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Abstract We study relations between finite-dimensional representations of color Lie
algebras and their cocycle twists. Main tools are the universal enveloping algebras and
their FCR-properties (finite-dimensional representations are completely reducible.)
Cocycle twist preserves the FCR-property. As an application, we compute all finite
dimensional representations (up to isomorphism) of the color Lie algebra slS.
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1. Introduction

The generalizations of Lie algebras and Lie superalgebras introduced in [15] and sys-
tematically studied in [16], crossed over from physics to abstract algebra. Nowadays
they are known as color Lie algebras.
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Throughout K is a field of characteristic zero and L is a color Lie algebra over K.
Two associative K-algebras may be associated to L, the universal enveloping algebra
U(L) and the augmented enveloping algebra 74(L) (see 2.7).

The category of representations of L is equivalent to the category of U(L)-
modules. Together with ¢/(L) the augmented enveloping algebra /(L) appears
naturally, the latter is a Hopf algebra containing /(L) as a subalgebra.

An associative K-algebra A is an FCR-algebra, following [9, 10], if every finite-
dimensional representation is completely reducible and the intersection of its an-
nihilators of all the finite-dimensional representations is zero. Classical examples of
FCR-algebras are finite-dimensional semisimple algebras, the universal enveloping
algebra U/(g) of a finite-dimensional semisimple Lie algebra g, the quantum envelop-
ing algebras U/, (g) with g not a root of unity, and the universal enveloping algebra
U(osp(1, 2r)) of the orthosymplectic Lie superalgebra osp(1, 2r) (references for these
facts are in the Introduction and Theorem 2.13 of [8]).

Itis then natural to ask which color Lie algebras L are such that/(L) and i (L) are
FCR-algebras. We provide a partial answer to this question in this note. We restrict
attention to finite-dimensional color Lie algebra L graded by a finite Abelian group
G. The main observations are

THEOREM 1.1. Let L be a finite-dimensional G-graded e-Lie algebra for a finite
abelian group G. Then we have

(1). If L€ is a cocycle twist of L, then U(LF) is an FCR-algebra if and only ifU(L) is
an FCR-algebra. 5
(2). U(L) is an FCR-algebra if and only if U(L) is an FCR-algebra.

It follows immediately from Theorem 1.1 (1) that cocycle twists of a finite-
dimensional semisimple Lie algebra have the FCR-property for their universal
enveloping algebras and augmented enveloping algebras.

The paper is arranged as follows: Section 2 contains some preliminaries on color
Lie algebras; Section 3 is devoted to the notion of cocycle twists of color Lie algebras,
which turns out to coincide with the cocycle twists of graded associative algebras
(Theorem 3.5). In Section 4 we prove some results on FCR-algebras (e.g. Theorem
4.2), and apply these to show Theorem 1.1. Section 5 contains the computation of
all finite-dimensional representations of a specific color Lie algebra slS, which is a
cocycle twist of the simple Lie algebra sl(2, K) for K an algebraically closed field (see
Example 3.3 and Theorem 5.2).

2. Preliminaries

Throughout we will work over a field K of characteristic zero. All unadorned tensor
products are over K. By a Noetherian algebra we mean a two-sided Noetherian
K-algebra.
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2.1. Let us recall some basic facts on color Lie algebras [16]. Suppose that G is an
Abelian group with the identity elemente,and ¢ : G x G — K* is an antisymmetric
bi-character, i.e.,

e(g heh, g =1,
e( g hk) =e(g, he(g, k),
e(gh, k) =¢e(g ke(h, k),

for all g, h, k € G, where K* = K\ {0} is the multiplicative group of units in K.
In particular, we note thate(g,g) =lor —1,g € G.

By a G-graded e-Lie algebra L (or a color Lie algebra), we mean that L = @gec L,
is a graded space over K, equipped with a bilinear multiplication

(=, —=):LxL— L
such that
(Lg, L) S Lg, (gradation condition);

(x,y) = —e(g, h)(y,x) (color symmetry);
elk, @ x, (v, 2)) +e(g, h)(y, (2, x)) + e(h, k)(z, (x, y)) =0 (color Jacobi identity),

forallx e Lg,y € Ly and z € Ly, where g, h, k € G.

