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Dg localization radical in the singular Yoneda dg category is isomorphic to
Dg quotient the dg Leavitt path algebra. The appendix is devoted to an
alternative proof of the result using Koszul-Moore duality and

derived localizations.
© 2024 Elsevier Inc. All rights reserved.
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1. Introduction
1.1. The background and main results

Let K be a field and A a finite dimensional algebra over K. The singularity cate-
gory Dgg(A) of A is defined as the Verdier quotient of the bounded derived category
D?(A-mod) of finitely generated left A-modules by the full subcategory of perfect com-
plexes. This notion was first introduced in [15] and then rediscovered in [67] motivated
by the homological mirror symmetry conjecture. The singularity category measures the
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homological singularities of the algebra: it vanishes if and only if the algebra A is of finite
global dimension.

The homotopy category Kac(A-Inj) [52] of acyclic complexes of arbitrary injective A-
modules is a compactly generated completion of Dgg(A). This means that K,.(A-Inj)
is compactly generated and that its full subcategory of compact objects is triangle
equivalent to Dy (A). However, in general, we do not know whether Dg,(A) determines
K..(A-Inj) uniquely as a triangulated category.

As is well known, triangulated categories arising naturally in algebra usually have a dg
enhancement, that is, there is a pretriangulated dg category whose zeroth cohomology
yields the given triangulated category [61]. For instance, the dg singularity category
Sag(A) [49,10,14] is a canonical dg enhancement of Dgg(A), which is defined to be the
dg quotient of the bounded dg derived category Dgg (A-mod) by the full dg subcategory
of perfect complexes.

In comparison with the singularity category, the dg singularity category contains more
information and has more invariants. For example, the above completion K,.(A-Inj) is
uniquely determined by Sgg(A): there is a triangle equivalence

KaC(A_Inj) = D(Sdg(A)Op)7 (11)

where D(Sqg(A)°P) is the derived category of right dg Sqg(A)-modules; see [52,22]. The
main theorem in [49] states that under mild conditions the Hochschild cohomology of
Sdg(A) is isomorphic to the singular Hochschild cohomology [78] of the algebra A.

We are interested in describing the (dg) singularity categories of A. Let us assume for
a moment that A = KQ/I, where K@ is the path algebra of a finite quiver @ and I is
an admissible ideal of K@.

Recall from [71] the description of Dgz(A) when A is radical square zero, i.e. the ideal
I contains all paths of length two. Then A = KQq ® K@ has a basis given by vertices
and arrows in ). Denote by Q° the finite quiver without sinks, which is obtained from
Q@ by removing sinks repeatedly. The corresponding Leavitt path algebra L(Q°) in the
sense of [1,4,5] is naturally graded, and is viewed as a dg algebra with trivial differential.
One of the main results in [71] states a triangle equivalence

Dy, (A) ~ per(L(Q°)).

Here, per(L(Q°)) denotes the perfect derived category of left dg L(Q°)-modules. Indeed,
by the work [56,21], such a triangle equivalence lifts to a quasi-equivalence between the
corresponding dg enhancements

Sdg (A) ad perdg (L(QO ) ) .

Combining (1.1) with the quasi-equivalence above, we recover the following triangle
equivalence in [23]:
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K.c(A-Inj) ~ D(L(Q?)),

where D(L(Q°)) denotes the derived category of left dg L(Q°)-modules.

We observe that usually the Leavitt path algebra L(Q°) is infinite dimensional in
each degree, and that correspondingly the singularity category of A is usually Hom-
infinite [20]. Leavitt path algebras are related to noncommutative geometry [71], symbolic
dynamic systems [3,38], graph C*-algebras [17,2] and algebraic bivariant K-theory [26,
28,21).

We will extend the above description to the general case. For A = KQ/I, we have
a natural decomposition A = KQO @ J with J its Jacobson radical. Followmg [70], wi
introduce the radical quiver Q of A: it has the same vertex set as @, that is, Qo = QO,
for any vertices ¢ and j, the arrows from ¢ to j correspond to elements in a basis of
ejJe;. Here, e; denotes the corresponding primitive idempotent of the vertex . In other
words, we identify J with K@l, the vector space spanned by the arrow set @1 of é The
multiplication on J is transferred to an associative product

1 KQi @5 KQ1 — KQu.

In this way, A is viewed as a deformation of the radical-square-zero algebra A= KQO &)
KQl, see [70,7]. We mention that the algebra A may be recovered from A using the
product p.

It is well known that such an associative product p gives rise to a differential on the
path algebra of the opposite quiver of @; see [8]. In the same manner, it gives rise to a
differential @ on the Leavitt path algebra L(@O). Here, Q° is the quiver without sinks
that is obtained from Q by removing sinks repeatedly. The resulting dg Leavitt path
algebra is denoted by L(@")a temporarily.

The following result describes the (dg) singularity categories of A in terms of dg
Leavitt path algebras; see Theorem 10.5. It indicates that dg Leavitt path algebras are
ubiquitous in the study of singularity categories.

Theorem A. Let A = KQ/I be a finite dimensional algebra, and @ be its radical quiver.
Then there is a quasi-equivalence

Sag(A) = pery, (L(Q°)s).
Consequently, there are triangle equivalences
Dy, (A) ~ per(L(Q°)s) and Kae(A-Inj) ~ D(L(Q°)s).

If the algebra A is radical square zero, then @ = @ and the differential 9 vanishes.
Applying Theorem A to this situation, we recover the mentioned results in [71] and
[23,21].
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The idea behind Theorem A is illustrated by the following diagram.

quasi-equivalence ~

A L(Q°) (1.2)
deform 3 deform
quasi-equivalence ~
A L(Q%)a

The horizontal arrows indicate the quasi-equivalences between the relevant dg singularity
categories and perfect dg derived categories. For the vertical arrow on the right, we
mention that it is customary to deform a dg algebra by only changing its differential,
which is a particular A.-deformation [76]; compare [48]. However, we do not know how to
deduce the quasi-equivalence at the bottom from the one at the top via the deformation
theory [50,58] of dg categories; see Remark 10.6(2).

The proof of Theorem A is divided into two steps. We first introduce the singular
Yoneda dg category SY of A, which turns out to be quasi-equivalent to Sqg(A). Secondly,
using the explicit description of S), we show that the endomorphism algebra of KQq in
SY is isomorphic to the dg Leavitt path algebra L(@O)g.

The construction of SY follows from a general operation for dg categories described
as follows. Let C be a dg category, 2 a dg endofunctor on C, and 6: Id¢ — € a closed
natural transformation of degree zero satisfying 02 = Q6. By inverting 0 x for all objects
X, we construct a new and explicit dg category SC with a dg functor

t: C — 8C,

called the (strict) dg localization along §. The objects of SC are the same as C, and the
Hom complexes are defined via a colimit construction which is similar to the one used
in defining the singular Hochschild cochain complex [79].

To obtain §) from the above general operation, we consider the Yoneda dg category
Y, a natural dg enhancement of the derived category of A via the bar resolution [40]. The
relevant dg endofunctor on Y is induced by noncommutative differential forms [29,78].

The quasi-equivalence between SY and Sqg(A) is a special case of the following gen-
eral result; see Theorem 6.4. We mention that a similar idea of this result is implicitly
contained in [46, Section 7).

Theorem B. Assume that C is pretriangulated. Then SC is pretriangulated and ¢ induces
a quasi-equivalence

C/N = &cC,

where N is the full dg subcategory formed by the cones of 0x, and C/N denotes the dg
quotient category.
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For dg quotient categories, we refer to [42,31]. In general, the structure of a dg quotient
category is rather complicated and mysterious. Theorem B describes certain dg quotient
categories explicitly.

1.2. Conventions and structure

We fix a commutative ring K and work over K. This means that we require that all
the categories and functors are K-linear. In Section 10 we will further assume that K is
a field.

We fix two K-algebras E and A together with a fixed homomorphism EF — A of
K-algebras. Denote by A its cokernel, which is naturally an E-E-bimodule. In most
cases, we will further assume that A is augmented over F, that is, there is an algebra
homomorphism 7: A — F such that the composition E — A = E is the identity. Then
the E-E-bimodule A has an induced associative product p: A @z A — A by identifying
A with the kernel of 7. We will view E as a A-module via the homomorphism 7.

In the sequel, we will work in the relative setup. For example, we will study various
FE-relative derived categories and FE-relative singularity categories of A.

By default, a module means a left module. For example, Hompg(—, —) means the Hom
bifunctor on the category of left E-modules. A left F-module M is usually denoted by
g M, which emphasizes the E-action from the left side.

Throughout, we use cohomological notation. In the dg setup, we always consider ho-
mogeneous elements or morphisms. The translation functor on any triangulated category
is denoted by ..

The paper is organized as follows. In Section 2, we study the Cohn algebra Cg (M) and
Leavitt algebra Lg(M) associated to an E-E-bimodule M. We prove that the Leavitt
algebra is isomorphic to the colimit of an explicit sequence; see Theorem 2.6.

In Section 3, we assume that the bimodule M is equipped with an associative product
w: M ®g M — M. We show that p induces a differential on the Cohn algebra, which
descends to a differential on the Leavitt algebra. Consequently, we obtain the dg Cohn
algebra and dg Leavitt algebra associated to (M, ). In Section 4, we work in the quiver
case. More precisely, for a finite quiver @), we set £ = KQo and M = KQ;. Applying
the results in Section 3 to this situation, we obtain the dg Cohn path algebra and dg
Leavitt path algebra; compare Proposition 4.1.

We recall basic facts on pretriangulated dg categories in Section 5. We introduce an
explicit dg localization in Section 6. The universal property in Proposition 6.2 justifies
this terminology. Theorem 6.4 shows that the dg localization is quasi-equivalent to a dg
quotient category.

Inspired by [40], we introduce the Yoneda dg category ) of A in Section 7. It is quasi-
equivalent to the dg derived category of A; see Proposition 7.3 and Corollary 7.5. We
prove that the endomorphism algebra of F in ) is isomorphic to a dg tensor algebra
associated to (A, u); see Proposition 7.6.
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In Section 8, we introduce noncommutative differential forms [29,78] with values in
complexes of A-modules. This gives rise to a dg endofunctor ,. on ), together with a
natural transformation 6: Idy — Q.. We actually show that the assumptions for the dg
localization in Section 6 are satisfied on (Y, Qye, 0).

In Section 9, we take the dg localization of ) along €, and obtain the singular Yoneda
dg category S) of A. This terminology is justified by Proposition 9.1 and Corollary 9.3,
that is, the singular Yoneda dg category S) is quasi-equivalent to the dg singularity
category. In Theorem 9.5, we prove that the endomorphism algebra of F in S)Y is exactly
isomorphic to the dg Leavitt algebra Lg(A) associated to (A, u), studied in Section 3.

In Section 10, we apply Theorem 9.5 to any finite dimensional algebra A. Theorem 10.5
relates the dg smgularlty category of A to the dg Leavitt path algebra, which is associated
to the radical quiver Q of A and a transferred associative product p on KQ1 In the end,
we give an explicit example of a dg Leavitt path algebra, whose minimal A.,-model is
explicitly described.

In the appendix, Bernhard Keller and Yu Wang give an alternative proof of Theo-
rem 10.5 using Koszul-Moore duality in [45] and derived localizations in [13].

2. The Cohn and Leavitt algebras

Throughout this section, we assume that F is a K-algebra and that M is an F-FE-
bimodule on which K acts centrally. We study the Cohn algebra and Leavitt algebra
associated to M.

Denote by M* = Hompg (M, E) the left dual E-E-bimodule whose bimodule structure
is given by

(afb)(m) = f(ma)b fora,be E, me M and f € M*. (2.1)
Denote by
Te(M*)=E& M ® (M )®2g...

the tensor algebra. Its typical element fi1 ®g fo ®p - - Qg fq, with f; € M* for each
1 <7 < g, will be abbreviated as fi 4. If ¢ = 0, the notation f; , usually means the unit
element 1g.

Inspired by [24, § 8] and [2, Definition 1.5.1], we will define the Cohn algebra Cg (M)
associated to M as follows. As a K-module, we have

Cp(M) :=Tg(M*) ©p Te(M) = @ Te(M*) @5 M®*?.
p=>0

Its typical element

f1®E f2®E - ®F f{ Q1 ®E 22 Q®p -+ Qp Tp (2.2)
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will be abbreviated as fi 4 ®g 1, for f; € M*, x; € M and p,q > 0. Take another
typical element g s ® g y1,;. The multiplication of Cg(M) is determined by the following
rule:

(fry®@eT1p)®(91,s DB Y1) = f1,i OB Z @F Y14 (2.3)

where the middle tensor Z is equal to

gp($1gp—1($zgp—2(' e (xp—lgl (zp)) ) 9p+1,s € (M*)®E57pa if p<s;
Ip(@19p—1(X2gp—2(- -+ (¥p-191(2p)) -~ +))) € E, if p = s;
T p—s Js(Tp—s19s—1 (Tp—st29s—2(- - (Tp—101(2p)) - -+))) € M®eP=s if p > s.

It is routine to verify that the above multiplication makes Cg(M) into an associative
K-algebra and that its unit is given by 15 € E. We observe that Tr(M™*) and Tg(M)
are naturally subalgebras of Cg(M).

The following example illustrates the multiplication e of Cg (M) in more detail.

Example 2.1. We have
(f1.a ®E 213) ® (91,4 ®F Y1,t) = fr,q ®F 93(192(2291(23)))94 @ Y12
which lies in (M*)®2@+) @5 M@t The element g3(z1g2(2291(23))) lies in E, and the

expression gs(z192(z291(23)))gs means the left F-action of gs(z1g2(z2g1(x3))) on the
element g4 € M*; see (2.1). Similarly, we have

(fi,q®E21.4) 9 (91,3 Q8 Y1,t) = f1,4 DF v193(T292(2391(24))) ®F Y11,

which lies in (M*)®#? @ M@=+ The expression x1g3(w292(2391(24))) means the
right E-action of g3(22g2(2391(24))) € E on the element 21 € M.

We observe that x e g = g(z) € E for x € M and g € M*. Therefore, the inclusion
M* @& M C Cg(M) induces a well-defined K-algebra homomorphism

&: Teg(M* @ M)/(x@pg—g(z) |z € M,ge M*) — Cg(M).

Proposition 2.2. The above algebra homomorphism ® is an isomorphism.

Proof. Denote the domain of ® by R. In Cg(M), we have
flq®@Ex1p=fre---ef ex 0. .01,

It follows that E @ (M* @ M) generates Cg(M) and thus @ is surjective.
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We define a K-linear map
o' Cp(M) — R,

which sends a typical element f1 4 ®g 1, € Cg(M) to the image of the corresponding
tensor f1,4 ®p 1, € Teg(M* & M) in R. Using (2.3), we verify that ® is an algebra
homomorphism. We deduce ' o ® = Idg by evaluating the both sides on E& (M* ¢ M).
Then @ is injective, proving the required statement. O

Remark 2.3. The following evaluation map
ev: M@g M* — E, 2®gg+— g(z)

is an E-E-bimodule map. Then (M, M*,ev) is an R-system in the sense of [17, Def-
inition 1.1]. By the above isomorphism, we observe that the Cohn algebra Cg(M) is
isomorphic to the Toeplitz ring of (M, M*, ev); see [17, Theorem 1.7].

Assume that the underlying left E-module of M is finitely generated projective. We
have the canonical isomorphism of E-FE-bimodules

M* ®p M —s Homg(M, M), fepx— (mw— f(m)x).

We denote by ¢ € M* ® g M the preimage of Idys, which is called the Casimir element
of M. We observe that ac = ca for any a € E.

Write c =), g0 ®p a; € M* @ M. Then {a;}ics and {o] }ics form a dual basis
of M, i.e. we have

x = Zaf(ac)ozi and f= Zaff(ozi) (2.4)

€S €S

for any © € M and f € M*. In the equation on the right above, the expression o f (o)
uses the right E-action on M*. Therefore, by applying (2.1) to o f(a;), we infer that
this element sends any = € M to o) (z)f(e;), which equals f(af(z)a;). We will view ¢
as an element in Cg(M).

The following definition is inspired by [54, § 3] and [1,4,5].

Definition 2.4. Let M be an E-E-bimodule with g M finitely generated projective. The
Leavitt algebra Ly (M) associated to M is defined to be the quotient algebra

Lp(M)=Cg(M)/(1g — c).
By the above isomorphism ®, we infer an isomorphism of algebras

Lp(M)~Tpg(M*®©M)/(m®@pg—g(m), 1g —c|me M,gec M").
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Similar to Remark 2.3, the Leavitt algebra Lg(M) is isomorphic to the Cuntz-Pimsner
ring of (M, M*,ev) relative to the whole algebra FE; see [17, Definition 3.16] and compare
[17, Example 5.8].

