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A note on the singularity category
of an endomorphism ring

Xiao-Wu Chen

Abstract. We propose the notion of partial resolution of a ring, which is by definition the
endomorphism ring of a certain generator of the given ring. We prove that the singularity category
of the partial resolution is a quotient of the singularity category of the given ring. Consequences
and examples are given.

1. Introduction

Let A be a left coherent ring with a unit. Denote by A-mod the category
of finitely presented left A-modules and by D?(A-mod) the bounded derived cat-
egory. Following [3] and [15], the singularity category Dgg(A) of A is the Verdier
quotient category of D?(A-mod) with respect to the subcategory formed by per-
fect complexes. We denote by q: D’(A-mod)—Dsg(A) the quotient functor. The
singularity category measures the homological singularity of A.

Let 4 M be a finitely presented A-module. Denote by add M the full subcate-
gory consisting of direct summands of finite direct sums of M. A finite M -resolution
of an A-module X means an exact sequence 0N "—=NI""— SN 13N
X —0 with each N~“cadd M, which remains exact after applying the functor
Hom 4 (M, —).

Recall that an A-module M is a generator if A lies in add M. We consider the
opposite ring of its endomorphism ring I'=End 4 (M)°P, and M becomes an A-T'-
bimodule. In particular, if I is left coherent, we have the functor M ®p—: I'-mod —
A-mod.

Let M be a generator with I'=End 4 (M )°P. Following the idea of [21], we call
I' a partial resolution of A if T' is left coherent and any A-module X has a finite
M-resolution, provided that it fits into an exact sequence 0— X —N'— N2 —( with
Nicadd M. We mention that similar ideas might trace back to [1].
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The following result justifies the terminology: the partial resolution I' has
“better” singularity than A. The result is inspired by [11, Theorem 1.2], where
the case when A is an Artin algebra with finitely many indecomposable Gorenstein
projective modules is studied.

Proposition 1.1. Let A be a left coherent ring, and let T be a partial resolution
of A as above. Then there is a triangle equivalence

Dyg(4)

D) = T0n)

induced by the functor M ®p—.

Here, we identify the A-module M as the stalk complex concentrated on de-
gree zero, and then ¢(M) denotes the image in Dy (A). We denote by (¢(M))
the smallest triangulated subcategory of D, (A) that contains ¢(M) and is closed
under taking direct summands. Then Dy, (A)/{q(M)) is the corresponding Verdier
quotient category.

The aim of this note is to prove Proposition 1.1 and discuss some related results
and examples for Artin algebras.

2. The proof of Proposition 1.1

To give the proof, we collect in the following lemma some well-known facts.
Throughout, A is a left coherent ring and 4 M is a generator with I'=End 4 (M )°P
being left coherent.

Recall the functor M ®r —: I'-mod— A-mod. Denote by N the essential kernel
of M ®r —, i.e., the full subcategory of I'-mod consisting of rY such that M ®pY ~0.

We will also consider the category A-Mod of arbitrary left A-modules. Note
that the functor M ®@r —: I'-Mod — A-Mod is left adjoint to Hom 4 (M, —): A-Mod—
I'Mod. Denote by A the essential kernel of M ®pr—: I'-Mod— A-Mod. The func-
tor Hom 4 (M, —) induces an equivalence add M ~T-proj, where I'-proj denotes the
category of finitely generated projective I'-modules.

For a class S of objects in a triangulated category T, we denote by (S) the
smallest triangulated subcategory that contains & and is closed under taking di-
rect summands. For example, the subcategory of D?(A-mod) formed by perfect
complexes equals (A); here, we view a module as a stalk complex concentrated on
degree zero.

Lemma 2.1. Let the A-module M be a generator and I'=End 4 (M)°P. Then
the following results hold:
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(1) The functor Homa (M, —): A-Mod—T-Mod is fully faithful.

(2) The right T'-module Mt is projective, and then the subcategory N of T'-mod
is a Serre subcategory, that is, it is closed under submodules, factor modules and
extensions.

(3) The functor M®p—: I-mod— A-mod induces an equivalence T'-mod/N =
A-mod, where T-mod/N denotes the quotient category of T'-mod with respect to
the Serre subcategory N .

(4) The functor M®p—: I''mod— A-mod induces a triangle equivalence

Db(<I"/;[r§1od) —~ D’(A-mod).