For example, if G =27, and &(a, ) = (—1)* for all «, B € G, then G-graded
e-Lie algebras are exactly Lie superalgebras [17]; if ¢ is trivial, i.e., e(g, h) = 1 for
all g, h € G, then G-graded ¢-Lie algebras are known as G-graded Lie algebras.

An element x € L is said to be homogeneous of degree g if x € L, and in this
case, we write |x| = g. So the gradation condition implies that |(x, y)| = |x| - |y| for
homogeneous elements x and y in L (here, the dot denotes the multiplication in G).

Recall that a representation (V, p) of a G-graded ¢-Lie algebra L is just a linear
map p : L — Endg (V') such that

p((x, ) = p)p(y) — (g Mp()p(x),

forallxe Lg,ye Lyand g, h e G.
A representation (V, p) is said to be graded, if V = ®,ccV, is a G-graded space
such that

p(X)(Vg) g V\x|g
for all the homogeneous elements x € L and g € G. In the present paper, we will not

restrict ourselves to graded representations.

2.2. e-symmetric Algebras S, (X)

Let X be a finite set. The set X is said to be labelled by an Abelian group G, if
there is amap |-|: X — G. Let ¢ : G x G — K* be any bilinear form. Then
the e-symmetric algebra S.(X ) on X (Section 4.B, [16]) is an associative K-algebra
generated by elements in X subject to relations

xy =e(|x|, lyDyx, Vx,ye X.
A well-known fact is

LEMMA 2.3. The e-symmetric algebra S.(X ) is Noetherian.
@ Springer
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Proof. Use induction on the order | X | of the set X. If | X | =1, say X = {x}, then
S.(X) = k[x]ife(|x], |x]) = 1; S (X) = k[x]/(x?) if e(|x], |x]) # 1, both of which are
clearly Noetherian.

Assume that x € X and X’ = X \ {x}. By induction A.(X’) is Noetherian. Let o,
be the automorphism of A.(X’) given by

ox(y) =e(xl. lyDy, Vye X'

Denote by A.(X")[t; o,] the Ore extension of A.(X") ([11], p.15) with respect to
the automorphism o, where ¢ is a variable. By (Theorem 1.2.9, [11]), A (X )[¢; o] is
Noetherian.

Note that there is an epimorphism of algebras

7 A (XD 0] — Se(X)
such that 7(f) = x and n(y) = y, y € X'. It follows that S, (X ) is Noetherian. O

2.4. Universal Enveloping Algebras U/(L)

Let L be a G-graded e-Lie algebra as in 2.1. Recall that the universal enveloping
algebra ¢/(L) of L is defined to be

UL) =T(L)/J(L)

where 7 (L) is the tensor algebra of L and 7 (L) is the two-sided ideal generated by
x®y—e(ghy®x—(x,y)forallxe L,,ye Lyand g, h e G.

Note that if L is trivial, i.e., (L, L) = 0, then U4(L) ~ S.(X ), where the set X is a
homogeneous basis of L labelled by the degrees of these elements in L.

Write the canonical map iy : L — U(L). Note that/(L) is a G-graded associative
algebra such that i;, is a graded map of degree e. For theory on G-graded rings, we
refer to the book [13].

Obviously there is an equivalence between the category of representations of the
color Lie algebra L and the category of /(L)-modules. Also graded representations
of L correspond exactly to graded ¢/(L)-modules (note again that Z/(L) is a G-graded
algebra). So the question we consider in the introduction can be re-stated as: Which
color Lie algebras have enough finite-dimensional representations and all of these
being completely reducible.