Lemma 2.5. The principal ideal (1g — ¢) of Cg(M) is spanned, as an E-E-bimodule, by
elements of the form f1 4 Qg 1, — f1, @ ¢ ®F 1, for p,q > 0.

Proof. Denote by I the E-FE-subbimodule of Cr(M) spanned by elements of the form
fla®ET1p— f1,d ®E c®E 21 p. Since

fia®ET1p— f1i@pc®Ex1p = fige (1g —c) e x1y,

it follows that I C (1g — ¢). We claim that I is a two-sided ideal of Cg(M). Then the
required statement follows.

We only prove that I is a left ideal, since similarly one proves that it is also a right
ideal. It is clear that [ is a left T (M™)-submodule of Cr(M). Hence, it suffices to prove
that for any « € M, the element w =z o (f1,, Q8 z1,p — f1, R cRE x1,) still lies in 1.

There are two cases. If ¢ > 1, then w = f1(2)(f2,4 ®& 1,p — f2,i @ ¢ ®E ©1,p), which
clearly lies in I. If ¢ = 0, we have

*
W= Qp T1,p — E o (z)o; @ 21 =0,
i€S

where the right equality follows from (2.4). Then w trivially lies in I. O

For each p > 0, we have a natural morphism of Tg(M*)-E-bimodules

Tp(M*) ©p M®"P — Tg(M*) @5 ME2# ) (2.5)

fl,q OF T1,p — fl,q Qp cRE T1,p-

Letting p vary, we obtain a sequence of morphisms.
We have the following structure theorem on Leavitt algebras; compare [71, Subsec-
tions 1.2 and 5.5].

Theorem 2.6. Let M be an E-E-bimodule with pM finitely generated projective. Then
as a Tg(M*)-E-bimodule, the Leavitt algebra Lr(M) is isomorphic to the colimit of the
above sequence.

Proof. By the construction of colimits, the mentioned colimit is isomorphic to the fol-
lowing quotient bimodule

(B Te(M*) @5 MZ2P) /I = Cp(M)/1,

p=0
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where I is the E-E-subbimodule spanned by elements of the form f1 4 ®g 21, — f1,4 ®F
¢ ®g 21,p. By Lemma 2.5, I coincides with the principal ideal (15 — ¢) of Cg(M). Then
we are done. O

3. The dg Cohn and Leavitt algebras

As in the previous section, let E be a K-algebra and M be an E-E-bimodule on
which K acts centrally. Throughout this section, we further assume that M is finitely
generated projective. We will introduce the dg Cohn algebra and dg Leavitt algebra
associated to a pair (M, ), where p is an associative bilinear map on M.

Recall that V* = Hompg(V, E) for any E-E-bimodule V. We observe that the following
canonical map of E-E-bimodules

can: M*Q@p M* — (M ®@g M)*
[ ®e fo V— (21 ®@px2— fo(r1fi(z2)) € E)

is an isomorphism.
We fix an E-E-bimodule homomorphism

w MM — M
which is associative, that is,

po (p®pIdy) =po (Idy ®g ).

Then we have two induced maps of E-E-bimodules:

L* can” !
Op: M* X (M @g M)* Z2— M* @5 M* (3.1)
and
O M — M*@p Mo M 298 Are @y M. (3.2)

Here, the unnamed arrow sends x to ¢ ® g x with ¢ the Casimir element of M.
The following elementary facts are well known; compare [72, 3.7]. We mention that
the first statement is somehow dual to [53, Remark 4.17] in the bocs theory.

Lemma 3.1. Keep the notation as above. Then the following statements hold.
(1) The map Oy is coassociative, that is, (04 @p Idp+) 0 0y = (Idp+ ®p 04+) 0 04

(2) The map 0— makes M into a left (M*,0+)-comodule, that is, (01 ®p Idp) 00— =
(Idp+ @ O—) 0 D_.
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Proof. (1) follows from the associativity of u by duality. We observe that
(04 ©p Idy-) 0 01 = (cany) ™' o (n®@p Idar)* o pu* = (cani) ™' o (no (1 ®p Idar))™.

Here, can;: M* @ g M* @ g M* — (M ®g M ®p M)* is the canonical isomorphism
sending f1,3 to the map (z1,3 — f3(x1f2(x2f1(x3))) € E). Similarly, we have

(Idar @ 01) 0 01 = (cany) ™' o (o (Idyr ®p p))*.

(2) Recall that c =), g af ®p a; € M* ®g M. For any x € M, we have

(04 @p Idp)( Z 04(a]) ®@p pla; ®g )
€S

and

(Idpy- ®p 0-)(0_(z))

Y a; @ o) ®p pla; @p pla; ®p 1))
ijeS
= Z o; @p o) ®p p(pla; O ;) O T)).

i,jES

The associativity of p is used in the last equality. Therefore, it suffices to verify the
following identity in M™* @ g M* @ M.

Y o)) @pai= Y af ®p ] Op pla; Op o) (3.3)
ics ijes

There is a canonical isomorphism cans: M* @ g M* @ g M — Homg(M ®p M, M)
sending fi12 ®g y to the map (z1,2 — fo(x1fi(x2))y € M). On one hand, we have

Can2(28+ ®E Oéz> 1 QF .’,EQ ZO[ SCl RE IEQ))Oéi:‘LL(Il RE 1'2).
€S €S

Here, the left equality uses the definition of d; and the right one uses (2.4). On the other
hand, we have

Canz( > o @pa) ®p pla; Op ai))(ﬂfl Qpws) = Y af(z1a](22)) (e ®p a;)
4,jES i,jE€S
- u( 3 ai(@iaf (w2); ©p 041-)
icS  jes
=Y @i () ©p o)

i€S

= u(ﬂcl ®F Z o ($2)ai)

€S
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= (21 @ x2).
Here, both the third and fifth equalities use (2.4). Then we are done with (3.3). O

We consider the tensor algebra T (M* @ M). It is Z-graded by means of deg E = 0,
deg M* =1 and deg M = —1.

We apply [8, Lemma 1.8] with dg: £ — M* ® M being the zero map and d; given by
the following map:

* 01 ®0— * * * * *
M* oM Z—= (M*®p M*) & (M*®@p M) C (M* & M)@p (M*® M).

Then there is a unique F-derivation
O: Tg(M*® M) — Tg(M*® M)

of degree one, such that 9(x) = d_(x) and 9(f) = 04+ (f) for any z € M and f € M*.
This means that 0 satisfies the following graded Leibniz rule

A(u®pv)=0u)@p v+ (—1)"ueg dw) (3.4)

for any homogeneous elements u,v € Tp(M* & M), and 9(a) =0 for any a € E.

We observe that 92|y« = 0 by Lemma 3.1(1) and that 92|y = 0 by Lemma 3.1(2);
here, we use the minus sign in the graded Leibniz rule. By [8, Remark 1.7(3)], we infer that
9? = 0. In other word, (Tr(M* @ M), d) is a dg tensor algebra; compare [3, Section 1].

Remark 3.2. We mention the following asymmetry in the dg tensor algebra (Tg(M* @
M), 0): the subalgebra Tr(M) is not closed under 9, while the subalgebra Tr(M™*) is
closed under 9 and thus becomes a dg subalgebra.

Lemma 3.3. The Casimir element ¢, viewed as an element in Tg(M ® M™*), is closed,
that is, d(c) = 0.

Proof. By the graded Leibniz rule, we have

0(c) =Y 04(0]) @p i — »_af ®p 0 ()

€S €S
=Y 0 (a))@pai— Y o @p o) @p pla; Op ;) = 0.
€S i,jES

Here, the second equality uses the construction (3.2) of 0_ and the last equality is
precisely (3.3). O

Lemma 3.4. The two-sided ideal (x @ g —g(x) | x € M,g € M*) of Tg(M* & M) is a
dg ideal, that is, it is closed under 0.
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Proof. Denote the above ideal by J. By the graded Leibniz rule, it suffices to prove that
d(xr ®g g — g(x)) still lies in J. Since g(z) € F and thus 9(g(x)) = 0, we have

Iz ®pg—g®)=0-(r) ®c g — @k 0+(9).

Define an element ¢ € M* by

o(y) = g(uly ®g x)) for any y € M.

By the definition of J_, we have

0_(z)©pg=) af Op pla; Op T) OF g.
ies

Therefore, we infer that the element w; := 0_(z) ®p g — Y ;c g @ g(u(e; @ x)) lies in
the two-sided ideal J. Moreover, we have

wy =0_(x)®pg— Y ajé(a;) =0_(x) @p g — ¢,
€S

where the right equality uses (2.4).

Write 01(g9) = > ..7 hj ®g f;. Then the following element

JjET

wy =1 ®p 04 (g) — > _ hi(@)f; = (Z(SE ®p hy — hj(fﬂ))) ®p i
jer jer
lies in J. By the definition (3.1) of 95, we have cano 94 (g)(y ®g x) = p*(9)(y ®g x) for
any y € M. Namely, we have

> Filyhi (@) = gy @ 2) = $(y)- (3.5)

jJET

We infer that we = z ®g 04+(g) — ¢. Since wy,we lie in J, so does their difference
wy —wy =0_(x) ®g g — x ®g 04 (g). We deduce the required statement. 0O

Combining Proposition 2.2 with Lemma 3.4, we infer that the differential 0 on
Tg(M* & M) descends to the Cohn algebra Cg(M). By Lemma 3.3, the Casimir el-
ement c is closed in C'g(M). Therefore, the differential 9 descends further to the Leavitt
algebra L (M).

By abuse of notation, we will use 0 to denote the induced differentials on both Cg(M)
and Lp(M). We emphasize that 0 is uniquely determined by 04 in (3.1) and J_ in (3.2)
via the graded Leibniz rule (3.4).

Definition 3.5. Let M be an E-E-bimodule with gM finitely generated projective. As-
sume that yu: M®g M — M is an associative morphism of F-FE-bimodules. The resulting
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dg algebras (Cg(M),d) and (Lg(M),0) are called the dg Cohn algebra and dg Leavitt
algebra associated to (M, u), respectively.

Remark 3.6. We claim that the differential 9 on Lg (M) is completely determined by 0.
To be more precise, we assume that ¢’ is any E-derivation on Lg(M) whose restriction
to M* is 0. We will show that the restriction of &’ to M necessarily coincides with 9_,
which particularly yields 8’ = 9.

Recall the Casimir element ¢ = ZieS of @ a. For any x € M, we have 2 ®p o) =
af(z) € E. Therefore, we have

0=0(z®ga])=0(2)®r a —x@g 0+ (af).
By the relation 15 = ¢, we have

d (x) :Zal(@ ®F a; @p o; ZZZ‘®E 04 (af) ®F ;. (3.6)

icS €S

The above identity together with the graded Leibniz rule (3.4) already confirms the
claim. Moreover, we have

Zx RF 84»(06,2‘) Rp oy = Z af(m)a;“ QF u(aj ®F ai)
i€S i,j€S

= o) ®p plajo](z) Op a;)
i,JES

=Y o) @ pla; ®p of (z)o)
ijes

=Y aj @p pla; @p ) = 0_(x),
jes

Here, the first equality uses (3.3) and the relation z ® g af = af(x), the second one
uses the fact of (x)c = caj(z) € M* ®g M, and the fourth one uses (2.4). This proves
&' (x) = 0_(x). Since any FE-derivation on Lg(M) is uniquely determined by its values
at the generating E-FE-bimodule M* @& M, it follows that ' = 0.

4. Quivers and path algebras

In this section, we study the dg Cohn algebra and dg Leavitt algebra in the quiver
situation, namely the dg Cohn path algebra and dg Leavitt path algebra, respectively.
The differentials are described explicitly.

A quiver is a directed graph. Formally, it is a quadruple Q = (Qo, @1; s, t) consisting
of a set (g of vertices, a set ()1 of arrows and two maps s,t: Q1 — (o, which associate
to each arrow « its starting vertex s(a) and its terminating vertex t(«), respectively. We
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visualize an arrow a as a: s(a) — t(«@). A vertex is called a sink if no arrow starts in
this vertex. The quiver @ is finite provided that both Qg and @ are finite sets.

We fix a finite quiver Q. A path of length n is a sequence p = v, - - - agc; of arrows
with ¢(c;) = s(aj4+1) for 1 < j < n — 1. Denote by I(p) = n. The starting vertex of p,
denoted by s(p), is defined to be s(ay). The terminating vertex of p, denoted by #(p),
is defined to be t(ay,). We identify an arrow with a path of length one. We associate to
each vertex i € Qg a trivial path e; of length zero, and set s(e;) = ¢ = t(e;). Denote by
@, the set of paths of length n.

The path algebra KQ = @,,~,KQ,, is a free K-module with a basis given by all the
paths in Q, whose multiplication is given as follows: for two paths p and ¢ satisfying
s(p) = t(q), the product pq is their concatenation; otherwise, the product pq is defined
to be zero. Here, we write the concatenation of paths from right to left. For example, we
have e4(,)p = p = pey(p) for each path p.

We denote by @ the double quiver of @, which is obtained from @ by adding for each
arrow « € (1 a new arrow o in the opposite direction, that is, we have s(a*) = t(«) and
t(a*) = s(a). The added arrows o* are called the ghost arrows. Denote by Q% the set
formed by the ghost arrows. More generally, we denote by @ the set formed by all paths
of length n which consist entirely of ghost arrows. For a path p = o, - - - gy € @, We
set p* = ajas - oy € Q.

Set E=KQo = @z‘er Ke; and M = K@;. Then F is a subalgebra of KQ and M is
naturally an E-E-bimodule. Recall that M* = Hompg (M, E). Each ghost arrow o* gives
rise to an element (5 +— 04, ge4(a)) in M*. Here, ¢ is the Kronecker symbol. In this way,
we have an identification of E-FE-bimodules.

M* =KQ;

It is well known that the inclusions £ C K@ and M C K induce a canonical
isomorphism

~

Te(M) — KQ

of algebras. In more detail, a tensor o, Qp -+ @ @y g a1 of arrows is sent to the
corresponding path p = a, - - - agar; . Similarly, we use the above identification M* = KQ3
and embed M* into KQ. Then we obtain a canonical isomorphism

Te(M* o M) = KQ (4.1)
of algebras.

As in [2, Definition 1.5.1], the Cohn path algebra C(Q) is defined as the following
quotient algebra.

C(Q) =KQ/(aB* = bda,per(a) | @, B € Q1)
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Following [1,4,5], the Leavitt path algebra L(Q) is defined as the further quotient algebra.

L(Q)=C(Q)/(ei — Z a*a | i € Qp are non-sinks in Q)
{a€Q | s(a)=1i}
The relations a8* — da,get(a) and €; — X1, cq, | 5

s(a)=i
second Cuntz-Krieger relations, respectively. For relations between Cohn path algebras

}a*a are known as the first and

and Leavitt path algebras, we refer to [2, Theorem 1.5.18].
Denote by @° the quiver without sinks, that is obtained from @) by removing sinks
repeatedly.

Proposition 4.1. Keep the notation as above. Then the following statements hold.

(1) There is a canonical isomorphism Cg(M) ~ C(Q) of algebras.
(2) There is a canonical isomorphism Lg(M) ~ L(Q°) of algebras.

Proof. (1) follows from Proposition 2.2 and the isomorphism (4.1). Here, we observe that
the element o ®p f* — f*(a) € Te(M* & M) corresponds to af* — da g€ (a) € KQ.

(2) Recall that 1p = 37, ;. Using the above identification M* = KQ7, we infer
that the Casimir element ¢ € M* ®g M corresponds to >_ .o, @*a € C(Q). Therefore,
using (1), we infer that Lg(M) is isomorphic to

C(Q)/( Z e; — Z a*a)
1€Qo aEQq
= C(Q)/(@i — Z a*a, e; |1 € Qp non-sinks, j € Qo sinks).
{a€Q: | s(a)=i}

It follows that Lg (M) is isomorphic to L(Q)/(e; | 7 € Qo sinks).
We claim that the following equality holds in L(Q):

(e |7 € Qo sinks) = (e; | j € Qo\Qg)-

Denote the ideal on the left hand side by I. Clearly, I lies in the ideal on the right
hand side. Then it suffices to show that for each j € Qo\Qf, e; belongs to I. By the
construction of Q°, we have a filtration of full subquivers

Q°=FNQCFN_1QC---CFQCFHQ=0Q,

such that each F, @ is obtained from F,,_1@Q by removing all the sinks. For each j €
Qo\Q§, we define its height, denoted by h(j), to be the maximal h satisfying j € (FrQ)o-

We use induction on h(j) to prove that e; belongs to I for any j € Qo\Qf. We
observe that h(j) = 0 if and only if j is a sink in Q. Then the case j = 0 is trivial. Now
assume that h(j) = h > 0; in particular, j is not a sink in Q. Any arrow « starting at
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J necessarily satisfies h(t(c)) < h. By the induction hypothesis, we have e;,) € I. The
second Cuntz-Krieger relation yields

ej = Z afa = Z a’eya)a.

