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1 xs
Frobenius�^W��D�')�u�^, )�u�!�^S)�uHopf�^1W Frobe-

nius �^. {%
, >�6� Frobenius �^ZS Yang-Baxter 9�'w�
q,�N��)L�1'Kz (
nw� [1] 
/��'
�w�). a Frobenius �^'�(W( Doi S
Takeuchi 3w� [2] �i�', fW)�u Hopf �^'O<pL. l!+
, a Frobenius �^W��g) Frobenius�^vG+) Frobenius -�^vG, 
�)�C (�^S-�^')8OmG'�^.�w� [2, 2.5] Sw� [3, 2.1] �r, �;'a Frobenius �^": Hopf �^'�NWI. EeF;, �^�T��'onWG4S�~�^S-�^'^�F� [4, 5]. {
, >��R�on!$$3 Hopf �^S�N;'�~�7 [5−7]. m,a Frobenius �^": Hopf�^'�NWI, �CWO<'xj�W: W?����$onG4a Frobenius �^? VPG, 8��7�|&�P�, w� [8] Z��$onG4����=�': Hopf �^'a
Frobenius �^. [$w� [6, 1.7] '06, 3.h9t 2 '4	|, �w�$on�'^�8G4���:=�'a Frobenius �^ (n0
 2.5). =&�i'W, 0
 2.5 e&$'a
Frobenius �^Ww� [8] &$'a Froebenius �^'!C�	,/�8C�	W�C��-�^vG'=��^'�	, 
nw� [9, 10].



AM�Æ A a: _Æ - 38 � - 2 -U{, Hopf �^'=�W Hopf �^�~�.�N=\1'�j, nw� [11]. �$on,���k' Hopf �^��&$=�, nw� [6, 12]. 3�w', 3 u, y�3^�8GD0'-�^vGD����=�'a Frobenius �^'=�. y�'=�vOW�TK,vG�^'9�T (n0
 3.1).�w�, K W.. e)'�^S-�^1W. K G'. K V W K G'��	k, f
V ∗ = HomK(V,K) t/3*	k.

2 `
Y℄p Frobenius [nK A W)�u�^, A∗ = HomK(A,K) t/3*	k. 6 A∗ )D|' A-A- a vG
(af)(b) = f(ba), (fa)(b) = f(ab), ∀f ∈ A∗, a, b ∈ A. E)V A-  mG AA ∼= (AA)∗, ℄)j+, )* A-  mG AA

∼= (AA)∗, 6� A t Frobenius �^.K A W Frobenius �^. J0�V A-  mG Φ :A A ∼= (AA)∗, 6 ϕ := Φ(1A) WV 
AA

∗ 'L�0. I�$ ϕ �W* A∗

A 'L�0. # ϕ 
>�O, �� (A,ϕ) t Frobenius�^, /� ϕ �t Frobenius gJ. K, Frobenius �^, 5
�w� [1, 2, 4].K C W)�u-�^, /-�S-!v=	ft △ S ε. f C∗ t C '3*�^. 6 C)D|' C∗-C∗- a vG:

fc =
∑

c1f(c2), cf =
∑

f(c1)c2, ∀f ∈ C∗, c ∈ C.E C = tC∗, ℄)j+, C = C∗t, 6� (C, t) t Frobenius -�^, /� t ∈ C. K,-�^'#C, 5
�w� [13].|�[Ia Frobenius �^'0�, 
nw� [2, 14].^v 2.1 K A t)�u�^S-�^, 2 t ∈ A S ϕ ∈ A∗. iK
(i) -!v ε : A −→ K W�^mg, 2!v0 1A W;�0;

(ii) (A, ϕ) W Frobenius �^, 2 (A, t) W Frobenius -�^, /-�ft △;

(iii) �3��#J ψ : A −→ A, Q&3?� a ∈ A ),

ψ(a) =
∑

ϕ(t1a)t2, (1)2 ψ 8�^mgS8-�^mg.6 (A, ϕ, t, ψ) �ta Frobenius �^, #J ψ �t3`.K (A, ϕ, t, ψ) Wa Frobenius �^, 63` ψ WaJ [2]. |�'v�
O,w� [14].wk 2.2
[14, Æ1.2] K A t)�u�^S-�^, 2-!v ε W�^mg, !v0 1AW;�0. E�3 ϕ ∈ A∗ S t ∈ A, Q&DG0�'#J ψ W8�^S8-�^'OmG,6 (A, ϕ, t, ψ) Wa Frobenius �^.3w� [8] �, y��$onG4���=�'a Frobenius �^. f Zn W�2t n'^�8, d Zn W�) n C/. e0, . . . , en−1 ')�on, Q&�/. ei $ ei+1 )2y)�lo� ai, 0 6 i 6 n − 1. I�$, 8�y��t//.'>�btF; Z/nZ. f