A remarkable fact is that the Poincaré-Birkhoff-Witt theorem holds for the
algebra U(L) of any color Lie algebra L, see (Theorem 1, [16]) or (Section 3, [4]).
For later use, we quote it as

PROPOSITION 2.5. Let L be a G-graded ¢-Lie algebra with the universal enveloping
algebra U(L), then the canonical map i is injective. Moreover, if {X}ica is a homo-
geneous basis of L, where A is a well-ordered set, then the set of ordered monomials
Xi\ Xiy - - - X;, i a basis of U(L), where ij < ijyy and ij < ijy if e(lxl, |, )) =—1, 1 <
j<nandn=0,1,---.

A direct consequence is

COROLLARY 2.6. If L is a finite-dimensional G-graded e-Lie algebra, then U(L) is
a Noetherian algebra.
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Proof. By (Section 4.C, [16]), we see that U(L) is a positively filtered algebra
with its associated graded algebra gri/(L) ~ S,(X), where X is a set of homogeneous
basis of L and is labelled by the degrees of the basis elements in L. It follows from
Lemma 2.3 and (Theorem 1.6.9, [11]) that Z/(L) is Noetherian. O

2.7. Augmented Enveloping Algebras 24(L)

Let us recall the notion of an augmented enveloping algebra U(L) of the G-graded
e-Lie algebra L: As a vector space U(L) := KG @ U(L), where KG is the group
algebra of G. The multiplication is given as

g®x)-(h®y) :=¢e(x|,hgh® xy

where g, h € G and x, y € U(L) are homogeneous. (Note that (L) = @gegU(L)g is
a G-graded algebra). One sees that Z/(L) contains /(L) and K G as subalgebras.

The algebra /(L) is a Hopf algebra with coalgebra structure maps A, e and
antipode S given by

Al =gRg A =1®x+x®h
(g =1, e(x) =0
S =g S =-xh",

where g € G and x € L. (See [4,7]).
We have

PROPOSITION 2.8. Let L be a G-graded ¢-Lie algebra. If L is finite-dimensional and
G is a finite group, then U(L) is a Noetherian Hopf algebra.

Proof. Since LNI(L) is a free left and right Z/(L)-module 02 finite rank, and U (L) is
Noetherian by Corollary 2.6, it follows immediately that ¢/(L) is a Noetherian left
and right ¢/(L)-module, so it is a Noetherian algebra. O

3. Cocycle Twist

In this section, we study cocycle twists of color Lie algebras, which turn out to
correspond to the cocycle twists of G-graded associative algebras, see Theorem 3.5.
We also offer an explicit example of a color Lie algebra sl5.

3.1. Let us recall the notion of a cocycle twist of a color Lie algebra as given in [16]
(alsosee [15]). Letc : G x G —> K> be a cocycle on the Abelian group G with trivial
action of Gon K, i.e.,

c(g, h)c(gh, k) = c(h, k)c(g, hk), (3.1)
@ Springer
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for all g, h, k € G. Define

c(g, h)

Bc(g’ h) = C(h g)s

Vg.he G

which is a bilinear form of G, see [0].

Let L = @gcgLg be a G-graded e-Lie algebra. Fix a triple (c, ¢, '), where c is a
cocycle of G, ¢ : G —> G’ is a morphism of Abelian groups, and ¢’ is bi-character of
G’ such that

e(g, (g, h) = c(h, )" (9 (g), ¢ (h)). (3.2)

The cocycle twist (Section 6, [16]) of L with respect to the triple (c, ¢, ¢’), denoted
by L€, is defined as follows:

(1). L= L as K-spaces; L is G'-graded by setting Ly, = @¢(g=g Lgforallg’ € G'.
(2). Define the bracket (—, —)¢ on L¢ as

(X, J’>C = C(g7 h)(x’ }’)7

forallx e Ly € Ly, y€ Ly € Ly, and g he G.

LEMMA 3.2. With notation as above, L€ is a G'-graded ¢'-Lie algebra.
Proof. We have to check the three axioms in the definition of color Lie algebras.
The gradation condition of L€ holds (since ¢ is a morphism); and the color symmetry
follows from the Equation (3.2).