{aeQ1 | s(e)=7} {a€Q1 | s(e)=j}

Therefore, e; belongs to the two-sided ideal I, proving the claim.

By the claim above, the quotient algebra L(Q)/I equals L(Q)/(e; | 7 € Qo\Qg), where
the latter is clearly isomorphic to L(Q°). Then the required isomorphism follows read-
ily. O

By Proposition 4.1(1) and the explicit construction of Cg(M), we infer that C(Q) is
a free K-module with a basis given by the following set

{p*q | p and ¢ are paths in Q satisfying t(p) = t(q)}.

We observe that both C'(Q) and L(Q) is naturally Z-graded such that |e;] = 0, |a| = —1
and |o*| = 1.

Remark 4.2. The chosen grading of L(Q) here is different from the one in [71,23,21],
where the degrees of e;, @ and a* equal 0, 1 and —1, respectively. There is an involution
(—=)*: L(Q) — L(Q) of algebras given by (e;)* = e;,(a)* = a* and (o*)* = a. We
observe that the involution identifies the two gradings on L(Q). Therefore, there is no
essential difference between these two gradings. In the following consideration of dg
Leavitt path algebras, one sees that the grading here is more reasonable.

Recall that £ = KQq and M = K@Q;. We fix an associative morphism p: M @p M —
M of E-E-bimodules. Identifying M ®p M with KQ2, we might view p as an E-E-
bimodule map

i KQo — KQu.

Consequently, it is uniquely determined by the following formula: for each path p of
length two in @), we have

pp)= > Apao (4.2)

{a€Qi [ a//p}

for some structure coefficients A\, € K. Here o//p indicates that « is parallel to p,
ie. s(a) = s(p) and t(a) = ¢(p). The associativity of p is equivalent to the following
condition: for each path ¢ = agasa; of length three and each arrow « parallel to ¢, we
have

Z Aazaz,BABar,a = Z Aazar, B Aoz o
{BEQ:L | B//azaz} {8'€Q1 | B"//azan}
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Recall from the previous section that both Cg(M) and Lg(M) carry natural dg
algebra structures. Therefore, both C(Q) and L(Q°) inherit differentials via transfer
across the isomorphisms in Proposition 4.1. The resulting dg algebras are called the dg
Cohn path algebra and the dg Leavitt path algebra associated to (Q, u), respectively. We
will denote by 0 their differentials.

Remark 4.3. By Lemma 3.3 and its proof, we observe that the differential 9 on C(Q)
descends to L(Q). Then the differential of L(Q°) is inherited from the one of L(Q) via
the isomorphism

L(Q)/(e; | j € Qo sinks) ~ L(Q°).

By Proposition 4.1(2), the dg Leavitt path algebra (L(Q°),d), rather than (L(Q), 9), is
more relevant to us.

Recall that the differential @ of C'(Q) is completely determined by 9, and 9_; see
(3.1) and (3.2). Both maps are uniquely determined by the structure coefficients A, in
(4.2).

To make them explicit, we use the identification M* = KQ7. Moreover, we identify
M* ®@p M* with KQ3, sending a typical tensor o* ®p 8* of ghost arrows to (fa)* =
a*f* € Q5. Then we have

ot = Z Ap.aD” (4.3)
{p€Q2 | @//p}

and

o_: KQ — KQi ®r KQ1 € C(Q),

a Z B*u(fa) = Z)\ga’gl BB (4.4)
{BeQ | s(B)=t(a)}

where the last sum without subscript runs over {3, 5" € Q1 | s(8) = t(«), 5'//Ba}.
We now give a concrete example.

Example 4.4. Let n > 1 and R,, be the rose quiver with one vertex and n loops.

O
20

Then F = K and M = @_, Kz;. Define a K-linear product p: M @g M — M according
to the following rule:
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Tits ifi4+j5<mn;
M($i®$]‘) _ 1+ : )
0, otherwise.

We observe that p is associative.
The dg Cohn path algebra and dg Leavitt path algebra associated to (R,,u) are
described as follows:

C(Rn) :K<l‘1,...,$n,y1,...,yn>/($iyj —(51"]' ‘ 1 S i,j S ’/l)

and

n

L(Rn) = K(»”Uh-~-737n71/17-~-73/n>/(37iyj - 6i,j7 1- Zykxk: | 1 S Za] S ’I'L)
k=1

Both algebras are graded such that |2;| = —1 and |y;| = 1. Here, we write y; for the ghost
arrow zj. The differential 0 on both algebras is uniquely determined by the following
formula: for each 1 <i < n, we have

Oyi)= > wwi—; and O(z)= > yj_iz;.

1<j<i—1 i<j<n

In particular, we have 9(y1) = 0 = 9(z,).

The algebras C(R,,) and L(R,,) are known as the (classical) Cohn algebra and Leavitt
algebra, respectively. We mention that C(R;) is also called the Toeplitz-Jacobson alge-
bra; see [2, Proposition 1.3.7] and [39]. Moreover, the dg algebra L(R;) has the trivial
differential, and is isomorphic to the graded Laurent polynomial algebra K[y, y~!] in one
variable, where y has degree 1 and y~! has degree —1.

5. Pretriangulated dg categories

In this section, we recall some basic facts on dg categories. We are mainly concerned
with pretriangulated dg categories, dg quotient categories and the perfect dg derived
categories of dg algebras. The main references are [31,47].

5.1. DG categories and functors

Let C be a dg category. For two objects X and Y, its Hom complex is usually denoted
by C(X,Y) = (B,cz C(X.,Y)P,dc). Morphisms in C(X,Y) are said to be homogeneous
of degree p. A morphism f: X — Y is said to be closed, if d¢(f) = 0.

We denote by Z°(C) the ordinary category of C, which has the same objects as C
and whose morphisms are precisely closed morphisms in C of degree zero, that is, its
Hom modules are the zeroth cocycles of the corresponding Hom complexes. Similarly,
the homotopy category H°(C) has the same objects and its Hom modules are given by
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the zeroth cohomology of the corresponding Hom complexes. An object X is contractible
in C if Idx is a coboundary, or equivalently, X is isomorphic to the zero object in H°(C).

We denote by C°P the opposite dg category of C, whose composition o°P is given by
g o f=(=1)ldllflfog.

A closed morphism f: X — Y of degree zero is called a dg-isomorphism, if it is an
isomorphism in Z%(C), or equivalently in C; it is called a homotopy equivalence, if its
image in HY(C) is an isomorphism.

In the following examples, we fix the notation which will be used later. For a K-algebra
A, we denote by A-Mod the abelian category of left A-modules.

Example 5.1. Let A be a K-algebra. For two complexes X and Y of A-modules, we denote
by Homy (X,Y) the Hom complex given as follows: its p-th homogeneous component is
given by an infinite product

Homy (X, Y)P = H Hom.noq (X", Y FP),
neZ

whose elements will be denoted by f = {f"},ecz with f* € Homa_noq(X™, Y™ 1P); the
differential d acts on f via

d(f)n:d?jpofn*(*U‘flfnﬂod}, for each n € Z.

The collection of all complexes of A-modules with these Hom complexes yields a
dg category, denoted by Cgg(A-Mod). We observe that Z°Cgg(A-Mod) = C(A-Mod) is
the category of complexes of A-modules and that H°Cygz(A-Mod) = K(A-Mod) is the
classical homotopy category of complexes of A-modules.

Let a be an additive category. Slightly generalizing the above construction, we obtain
the dg category Cyg(a) of complexes in a. The homotopy category H°Cgg(a) equals K(a),
the classical homotopy category of complexes in a.

The dg category Cgg(K-Mod) is usually denoted by Cqg(K).

Example 5.2. Let C and D be two dg categories. Assume that C is small. For two dg
functors F,G: C — D, a natural transformation 17 = (1x)xecobjc): F' — G of degree
p consists of morphisms nx: F(X) — G(X) of degree p in D satisfying the following
graded naturality property: for any morphism a: X — X’ in C, we have

G(a) onx = (—1)Plnxs 0 F(a): F(X) = G(X).
We now define the Hom complex Hom(F, G) such that its p-th component is formed by

natural transformations of degree p from F' to G and that its differential is given by
d(n)x = dp(nx) for any object X € C.
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The collection of all dg functors from C to D together with the Hom complexes yields
a dg category, denoted by Fungg(C,D). In particular, a natural transformation n =
(nx ) xeonj(c) is closed if dp(nx) = 0 for any object X € C.

By a left dg C-module, we mean a dg functor M : C — Cgyg(K). Write

C-DGMod = Fundg(C, Cdg(K))

for the dg category formed by left dg C-modules. Write K(C) = H°(C-DGMod) for
the homotopy category of dg C-modules. Denote by D(C) = K(C)/K?*¢(C) the derived
category of dg C-modules, where K2¢(C) is the triangulated subcategory of K(C) formed
by acyclic modules, and K(C)/K?*°(C) means the Verdier quotient.

For a left dg C-module M and each i € Z, the shifted C-module YX¢(M) is defined as
follows: as a complex

YH(M)(X) =X (MX), for each object X in C

and for any morphism f: X — X’ in C, the induced map X¢(M)(f): Z{(MX) —
YH(MX') sends m to (—1)I/IM(f)(m). Here, for simplicity, we write MX = M(X)
and MX’' = M(X'). For a closed morphism n: M — N of degree zero between dg
modules, its cone Cone(n) is a dg module defined as follows:

Cone(n)(X) := Cone(nx) = NX & X (MX)

is the mapping cone of nx : MX — NX, and Cone(n)(f) is given by (Néf) E(]V(I))(f)g'
A dg functor F': C — D is said to be quasi-fully faithful if for any objects X and Y,

the induced cochain map
C(X,Y) — D(FX,FY)

is a quasi-isomorphism. Consequently, H°(F): H°(C) — H°(D) is fully faithful. The dg
functor F is called a quasi-equivalence, provided that it is quasi-fully faithful and H°(F)
is essentially surjective.

We denote by dgcat the category of small dg categories, whose morphisms are dg
functors. The homotopy category Hodgcat is the localization of dgcat with respect
to all the quasi-equivalences. In other words, Hodgcat is obtained from dgcat by for-
mally inverting quasi-equivalences. By the model structure [73] on dgcat, the morphisms
between two objects in Hodgcat form a set; compare [31, Appendix B.4-6].

For dg categories C and D, a morphism in Hodgcat between them is sometimes called
a dg quasi-functor. It can be realized as a roof
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of dg functors, where F' is a quasi-equivalence; moreover, F' can be taken as a semi-free
resolution of C; moreover, the dg quasi-functor is an isomorphism if and only if the dg
functor F’ is a quasi-equivalence. For details, we refer to [73] and [31, Appendix B.5].
In the sequel, we abuse a dg quasi-functor with a genuine dg functor, and abuse iso-
morphisms in Hodgcat with quasi-equivalences. In practice, we will relax the smallness
assumption by the following remark; compare [61, Remark 1.22 and Appendix A].

Remark 5.3. When we consider complexes or dg modules possibly without finite gener-
ation conditions, we usually encounter non-small dg categories. Then we have to choose
a universe U and restrict ourselves to U-small complexes or dg modules; compare [77,
Section 2] and [47, Subsection 4.4, p.172]. This allows us to treat them equally in the
framework of the homotopy category Hodgcat.

5.2. Ezact and pretriangulated dg categories
Let C be a small dg category. Consider the Yoneda embedding
Y¢: C — C°P-DGMod, X +— C(—, X).
It is a fully faithful dg functor, which induces a fully faithful functor
H°(Yc¢): H(C) — K(CP).

Recall from [42, Section 2] that the dg category C is exact (= strongly pretriangulated
in the sense of [11]) if the essential image of Y¢ is closed under shifts and cones. In other
words, all the shifted modules XC(—, X) and cones Cone(C(—, f)) are dg-representable
for any object X and any closed morphism f of degree zero.

The following internal characterization of exact dg categories is well known; see [12,
Section 3].

Lemma 5.4. Let C be a small dg category. Then C is exact if and only if the following
two conditions are satisfied:

(1) the internal shifts of objects exist, that is, for each object X, there exist two objects
X1 and Xo with two closed isomorphisms X — X7 and Xo — X in C of degree one;

(2) the internal cones of morphisms exist, that is, for each closed morphism f: X — X'
of degree zero, there is a diagram in C

X' Z X

Ay . Ay

with |j| =0=[t], |p| =1 and |s| = =1 subject to the following identities:
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poj=0=tos, Idz=sop+jot, Idxr=toyj, Idx =pos

and

de(j) =0=dc(p), f=tode(s).

The dg category C is pretriangulated [11] if all the shifted modules X¢C(—, X') and cones
Cone(C(—, f)) are homotopy equivalent to representable functors, or equivalently, the
essential image of H°(Y¢) is a triangulated subcategory of K(C°P). Consequently, for a
pretriangulated dg category C, its homotopy category H(C) has a canonical triangulated
structure in the following sense: for any dg functor F': C — D between pretriangulated dg
categories, the induced functor H(F): H°(C) — H°(D) is naturally a triangle functor.
We mention that an exact dg category is clearly pretriangulated.

For any dg category C, its exact hull means an exact dg category C®™* with a fully
faithful dg functor

cang: C — C*,

which induces a dg-equivalence

Funge (C*™, D) — Funge(C,D), F +— F ocang (5.1)

for any exact dg category D. Indeed, one might take C°* to be the smallest full dg
subcategory of C°P-DGMod containing the representable functors and closed under shifts
and cones; then cane is given by the Yoneda embedding. For an explicit construction of
the exact hull, we refer to [11] and [31, Subsection 2.4].

The following facts are standard. The first statement implies that pretriangulated dg
categories are invariant under quasi-equivalences. In contrast, exact dg categories usually
are not invariant under quasi-equivalences.

Lemma 5.5. Let C and D be two small dg categories. Then the following hold.

(1) Let F: C — D be a quasi-equivalence. Then C is pretriangulated if and only if so is
D.

(2) Assume that D is exact and that F: C — D is a fully-faithful dg functor with H°(F)
essentially surjective. Then C is pretriangulated.

Proof. For (1), we consider the following diagram, which is commutative up to isomor-
phism.
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HY(F
moe) — 2 oy
HO(Ye) l lHO(Ym
K(CP) — 22 K(Dop)

Here, D is viewed a dg C-D-bimodule. The vertical arrows are fully faithful and the
bottom arrow is a triangle functor. As H°(F) is an equivalence, it follows immediately
that H°(C) is a triangulated subcategory of K(C°P) if and only if the same holds for D.
Then (1) follows immediately.

(2) is a very special case of (1), once we observe that D is pretriangulated and that
F' is a quasi-equivalence. 0O

The following elementary fact will be used often; see [62, Lemma 2.5] and [18
Lemma 3.1].

Lemma 5.6. Let F': C — D be a dg functor between two pretriangulated dg categories.
Assume that H°(F) is a triangle equivalence. Then F is a quasi-equivalence.

Let C be a small dg category. For a full dg subcategory D, we denote by C/D the
corresponding dg quotient [42,31]. Denote by q: C — C/D the quotient functor, which
acts on objects by the identity.

When all the Hom complexes in C are homotopically flat over K, an explicit construc-
tion of C/D by freely adjoining contracting homotopies is given in [31, Subsection 3.1];
compare [42, Section 4]. In general, we refer to [31, Subsection 3.5] or [75, Subsection 3.1].
More precisely, we replace C by its semi-free resolution C’ and D by the corresponding
full dg subcategory D of C. The Hom complexeb in C are semi-free over K, and thus ho-
motopically flat. Then C/D is defined to be C / D, where the latter is constructed explicitly
in [31, Subsection 3.1]. Therefore, strictly speaking, ¢: C — C/D is a dg quasi-functor,
which is not necessarily a genuine dg functor. In other words, to study dg quotient
categories, one has to work in the homotopy category Hodgcat; see [75].