Proof. (1) is contained in the Gabriel-Popescu theorem (see e.g. [20, Theo-
rem X.4.1(i)]), and (2) is contained in [20, Proposition IV.6.7(i)]. In particular,
the functor M ®r— is exact. Then we recall that the essential kernel of any exact
functor between abelian categories is a Serre subcategory. We infer from (1) an
equivalence I-Mod /N’ = A-Mod; consult [6, Proposition 1.1.3 and Section 2.5(d)].
Then (3) follows from [12, Proposition A.5]. Due to (3), the last statement follows
from a general result [13, Theorem 3.2]. O

The argument in the proof of the following result is essentially contained in the
proof of [1, Section II1.3, Theorem)].

Lemma 2.2. Keep the notation as above. Then any T'-module in N has finite
projective dimension if and only if T' is a partial resolution of A.

Proof. For the “if” part, assume that I' is a partial resolution of A, and let
rY be a module in N, that is, M®pY ~0. Next, take an exact sequence 0—Y'—

P11>P2—>Y—>0 in I'-mod such that each P? is projective. Recall the equivalence
Hom (M, —): add M —T-proj. Then there is a map g: N'—N? with N*cadd M
such that Homa (M, g) is identified with f. Thus M ®rY ~0 implies that ¢ is
epic. Moreover, if X=Kerg, then Y/~Hom4 (M, X). Hence by assumption X
admits a finite M-resolution 0N ""—=N!'""— . N1 5 N° 3 X 0 with each
N~icadd M. Applying Hom4(M, —) to it, we obtain a finite projective resolution
of rY”. In particular, 1Y has finite projective dimension. The “only if” part follows
by reversing the argument. [

Recall that (A) in D®(A-mod) equals the subcategory formed by perfect com-
plexes. The singularity category is given by Dgg(A)=D’(A-mod)/(A). We denote
by ¢: D?(A-mod)—Dyg(A) the quotient functor.
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The following general result is due to [9, Proposition 3.3] in a slightly different
setting. We include the proof for completeness.

Lemma 2.3. Keep the notation as above. Then the functor M @p—: I'-mod—
A-mod induces a triangle equivalence Dgg(I')/(q(N))—Dsg(A)/(q(M)).

Proof. Recall from Lemma 2.1(4) the triangle equivalence D®(T-mod) /(N >:>
D?(A-mod) induced by M ®p—. In particular, it sends I' to M. Hence, it induces
a triangle equivalence

D*(T-mod)/(N) ~, D?(A-mod)
{CHUN)/(N) (M)

Since 4M is a generator, we have (A)C(M)C b(A-mod). It follows from [22,
Section 2, Corollaire 4.3] that D®(A-mod)/(M)=Dg.(A)/{(g(M)).
We apply [22, Section 2, Corollaire 4.3] t 1dent1fy

D’(I'-mod)/(N)  D’(I'-mod)
{TYUN)/ V) ({THUN)

For the same reason, we identify

D!(T-mod)  D¥(I-mod)/(T)
{TyuN) — {TIUN) /(D)

which equals Dg,(T')/(g(N)). Here, we recall that Dy, (I')=D’(I-mod)/(I'), and
thus ({TTUN)/(I')={(q(N)). In summary, we have the following identification

D?(I-mod)/(N) Dg(T)

{TIUN)/ ) {aN)

Thus we are done with the required triangle equivalence. [

Proof of Proposition 1.1. Recall that for an A-module X, ¢(X)~0 in Dgg(A)
if and only if X has finite projective dimension. Hence by Lemma 2.2, all objects
in ¢(N) are isomorphic to zero. Thus the result follows from Lemma 2.3. [

We observe the following immediate consequence.

Corollary 2.4. Let A be a left coherent ring and 4 M be a generator. Assume
that T=End 4 (M)°P is left coherent and such that each finitely presented T'-module
has finite projective dimension. Then T is a partial resolution of A and Dgg(A)=

{q(M)).
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In the situation of this corollary, we might even call I a resolution of A. Such
a resolution always exists for any left artinian ring; see [1, Section II1.3, Theorem].

Proof. The first statement follows from Lemma 2.2. By assumption, Dg.(I")=0
and thus the second statement follows from Proposition 1.1. O

3. Consequences and examples

We draw some consequences of Proposition 1.1 for Artin algebras. In this
section, A will be an Artin algebra over a commutative artinian ring R.

