules. So we have the following embedding of
categories

MUq(Slz) ~ Mc s MkDL. — Rep(k, D)?

where M€ < M*P* since C is a subcoalgebra of kD¢, and M*P° < Rep(k, D) is the embedding described in 4.1.
Now, the question is reduced to determine all locally nilpotent k-representations of quiver D which are right C-
comodules, via the equivalence described in 4.1.
It follows from the definition that a representation V = (V}, f, : ¢ € Dy, a € D) of the quiver D is locally
nilpotent if and only if condition (ii) is satisfied. Assume that such a V is locally nilpotent, then M = @, Vi
becomes a right kD¢-comodule via

pm) =Y " m @ P € M ®kD*
vel

forallm e V;, 1 € Z.
(v)
(

If for an arbitrary fixed m € Vj, [ € Z, the element f_m) only depends on |v| and |T;|, then we can write

x()
£ m)
pm)y=>" > 3 L _——gxwp”
neNy 0<i<n vel™,|Ty|=i x (@)
£ (m)
= Z Z L ® Z X(v)Pl(U)
ety 0520 X ) Vel [ Ty|=i
e M®C,

and hence M becomes a right C-comodule. Conversely, if M becomes a right C-comodule, then we have

(v)
Y Y oY L™ iwen

el 0512 vert Thoj=i X ()

> Zm(wi)@( > x(v)P,“”)

neNy 0<i<n vel™,|Ty|=i

p(m)
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for some m(n,i) € M. Since
xP” [vel" |T|=i,0<i<nneNyleZ)

is a basis of kD¢, it follows that

fl(v)(m)
x (v)

only depends on |v| and |7y | for an arbitrary fixed m € V;, [ € Z.

x ()

which implies that

Now, condition (i) implies that for an arbitrary fixed m € V;,l € Z, the element only depends on |v| and

|Ty|. Conversely, by taking v = (—1, 1) and v' = (1, —1) in Z we obtain
A ORI )
x(=1,1)  x(@,-1)’

which is exactly condition (i). This completes the proof. W

Theorem 4.3 permits us to explicitly construct some Uy (s/2)-comodules. In the following ¢ is not a root of unity.

Example 4.4. Let A be the quantum plane generated by X and Y subject to the relation XY = ¢?Y X. Let [ be an
integer and n a non-negative integer. Then for any A-module U one can define a representation V = V(; , vy of quiver
D as follows:

Vi=U, ifl<j=<l+n,

V; =0, otherwise;

fV=X, il <j<l+n,
fj(l) =0, otherwise;

fV =y, i1 <j<l+n,
f j(_l) =0 otherwise

where [ is any integer and n > 0. Then by Theorem 4.3, V induces a right U, (s/2)-comodule.

Example 4.5. Let [ be an integer and n a non-negative integer.
(i) For each A € k, one can define a representation V' of quiver D as follows:

Vi=k, ifl<j=<Il+n,

Vi =0, otherwise;

fV=1, ifl4+1<j<l+n,

fj(l) =0, otherwise;

=g 2D it 1< <l 4,
f/(_l) =0, otherwise.

Then by Theorem 4.3, V induces a right U, (sl2)-comodule, which is denoted by M , 3).
(ii) Consider the representation V of quiver D defined by:

Vi=k, ifl<j=<l+n,
V; =0, otherwise;
fiV=0, Vjel
fV=1, Vvjel
Then by Theorem 4.3, V induces a right U, (sl2)-comodule, which is denoted by M(; ;. ).
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4.6

A finite-dimensional right U, (sl2)-comodule (M, p) is said to be Schurian, if dimg M; = 1 or O for each integer
j,where M; :={m e M | (Id ® mo)p(m) = m ® e;} and my is the projection from kD¢ to kDy.

Theorem 4.7. When the triple (I, n, A) runs over Z x Ng x (k U {o0}), M n ») gives a complete list of all pairwise
non-isomorphic, indecomposable Schurian right U, (sl)-comodules, where q is not a root of unity.

Proof. Assume that M is an indecomposable Schurian right U, (s/2)-comodule. Set Supp(M) = {j € Z | M; # 0}.
Let [ and [ 4 n be the minimal and the maximal elements in Supp(M). Then Supp(M) C {[,I +1,...,1 + n}. We
claim that Supp(M) = {l,{ +1,...,] + n}.

Otherwise, there exists a jop such that! < jo <!+ n and jo &€ Supp(M). Then by (4.1) we have a kDy-comodule
decomposition

= (@)D (@m).
J<jo J>lJo
Since M, = 0, it follows that this is a kD°-comodule decomposition, and hence it is also a U, (slz)-comodule

decomposition, which contradicts the assumption.
Note that each M is one dimensional for/ < j <[+ n. Set

aj = fj(l) and b; = fj(_l),l—i—l <j<l+n.

Note that for each j, we have a; # 0 or b; # 0 (otherwise, say aj, = bj, = 0, then we again have a U, (s2)-comodule
decomposition M = (EBj<j0 M) & (@jzjo M))).