The following universal property of ¢ is due to [31, Theorem 1.6.2(ii)]; compare [47,
Theorem 4.8]. For a cleaner version, we refer to [75, Theorem 4.0.1].

Lemma 5.7. Assume that F': C — C' is a dg functor such that F(D) is contractible for any
object D in D. Then there is a unique morphism F: C/D — C' in Hodgcat satisfying
F=Fogq.

The following fundamental fact will be used frequently; see [31, Theorem 3.4] and
[61, Theorem 1.3(i) and Lemma 1.5]. The homotopical flatness conditions required in
[31, Theorem 3.4] are not essential, because we might replace C by its semi-free resolu-
tion C~, on which the homotopical flatness conditions hold automatically; compare [31,
Subsection 3.5].
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Lemma 5.8. Assume that both C and D are pretriangulated. Then C/D is pretriangulated.
Moreover, the quotient functor q induces an isomorphism of triangulated categories

H(C)/H"(D) — H°(C/D),
where H(C)/H®(D) denotes the corresponding Verdier quotient.
5.83. The perfect dg derived categories

Recall that an additive category a is idempotent-split provided that each idempotent
morphism e: X — X admits a factorization X - Y % X satisfying u o v = Idy.

Let T be a triangulated category. For any set S of objects, we denote by thick(S) its
thick hull, that is, the smallest triangulated subcategory of 7 containing S and closed
under direct summands. An object X is said to be a generator of T, provided that
T = thick(X).

Let A be a dg algebra. We will always view A as a dg category with a single object.
Then we have the dg category A-DGMod of left dg A-modules and the homotopy category
K(A) = H°(A-DGMod). The thick hull thick(A) of A is usually denoted by per(A),
whose objects are called perfect modules. Denote by pery,(A) the full dg subcategory of
A-DGMod formed by perfect A-modules, called the perfect dg derived category of A.

The following result is implicitly contained in [40, Subsection 4.2]. Recall that A°P
denotes the opposite dg algebra of A.

Proposition 5.9. Let C be a pretriangulated dg category. Assume that H°(C) is idempotent-
split and that X is a generator of H°(C). Then there is a quasi-equivalence

C(X,—):C= perdg(C(X,X)Op).
Proof. Write A = C(X,X)°? and F = C(X,—): C — A-DGMod. We observe that
F(X)=A.
Consider the triangle functor H(F): H°(C) — K(A). Since X generates H°(C), we

infer that the essential image of H°(F) lies in per(A). By the Yoneda embedding, F
induces a quasi-isomorphism

C(X, X) — A-DGMod(F(X), F(X)).

The above complexes compute H"(C)(X,£"(X)) and Homg 4)(F(X), X" F(X)), respec-
tively. We conclude that H°(F) induces an isomorphism

H°(C)(X,¥"(X)) ~ Homg 4)(F(X),S"F(X)), for each n € Z.

Since X generates H°(C), we infer from [9, Lemma 1] that H°(F) is fully faithful. Since
HO(C) is idempotent-split, we infer that
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H°(F): H°(C) — per(A)

is a triangle equivalence. Then the required quasi-equivalence follows immediately from
Lemma 5.6. O

Let T be a triangulated category with arbitrary coproducts. An object X is compact
if Hom7 (X, —) commutes with arbitrary coproducts. Denote by 7€ the full subcate-
gory formed by compact objects; it is a thick triangulated subcategory. In particular,
T¢ is always idempotent-split. The triangulated category T is compactly generated, pro-
vided that there is a set S of compact objects such that each nonzero object X satisfies
Homy7(X%(S), X) # 0 for some S € S and i € Z. As a typical example, the derived cate-
gory D(C) of dg modules over a small dg category C is compactly generated; moreover,
we have

D(C)°¢ = thick(C(X, —) | X € Obj(C)). (5.2)

For details, we refer to [40, Subsection 5.3].
For each dg algebra A, we have an inclusion A — pery,(A4)°? of dg categories, which
sends the unique object to the dg A-module A itself. We have the restriction

res: D(pery,(A4)°?) — D(A), M — M(A)

along the above inclusion.
The following result is a special case of [40, Theorem 8.1]. We sketch a proof for the
convenience of the reader.

Lemma 5.10. The above restriction functor is a triangle equivalence.

Proof. Write C = pery,(A). As C is exact and H°(C) is idempotent-split, the Yoneda
embedding Y allows us to identify H°(C) with D(C°P)¢; see (5.2).

The restriction functor ‘res’ preserves infinite coproducts. Therefore, it suffices to
prove that it preserves compact objects and restricts to an equivalence between the full
subcategories formed by compact objects.

Since ‘res’ sends a representable functor C(—, P) to C(A, P) = P, it follows that it
preserves compact objects. Moreover, the following composition is the identity functor.

~

H°(C) & D(CP) X5 D(A)° =5 per(A) = HO(C)

We infer that ‘res’ restricts to an equivalence between D(C°P)¢ and D(A)°. O
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6. An explicit dg localization

We introduce an explicit dg localization. Throughout this section, we fix a triple
(C,Q,0). Here, C is a dg category, Q: C — C is a dg endofunctor, and 6: Ide — Q is a
closed natural transformation of degree zero satisfying 62 = Q6.

In the setup, for any object X, we have dc¢(0x) = 0, |0x| = 0 and Oqx = Q(0x) €
C(QX,92(X)). Moreover, fx is natural in X. Here, for each p > 1, we denote by QP the
p-th iterated composition of €. Set Q° = Idc.

We will define a new dg category SC as follows: its objects are the same as C and the
Hom complexes are given by

SC(X,Y) =lim C(X,Q"(Y)), (6.1)
p=>0

where C(X,QP(Y)) — C(X,QPT1(Y)) sends f to Oqgr(y) o f. For each f € C(X,QP(Y)),
its image in SC(X,Y) is denoted by [f;p|. Therefore, we have

[f;p] = [Bar(yy © fip + 1] (6.2)

The degree of [f;p] equals the one of f. The differential of SC(X,Y) is given such
that d([f;p]) = [de(f);p]. For two morphisms [f;p]: X — Y and [g;¢]: Y — Z, their
composition is given by

[g;ql o [f5p] == [ (g) o fip+ql.

One verifies that the composition is well defined, and that SC is a dg category. In
particular, [Idx;0] is the identity of X in SC. We mention that the above construction
resembles the one in [46, Subsection 5.1].

Lemma 6.1. Keep the notation as above. Then the following statements hold.

(1) For each object X, the morphism [0x;0]: X — Q(X) is a dg-isomorphism in SC
with [ex;O]_l = [IdQ(X); 1].

(2) For any p > 0 and morphism f: X — QP(Y) in C, we have

[f30) = [0y50] ™" 0 [0ay); 0] o+ o [Bar-1(y); 0] 7' o [f;0].

(3) An object X is contractible in SC if and only if the morphism Ogn x)o- - -oflg(x)olx €
C(X, (X)) is a coboundary for some n.

Proof. (1) follows from the following direct computations:

(Ida(x); 1] o [0x;0] = [0x; 1] = [Idx; 0],
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and

[0x;0] o [Ida(x); 1] = [2(0x); 1] = [fa(x); 1] = [Ida(x); 0].

Here, in both identities we use (6.2); moreover, in the second identity, we use the as-
sumption Q60 = 69).
(2) By (1), the right hand side of the required identity equals

(Ido(yy; 1] o [Idgz2(yy; 1] o - - - o [Idgw(yy; 1] o [f; 0].

This composition equals [f;p].
(3) Assume that X is contractible in SC, that is, there is a morphism [f;p] of degree
—1 such that

[Idx; 0] = d([f; p]) = lde(f); Pl

where f: X — QP(X) is of degree —1. From the colimit construction (6.1), the identity
[Idx;0] = [dc(f);p] means that there is a sufficiently large n such that the following
identity holds in C

HQn(X) O .- OQQ(X) OGX OIdX = aﬂn(X) O~ OGQP(X) Odc(f)
= dC(HQ"(X) O --- OQQP(X) Of)

Here, the second equality uses the assumption that 6 is closed and of degree zero. This
implies the “only if” part. Similarly, we may prove the “if” part. O

There is a canonical dg functor
t:C— SC

given by «(X) = X and «(f) = [f;0]. By Lemma 6.1(1), each morphism ¢(fx) is a dg-
isomorphism. By the following universal property, we might call ¢ a (strict) dg localization
of C along #; compare [77, Subsection 8.2] and [48, Subsection 3.9].

Proposition 6.2. Let F': C — D be a dg functor such that for each object X in C, F(0x)
is a dg-isomorphism in D. Then there is a unique dg functor F': SC — D satisfying
F=Fou

Proof. Let us first prove the uniqueness. By F = F’ o+, we have that F'(X) = F(X)
and F'([f;0]) = F(f) for any object X and morphism f in C. For a general morphism
[f;p] in SC, we apply Lemma 6.1(2) to deduce

F'([f;p]) = F(0y) ™" o F(6an)) "o+ 0 F(Bar1v)) " o F(f). (6.3)
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This identity implies the uniqueness of F”.

To construct such a dg functor, we set F'(X) = F(X) and use (6.3) to define the
action of F’ on morphisms. It is routine to verify that F’ is a well-defined dg functor
and is the required one. O

Lemma 6.3. Let ¢: C — SC be as above. If C is exact (resp. pretriangulated), then so is
SC.

Proof. (1) Assume first that C is exact. To show that SC is exact, it suffices to verify
the two conditions in Lemma 5.4. The first condition is clear, as C satisfies the same
condition.

Let us verify the second condition. We first observe that ¢(f) = [f; 0] has an internal
cone, which is given by the internal cone of f in C. For a general morphism [f;p], we
just combine Lemma 6.1(2) with the following general fact: given a dg-isomorphism
h: X — Y in a dg category D, a closed morphism ¢g: X’ — X of degree zero has an
internal cone if and only if so does h o g.

(2) Assume that C is pretriangulated. Consider its exact hull cang: C — C®*. By the
universal property (5.1) of the exact hull, the dg endofunctor  extends uniquely to a
dg endofunctor 2°* on C*; moreover, 0: Ide — Q extends to 0°F: Idcex — ¥, which is
also closed of degree zero. Therefore, we can form the dg localization (**: C** — S§(C®*).
We have the following commutative diagram.

L \L LEX

Scanc

SC ———— §(C™)
The bottom dg functor is induced from cane and thus is also fully faithful. Since C is
pretriangulated, H°(canc) is an equivalence. Applying H° to the commutative diagram,
we infer that HY(Scanc) is essentially surjective. By (1), we know that S(C®¥) is exact.
Applying Lemma 5.5(2) to Scanc, we infer that SC is pretriangulated. O
We assume now that the dg category C is pretriangulated. For each object X, we

denote by Cone(fx) the cone of the image of fx in H%(C). In other words, Cone(fx) is
determined by the following exact triangle in H°(C).

X 25 Q(X) — Cone(fy) — X(X) (6.4)
Here, we confuse §x with its image in H°(C). Denote by

thick(Cone(fx) | X € Obj(C))
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the thick hull of these cones in H°(C). The full dg subcategory of C formed by the objects
in thick(Cone(fx) | X € Obj(C)) is denoted by N.

The following general result shows that the dg localization is quasi-equivalent to a dg
quotient. A similar idea appears implicitly in [46, Section 7, the proof of Theorem 2],
which relates the dg orbit category in [46, Subsection 5.1] to a dg quotient. The precise
relationship between the following result and the mentioned one in [46] will be explored
elsewhere.

Theorem 6.4. Let C be a pretriangulated dg category, and let v: C — SC be the dg local-
ization along 0. Then 1 induces an isomorphism in Hodgcat

C/IN = SC
which yields an isomorphism of triangulated categories
H(C)/thick(Cone(fx) | X € Obj(C)) — H"(SC).

Proof. Recall that (6x) is a dg-isomorphism in SC. Therefore, its image in H°(SC) is an
isomorphism. Applying H%(:) to (6.4), we infer that Cone(fx) is annihilated by H°(¢),
that is, t(Cone(fx)) is contractible in SC. It follows that ¢ sends any object in N to a
contractible object in SC. Therefore, by the universal property in Lemma 5.7, ¢ induces
a morphism

:C/IN — SC
in Hodgcat. Moreover, it induces a triangle functor
®:= H°7): H°(C)/H°(N) — H°(SC).

We claim that the induced triangle functor @ is fully faithful. As ® acts on objects
by the identity and thus it is essentially surjective, this claim implies that ® is an
isomorphism of triangulated categories. By Lemma 5.6, 7 is an isomorphism in Hodgcat.

Let us prove the above claim. We observe that 6y becomes an isomorphism in
H°(C)/H®(N). Therefore, for any object X, t(6x)~! € H°(SC) belongs to the image of
®. By Lemma 6.1(2), any general morphism [f;p]: X — Y in H°(SC) is of the following
form

[fip] = LBy) " o b)) oo u(fae-1(yy) o u(f)-

It follows that [f;p] necessarily lies in the image of ®, that is, ® is full.

We assume that ®(X) ~ 0, that is, X is contractible in SC. By Lemma 6.1(3), the
morphism fgn(xyo---0fg(x)ofx is a coboundary. Consider the following exact triangle
in H°(C).
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Oan (x)o---0fqg(x)ofx

X

Q"M(X) — C — 2(X)

The morphism fgn(x) 0 - - -0 g (x) o Ox is zero in HY(C). By applying [37, Lemma 1.1.4]
to the exact triangle above, we infer that ¥(X) is isomorphic to a direct summand of
C in H°(C). On the other hand, as the cone of a composite morphism, C' is an iterated
extension of Cone(fgi(x)) for 0 < i < n. We conclude that C' and thus X lie in H°(N),
and are isomorphic to zero in H°(C)/H°(N'). This proves that ® is faithful on objects.
The claim follows from the following general fact in [68, the proof of Theorem 3.5, p.446]:
a full triangle functor which is faithful on objects is necessarily faithful. O

7. The Yoneda dg category

We introduce, using the bar resolution, the Yoneda dg category that is a natural dg
enhancement of the derived category. We prove that the dg tensor algebra studied in
Section 3 is isomorphic to the endomorphism algebra of a specific object in the Yoneda
dg category; see Proposition 7.6. Throughout, we work in the relative situation.

7.1. The bar and Yoneda dg categories

Let E — A be an algebra homomorphism. Its cokernel is denoted by A, which has
a natural E-FE-bimodule structure. We denote by sA the graded E-E-bimodule concen-
trated in degree —1. Its element is usually written as sa.

The normalized E-relative bar resolution B of A is a complex of A-A-bimodules given
as follows. As a graded A-A-bimodule, we have

B=A®gTe(sA) ®g A,
where deg(ap ®g @1, ®F an+1) = —n. Here, for simplicity, we write
a1, 1= Sa1 Qp SG2 Qp + -+ Qp Sy,
The differential d is given such that d(ap ®g a1) = 0 and that
d(ag @F s@1.n, OF Ant1) = a1 QF SA2.n QF Ant1 + (—1)"a0 @ $A1,n—1 OF Gnlnt1

n—1
+ E (—1)'ao ®F $G1,i—1 ®F G011 OF STit2,n OF Unt1.
=1

Here and later, as usual, sa;,o and s@,41,, are understood to be the empty word and
should be ignored.

It is well known that B is a coalgebra in the monoidal category of complexes of
A-A-bimodules. To be more precise, we have a cochain map between complexes of A-A-
bimodules
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A:B—B\B

given by

n

Aag Qp s01.n QF pt1) = Z(ao Rp sa1,; Qp 17) ®p (1A QF SGit1,n OF Gnt1)-
i=0

The natural cochain map £: B — A is induced by the multiplication of A. We have the
following coassociative property

(A®pIdg) o A= (Idg ®x A)o A
and the counital property
(e ®pIdg) o A =1dg = (Idg ®4 €) 0 A.

Following the treatment in [40, Subsection 6.6], we define the E-relative bar dg category
B = By, as follows. The objects are precisely all the complexes of A-modules, and the
Hom complex between two objects X and Y is given by

B(X,Y) = Hom(B @ X,Y).
The composition of two morphisms f € B(X,Y) and g € B(Y, Z) is defined to be

ARaIdx Idp®a f

g fi=B oy X BoaBoy X 2L B, Y 4 2).

Moreover, the identity endomorphism in B(X, X) is given by

Boy X 229X Ao, X = X,

We mention that the bar dg category might be viewed as the coKleisli category of the
comonad B ® — on the dg category Cqg(A-Mod) of complexes of A-modules; see [53,
Definition 4.8(ii)].