3.1. Gorenstein projective generators

Recall that an A-module M is Gorenstein projective provided that M is re-
flexive and Ext’ (M, A)=0=Ext’o, (M*, A) for all i>1. Here, M*=Hom4 (M, A).
Any projective module is Gorenstein projective.

Denote by A-Gproj the full subcategory of A-mod consisting of Gorenstein
projective modules. It is closed under extensions and kernels of surjective maps. In
particular, A-Gproj is a Frobenius exact category whose projective-injective objects
are precisely projective A-modules. Denote by A-Gproj the stable category; it is
naturally triangulated by [7, Theorem 1.2.8]. The Hom spaces in the stable category
are denoted by Hom.

Recall from [3, Theorem 1.4.4] or [8, Theorem 4.6] that there is a full triangle
embedding F4: A-Gproj—Dg,(A) sending M to q(M). Moreover, F4 is dense,
and thus a triangle equivalence if and only if A is Gorenstein, that is, the injective
dimension of the regular A-module has finite injective dimension on both sides.

A full subcategory CC A-Gproj is thick if it contains all projective modules and
for any short exact sequence 0— M7 — My — M3—0 with terms in A-Gproj, all M;
lie in C provided that two of them lie in C. In this case, the stable category C is a
triangulated subcategory of A-Gproj, and thus via Fl4, a triangulated subcategory
of Dgg(A).

Proposition 3.1. Let 4M be a generator that is Gorenstein projective and
such that add M is a thick subcategory of A-Gproj. Then T'=Ends(M)°P is a
partial resolution of A and thus we have a triangle equivalence

which is further triangle equivalent to q(M)>.
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Here, q(M)* denotes the perpendicular subcategory of D, (A), which consists
of objects X with Homp_,(4)(q(M), X[n])=0 for all n€Z; it is a triangulated sub-
category of Dgg(A).

Proof. For any exact sequence 0— X —N'— N2 —0 with N'cadd M, we have
that X is Gorenstein projective, since A-Gproj is closed under kernels of surjective
maps. Then by assumption, X lies in add M. In particular, X admits a finite M-
resolution. Therefore I is a partial resolution of A. We note that (q(M))=add M.
Thus the first equivalence follows from Proposition 1.1 immediately.

For the second equivalence, we note by [15, Proposition 1.21] that for each ob-
ject X €Dy, (A), Homp_,(4)(q(M), X) is a finite length R-module and then the co-
homological functor Homp_, (4)(q(M), —): add M — R-mod is representable. Hence,
the triangulated subcategory add M of Dgg(A) is right admissible in the sense of [2].
Thus the result follows from [2, Proposition 1.6]. O

A special case is of independent interest: an algebra A is CM-finite provided
that there exists a module M such that A-Gproj=add M.

Corollary 3.2. [11, Theorem 1.2] Let A be a CM-finite algebra such that
A-Gproj=add M. Set T=End4(M)°P. Then T' is a partial resolution of A, and
there is a triangle equivalence

. Du(4)
Dy (T) = A-Gproj’

In particular, T' has finite global dimension if and only if A is Gorenstein.

For the following example, we recall that any semisimple abelian category A
has a unique (trivial) triangulated structure with the translation functor given by
any auto-equivalence X. This triangulated category is denoted by (A, X).

Ezxample 3.3. Let k be a field. Consider the algebra A given by the following
quiver with relations {Savyfa, ayBays},

leo2 o

Y

Here, we write the concatenation of arrows from right to left. The algebra A is a
Nakayama algebra with admissible sequence (5,6, 6).

For each vertex i, we associate the simple A-module S;. Consider the unique
indecomposable module Ség] with top Se and length 3; it is the unique indecom-
posable non-projective Gorenstein projective A-module; see [5, Proposition 3.14(3)]
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or [16]. Set M:AG}SE’]. Then add M =A-Gproj. The algebra I'=End 4 (M)°P is
given by the following quiver with relations {ab, Sbac, ba— a3},

s

leo2 s

Y

Then by Proposition 3.1 we have triangle equivalences

Dy (A) ~

~ [31\ L
D, (I') — — .
Sg( ) 4_Gpr0j Q(SQ )

Here, we recall that q(5£3])L =q(M)? is the triangulated subcategory of Dyg(A) con-
sisting of objects X with Homp_, () ((1(5’%3])7 X|[n])=0 for all n€Z. The singularity
category Dg,(A) is triangle equivalent to the stable category A’-mod for an elemen-
tary connected self-injective Nakayama algebra A’ with admissible sequence (4, 4)
such that q(Sg’]) corresponds to an A’-module of length 2; see [5, Corollary 3.11].
Then explicit calculation in A’-mod yields that q(Sg)’])L is equivalent to k x
k-mod; moreover, the translation functor ¥ is induced by the algebra automorphism
of k x k that switches the coordinates. In summary, we obtain a triangle equivalence

D, (I) = (kxk-mod,X).