By Theorem 4.3 we have ajbj | = qzbja.,'_H forall j withl+1 < j <[+n— 1. Now, if some b, = 0, then all
bj = 0and all a; # 0, and hence M is isomorphic to M ,,0). If some aj, = 0, then all a; = 0 and all b; # 0, and
hence M is isomorphic to M, oc). If aj # 0 # b; for all j, then M is isomorphic to M , ) with A = Zi—i: 2n=1)

On the other hand, each M(; ; ;) is indecomposable since its socle is of dimension one, and they are clearly pairwise
non-isomorphic. Wl

5. A class of SL,(2)-modules

Theorem 4.3 characterizes the category of the right U, (sl;)-comodules by a full subcategory of the category of
the k-representations of D, where g is not a root of unity, and D is the Gabriel quiver of U, (sl2) as a coalgebra. This
permits us to construct some left SL,(2)-modules from some representations of quiver D, via the duality between
U, (slp) and SL,(2).

5.1

Recall that the algebra homomorphism v : SL,(2) —> U, (sl>)* in Lemma 2.3 is given by
V(@ (K'E"F)) = 810800' +8i18;14' ", w(OIK'E"FI) = 818504,
Y (K'E"F))=6808147", Y (K'E"F/)=808;0q7",
where E' = K~'E.
Let (M, p) be aright U, (sl)-comodule. Then M becomes a left SL,(2)-module via
xm =) () mi)m, (5.1)

forx € SLy(2),m € M, where p(m) =Y moQ@m; € M ® Uy(sl).
Let C be the subcoalgebra of kD¢ with the set of basis

{b(l,n,i): Y xR |0<i<nneNyleZy.

vel,|T,|=i
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Identifying U, (sl>) with C via (3.1), we can evaluate ¥ (a), ¥ (b), ¥ (c) and ¥ (d) on this set of basis of C via
Lemma 2.3. Since
gi+D o
b(l,n,i)= ———6(K'E"F/) withj=n—1i,
il2jly-
it follows that the list of the non-zero values is as follows:

¥ (@ b,0,0) =y (@) (K) =4,
V(@b 2, 1) =¥ (@) (¢ K'E'F) = ¢!
YBBA 1, 1) =y 0@ K'E) = ¢,
Y ()b, 1,0) = Y (e)(K'F) =q",
Y (d)(b(1,0,0) = y(d)(K) =q".
Theorem 5.2. Let V = (V}, fs : | € Do,a € D) be a k-representation of the quiver D satisfying the following
conditions:
Q) £ o 1TV =215 0 £V foralll € 7.
(ii) For anym € V}, fl(v) (m) = 0 for all but finitely many v € Z, where fl(v) = fpon fl(o) = 1Id|y,.
1
Then M = @7 Vi is a left SLy(2)-module via

_ 1,—1
wm=¢m+¢1ﬁ )(m),
— 1
b = ql lfl( )(m),

1 p(—1
cm=q lfl( >(m),

d.m = q_lm,

foreachm € Vy, | € 7Z, where q is not a root of unity.
Proof. By Theorem 4.3 M = @, V; is a right U, (sl2)-comodule via

(v)
pm =3 Y L g ni

neNy 0<i<n X )

where v is a fixed element in /" with | T, [=i,and m € V|, [ € Z. By (5.1), M becomes a left SL,(2)-module via

(v)
xmi=3" 3 p@®Un, iyl

neNy 0<i<n x ()

It follows that for each m € V;, [ € Z, we have

ANCD)
am = y(a)b(,0,0)m + ()b, 2, 1))(—1)
=g'm+q7" " V),
M
b =y )b, 1, 1)L (i)) g £V ),
(-1
cm =Y ()b, 1, 0))f (() ™) g 17 m),

dm =y (d)b(l,0,00)m=q¢"'m. A

Theorem 5.2 permits us to write out explicitly the following examples of SL,(2)-modules.
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Example 5.3. Let A be the quantum plane generated by X and Y subject to the relation XY = ¢”>Y X, and U be a
left A-module, where ¢ is not a root of unity. Let / be an integer and n a non-negative integer. For any element u € U
and 1 < i < n+1,let U denote the direct sum of the copies of U, and u; denote the element in U n+l with
the ith component being u and other components being zero. Then by Theorem 5.2 and Example 4.4, the copy U”*!
becomes a left SL,(2)-module with the following actions:

aui = ¢ i + ¢ Y Xui_s, 3<i<n+1, au; =0,otherwise,
bu = qi+l_2Xu,~_1, 2<i<n+1, bu;=0,otherwise,

cu; = q_(H‘l_l)Yui_], 2<i<n+1, cu;=0,otherwise,

du; = ¢~ 1V, Vi,

Example 5.4. Let V be a k-space of dimension n + 1, n € Ny, with basis vg, vy, ..., v,. Let / be an integer, and
q € k be not a root of unity.
(1) Let A € k. Then by Theorem 5.2 and Example 4.5(i), V becomes a left S L, (2)-module via the following actions,
which is denoted again by M , ;)
a.v; = C]l+iUi +kq_2’1+l+3i_3v,~_2, 2<i<n,
avi =q¢Vv;, i=0,1,

b =q" vy, 1<i<n,

b.vg =0,
c.v; = kq_2n+i_lvi_1, 1<i<n,
c.vg =0,

d.v; = q_(l‘”)v,-, Vi.

(ii) By Theorem 5.2 and Example 4.5(ii), V also becomes a left SL,(2)-module via the following actions, which
is denoted again by M o0)

a.v; = qH"vi, Vi,
b.v,- = 0, Vi,

cvp=q Dy, 1<i<n

c.vg =0,
d.v; = q_(l+i)vi, Vi.

Note that M ;) withl € Z, n € Ng, A € k U {oo} are indecomposable, pairwise non-isomorphic SL,(2)-
modules.
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