We will unpack the above definition of B and obtain its alternative form. The E-
relative Yoneda dg category Y = Yy, has the same objects as B. For two complexes X

and Y of A-modules, the underlying graded K-module of the Hom complex Y(X,Y) is
given by an infinite product

Y(X,Y) = [[ Homg((sh)®*" @ X,Y).
n>0

We denote

Vo(X,Y) := Homp((sA)®*" @p X,Y),
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and say that elements in Y, (X,Y) are of filtration-degree n. Observe that Yo(X,Y) =
Hompg(X,Y). The differential ¢ of Y(X,Y") is determined by

<§i> tVn(X)Y) — Vo X,Y) @ Vot (X,Y),
where
Sin(f) (5810 ®5 x) = dy (f(s1., ©p z)) — (~DF" f(s@1., @p dx (z))
and
bex (1) (5101 @5 @) =(=1) /a1 f (2,041 9 7) + (~) 17 f (571, @ @n112)

n
1 _ _
+ E lfHH f(51,i—1 ®F SCGi11 OF SAity2,n+1 OF T).
=1

The composition ® of morphisms is defined as follows: for f € V,(X,Y) and g €
I (Y, Z), their composition g ® f € V,1m (X, Z) is given such that

(9© f)(sal,ern ®pT) = (_1)m|f|g(sal,m ®F f(sam+1,m+n QF T)). (7.1)

The identity endomorphism in Y(X, X) is given by the genuine identity map Idx €
yO(X7X>

Lemma 7.1. There is an isomorphism B ~ Y of dg categories.

Proof. We observe that B ®, X is canonically isomorphic to

n>0

Therefore, we have

B(X,Y) =~ [[ Homa(A ®p (s8)®*" @p X,Y) ~ [[ Homp((sM)®*" ®p X,Y) = Y(X,Y). (7.2)

n>0 n>0

The above isomorphism identifies f € V,,(X,Y) with f: A®g (sA)®#"@r X — Y given
by

f(ao QF s@1.n, Qp ) = aof(sG1,, QF ).

The two dg categories B and )Y have the same objects. It is routine to verify that the
above isomorphism of the Hom complexes induces the required isomorphism of dg cate-
gories. 0O
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7.2. The dg derived categories

Recall from Example 5.1 that Cyqg(A-Mod) denotes the dg category of complexes of
A-modules. A complex X of A-modules is called E-relatively acyclic if it is contractible as
a complex of E-modules, or equivalently, X ~ 0 in K(E-Mod); see [41, Subsection 7.4].
In particular, an E-relatively acyclic complex is acyclic. Those complexes form a full dg
subcategory Cg‘g'ac(A—Mod). The corresponding dg quotient

Dag(A/E) = Cag(A-Mod)/Cle- (A-Mod)

is called the E-relative dg derived category of A. By Lemma 5.8, its homotopy category
H°(Dgg(A/E)) is isomorphic to the E-relative derived category

D(A/E) = K(A-Mod) /K"™"¢(A-Mod).

A cochain map f: X — Y between complexes of A-modules is said to be an E-
relative quasi-isomorphism if its mapping cone is F-relatively acyclic, i.e. Cone(f) ~ 0
in K(E-Mod).

Recall that a A-module N is E-relatively projective if it is a direct summand of
A ®@g V for some E-module V. A complex P of A-modules is called E-relatively dg-
projective provided that each component P’ is E-relatively projective and the Hom
complex Homp (P, X) is acyclic for any E-relatively acyclic complex X.

The following facts are standard.

Lemma 7.2. For any complex X of A-modules, the following statements hold.

(1) The complex B @p X of A-modules is E-relatively dg-projective.

(2) The natural surjection € @ Idx: B @x X - A®p X = X is an E-relative quasi-
isomorphism.

(3) If X is E-relatively acyclic, then B @5 X is contractible.

(4) If X is E-relatively dg-projective, then e @ Idx is a homotopy equivalence.

Proof. For (1), we observe that B ®, X has an ascending filtration with factors
A®E (SK)(X)ER Rp X,
each of which is E-relatively dg-projective. By [41, Proposition 7.5], we infer that B g X
is F-relatively dg-projective.
For (2), we recall the standard fact that e: B — A is a homotopy equivalence as a

cochain map between complexes of E-A-bimodules; see for example [65, Chapter IX,
Theorem 8.1]. That is, Cone(e) ~ 0 in K(F ® A°P-Mod). This yields

Cone(e ®4 Idyx) ~ Cone(e) @y X ~ 0
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in K(E-Mod). We infer that € ®4 Idx is an E-relative quasi-isomorphism.

For (3), it follows from (2) that B ®4 X ~ X ~ 0 in K(E-Mod). Then we infer (3)
by the following easy fact: any complex which is both FE-relatively dg-projective and
E-relatively acyclic is necessarily contractible as a complex of A-modules.

For (4), we consider the following exact triangle in K(A-Mod).

B @y X <229 X Cone(e @4 Idy) — N(B @5 X)

By (1), B ® X is E-relatively dg-projective. Since X is E-relatively dg-projective, it
follows that so is Cone(e @ Idx). By the proof of (2), we know that Cone(e ® Idx)

is E-relatively acyclic. Then by the above easy fact, we infer that Cone(e @ Idyx) is
contractible as a complex of A-modules. This implies (4). O

Consider the natural dg functor
O: Cdg(A—MOd) — yA/E = JJ
which acts on objects by the identity, and identifies f € Homy(X,Y) with f €
Hompg(X,Y) = W(X,Y) C Y(X,Y). Indeed, Cyg(A-Mod) might be viewed as a non-full
dg subcategory of ).

The following result justifies our terminology for Y, since for each A-module M, the
cohomology of Y (M, M) is isomorphic to the E-relative Yoneda algebra of M

Ext} (M, M) = @) Homp /) (M, = (M)).
i>0

Proposition 7.3. The above dg functor © induces an isomorphism in Hodgcat
©: Dyg(A/E) =~ Yy 5.

Consequently, Y g is pretriangulated and we have an isomorphism
D(A/E) ~ H*(Ya/R)

of triangulated categories.

Proof. For any E-relatively acyclic complex X, by Lemma 7.2(3), B®x X is contractible
as a complex of A-modules. Recall the isomorphism in (7.2)

V(X, X) ~ B(X,X) = Homy (B ® X, X).

It follows that B(X, X) and thus Y(X, X) are acyclic. We infer that X is contractible in
Y. This shows that ©(X) = X is contractible for any X in Ci“(A-Mod).
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By the universal property in Lemma 5.7, © induces a morphism in Hodgcat
©: Dy (A/E) — V.

As © acts on objects by the identity, it suffices to prove that it is quasi-fully faithful.
We claim that for any F-relatively dg-projective complex X, the inclusion

Homy (X,Y) — Y(X,Y)
is a quasi-isomorphism. Indeed, note that the inclusion equals the composition of
Homp (e ® Idx,Y): Homy (X,Y) — B(X,Y)

with the isomorphism (7.2). By Lemma 7.2(4), € ®, Idx is a homotopy equivalence.
Therefore, Homy (e ® Idx,Y) is a quasi-isomorphism, proving the claim.

Denote by P the full dg subcategory of Cqz(A-Mod) formed by E-relatively dg-
projective complexes. The above claim implies that the following composition

P 9 Cup(A-Mod) —% Dag(A/E) -2 »

is quasi-fully faithful, where ‘inc’ and ¢ denote the inclusion and quotient functors, re-
spectively. By [41, Proposition 7.4], the composite dg functor goinc is a quasi-equivalence.
This implies that © is quasi-fully faithful, as required.

For the second statement, we recall that the dg derived category Dgg(A/E) is pretri-
angulated; see Lemma 5.8. It follows from Lemma 5.5(1) and the isomorphism © that )/
is also pretriangulated. O

Remark 7.4. (1) Denote by yf{ /E the full dg subcategory of V), consisting of bounded
complexes. We have the E-relative bounded dg derived category

D!, (A/E) = Ch,(A-Mod)/Ce™**(A-Mod),

where ng(A—Mod) is the full dg subcategory of Cgg(A-Mod) consisting of bounded
complexes. Its homotopy category H O(Dgg(/\/ E)) coincides with the E-relative bounded
derived category

D’(A/E) = K°(A-Mod) /K 2% (A-Mod).
The bounded version of Proposition 7.3 claims an isomorphism in Hodgcat
D, (A/E) =~ Vi

and an isomorphism of triangulated categories
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D*(A/E) =~ H°(V} /).

(2) Assume that F is a semisimple ring. Then the FE-relative derived dg category
Dgg(A/E) coincides with the (absolute) dg derived category

D (A-Mod) = Cag(A-Mod) /C5S(A-Mod).

Similarly, D(A/FE) coincides with D(A-Mod), the derived category of A-Mod. Therefore,
we have isomorphisms in Hodgcat

Dyg(A-Mod) ~ Yy /5 and D}, (A-Mod) ~ V3 1.
They induce isomorphisms of triangulated categories:
D(A-Mod) ~ H(Yy/g) and  D’(A-Mod) ~ H°()} /).

We are mostly interested in the finitely generated modules. In the given algebra exten-
sion E — A, we assume that F is a semisimple ring and that A is a left noetherian ring.
Denote by A-mod the full subcategory of A-Mod formed by finitely generated A-modules.
The bounded dg derived category is defined as

D!, (A-mod) = C}, (A-mod)/C3e" (A-mod),
whose homotopy category coincides with D®(A-mod), the bounded derived category of
A-mod. Denote by y{ /B the full dg subcategory of yf{ /E consisting of bounded complexes
in A-mod.

We have the following finite version of Proposition 7.3; compare Remark 7.4(2).

Corollary 7.5. Assume that E is a semisimple ring and that A is a left noetherian ring.
Then there is an isomorphism in Hodgcat

D}, (A-mod) =~ Y p,
which induces an isomorphism of triangulated categories
D’ (A-mod) ~ H(V{ ).
7.8. The dg tensor algebra as an endomorphism algebra

Throughout this subsection, we will impose the following finiteness conditions on the
algebra extension £ — A.

(Finl) The left F-module gA is finitely generated projective.
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(Fin2) There is an algebra homomorphism 7: A — E such that the composition F —
A 5 FE is the identity map.

Recall that A = A/(E - 1,) is the cokernel of E — A. The natural map
Ker(r) = A, a~—a

is an isomorphism of E-E-bimodules. The multiplication on the ideal Ker(r) induces an
associative E-FE-bimodule morphism

p:A@g A — A, @®pgb+— ab. (7.3)

Here, we emphasize that the elements a and b are chosen to lie in Ker(w). Associated
to (A, 1), we have the dg tensor algebra (Tp(A"),d); sce Remark 3.2. We mention that
such dg tensor algebras are related to normal bocses; see [8, Remark 3.4].

We will view E as a A-module via the algebra homomorphism 7.

Proposition 7.6. Assume that (Finl) and (Fin2) hold. Then there is an isomorphism
Yr/e(E E) ~ (Ts(R),0)°P of dg algebras.

Proof. In this proof, we write M = A. Recall that

Y(E,E) = [ [ Homg((sM)®=", E) = @ Homp((sM)®*", E),

n>0 n>0

whose multiplication is induced by the composition ® and the differential is given by
Jex; see (7.1). Here, we note that d;, vanishes.

We note that T (M*) is graded with (M*)®£™ in degree n. To emphasize the degrees,
we replace M* by s~ M*. Its typical element is denoted by s~! f with f € M*. So, as a
graded algebra, we have

Tp(s™'M*) = P (s M)e=.
n>0

For each degree n > 0, we have a natural isomorphism of E-FE-bimodules.

o (sTIM*)®En Homp((sM)®e" E)
571f1,n = (81,0 = (1) fo(@ fao1( - (@1 f1(@n))--+)) € E)

Define ¢°: E — Homg(FE, E) by ¢°(2)(y) = ¢(yx).
These ¢™’s yield an isomorphism

¢: Tp(s~'M*)°P = Y(E,E)
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of graded K-modules. It is direct to verify that ¢ is compatible with the multiplications.
To show that ¢ preserves the differentials, it suffices to verify

qj)Oa:éexo(b

on E@® s~ 1 M*. The verification on FE is trivial, since 9| = 0 and dex|yo(B,B) = 0. Recall
that the restriction of & on s~ M* is given by 9, in (3.1). Then we are done by verifying
the commutativity of the following square.

1
sTIM* ¢ Hompg(sM, E) (7.4)

[o28 l Sox

¢2
sTIM* ®@p s1M* Hompg((sM)®22 E)

For the verification, take any f € M*. We observe that dex 0 ¢'(s~1f) is the element
in Homp((sM)®#2, E), which sends sa; 2 to f(aiaz). Here, we use the fact that there
are minus signs appearing in both ¢! and Je.

On the other hand, we assume that

8+(s_1f) = Zs_lgi Rps th, € sTIM*@ps I M*
i=1

for some g;, h; € M*. By the very definition of d; in (3.1), we have

m

Zhi(algi(@)) = f(aiaz); (7.5)

i=1
see also (3.5). By the definition of ¢? above, we observe that

¢*(> s 7'gi®p s hi)

i=1

sends sai o to Y .-, hi(@1g;(az)). Combining this observation with (7.5), we infer that
$? 004 (s71f) also sends say o to f(araz). This completes the verification of the commu-
tativity above. O

8. Noncommutative differential forms
In this section, we study noncommutative differential forms with values in a complex.

This gives rise to a dg endofunctor €2, on the Yoneda dg category ). We also obtain
a closed natural transformation 6: Idy — Q. of degree zero satisfying 0. = Q,0;
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see Section 6. As before, we fix an algebra extension £ — A and work in the relative
situation.

Let X be a complex of A-modules. The complex of X -valued E-relative noncommu-
tative differential 1-forms is defined by

Quen/e(X) =sA@p X,

which is graded by means of deg(sa; ®g z) = |x| — 1 and whose differential is given by
d(sa; g ©) = —sa; ®g dx(x). The A-action is given by the following nontrivial rule:

aw (s ®p x) = saa] Qp T — $G4 QF a1T. (8.1)
To justify the above terminology, we observe that
Qnea/p(A) = sA@p A

is a stalk complex of A-A-bimodules concentrated in degree —1, where the right A-action
is given by the multiplication of A. This stalk complex is called the graded bimodule of
E-relative right noncommutative differential 1-forms [79]. Moreover, we have a canonical
isomorphism

an,A/E(A) Qp X =~ an,A/E(X)a

which sends (sag®@ga1)@az to sap® paixz. We mention that the study of noncommutative
differential forms goes back to [29, Sections 1 and 2].

To avoid notational overload, we write Y = Vg and Quc(X) = Quea/p(X). We
have a dg functor

an:y—>y7 XHQHC(X)?
which sends a morphism f € V,,(X,Y) to the morphism in Y, (Qnc(X), Qne(Y)):

_ d ;®rf
(sM)®E" @ 5 Qe (X) A

(SK)®E(W+1) QR X sA QrY = an(Y)

We have a closed natural transformation of degree zero
0: Idy — an

defined as follows. For any X € Y, fx lies in Y1 (X, Qne(X)) € V(X, Que(X)) and is
given by

Ox (50 Qp x) = 50 Op & € Me(X).
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Note that fx is of degree zero and §(fx) = 0 using the nontrivial rule (8.1). For the
naturalness of 6, we observe that for each f € V,(X,Y), we have

Oy © f = Que(f) © Ox.

Indeed, both sides send sa@1 p+1 ®p = to (—1)‘f|361 ®r f(st2.n Qp ).
We observe that

Mne(0x) = Oq,.(x)s

since both sides lie in Vi (Qne(X), Q22.(X)) = Hompg(Q2.(X),Q2.(X)) and correspond
to the identity map of Q2 (X). In summary, we conclude that the triple (Va, g, Qnc, 6)
satisfies the assumptions made in the first paragraph of Section 6.

In the remainder of this section, we will analyze the cone of fx in H°()).
Let N be the complex A ®z X of A-modules, with the A-action given by

b(@®gr) =ba @ —bRg ax.

In view of (8.1), we have X(N) = Q,.(X). Consider the following sequence of complexes
of A-modules.

Ex:0— N5 A0 X 25X —0
Here, ix(G®p2x) =a®px — 15 @p axr and mx(a ®g x) = ax. We claim that it is a split
short exact sequence between the underlying complexes of E-modules.