What is left is the color Jacobi identity, i.e.,

(g k), p())(x, (y. 2)) + &' (9 (8). M)y, (2. X)) + &' (P (h), p(K))(z, (x, y)) =0

forallx e L, C L;,@, yvel,C L;’,(h), ze L, C L;(k) and g, h, k € G.
By the definition of (—, —)¢ and the color Jacobi identity of L itself, it suffices to

show

g'(p(k), p(8)
ek, g

g (@(g), dp(h)
(g, h)
_&(g(h), p(k))

e(h, k)

c(h, k)c(g, hk) c(k, g)c(h, kg)

c(g, h)c(k, gh),

forallg, h, k € G.
By Equation (3.2), we have

e(@k), 9(8) _ clk,g) and g @), o) _ cgh

e(k, g) c(g, k) (g, h) cth,g)’

So the first equality follows from

c(k, g
c(g. k)

c(g, h)
ch, g

c(h, k)c(g, hk) = c(k, g)c(h, kg).
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Now apply c(k, g)c(h, kg) = c(h, k)c(hk, g) at the right side of the above equation, we
obtain that the first equality follows exactly from

cth,g) ck,g _ cthk, g

cgh cgk g hk)

which is just the bilinearity of B, (see 3.1). Similarly, one can show the second
equality. This completes the proof. O

Let us consider an example of cocycle twist, which will be studied further in
Section 5. For more examples of cocycle twists, see [15, 16].

EXAMPLE 3.3. Assume that K is algebraically closed. sl, = sl(2, K) is the three-
dimensional simple Lie algebra over K, with stardard basis {e, /, f} such that

[h,el =2e, [e, fl=h, [h f1==-2F
where [—, —] denotes the Lie bracket of sl,. _
Puta, = %(e — 1), a= —%(e+ f)and a; = %h (where i = —1) in sl,. So
a1, a2] = —a3,  [a2,a3] = —ay, [a3,a1] = ax.
Assume that G = Z, x Z,. So sly = @geg X is a G-graded Lie algbera, with
Xo00=0, Xuo=Ka, Xon=Ka, Xaq=Kas.
Let ¢ be a cocycle of G given by
c((@r, @), (Br, B2)) = (=)™

for all oy, 0, /31, /32 € 7.
Take G’ = G, ¢ = Id and the bi-character ¢’ of G’ = G to be

' (a1, @), (1, P2)) i= (—1)nboh

for all oy, oy, B1, B2 € Z,. Clearly the Equation (3.2) holds (here the ¢ is trivial).

Denote by sl the cocycle twist of sl, with respect to the triple (c,1d, ¢’). By
Lemma 3.2, sl§ is a G-graded ¢’-Lie algebra. The algebra sl has a homogeneous basis
{ay, a,, a3}, with degrees given by

lai] = (1,0), a2l =(0,1), las| = (1, 1).
By definition of the cocycle twist, we obtain that the bracket (—, —) in sl is given by:
(ar,a2) = a3, (mp,a3) =ay, (a3, a1) =a,.

In other words, the universal enveloping algebra ¢/(sl5) is generated by a;, a,, a3 with
relations

aya; + axa, = as,
amaz + aza; = ay,
aza, + ayaz = ay,
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which is a G-graded associative algebra, with |a;| = (1,0), |az| = (0, 1) and |a3| =
(1, 1). Note that this algebra and its representations appear in (Appendix, [15]),
[3, 14].

3.4. We will show that cocycle twists of color Lie algebras in 3.1 coincide with the well-
known notion of cocycle twists (e.g., see [1]) of associative algebras, see Theorem 3.5.
Let G be an abelian group and A = @, A, be a G-graded associative K-algebra.
For any cocycle c of G, the cocycle twist of A with respect to ¢, denoted by A€, is
defined as: A€ := A as G-graded spaces; the multiplication ‘o’ on A€ is given by

oy i=c(g. W(xy), x‘€A;yeAy

where a¢ denotes the element in A ¢ which correspondstoa € A.

For example, if A = KG is the group algebra with the natural grading by G, then
KGF¢ is exactly the twisted group ring with respect to the cocycle ¢ ([13], p.12).