γl
i := ai+l−1 · · · ai+1ai t�/. ei �6'�2t l '%�. I�$ γ0

i = ei S γ1
i = ai.K n, d ∈ N 2 d > 2. f Cd(n) t�-�^ KZc

n ' ((�2�B�, d '%���7�
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s�Y*:%poH5;>�(b Frobenius _') N-�^. ��, -�^ Cd(n) '^t {γl
i, i ∈ Z/nZ, 0 6 l < d}, -�t

△(γl
i) =

l∑

s=0

γl−s
i+s ⊗ γs

i , ε(γl
i) = δ0, l,/� δ t Kronecker fQ. f (γl

i)
∗ t Cd(n) '3*^.|�'v�
Ow� [8].wk 2.3 (Cd(n), ϕ, t, ψ)W (: Hopf�^')a Frobenius�^,/� ϕ = (γd−1

0 )∗, t =
∑n−1

i=0 γ
d−1
i , ψ(γl

i) = γl
−i−l 2/�^vGt{

γl
iγ

s
j = γl+s

i+j , l + s < d,

γl
iγ

s
j = 0, l + s > d.I�$G�'�7W��2=�'. �wq3/z
 “�	”,�5&$���'a Frobe-

nius �^.K µ ∈ K. 0��7 m̃ : Cd(n) ⊗ Cd(n) −→ Cd(n) t
{
γl

iγ
s
j = γl+s

i+j , l + s < d,

γl
iγ

s
j = µ(γl+s−d

i+j + γl+s−d
i+j+d), l + s > d.I�$E µ = 0, 6�7 m̃ S�
 2.3 �'�7��.wk 2.4 (Cd(n), m̃) W Frobenius �^.|l Z},DG0�'�7 m̃W�SvU�'.VPG,3, Cd(n)�'0 γl

i, γ
s
j , γ

m
k ,

i, j, k ∈ Z/nZ, 0 6 l, s, m 6 d− 1, )
m̃(m̃⊗ Id)(γl

i ⊗ γs
j ⊗ γm

k )

=

{
m̃(γl+s

i+j ⊗ γm
k ), l + s < d,

m̃(µ(γl+s−d
i+j + γl+s−d

i+j+d) ⊗ γm
k ), l + s > d,

=






γl+s+m
i+j+k , l + s+m < d,

µ(γl+s+m−d
i+j+k + γl+s+m−d

i+j+k+d ), l + s < d2 l + s+m > d,

µ(γl+s+m−d
i+j+k + γl+s+m−d

i+j+k+d ), l + s > d2 l + s+m < 2d,

µ2(γl+s+m−2d
i+j+k + 2γl+s+m−2d

i+j+k+d + γl+s+m−2d
i+j+k+2d ), l + s+m > 2d.��9�, )

m̃(Id ⊗ m̃)(γl
i ⊗ γs

j ⊗ γm
k )

=

{
m̃(γl

i ⊗ γs+m
j+k ), s+m < d,

m̃(γl
i ⊗ µ(γs+m−d

j+k + γs+m−d
j+k+d )γm

k ), s+m > d,

=





γl+s+m
i+j+k , l + s+m < d,

µ(γl+s+m−d
i+j+k + γl+s+m−d

i+j+k+d ), s+m < d 2 l + s+m > d,

µ(γl+s+m−d
i+j+k + γl+s+m−d

i+j+k+d ), s+m > d 2 l + s+m < 2d,

µ2(γl+s+m−2d
i+j+k + 2γl+s+m−2d

i+j+k+d + γl+s+m−2d
i+j+k+2d ), l + s+m > 2d.6 m̃ �SvU�. I�$ γ0

0 W/!v0.�r, (Cd(n), m̃, 1 = γ0
0) W Frobenius �^. 3, γl

i, γ
s
j ∈ Cd(n), y�I�$
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(γl

i(γ
d−1
0 )∗)(γs

j ) = (γd−1
0 )∗(γs

j γ
l
i) =

{
(γd−1

0 )∗(γl+s
i+j ), l + s < d

µ(γd−1
0 )∗(γl+s−d

i+j + γi+j−d
i+j+d ), l + s > d,

= δs+l, d−1δ̄i+j, 0,/� δ̄i,j tF; Z/nZ G' Kronecker fQ. ��, y�&$ γl
i(γ

d−1
0 )∗ = (γd−1−l

n−i )∗, ,W (Cd(n))∗ = Cd(n)(γd−1
0 )∗. 8� Cd(n) W Frobenius �^, / Frobenius gJt (γd−1

0 )∗.:�.|�A�$�
 2.4 �'fQ. �w'GvOD|:^k 2.5 K K Wh9t 2 '., 6 (Cd(n), ϕ = (γd−1
0 )∗, t =