For the claim, we define sx: X - A®g X by sx(z) =1, ®pz,and tx: AQg X - N
by tx (a®gx) = a®gx. Both sx and tx are chain maps between complexes of E-modules.
We infer the claim from the following easy identities:

mxosx =Idy, txoix =Idy, and iXOtX+SXOmX:IdA®EX~
Since X(N) = Qpn(X), the mapping cone of ix is described as follows:
Cone(ix) = (A®p X) ® Qe (X),
whose differential is given by doone(ix)(@ ®F 7,0) = (a ®g dx(z),0) and
dcone(ix) (0,50 ®p ) = (a®@p x — 1A ®p ar, —sa @ dx(x)).

Denote the projection by

pr: Cone(ix) — Que(X).
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Since the underlying short exact sequence of £x splits over F, the induced cochain map
(mx,0): Cone(ix) — X
is an FE-relative quasi-isomorphism.
We view both pr and (mx,0) as morphisms in ), which have filtration-degree zero.
Namely, pr € Yo(Cone(ix ), Qe (X)) and (mx,0) € Vo(Cone(ix), X).
Lemma 8.1. Keep the notation as above. Then we have Ox ® (mx,0) = pr in HO(yA/E).
Proof. Define a map h: Cone(ix) — Qnc(X) of degree —1 by h(a ®p z,0) = st ©p «
and h(0,sb ®@p y) = 0. We view h as an element in Yo(Cone(ix), Qne(X)).
We observe that the differential d;,(h): Cone(ix) — Q4c(X) is determined by
Sin(h)(a®p x,0)=0 and di,(h)(0,sb Rpy) = sb g y.
The differential dex(h) lies in
Vi (Cone(ix), (X)) = Hompg(sA @z Cone(ix), Qne(X)),
which is determined by
Sex(h)(s@1 @p (a @ 2,0)) = —s@; ®p ax  and  Sex(h)(s@1 @5 (0,80 ®p y)) = 0.
Note that din(h) = pr and dex(h) = —0x © (mx,0). We conclude that
5(1) = 8in(R) + Gex () = pr — O © (mx,0).
This proves the required equality in H°(Y). O
Recall that the cone of fx is determined by the following exact triangle in H°()).
X 2% 0,0(X) — Cone(fx) — S(X)
Proposition 8.2. There is an isomorphism Cone(fx) ~ (A ®@p X) in H* (Vs k).
Proof. The short exact sequence {x induces an exact triangle in D(A/FE)
N5 Aep X 25 X -5 0,.(X), (8.2)

where the connecting morphism c is given by the following roof

(mX 70)

X Cone(ix) == Que(X).
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Thus, we have ¢ = pro (mx,0)~! in D(A/E).

Recall from Proposition 7.3 the triangle isomorphism H®(©): D(A/E) ~ H°()),
which acts on objects by the identity. As H°(©) sends cochain maps identically to the
corresponding morphisms in Y of filtration-degree zero, we obtain

H°(©)(c) = pro (mx,0)™" = bx,
where the right equality follows from Lemma 8.1. This yields
H°(©)(Cone(c)) = Cone(fx).

By (8.2), Cone(c) is isomorphic to Z(A ®g X) in D(A/E). Then the required statement
follows since H*(©)(Z(A ®g X)) = 2(A®g X). O

9. The singular Yoneda dg category

In this section, we introduce the singular Yoneda dg category, which provides dg
enhancements for various singularity categories. We fix an algebra extension £ — A as
before. We prove that the endomorphism algebra of E in the singular Yoneda dg category
of A is isomorphic to a dg Leavitt algebra; see Theorem 9.5.

As we have seen, the triple (V5 /g, nc, ) obtained in Section 8 satisfies the assump-
tions made in Section 6. We thus form the dg localization along 6

L: Vg — SYn/E-

The obtained dg category SYy g is called the E-relative singular Yoneda dg category of
A.

Let us describe SY = S8Y,,p more explicitly. Its objects are just complexes of A-
modules. For two objects X and Y, the Hom complex is defined to be the colimit of the
following sequence of cochain complexes.

V(X,Y) — V(X Que(Y)) — -+ — VX, Q(V)) — V(X BT(Y)) — -

The structure map sends f to Ogz vy © f; see (7.1). More precisely, for any f €
Vn(X,Q8.(Y)), the map Ogz vy © f € Vi1 (X, Q0 (Y)) is given by

st 11 @p © +— (~1)lsa; @p f(s@2,n41 ®F 2). (9.1)

The image of f € Y(X, Q2 (Y)) in SY(X,Y) is denoted by [f;p]. The composition of
[f;p] with [g;q] € SY(Y, Z) is defined by

[9:9] ©sg [f3p] = [Q5:(9) © fip + 4.

By Proposition 7.3, the Yoneda dg category YV, g is pretriangulated. We infer from
Lemma 6.3 that Sy, is also pretriangulated.
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9.1. The dg singularity categories

Recall that D(A/FE) denotes the E-relative derived category of A. We define the
E-relative virtual singularity category of A to be the following quotient triangulated
category

V(A/E) =D(A/E)/thick(A ® g V' | V complex of E-modules).

Denote by N the full dg subcategory of Dgg(A/E) formed by those objects in thick(A®g
V | V complex of E-modules). The following dg quotient category

Vag(A/E) = Dag(A/E) /N

might be called the FE-relative virtual dg singularity category of A. By Lemma 5.8, we
identify the homotopy category H®(Vag(A/E)) with V(A/E).
Recall from Proposition 7.3 the isomorphism ©: Dag(A/E) ~ Yy /5.

Proposition 9.1. Keep the notation as above. Then the composite dg functor Dag(A/E) 8
Yr/E N SV E induces an isomorphism in Hodgcat

Vdg(A/E) ~ SyA/E
Consequently, we have an isomorphism of triangulated categories
V(A/E) ~ H*(8Y/R).

Proof. Consider the two thick hulls 7; = thick(A ® g V' | V' complex of E-modules) and
Tz = thick(Cone(fx) | X complex of A-modules) in H%(Y, ). Denote by Ny the full
dg subcategory of Yj,r formed by those objects in 7; and similarly, denote by N3 the
one formed by those objects in 73. Clearly, we have O(N) = Nj.

By Proposition 8.2, we identify Cone(6x) with ¥(A ® g X) = A ®g 3(X). Then we
have 72 C T1. On the other hand, any complex Y of the form A ® g V' is isomorphic to a
direct summand of A®p Y since the natural surjection A®g Y — Y splits in Yp /g with
a section given by a ® g v — a g 1 ®g v. It follows that 7; C 73. So we have T, = T
and thus N7 = A,. Now the required isomorphism in Hodgcat follows by combining
the isomorphisms in Theorem 6.4 and Proposition 7.3. O

The following remark is analogous to Remark 7.4.

Remark 9.2. (1) Denote by Sy?\/E the full dg subcategory of SV, consisting of
bounded complexes. We view the bounded homotopy category K°(Py /i) of E-relatively
projective A-modules as a triangulated subcategory of D*(A/E). Inspired by [49], we de-
fine the E-relative completed singularity category of A by the following Verdier quotient
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S(A/E) = D"(A/E)/K"(Py/p).
As its dg analogue, the E-relative completed dg singularity category of A is defined to be
Sau(A/E) := D (A/E)/Cly(Pasp).

We mention that the relative dg singularity category [10, Definition 2.23] is quite different
from the ones here.
We have a bounded version of Proposition 9.1: there is an isomorphism in Hodgcat

Sas(A/E) = SV},
which induces an isomorphism of triangulated categories
S(A/E) =~ H(SV /).

(2) Assume that E is a semisimple ring. Then V(A/E) coincides with the (absolute)
virtual singularity category of A, which is defined as

V(A) := D(A-Mod) /thick(®;ez X" (P") | P* € A-Proj).
Similarly, §(A/ E) coincides with the completed singularity category [49] of A
S(A) := D(A-Mod) /K" (A-Proj).

We have the dg analogue Vag(A) of V(A), and the dg analogue gdg(A) of §(A) Then by
the same reason, the above coincidences lift to the dg level, namely

Vag(A/E) = Vag(A)  and  Sag(A/E) = Sag(A).
Consequently, by Proposition 9.1 we have isomorphisms in Hodgcat
Vag(A) = SYap and  Sgg(A) = SV},
which induce isomorphisms of triangulated categories:
V(A) = H(SYa/p)  and  S(A) = HO(SV} p). (9:2)

In the remainder of this subsection, we further assume that E is a semisimple ring
and that A is a left noetherian ring. Denote by Syi /B the full dg subcategory of Syﬁ JE
consisting of bounded complexes of finitely generated A-modules.

We view the bounded homotopy category K®(A-proj) of finitely generated projective
A-modules as a triangulated subcategory of D?(A-mod). Following [15,67], the singularity
category of A is defined as the following Verdier quotient
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D¢ (A) = D’(A-mod) /K®(A-proj).
Its dg analogue is the dg singularity category [49,10,14], defined as
Sag(A) = DS, (A-mod)/C, (A-proj).

Here, we identify ng(A—proj) with the full dg subcategory of Dgg(A—mod) formed by
bounded complexes of finitely generated projective A-modules.
We have the following finite version of Proposition 9.1; compare Remark 9.2(2).

Corollary 9.3. Assume that E is a semisimple ring and that A is a left noetherian ring.
Then there is an isomorphism in Hodgcat

Sag(A) = SV s
which induces an isomorphism of triangulated categories

Dy (A) =~ H(SYY ).
Remark 9.4. (1) Recall that a fully faithful dg functor between dg categories induces
a fully faithful functor between their homotopy categories. So the inclusions Syf\ /B -

Sy?\ /e © SV E of dg categories induce the following fully faithful triangle functors
Dy, (A) < S(A) < V(A).

Here, the fully faithfulness of S(A) < V(A) uses (9.2). We mention that the fully-
faithfulness of the functor on the left is known; see [19, Remark 3.6] and compare [67,
Proposition 1.13].

(2) The Hom complexes in Syf\ s have similar flavor with the singular Hochschild
cochain complex [79]. In view of [49, Conjecture 1.3], we expect that the By -structure
of the latter complex might be related to the one of the Hochschild cochain complex of
SYY k-

9.2. The dg Leavitt algebra as an endomorphism algebra

We now impose the conditions (Finl) and (Fin2) in Subsection 7.3 on the algebra ex-
tension F — A. Associated to (A, ) in (7.3), we have the dg Leavitt algebra (Lg(A),d);
see Definition 3.5. We view F as a A-module via the algebra homomorphism 7 in (Fin2).
Identifying modules with stalk complexes concentrated in degree zero, we view E as an
object in SV, k-

The isomorphism in the following theorem might be viewed as the core of this work,
which establishes a link between the singular Yoneda dg category and the dg Leavitt
algebra.
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Theorem 9.5. Assume that (Finl) and (Fin2) hold. Then there is an isomorphism

SV p(E,E) ~ (Lg(A),0)°" of dg algebras.

Proof. For convenience, we write M = A and omit the subscript A/E in Yy, and
SYa k- Observe that O (F) = (sM)®#P @ E = (sM)®#? and that

V(E,Q(E)) = [ Homp((sM)®=", (sM)®27) = D Homp((sM)®=", (sM)#*7),
n>0 n>0

whose differential is given by d.x; see Subsection 7.1. Here, we note that d;, vanishes.
Step 1. We have a canonical isomorphism

Yp: V(E,E)@p (sM)®#P — V(B (E))
g Qp sa1p — (sT1,n — (—1)P"g(sT1 ) Sa1,p)

for any g € Y, (E,E) and sa;, € (sM)®EP. Recall from the proof of Proposition 7.6
the isomorphism ¢: Tg(s~'M*) = Y(E, E). Then for each p > 0, we have a composite
isomorphism

PO, Y(EB, B) 0p (sM)®5? 22 Y(B, 8, (E)).

nc

Up: Tp(s™ M*) @ (sM)®EP

We claim that the following diagram

Te(s™'M*) ®p (sM)®eP

2

TE(S_IM*) XRE (SM)®EP+1

Yp+1

Y(E,QRH(E))

~

commutes, where L denotes the map (2.5) and R sends g to Ogp_(y) © g. Restricting to
homogeneous components, we need verify the following commutative diagram.

Yo

(S—lM*)®En 5 (SM)®EP

:]

(SflM*)®En+1 ®F (SM)®EP+1

Hompg((sM)®e™ (sM)®EP)

|

HomE((sM)®En+17 (SM)®EP+1)

PYp+1

More explicitly, we have

-1 — -1 —1 — —
L(s™ fi,n ®p sa1,) = E ST fin®Es A Qp sa; Qp st
€S

and R(g) = Idsy ®p g. Furthermore, Jp(s_lflm ®E sai,p) is given by
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Sfl,n — (_1)n(p+1)fn(flfnfl(Ean72(' o (fnflfl (En)) te )))Sal,zr
Similarly, ’lzp+1(8_1f{’n+1 ®p sb1 p+1) is given by
Y11 — (_1)(n+1)(p+2)f1/1+1(ylff@@zfv/zq(' e (ynf{ (yn-i-l)) T )))Sgl,pﬂ-

Therefore, R o ¢, (s~ f1., ® s81,) equals to the following map

STy i1 — (1) 55 @p fo (@ fa1 @sfa2( pfr@ngr))))sT1p-

Using (2.4), we observe that @Zpﬂ o L(s7'f1, ®p s@1 ) coincides with the above map,
proving the claim.

Step 2. Recall from Theorem 2.6 that Lg(M) is isomorphic to the colimit of the
explicit sequence (2.5). Take the colimits along the maps L and R in (9.3). It follows
that the isomorphisms {Z;p induce an isomorphism of graded K-modules

V: Lp(M) = SY(E,E).
Recall from (2.2) that a typical element « in Lg(M) is represented by a tensor
fin QF C1,p.
To stress the degrees, in what follows, we will write « as
s fin @B sty =5 i @p - ®p s fo®p st Op - Op sTp.

Using the structure map (2.5), we may simultaneously increase the number n and p by
one. Consequently, given two typical elements a and 3, we may assume that

~1 = ~1 7
a=8 "fin®Esa1, and B=5 g1, QFsbi,

for sufficiently large p.
We will prove the following identity

V(e B) = (-1 PE=DY(B) Oy U(a). (9-4)

This implies that U: Lg(M) — SY(E, E)°P is an algebra isomorphism. Here, @ denotes
the product in Lg(M); compare (2.3).
We observe that WU(«) is represented by

U= 1Zp(s_lflm QF Sal,p) € Vn(E, Q8 (E))

and that U() is represented by
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v =1q(s 7 g1p @ sb1q) € Vp(B, QL(E)).

Then U (J3) Ogg () is represented by QF (v) © u in Ypip(E, QEFI(E)), which is the
following composition; compare (7.1)

(shyPemtn) MEETOEn (g pyonsy MO0t (3 pyostrre)

More precisely, it sends §Z1 n4p t0
(=1 5Z1p@Bfn(Fps1Sa-1(*Entp—1/1(Znt)) ) 9p(@19p—1( - ([@p-191(Tp))- ) 5D 4.
Here, the sign is given by

e=pn—p)+n+1p+pp—-q+ @+

We remark that ¢ = p + ¢ (mod 2).
By (2.3) we have

aef=5"fi®8gp(@gp-1( (@-191(@p)) - ))sbiq-
Therefore, ¥(a e 3) is represented by
w = Jq (Silfl,n QF gp(algp—l(' e (ap—lgl(ap))' : '))36141) )

which is an element in Y, (E,Q%.(E)). However, in SY(E,E), w is identified with
1d%2P @ w € Vpip(E, Q2F(E)); see (9.1). The latter element is represented by a map
(sM)®e(+p) 5 (sM)@2(P+a) which sends 5% 5,4, to

(=1)° 8Z1,p@5 fu(Zps1fa-1( - Entp-1/1(Fntp)) ) gp(@19p-1( - (@p-191(ap))- - +))sb1,q
with
€ =p(n—q)+(n+1)qg.
Then we conclude that
125 @pw = (—-1)""P@=D QP () © u.
This verifies (9.4).
Step 3. It remains to verify that U preserves the differentials. For this, it suffices to

verify the following identity

Wod=0e0W
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on the generating K-submodule E & (s'M* @ sM). The identity holds trivially on E
since both sides vanish. The verification on s~ M* is already settled by (7.4).