The main result of this section is

THEOREM 3.5. Using notation as in 3.1 and the above, we have an isomorphism
UL ~U(LS),

where U (L) is considered as a G-graded algebra and U(L)¢ its cocycle twist with respect
to c.

Proof. 1dentify L as a subspace of /(L), hence a subspace of ¢/(L)°. We claim that
there is an algebra morphism

O UL — UL

such that ®@(x) = x¢ for all x € L¢. (Note that L¢ = L as vector spaces.)
By the definition of /(L°), it suffices to check that

O(x) 0 O(y) — £'(9(8), p(N)O(y) 0 O(x) = O((x, y)°),

forall xe L, C L;;(g) and ye L, C L;(h), where ‘o’ denotes the multiplication of
U(L) and (—, —)¢ the bracket of L.
In fact,

Ox) 0 BO(y) — &' (¢(8), p(N)B(y) 0 O(x)
=x0y" —€&'(@(g),p(h)y o x‘

=c(g W (xy) — &' (9(g), p(M)c(h, &) (yx)©
= c(g, W) (xy)° — c(g, h)e(g, h)(yx)°

=c(g, W({x, y))°

= O((x, y)°).

(The fourth equality uses the fact that xy — e(g, h)yx = (x, y) in U(L); the last one
follows from the definition (x, y)¢ = c(g, h){(x, y).) So we have shown that the algebra
morphism O is well-defined.

Clearly ® is surjective, since U(L)‘ is generated by the image ®(L€) as an
associative algebra.
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To show that © is injective, let {x;};cn be a homogeneous basis of L (hence of L°)
with A well-ordered, then by Proposition 2.5, the monomials x; x;, - - x;, I; < i1
and i; < ij whenever &'(¢(g)), ¢(g)) = —1, where x; € L, C pr(g/_) (1=<j<n),
forms a basis of U/ (L°).

Note that (g, g) = &'(¢(g), ¢ (g)) by Equation (3.2). In particular, ¢(g, g) =1 if
and only if ¢'(¢(g), #(g)) = 1. So again by Proposition 2.5, the set of the images of
these monomials, i.e., {®(x;x;, - - - x;,)}, is linearly independent in ¢ (L)¢, it follows
that ® is injective. This completes the proof. O

4. FCR-algebras and Proof of Theorem 1.1

In this section, we will prove several results on FCR-algebras, from which
Theorem 1.1 follows.

4.1. Let A, be a K-algebra and G a group acting on A, as algebra automorphisms,
and let ¢ : G x G —> K* be a cocycle. Recall that the crossed product ([13], p.11)
A, *. Gisjust a free A.-module with basis G, where G = {glg € G}isa copy of G as
a set, and its multiplication is given by

(axg)- (b *h):=c(g ha(g.b)*gh,

forallg,h € Ganda,b € A,. (We denote by ‘.” the G-action on A,.)
Recall a notation (e.g., see [12], p77): Let A be an algebra and B C A a subalgebra,
and let M be a left B-module. Then A ® 3 M becomes a left A-module defined by

a.d @pm:=ad Qg m

for all a,a’ € A and m € M, where a ® g m is viewed as an element of A ®p M.
Moreover, if M is a finite-dimensional B-module and A is a finitely generated right
B-module, then A ® g M is also finite-dimensional.

We need the following result.

THEOREM 4.2. Let G be a finite abelian group and A, a Noetherian K-algebra.
Suppose that A = A, *. G is a crossed product as above, then A is an FCR-algebra
if and only if A, is an FCR-algebra.

Proof. We may assume that c(g, e) = c(e, g) = 1 for all g € G. (Otherwise, replace

c

by cle, e)’
Appendix.) Identify A, as a subalgebra of A=A, x. G by sending a to a x e for all
a e A, and view G as a subset of A by identifying g with 1 x g for all g € G.