We mention that by [11, Theorem 1.1] any Gorenstein projective I'-module is pro-
jective. In particular, the algebra I' is not Gorenstein.

3.2. Representations of quivers over dual numbers

Let k be a field and @ be a finite quiver without oriented cycles. Consider
the path algebra k@ and the algebra A=kQ[e]=kQ®yk[e] of dual numbers with
coefficients in kQ, where k[e] is the algebra of dual numbers. Then A is Gorenstein.
The stable category A-Gproj, which is equivalent to Dy (A), is studied in [17];
compare [4, Section 5]. We mention that the translation functor on A-Gproj acts
on objects as the identity; see [17, Proposition 4.10] or the following Lemma 3.4.

For an A-module Y, ¢ induces a kQ-module map ey : Y =Y satisfying £2,=0.
The cohomology of Y is defined as H(Y)=Kerey /Imey . This gives rise to a functor

H: A-Gproj — kQ-mod,
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which induces a cohomological functor H: A-Gproj—kQ@-mod. We observe that
kQ is a Gorenstein projective A-module, and that by [4, Lemma 5.3] there is an
isomorphism of functors

(1) E ; MA(ka_)'

It follows from the cohomological property of H that for each subcategory C of
k@-mod, which is closed under extensions, kernels and cokernels, the corresponding
subcategory H1(C) of A-Gproj is thick.

Recall that the path algebra kQ is hereditary. For each kQ-module X, consider
its minimal projective kQ-resolution 0—P~1-%5 PO X 0. Set n(X)=P~1®PY;
it is an A-module such that ¢ acts on P! by d and on P° as zero. If X is inde-
composable, the A-module 1n(X) is Gorenstein projective, which is indecomposable
and non-projective. Observe that H(n(X))~X. Indeed, if Y is an indecompos-
able non-projective Gorenstein projective A-module satisfying H(Y)~X then Y is
isomorphic to n(X). For two kQ-modules X and X', we have a natural isomorphism

(2) Hom 4 (7(X), 7(X")) ~Homyq (X, X') ®Exto (X, X').

We refer the details to [17, Theorems 1 and 2].

Consider the Laurent polynomial algebra kQ[z, 2~ !] with coefficients in kQ); it
is Z-graded by means of deg kQ=0, degz=1 and degz~'=—1. We view Z-graded
algebras as differential graded algebras with trivial differential.

We denote by D(kQ[x,27!]) the derived category of differential graded left
kQ[r,z~']-modules and by perf(kQ[r,2~!]) the perfect derived category of
kQ[x,27']. Here, we recall that the perfect derived category perf(kQ[z,z71]) is
the full triangulated subcategory of D(kQ[z,x~!]) consisting of compact objects;
see [10].

For a kQ-module X, we consider the graded kQ[z,z~!]-module X[z,z~!]=
kQ[z, 7 |®ko X; it is viewed as a differential graded kQ[z, z~!]-module with trivial
differential.

The following result is implicitly contained in [4]; compare [17, Theorem 1].

Lemma 3.4. Keep the notation as above. Then there is a triangle equivalence
A-Gproj — perf(kQ[z,z~1])

sending, for any kQ-module X, the A-module n(X) to X|[x,z71].

Proof. We observe that the Laurent polynomial algebra kQ[x,z~!] is strongly
graded and that kQ is hereditary. Then the triangle equivalence follows from [4,
Propositions 5.5 and 5.4(2)].
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We recall the complex P of A-modules in [4, Section 5.2]; it is a complete reso-
lution of the A-module £Q. Then the triangle equivalence sends an A-module M to
the Hom complex Hom4 (P, M). By [4, Lemma 3.4] the Hom complex Hom 4 (P, M)
is isomorphic to its cohomology H(Homy (P, M)) in D(kQ[z,x~']), which is iso-
morphic to H(M)[x,z~]; here, we use implicitly the isomorphism (1). Then we
are done by recalling that H(n(X))=X. O

Let E be an exceptional k@Q-module, that is, an indecomposable k@Q-module
such that Ext,iQ (E,E)=0. It is well known that the full subcategory E-1o1 of
kQ-mod consisting of modules X with Homyg (E, X) :0:Ext,1€Q (E, X) is equivalent
to kQ'-mod for some finite quiver Q" without oriented cycles; moreover, the number
of vertices of @’ is less than the number of vertices of Q by one; see [19, Theorem 2.3].