The verification on sM might be deduced from Remark 3.6 and in particular (3.6). In
what follows, we give a direct argument. It suffices to verify the following commutative
diagram.

sM =sM®gFE Hompg(E,sM) = sM

o | ~ |

sTIM* @p sM Hompg(sM, sM)

In this diagram, we observe that 1:/;0 is the identity map. We have
Jex(5G)(sT) = (z » sa) = su(T ®F @),

where we use the A-action on Q,.(E) = sM; see (8.1). On the other hand, 0_(sa) =
Yics s tar @p su(@; @p a). Hence, 11 0 0_1(sa) sends sT to

Z of (x)sp(o; ®pa) = su(T Qg a),

i€s

where we use (2.4) for the equality. This proves the required commutativity. O
10. Applications to finite dimensional algebras

In this final section, we apply the obtained results to finite dimensional algebras.
Proposition 10.2 and Theorem 10.5 relate the dg singularity category of a finite dimen-
sional algebra to a dg Leavitt (path) algebra. Throughout, K will be a fixed field.

10.1. Finite dimensional algebras

Let A be a finite dimensional K-algebra. Denote by J = rad(A) its Jacobson radical
and set E = A/J. Denote by m: A — E the natural projection. We assume that there is
an algebra embedding ¢: E — A satisfying w o ¢ = Idg. If E is separable over K, such
an algebra embedding always exists; see [32, Theorem 6.2.1].

We fix ¢ and view F as a K-subalgebra of A. We will use the following isomorphism
of E-FE-bimodules

JA=A/E, a—a
to identify J with A. By Definition 3.5, the multiplication map

w:JRpJ —J, a®pbrab
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allows us to define the dg tensor algebra Tg(J*) = (Tr(J*), 0) and the dg Leavitt algebra
Lg(J) = (Lg(J),0). Here, J* = Hompg(J, E), which is concentrated in degree one. We
will suppress the differentials 0 for both Tg(J*) and Lg(J).

The following result is expected by experts. It might be viewed as a version of Koszul
duality; compare [40, 10.5 Lemma, the ‘exterior’ case, and Examples (c)].

Proposition 10.1. Keep the notation and assumptions as above. Then there is an isomor-
phism in Hodgcat

Dgg(A-mod) ~ pery, (Te(J")).
Consequently, we have triangle equivalences
D’(A-mod) ~ per(Tg(J*)) and K(A-Inj) ~ D(Tr(J*)).
Proof. By Corollary 7.5, we have an isomorphism in Hodgcat
D}, (A-mod) =~ Y[ ,,

since E is semisimple. Recall that D?(A-mod) is idempotent-split with E a generator. It
follows that H 0()}1{ / ) is also idempotent-split with E a generator. Combining Proposi-
tions 5.9 and 7.6, we obtain an isomorphism in Hodgcat

V{5~ perg,(Tu(J")).

Combining the above two isomorphisms, we obtain the required isomorphism in
Hodgcat and the first consequence.

For the second consequence, we recall from [52, Proposition A.1] and [22, Theorem 2.2]
a triangle equivalence

K (A-Inj) ~ D(D§, (A-mod)°P).

As any quasi-equivalence between dg categories induces a derived equivalence, the above
two isomorphisms in Hodgcat induce a derived equivalence

D(DY, (A-mod)°) ~ D(pery, (T (J*))).

Combining the above two triangle equivalences with the one in Lemma 5.10, we infer
the second consequence. 0O

The following result might be viewed as a singular analogue of Proposition 10.1 with
a proof of the same style.
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Proposition 10.2. Keep the notation and assumptions as above. Then there is an isomor-
phism in Hodgcat

Sag(A) =~ pergy(Le(J)).
Consequently, we have triangle equivalences
Dyy(A) ~ per(Lp(J))  and  Kuo(A-Tnj) = D(Li(])).
Proof. By Corollary 9.3, we have an isomorphism in Hodgcat

Sag(A) ~ SV .

Recall from [20, Corollary 2.11] that Ds(A) is idempotent-split and that E certainly
generates it. It follows that the same holds for H° (syﬁ /i)- By combining Proposition 5.9
and Theorem 9.5, we obtain an isomorphism in Hodgcat

Syf\/E ~ pery,(Lg(J)).

Then we have the required isomorphism in Hodgcat and the first consequence.
For the second consequence, we recall from [22, Theorem 2.2] the following triangle
equivalence

KaC(A'Inj) = D<Sdg(A)Op>'
The above two isomorphisms in Hodgcat yield a derived equivalence
D(Sqg(A)°?) ~ D(pery (Le(J))°").

Combining the above two triangle equivalences with the one in Lemma 5.10, we infer
the second consequence. 0O

Remark 10.3. Assume that F is separable over K. Then the dg tensor algebra Tg(J*)
is smooth; compare [48, Subsection 3.6]. Consequently, the quasi-equivalence in Propo-
sition 10.1 gives another proof of the smoothness of Dgg(A—mod); see [35, Theorem 3.7
and Remark 3.8].

By [48, Proposition 3.10 ¢)] or [49, Section 1], Sg¢(A) is also smooth. It follows from the
quasi-equivalence in Proposition 10.2 that the dg Leavitt algebra Lg(J) is smooth. We
expect that a direct proof of this fact might be given by constructing an explicit bounded
dg-projective bimodule resolution of Lg(J) from the one in [21, Proposition 7.5], via the
homological perturbation lemma.
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10.2. The quiver case

In this subsection, we will explore Proposition 10.2 in the quiver case. Let Q) be a
finite quiver. An ideal I of the path algebra KQ is admissible provided that there exists

d > 2 satisfying @nZd KQ, CIC ®n22 KQ,.
We fix A = KQ/I with I an admissible ideal. Set E = KQp, which is naturally a
subalgebra of A. The Jacobson radical J equals @n21 KQ,/I. The decomposition

A=EqJ

allows us to identify J with A = A/E.
The following notion is due to [70, Section 3, Definition], in which it is called the
basis-graph of A.

Definition 10.4. The radical quiver @ of A = KQ/I is defined as follows: @o = Qo and
for any vertices ¢ and j, the number of arrows in @ from i to j equals the dimension of
€j J@i .

By the very definition and choosing bases for e;Je;, we may identify K@l with J as
a KQo-KQp-bimodule. The multiplication of J yields an associative map

p: KQr ®y g, KQ1 — KQ. (10.1)

As in Section 4, we have the dg Leavitt path algebra

L(Q°) = (L(Q°), 9)

associated to (@, ). Here, Q° denotes the finite quiver without sinks obtained from Q
by repeatedly removing sinks. We mention that the differential 9 is determined by the
explicit maps in (4.3) and (4.4).

The following reformulation of Proposition 10.2 describes the singularity category of
A, explicitly to some extent.

Theorem 10.5. Let A = KQ/I be a finite dimensional K-algebra with @ its radical quiver,
and L(Q°) be the dg Leavitt path algebra associated to (Q, ). Then there is an isomor-
phism in Hodgcat

Sag(A) ~ peryy (L(Q°)).
Consequently, we have triangle equivalences

Dy, (A) ~ per(L(Q°)) and K,c(A-Inj) ~ D(L(Q®)).
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Proof. By the identification J = KQ;, we identify the dg Leavitt algebra Lg(J) with
the dg Leavitt path algebra L(Q°); see Proposition 4.1(2). Then the result follows im-
mediately from Proposition 10.2. O

Remark 10.6. (1) Assume that A is radical square zero, or equivalently, I = @, -, KQ,.
Then @ = @ and the map p is zero. It follows that the differential 9 on L(Q°) is also
zero. The above equivalences specialize to [71, Theorem 7.2] and [23, Theorem 6.1],
respectively. We refer to [6, Section 10] and [20,34] for the study of the singularity
category of A from quite different perspectives.

(2) Let us provide a deformation-theoretic perspective for Theorem 10.5; compare [70,
Section 3]. Consider the radical-square-zero algebra A= KQO @KQl and the Leavitt path
algebra L = L(Q ) with trivial differential. In view of [21, Remark 5.19], the sequence
of explicit Byo-quasi-isomorphisms in [21, the second paragraph of Section 12] induces
an explicit quasi-isomorphism of dg Lie algebras of degree —1

* ~ o~

U: Oy pp(AA) — Cp(L, L),

where 6:& R, E(ZN\,K) is the E-relative singular Hochschild cochain complex of /N\, and
Cp(L, L) is the E-relative normalized Hochschild cochain complex of L.

The associative product g in (10.1) and the differential 9 in Theorem 10.5 can be re-
spectively viewed as a Maurer—Cartan element in C'j;(A, A) and in C E(L L); compare [7,
Theorem 7.42]. We observe that, under the natural inclusion C' E(A A) — C’bg R, E(A A)
the following equality holds.

Y(p) =0

For this, we recall by [21, (13.4)] that ¥(u) lies in 621(1/, L) = Homp_g(L, L), the Hom
complex between two graded E-E-bimodules L = L/E and L. Then it suffices to verify
that the restriction of ¥(x) on KQS and K(QS)* coincides with d_ in (4.4) and 8, in
(4.3), respectively. The verification is routine by [21, Lemma 13.1].

The above observation actually motivates Theorem 10.5. Let us point out that
presently, there seems to be no general deformation theory for pretriangulated dg cate-
gories which contains our class of examples.

As observed by [50], the Hochschild cochain complex of a dg category A with its
Gerstenhaber bracket does not control the deformations of A among dg categories but
among curved Aso.-categories. The disadvantage of these is that their derived categories
often vanish [51]. In order to obtain deformations without curvature, it is natural to
impose boundedness conditions on the homology of the morphism complexes of A; com-
pare [30,59,63]. These do not hold in our setting. In particular, Lurie’s results in [63,
Section 5.3] do not apply directly.

Indeed, in the section mentioned, Lurie investigates deformations of co-categories. Via
the dg nerve, each pretriangulated dg category gives rise to an co-category; compare [64,
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Construction 1.3.1.6]. The main result of [63, Section 5.3] is [63, Theorem 5.3.33]. Here,
Lurie shows that under suitable conditions, the deformation theory of an co-category is
controlled by its Hochschild cochain complex. The conditions actually only concern the
triangulated category 7T associated with a given oo-category (for example, T = HY(A)
for a pretriangulated dg category A). They are as follows:

i) T is tamely compactly generated, i.e. it is compactly generated and for any two
compact objects C and D, we have Ext-(C, D) = 0 for all n > 0;

i) T equals its localizing subcategory generated by a family of unobstructible objects,
i.e. objects C such that Ext(C,C) =0 for all n > 2.

Clearly, these conditions are (almost) never satisfied for singularity categories, and in
particular, Lurie’s theorem does not apply in our setting.
(3) By the isomorphism in Theorem 10.5, the cohomology algebra H*(L(Q°)) of the

dg Leavitt path algebra L(Q°) is isomorphic to the singular Yoneda algebra

Ext} (E, E) := @ Homp_ x)(E, ¥'(E)).
€L

In general, L(Q°) is not As-quasi-isomorphic to Ext} (F, E). In other words, L(@o) is
not necessarily formal; see Proposition 10.8 below.

By the homotopy transfer theorem, we may endow Ext}y (E, FE) with an A.-algebra
structure so that it is A..-quasi-isomorphic to L(@O); such an A..-algebra structure
is unique up to As.-quasi-isomorphism. We might call Ext} (F, F), endowed with this
A-algebra structure, the minimal As,-model of L(@O); compare [43, Subsection 3.3].

10.3. An example

In this final subsection, we will give an explicit example. Let n > 1 and @ be the
quiver with one vertex and one loop x. Denote A,, = KQ/(2"*1), which is a truncated
polynomial algebra in one variable.

The Jacobson radical J of A, has a basis {z,22,...,2"}. The radical quiver of A,
coincides with the rose quiver R, in Example 4.4, where the arrow z; corresponds to
the basis element ' € J. The multiplication on J is transferred to the associative
product u therein. Therefore, the corresponding dg Leavitt path algebra coincides with
L(R,) = (L(Ry,),0), which is explicitly given in Example 4.4.

Since A,, is self-injective, the singularity category Dgg(Ay,) is triangle equivalent to the
stable module category A,-mod; see [15, Theorem 4.4] or [69, Theorem 2.1]. Combining
this fact with Theorem 10.5, we have a triangle equivalence

Ap-mod ~ per(L(R,,)).
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Remark 10.7. If n = 1 then A; = K]¢] is the algebra of dual numbers. We observe that
L(Ry) ~ K[y,y 1] with |y| = 1 and d = 0; in particular, L(R;) is formal. We recover
the following well-known triangle equivalence

K[e]-mod ~ per(K[y,y']).

Proposition 10.8. The dg Leavitt path algebra L(R,,) = (L(R,), ) is not formal for any
n > 2.

Proof. In this proof, we write L = (L(R,), ). We first claim that the singular Yoneda
algebra Ext} (K,K) is isomorphic to the graded commutative algebra Kle,u,u™"] with
€2 = 0, which is graded by means of |¢| = 1 and |u| = 2.

Indeed, as mentioned above, we identify Dy, (Ay) with A,-mod. Denote by Q the
syzygy endofunctor on A,-mod. For each i, X(K) corresponds to Q7 *(K). In view of
Remark 10.6(3), we have

Exty (K,K) ~ @ Hom, (K,Q'(K)),
A

where Hom denotes the Hom spaces in A,-mod. The following fact is well known: if
i is even, we have QY(K) ~ K; if i is odd, we have Q/(K) ~ A, /(z"). It follows that
each homogeneous component of Exty (K,K) is one dimensional, which is represented
by the obvious morphism from K to K, or from K to A, /(z™), namely the map sending
1k to "~ + (2™). The multiplication of Ext} (K,K) is induced by the composition of
morphisms in A,-mod. Then the claim follows readily.

Recall that A..-quasi-isomorphisms preserve Hochschild cohomology. Therefore, for
the required result, it suffices to show that the zeroth Hochschild cohomology of L and
K e, u,u™1] are not isomorphic.

On one hand, we have

HH(L, L) ~ HH"(per,, (L), pery, (L)) ~ HH(Sag(An), Sag(An)) ~ HH, (A, Ay),

where the leftmost isomorphism follows from [44, Theorem 4.6 ¢)], the middle one follows
by combining the isomorphism in Theorem 10.5 and [44, Theorem 4.6 b)], and the last
one follows from [49, Theorem 1.1]. Here, HH(S)g denotes the zeroth singular Hochschild
cohomology. Since A,, is selfinjective, HHgg(An, A,,) is isomorphic to the stable center of
A,,; see [57, Example 3.19]. In particular, it is finite dimensional.

On the other hand, we claim that the zeroth Hochschild cohomology of

Kle,u,u™ ] = Kle] ® K[u, u™]

is infinite dimensional. This will complete the proof.
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Indeed, by [40, Subsection 6.6], the normalized bar resolution of K|e] is given by

P:=PK[d @ (sK[))* @ K[e] = P K[e] ® (sKe)®* @ K[e],
i>0 >0

whose differential is given by the external one, namely
dex(1® (56)%' ®@1) = €@ (56)¥" ' @1 -1® (s€)® ' @e.

Here, we identify sKle] with sKe, which is concentrated in degree zero. We have the
following well-known dg-projective bimodule resolution of Ku,u 1]

Q:=Ku,u '] ®sK @ K[u,u! @Kuu @K @ Klu,u™ ],

where sK denotes the one dimensional space concentrated in degree —1. The differential
d on @ is uniquely determined by

dl®s®1) =101l -ue®leu 'andd(l®1®1) =0.

We observe that P®Q is a dg-projective bimodule resolution of K[e, u, u~!]. Therefore,
the Hochschild cohomology of K[e, u,u~!] is computed by the following Hom complex

Homg e, 1) (P ® Q, K[e, u,u™"]),

where Kle,u,u™!] denotes the enveloping algebra. The above Hom complex is isomor-
phic to

Hom(@(sKe)@’i ® (sK & K), K[e, u,u™"]);
i>0

moreover, the induced differential on the latter complex is zero. It follows that the zeroth
Hochschild cohomology of Kle, u,u~1] is isomorphic to the zeroth component

[[xe]]kK

i>0 i>0

of the above Hom complex, which is clearly infinite dimensional. This proves the
claim. O

Using the homotopy deformation retract constructed in [33, Subsection 5.6], we may
obtain the minimal A..-model of L(R,,) for n > 2:

(K[@u,u_l};ﬂh =0,mz,m3,---)

where my is the product of K[e,u,u~!] and the only nonzero higher product is
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mn+1(6uk1 Qeu? @ ® euk"“) = yfrthet o thnpat+l

for any kq, ko, ..., kny1 € Z.
The above A,.-algebra might be viewed as a localization of the A.-algebra structure
on the Yoneda algebra

Exty (K,K) =K[e, u]

with respect to the central element u; see [60, Example 6.3]. We refer to [16] for a
Z/27Z-graded version of the above Ay -algebra, which is obtained from the category
MF (K[z], z"*!) of matrix factorizations.
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Appendix A. DG Leavitt path algebras for singularity categories, by Bernhard Keller
and Yu Wang

In this appendix, we present an alternative proof of Theorem 10.5. It is based on
Koszul-Moore duality as described in [45] and on derived localizations as described in
[13].