∑n−1
u=0 γ

d−1
u , ψ) Wa

Frobenius �^, /�7t m̃.|l Z}I�$-!v ε W�^mg. VPG,

ε(γl
iγ

s
j ) =

{
ε(γl+s

i+j ), l + s < d,

ε(µ(γl+s−d
i+j + γl+s−d

i+j+d)), l + s > d,

=

{
δl+s, 0, l + s < d,

µ(δl+s−d, 0 + δl+s−d, 0), l + s > d,

= δl, 0δs, 0 = ε(γl
i)ε(γ

s
j ),/� γl

i, γ
s
j ∈ Cd(n). I�$8� K 'h9t 2. ~<, 1 = γ0

0 W Cd(n) ';�0.(�
 2.2 ;, /: (Cd(n), ϕ = (γd−1
0 )∗, t =

∑n−1
u=0 γ

d−1
u , ψ) ta Frobenius �^, ?
:�#J ψ W8�^S8-�^mG. ( (1) S)

ψ(γl
i) =

∑
ϕ(t1γ

l
i)t2

= (γd−1
0 )∗

( n−1∑

u=0

d−1∑

s=0

γd−1−s
u+s γl

i

)
γs

u

= (γd−1
0 )∗

( n−1∑

u=0

∑

l6s

γd−1−s+l
u+s+i +

n−1∑

u=0

∑

l>s

µ(γl−s−1
u+s+i + γl−s−1

u+s+i+d)

)
γs

u

= γl
−l−i,/� 0 6 l 6 d− 1. 8�, 3` ψ(γl

i) = γl
−i−l. ~<, fWaJ./�, :� ψ W8�^S8-�^'mg. 3, i, j ∈ Z/nZ, 0 6 l, s 6 d− 1, )

ψ(γl
iγ

s
j ) =

{
ψ(γl+s

i+j ), l + s < d,

µ(ψ(γl+s−d
i+j ) + ψ(γl+s−d

i+j+d)), l + s > d,

=

{
γl+s
−i−j−l−s, l + s < d,

µ(γl+s−d
−i−j−l−s+d + γl+s−d

−i−j−l−s), l + s > d,S
ψ(γs

j )ψ(γl
i) = γs

−j−sγ
l
−i−l

=

{
γs+l
−j−s−i−l, s+ l < d,

µ(γs+l−d
−j−s−i−l + γs+l−d

−j−s−i−l+d), s+ l > d.6 ψ W8�^mg.
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△(ψ(γl

i)) = △(γl
−i−l) =

( l∑

s=0

γl−s
−i−l+s ⊗ γs

−i−l

)S
(ψ ⊗ ψ)T△(γl

i) =

l∑

s=0

(ψ ⊗ ψ)(γs
i ⊗ γl−s

i+s) =

l∑

s=0

(γs
−i−s ⊗ γl−s

−i−l),/� T t)#J (twist). 8� ψ �W8-�^mg.

3 uj
Y℄p Frobenius [nE�w� [6, 8]�,y�;%-�^ Cd(n)G��)4C�7vG, Q<�ta Frobenius�^. ,WO<ÆL�C)6'xj: 3,D0'-�^, $?:0/Ge)'�7vGQ<�ta Frobenius �^? �uq��8�xj.D0-�^ Cd(n), 
K γ0
0 W/!v0. �uq=��/G'��=�'�^vG, Q& (Cd(n), ϕ = (γd−1

0 )∗, t =
∑n−1

i=0 γ
d−1
i , ψ(γl

i) = γl
−i−l) Wa Frobenius �^. I�$ Cd(n)W�%��2=�', 
n, 2 u.K K t?�., f A = Cd(n). K A '=��^vGt

γl
iγ

s
j = P (i, l, j, s)γl+s

F (i,l,j,s),/� i, j ∈ Z/nZ, 0 6 l, s 6 d − 1, P (i, l, j, s) ∈ K, F (i, l, j, s) ∈ Z/nZ, (8�iKDO
l + s > d, 6 γl

iγ
s
j = 0, d, DO l + s > d, 6 P (i, l, j, s) = 0).(, 1 = γ0

0 t A '!v0, 6)
γl

iγ
0
0 = P (i, l, 0, 0)γl

F (i,l,0,0) = γ0
0γ

l
i = P (0, 0, i, l)γl

F (0,0,i,l) = γl
i.,W&$

F (i, l, 0, 0) = F (0, 0, i, l) = i, (2)S
P (i, l, 0, 0) = P (0, 0, i, l) = 1. (3)(, A '�7WvU', d

(γl
iγ

s
j )γm

h = P (i, l, j, s)γl+s
F (i,l,j,s)γ

m
h

= P (i, l, j, s)P (F (i, l, j, s), l+ s, h,m)γl+s+m
F (F (i,l,j,s),l+s,h,m)