Take the minimal projective kQ-resolution 0—P~153P% s F 0 of E. Then there
is a universal localization 0: kQ— B of algebras with respect to ¢ such that B is
Morita equivalent to kQ’; compare [18, Chapter 4] and [4, Proposition 3.1(2)].

Proposition 3.5. Keep the notation as above. Set M=A®n(E) and T'=
Enda(M)°P. Then the following statements hold:

(1) add M s a thick subcategory of A-Gproj, and the corresponding stable cat-
egory add M is triangle equivalent to (k-mod, Idg-mod)-

(2) The perpendicular subcategory q(M)* of Dgg(A) is triangle equivalent to
the stable category kQ'[e]-Gproj.

(3) There is a triangle equivalence Dy (I') —kQ'[e]-Gproj.

Proof. For (1), recall that Endyg(E)~k. It follows that the subcategory
add E of kQ-mod is closed under extensions, kernels and cokernels. Observe that
add M=H !(add E). Then the thickness of add M follows. The stable category
add M is given by addn(FE); moreover, by the natural isomorphism (2) we have
End ,(n(E))~k. We recall that the translation functor acts on addn(E) as the
identity. Then we infer (1).

For (2) we identify Dgg(A) with A-Gproj. By Lemma 3.4 we identify q(M)+=
q(n(E))* with the perpendicular subcategory E[x,z~ 1]+ in perf(kQ[z,z~1]).

Consider the exact sequence of graded kQ[z,z~!]-modules

R
_—

0— Pz, 27 Plz, 2 — Elz, 2] —0.

We observe that the homomorphism kQ[z,x~!]— B[z, 27!] of graded algebras, in-
duced by 6, is a graded universal localization with respect to the morphism &[x, z71];
see [4, Section 3]. Indeed, the algebra homomorphism kQ[z, 2~ !]— Blx,27!] is an



246 Xiao-Wu Chen

ungraded universal localization with respect to &[z, #71], and thus a graded univer-
sal localization.

Then it follows from [4, Proposition 3.5] and [14, Theorem 2.1] that the perpen-
dicular subcategory E[x,z~!]* is triangle equivalent to perf(B|[z,z~]), the perfect
derived category of Blz,z~1].

Since the algebras B and k@' are Morita equivalent, it follows that as differen-
tial graded algebras, Bz, z~!] and kQ'[z, x~!] are derived equivalent; in particular,
perf(B[z, 2z~ !]) is triangle equivalent to perf(kQ’[z,z~!]), which is further equiva-
lent to kQ’'[e]-Gproj by Lemma 3.4. In summary, we obtain a triangle equivalence

between ¢(M)+ and kQ'[¢]-Gproj. We mention that this equivalence might also be
deduced from [17, Theorem 1].
The last statement follows from (2) and Proposition 3.1. O

We conclude with an example of Proposition 3.5.

Example 3.6. Let @ be the quiver 1-"32 and let A=kQ[e]. Denote by S;
the simple kQ-module corresponding to the vertex 1; it is an exceptional kQ-
module. Then 7n(S1)=kQ such that ¢ acts as the multiplication of « from the right.
The algebra I'=End 4 (A®n(S1))°P is given by the following quiver with relations
{Ba, ad—vB},

1 — 2 L 3.

— C
s B!

The corresponding quiver ()’ in Proposition 3.5 is a single vertex, and then the
stable category kQ'[¢]-Gproj is triangle equivalent to (k-mod, Idg-mea). Hence, by
Proposition 3.5(3), we obtain a triangle equivalence

D (I') = (k-mod, Idg-mod)-

We mention that the simple I'-module corresponding to the vertex 3 is local-
izable, and whose corresponding left retraction L(I") is an elementary connected
Nakayama algebra with admissible sequence (3,4); see [5]. Then by [5, Lem-
ma 3.12(2) and Proposition 2.6] any Gorenstein projective I'-module is projective;
in particular, I' is not Gorenstein. The above triangle equivalence might also be
deduced from [5, Proposition 2.13 and Corollary 3.11].
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