A.1. Modules and comodules

Let k be a field and @ a finite quiver. Let A be the quotient kQ/I of the path algebra
kQ by an admissible ideal I (cf. Subsection 10.2 for the terminology). Let R = kQq be
the subalgebra of A generated by the lazy idempotents e;, ¢ € Qo, and let J be the
Jacobson radical of A (which equals the ideal generated by the arrows). We have the
decomposition A = R®J in the category of R-bimodules and we view A as an augmented
algebra in the monoidal category of R-bimodules with the tensor product ®g. Notice
that the vector space k@1 whose basis is formed by the arrows of ) is naturally an
R-bimodule and that the path algebra kQ identifies with the tensor algebra Tr(kQ1).

For an R-bimodule M, we define the dual bimodule by

M"Y = Hompge (M, R°).
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For example, for M = kQ1, the dual bimodule MY canonically identifies with k£Q7}, where
Q* is the quiver with the same vertices as () and whose arrows are the o*: j — 4 for
each arrow a: ¢ — j of Q. Notice that for an arbitrary R-bimodule M, the underlying
vector space of MV identifies with the dual

DM = Homy (M, k)

via the map taking an R-bilinear map f : M — R to the linear form t o f, where
t: R® — k takes e; ® ¢5 to d;; € k.

As an R-bimodule, the algebra A is finitely generated projective so that C = AV
becomes a coalgebra in the category of R-bimodules. We have C = R & JV and the
induced comultiplication

JV = JV ®@r JY

is conilpotent because the Jacobson radical J of A is nilpotent. Thus, we may view C' as
an augmented cocomplete differential graded coalgebra (in the sense of [45, Section 2]),
which is moreover concentrated in degree 0.

Since A is finitely generated projective as an R-bimodule, for each right R-module M,
we have natural isomorphisms

Homp(M @r A,M) = M ®@r AY @z Homgr(M, R) = Homgz(M, M @5 O).

This allows us to convert right A-modules into right C-comodules. More precisely, we
have an isomorphism of categories

Mod A = Com C',

where Mod A denotes the category of all right A-modules and Com C' the category of all
right C-comodules. Clearly, this isomorphism restricts to an isomorphism

mod A = com C

between the categories of finite-dimensional modules respectively comodules.
A.2. Koszul-Moore duality

We refer to [45, Section 4] for all non defined terminology and for proofs or references
to proofs of the claims we make.

Let QC be the cobar construction of C' over R. Thus, the underlying graded algebra of
QC is the tensor algebra Tr(X71JV) on the desuspension 3~1JY = JV[~1] of JV = C/R.
The differential of QC encodes the comultiplication JY — JY ®gr JV. The projection
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C — JY composed with the inclusion X~1JV — QC is the canonical twisting cochain
7: C — QC. It is an R-bimodule morphism of degree 1 satisfying

dr)+7+x7=0,

where d(7) = doc o 7+ 7 o de and * is the convolution product on Hompge(C, QC).
For a dg QQC-module L, the twisted tensor product L ®, C' is defined by twisting the
differential on L ® g C using 7, and similarly, for a cocomplete dg C-comodule M, the
twisted tensor product M &, (2C) is defined by twisting the differential on M @ (QC).
We get a pair of adjoint functors

F =?®, (Q2C): dgCom (C) +> dgMod (QC): ?®, C =G,

where dgMod (2C) denotes the category of dg right QC-modules and dgCom (C) the
category of cocomplete dg right C-comodules. These functors form in fact a Quillen
equivalence for the standard Quillen model structure on dgMod (Q2C) and a suitable
Quillen model structure on dgCom (C'), cf. [55]. Thus, they induce quasi-inverse equiva-
lences

F: D°(C) = D(QC): G,

where D¢(C) is the coderived category of C and D(QC') the derived category of QC. The
equivalence F' sends C' to R and R to QC.

Let us now show that D¢(C') is equivalent to the homotopy category H(Inj C') of com-
plexes of injective C-comodules. Indeed, we know from [55] that the fibrant-cofibrant
objects of dgCom C' are exactly the retracts of the cofree dg comodules (which are
automatically cocomplete since C' is conilpotent) and that two morphisms between
fibrant-cofibrant dg comodules are homotopic in the model-theoretic sense if and only
if they are homotopic in the classical sense. Thus, the homotopy category D¢(C) of the
Quillen model category dgCom C' is equivalent to the usual homotopy category of all
complexes of right C-comodules which are retracted of complexes of cofree comodules.
It is not hard to see that this homotopy category is equivalent to the (slightly larger)
homotopy category of complexes of injective C-comodules.

As a consequence of the equivalence H(InjC') = D°(C), we obtain that the natural
functor D’(com C) — D¢(C) is fully faithful (since morphisms in D’(com C) can be
computed as homotopy classes of morphisms between injective resolutions).

As a second consequence, we note that via the isomorphism Com C' — Mod A, the
complexes of C-comodules with injective components correspond exactly to the com-
plexes of A-modules with injective components so that we get the equivalence

H(Inj A) = D(C),

cf. Proposition 10.1.
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A.3. Description of the singularity category

Since R generates the full subcategory D’(com C) of D¢(C) (cf. the end of the pre-
ceding section) and QC' generates per (QC), the equivalence D¢(C) = D(QC) induces
an equivalence

D(com C) = per (Q0).
By composition with the isomorphism D°(mod A) = Db(com C), we get an equivalence
D*(mod A) = per (QC) which sends R to QC. In particular, we get an induced algebra
isomorphism
Ext’ (R, R) = Extho(QC,QC) = H*(QC).
The isomorphism D’(mod A) = D’(com C) sends the injective cogenerator DA =5 AY
to the cofree comodule C and the equivalence D(com C') = per (QC) sends C to R.
Thus, we get an induced equivalence
DP(mod A)/thick (DA) = per (QC)/thick (R).
By composing with the duality functor
D : D’(mod A°P)°P =5 D(mod A)
we find an equivalence
sg(A°P)°P = per (QC) /thick (R) ,
where sg(A°P) denotes the singularity category of A°P.

A.4. Description of the singularity category as a derived localization

We put V = B71JY so that QC = Tg(V) as a graded algebra. We have an exact
sequence of dg QQC-modules

0—->K—->QC—-R—0.
Its underlying sequence of graded modules identifies with
0->VerTr(V)=>Tr(V)=>R—0,

where the morphism V ®@g Tr(V) — Tr(V) is just multiplication. Notice that the dif-
ferential on K = V ®g Tr(V) is not 1y ® doc but is induced by that of QC' via the
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inclusion K — QC. It is not hard to see that the cone over K — QC' is isomorphic to
C ®; QC. This shows in particular that this cone lies in pretr (2C), the closure of QC
under shifts and graded split extensions in the category of dg modules. It follows that
K also lies in this category. Thus, we wish to describe the localization of per (2C) with
respect to the thick subcategory generated by the cone over the morphism

V@R (QC) = K — QC

between two dg 2C-modules in pretr (QC).

For this description, let us first recall the construction of universal localizations. Let
B be a hereditary ring and S a set of morphisms s : P; — Py between finitely generated
projective (right) B-modules. Let Bg be the universal localization of B with respect to S
in the sense of Cohn [25]. Thus, the ring Bg is endowed with a morphism B — Bg which
is universal among the ring morphisms B — B’ such that s g B’ : P,®g B’ — Py®p B’
is invertible for each s € S. If s is a morphism between finitely generated free modules
given by left multiplication by a p X g-matrix M, then By is obtained from B by formally
adjoining the entries of a matrix M’ satisfying MM’ = I, and M'M = I,. Of course,
mutatis mutandis, these constructions apply to graded hereditary rings and sets S of
homogeneous morphisms of degree 0.

In our setting, we apply the above to the graded algebra B = Tgr(V). Let L be the
graded algebra obtained from Tr(V) by adjoining all the matrix coefficients of a formal
inverse of the morphism (given by multiplication)

V@rTr(V) — Tr(V)

between free graded Tr(V)-modules. Recall that XV is the R®-module dual to the R®-
module J = kQ;. Thus, the R®-module V has the R°-basis (a*) dual to the basis («) of
J formed by the arrows of ) and each a* is of degree 1. If g is the formal inverse of the
morphism V ®r Tr(V) — Tr(V), we can write

g(1) = Za* ® a.

It is easy to check that requiring the two compositions to be the respective identities
amounts to imposing the Cuntz—Krieger relations; cf. [71, Proposition 5.2]. Thus, the
algebra L becomes isomorphic to a graded Leavitt path algebra; cf. Proposition 4.1(2).
We endow L with the unique differential such that the canonical morphism

QC —- L

becomes a morphism of dg algebras. Then the dg algebra L is indeed the dg Leavitt path
algebra of Definition 3.5; this follows easily from the definition of the differential on the
dg Leavitt path algebra. Clearly, an induction along the morphism 2C' — L induces a
triangle functor



64 X.-W. Chen et al. / Advances in Mathematics 440 (2024) 109541

per (2C) — per (L),

which annihilates the cone over K — QC' (indeed, the image of this morphism in per (L)
is invertible and hence its cone becomes contractible) and thus induces a triangle functor

per (2C)/thick (R) — per (L).

We claim that this functor is an equivalence. Indeed, this follows by combining Theo-
rem 4.36 with (a slight generalization with a similar proof of) Corollary 4.15 in [13]. In
the section below, we sketch an alternative, alas not yet complete approach to the proof
of the equivalence based on a theorem of Neeman—Ranicki [66].

By composition, we obtain the desired equivalence in Theorem 10.5

sg(A°P)°P = per (L).
It is clear how to obtain a similar description of sg(A) itself.
A.5. Conjectural approach via Neeman—Ranicki’s theorem

A.5.1. For rings concentrated in degree 0

Let R be a hereditary ring and S a set of morphisms s : P, — Py between finitely
generated projective (right) R-modules. Let Rg be the universal localization of R with
respect to S in the sense of Cohn [25], cf. Section A.4.

Let R be the localizing subcategory of the derived category S = DR generated by the
cones N over the morphisms s € S. Put 7 = S§/R so that we have an exact sequence
of triangulated categories

0—-R—-S—T—=0.

L
Clearly the extension of scalars functor ?®pg Rs : D(R) — D(Rg) kills the Ny, s € S, and
commutes with arbitrary coproducts. Thus, it kills R and we have an induced canonical
triangle functor

T =S8/R — D(Rg).
The following theorem is an immediate consequence of Neeman—Ranicki’s work in [66].
Theorem 1 (Neeman—Ranicki). The canonical functor T — D(Rg) is an equivalence.

Sketch of proof. Let 7 = D(R)/N and let 7 : D(R) — D(R)/N be the quotient functor.
One first shows that Homy(7(R), X"m(R)) vanishes for n # 0. Thus, the image 7m(R)
is a tilting object in 7 and we have a triangle equivalence D(E) = T, where E =
Homy(7(R),7(R)). Now one shows that the morphism R — E given by 7 identifies with
the universal localization R — Rg. The detailed arguments are contained in [66]. O
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Example 1. Let k£ be a field and @ a finite quiver. For each vertex i of () which is the
source of at least one arrow of @), let s; be the morphism

Qit—j

where P; = e;kQ and the component of the map associated with « is the left multipli-
cation by a. Let S be the (finite) set of the s;. Clearly the hypotheses of the theorem
hold so that D(Rg) identifies with the quotient of D(R) by the localizing subcategory
generated by the cokernels (equivalently: cones) of the s;.

Let us observe that the above theorem easily generalizes from rings to small cate-
gories and to small graded categories. Of course, its analogue holds for small graded
k-categories, where k is a field. So let P be a small graded k-category whose category of
graded modules (i.e. the category of k-linear graded functors with values in the category
of Z-graded vector spaces) is hereditary. Let S be a set of morphisms of P and Pg the
localization of P at the set S in the sense of Gabriel-Zisman [36]. For example, if A is a
graded k-algebra and S a set of homogeneous morphisms in the category of finitely gen-
erated graded projective right A-modules, then Pg is Morita-equivalent to the universal
localization Ag of A at S; cf. [23, Proposition 3.1].

Now let us denote by Pps the localization of P as a dg category in the sense of Drinfeld
[31]. By the main result of [31], the canonical functor

T = D(P)//\/ — D('Phs)

is an equivalence. As a consequence, we obtain the following variant of Neeman—Ranicki’s
theorem.

Theorem 2 (Neeman—Ranicki). The canonical morphism Prs — Pg is a quasi-
equivalence.

A.5.2. The differential graded case

Let k£ be a commutative ring and dgcat, the category of small dg k-categories. Let
F : A — B be a dg functor between small dg categories. The functor F' is a derived
localization if the induced functor F* : DA — DB is a Verdier localization. Recall the
two main model structures on the category of dg categories due to Tabuada [73,74]: the
Dwyer-Kan model structure of [73], whose weak equivalences are the quasi-equivalences,
and the Morita model structure of [74], whose weak equivalences are the Morita functors,
i.e. the dg functors F': A — B such that F* : DA — DB is an equivalence. Recall that
these are cofibrantly generated model structures whose sets of generating cofibrations
are identical and consist of the following dg functors:
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a) the inclusion () — k of the empty dg category into the one-object dg category given
by the dg algebra k and

b) the dg functors S, : C(n) — P(n), defined for n € Z, where C(n) and P(n) are the
dg categories with two objects 1,2 respectively 3,4 whose only non trivial morphism
complexes are C(n)(1,2) = S"~! respectively P(n) = D", where S"~1 is X"~ 1k and
D™ the cone over the identity of S?~!. The dg functor S,, maps 1 to 3 and 2 to 4 and
induces the inclusion S"~! — D™ of S”~! into the cone over its identity morphism.

A dg category is finitely cellular if it is obtained from the empty dg category by a finite
number of pushouts along functors in a) or b). Equivalently, it is the path category of a
graded quiver @) such that the set of arrows (Q; admits a filtration

) =FQi1CFiQiC - CF,Qi=Q

such that the differential maps the graded path category of (Qo,F,Q1) to that of
(Qo, Fp—1Q1) for each 1 <p < mn.

From now on, let us assume that k is a field and that A is a finitely cellular dg algebra
given by a graded quiver @) and a differential on £Q. Let P be the full subcategory of
the dg category of right dg A-modules whose objects are the finite direct sums of the
PP, =e;A, i € Qo, p € Z. Let S be a set of (closed) morphisms of P.

Conjecture 1. The canonical dg functor Pps — Ps is a quasi-equivalence.

We have not yet proved the conjecture but believe the following strategy is promising.
The given filtration on A yields a filtration on P indexed by N. The localization Pg
admits a filtration indexed by Z such that the functor P — Pg becomes universal
among the dg functors respecting the filtration and making the elements of S invertible.
We would like to describe the associated graded category gr (Ps). Each morphism s in S
is given by a matrix whose entries are linear combinations of paths of ). The filtration
degree d of s is the maximum of the degrees of the paths appearing with non zero
coefficients. We write o(s) for the image of s in the dth graded component of gr (P) and
we write o(S) for the set of morphisms of gr (P) formed by the o(s), s € S. It is clear
that the o(s) become invertible in gr (Pg).

Lemma 1. The canonical morphism functor
gr (P)o(s) — gr(Ps)
is invertible.

Recall that Pyg is obtained from P by adjoining, for each s : P, — P, in .S,

e a morphism ¢ : P, — P; of degree 0,
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o endomorphisms h; of P; homogeneous of degree —1 such that d(h,) = ts — 1p, and
d(hg) = st — 1p2,
e a morphism u : P; — P of degree —2 such that d(u) = hos — shy.

We see that Pps admits a Z-indexed filtration such that the canonical functor P — Pjg
becomes universal among the functors respecting the filtration.

Lemma 2. The canonical functor

gt (P)ho(s)y — et (Prs)
is invertible.

Clearly, we have a commutative square.

gr(P)hocs)y — gr(Prs)

|

gr(P)gsy — gr(Ps)

By the two preceding lemmas, the horizontal functors are invertible. By Neeman-—
Ranicki’s theorem, the left vertical arrow is a quasi-equivalence. Thus, the canonical
functor

gr (Phs) — gr (Ps)

is a quasi-equivalence. We would like to conclude that the canonical functor Prs — Ps
is a quasi-equivalence. Unfortunately, this is not clear because the filtrations are indexed
by Z rather than N.
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