= γl
i(γ

s
jγ

m
h )

= γl
iP (j, s, h,m)γs+m

F (j,s,h,m)

= P (j, s, h,m)P (i, l, F (j, s, h,m), s+m)γl+s+m
F (i,l,F (j,s,h,m),s+m).,W)

F (F (i, l, j, s), l + s, h,m) = F (i, l, F (j, s, h,m), s+m), (4)S
P (i, l, j, s)P (F (i, l, j, s), l+ s, h,m) = P (j, s, h,m)P (i, l, F (j, s, h,m), s+m). (5)
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γl
−i−l = ψ(γl

i) = ϕ(t1γ
l
i)t2 = (γd−1

0 )∗
( n−1∑

j=0

d−1∑

m=0

γd−1−m
j+m γl

i

)
γm

j

= (γd−1
0 )∗

( n−1∑

j=0

d−1∑

m=0

P (j +m, d− 1 −m, i, l)γd−1−m+l
F (j+m,d−1−m,i,l)

)
γm

j

=

n−1∑

j=0

P (j + l, d− 1 − l, i, l)δ0,F (j+l,d−1−l,i,l)γ
l
j ,��, )

F (−i, d− 1 − l, i, l) = 0, P (−i, d− 1 − l, i, l) = 1, (6)S
F (−i′, d− 1 − l, i, l) 6= 0, P (−i′, d− 1 − l, i, l) 6= 1, ∀ i′ 6= i. (7)2( ψ W8�^#J, )

ψ(γl
iγ

s
j ) = P (i, l, j, s)ψ(γl+s

F (i,l,j,s)) = P (i, l, j, s)γl+s
−l−s−F (i,l,j,s)

= ψ(γs
j )ψ(γl

i) = γs
−j−sγ

l
−i−l = P (−j − s, s,−i− l, l)γs+l

F (−j−s,s,−i−l,l).(�&$
−l − s− F (i, l, j, s) = F (−j − s, s,−i− l, l), (8)S

P (i, l, j, s) = P (−j − s, s,−i− l, l). (9)QG&$
(i)





F (i, l, 0, 0) = F (0, 0, i, l) = i,

F (F (i, l, j, s), l+ s, h,m) = F (i, l, F (j, s, h,m), s+m),

F (−i, d− 1 − l, i, l) = 0,

F (−i′, d− 1 − l, i, l) 6= 0, ∀ i′ 6= i,

−l− s− F (i, l, j, s) = F (−j − s, s,−i− l, l),S
(ii)






P (i, l, 0, 0) = P (0, 0, i, l) = 1,

P (i, l, j, s)P (F (i, l, j, s), l+ s, h,m)

= P (j, s, h,m)P (i, l, F (j, s, h,m), s+m),

P (−i, d− 1 − l, i, l) = 1,

P (−i′, d− 1 − l, i, l) 6= 1, ∀ i′ 6= i,

P (i, l, j, s) = P (−j − s, s,−i− l, l),/� i, j, h ∈ Z/nZ, 0 6 l, s,m 6 d− 1. I�$#J ψ RW8-�^OmG, 
n0
 2.5 ':�. (�, y�&$�u'G�0
.
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s�Y*:%poH5;>�(b Frobenius _^k 3.1 K-�^ Cd(n) '�7vGt
γl

iγ
s
j = P (i, l, j, s)γl+s

F (i,l,j,s), ∀ i, j ∈ Z/nZ, 0 6 l, s 6 d− 1,/� P (i, l, j, s) ∈ K, F (i, l, j, s) ∈ Z/nZ 2�S: ?� l + s > d, �) P (i, l, j, s) = 0, 6
(Cd(n), ϕ = (γd−1

0 )∗, t =
∑n−1

i=0 γ
d−1
i , ψ(γl

i) = γl
−i−l) W=�a Frobenius �^#2y# FS P =	�S9�T (i) S (ii).~f 3.2 1. I�$ F (i, l, j, s) = i + j, P (i, l, j, s) = 1 (/� i, j, h ∈ Z/nZ, 0 6

l, s,m 6 d− 1, l + s < d) W9�T (i) S (ii) '�Tw [8].

2. K charK = 0, q Wtt d '!vE2 d|n. f (
m
l

)
q

=
m!q

(m−l)!ql!q
t Gauss z^, 6

F (i, l, j, s) = i+ j, P (i, l, j, s) = qlj
(
m
l

)
q
�W9�T (i) S (ii) '�Tw [6]. 8�I�$)�u Hopf �^Wa Frobenius �^.

3. (�d'�:, y���&$-�^ Cd(n) G':=�'a Frobenius �^vG'��=�. #<, 8�=�vO�q��,vG�^'9�T.
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