For the ‘if’ part, assume that A, is an FCR-algebra. Let W be a finite-dimensional
A-module with a submodule V. So W is also an A,-module with the A,.-submodule
V. Since A, is an FCR-algebra, in particular, every finite-dimensional A-module is
completely reducible. So V'is a direct summand of W as A.-modules. In other words,
there exists an A.-module morphism

note that for a cocycle c, c(g,e) =c(e, h) for all g, h € G, see the

pPe: W —V

such that p.|y = Idy.
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Define p: W — V as

1 1 JR—
(w) = — (g7 lw), YweW.
PTG L cgg g g 5P

We claim that p is an A-module morphism.

Note that A is generated by A, and the set G as an associative algebra. So it
suffices to show p(aw)=ap(w) and p(hw) = hp(w),foralla € A,,h € Gandw € W.
We have

1 1 —_—
- —1
plaw) = = Zc(g,g_l)gl’dg aw)
1N
Gl ez g™

1 1 —_—
= 16 - Z e onGw)

————gp.((g " a)gTw)

1 1 —
agp.(g~'w) = ap(w).
e ZG c(g.87")

and

1 1 ——
h — 2Pz (h
plhw) = o= Zc(g o7y 8pe(8 ()

geG
1 cg™! h)_
:ﬁzc(g, ) 8Pe(8~ lhw)
! c(g h) _
"Gl hh e _lh
Gl £ c(8. 87 Deh. h™1g) 8Pe(8™ hw)
= hp(w).

where the last equality uses the following identity

c(g”l h) B 1
c(g. g eth,h=lg) ~ c(hg, g 'h)’

which will be proved in the Appendix. So we have proved that p is an A-module
morphism.

Clearly p|y = Idy. So as A-modules W = V @ Ker(p), i.e., every submodule V of
W is a direct summand, equivalently, W is a completely reducible A-module. Till now
we have proved that every finite-dimensional A-module is completely reducible.

Leta = dec ag * g be anonzero element in A, where each a; € A,. Assume that
ap # 0 for some & € G. Since A, is an FCR-algebra, in particular, for every nonzero
element b of A,, there is a finite-dimensional A,-module on which b acts nontrivially.
So there is a finite-dimensional A.-module, say W, such that there exists some w € W
with a,w # 0. Consider W' := A ® 4, W, which is a finite-dimensioanl left A-module
(see the notation in 4.1). Note that

Vg he G, (4.1)

a.(l®a,w) = a;%8.1®4, w
geG

=Y (g g Hg®a, (aw),
geG
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which is nonzero, since ajw # 0 and {g|g € G} is a basis of A as an A,-module.
Consequently, the intersection of the annihilators of all finite-dimensional A-modules
is zero. This completes the proof that A is an FCR-algebra.

For the ‘only if’ part, assume that A is an FCR-algebra. First note that it suffices to
show the case where K is a splitting field of G.

Assume that F is a finite-dimensional splitting field (see [2]) of G which contains
K and assume that the ‘only if’ part holds when K = F. Write Ar = A ®x F and
A.r=A.Q®k F,then Ar and A, r are F-algebras. Moreover, we have

AF = Ae,F *c G.

By (Proposition 3(2), [9]) Af is an FCR-algebra over F. By the above assumption,
A, ris an FCR-algebra, and so is A,, again by (Proposition 3(2), [9]).

Now we can assume that K is a splitting field of G, so KG ~ K x --- x K (|G|-
copies). Denote G* = {x| x : G — K* is a group morphism} to be the dual group
of G, the order of which is |G|, and x(g) = 1 forall x € G*if and only if g = e in G.

There is a G *-action on A given by

x-axg:=x(g@axg, VYaecA,geG,xeG".

Obviously the invariant subalgebra A¢" is exactly A,. Note that A is Noetherian,
since it is a free A,-module of finite rank and A, is Noetherian. Now applying a
result of Kraft and Small (Proposition 1, [9]), we obtain that A, is an FCR-algebra.
This completes the proof. O

4.3 Let G be an Abelian group and ¢ a cocycle on G. Then the twisted group ring
KG*° = ®4e6 Kug has multiplication given by

Ug - Uy, = c(g, h)ug.

Note that KG* is a cocycle twist of the group algebra KG (see 3.4).
As an application of Theorem 4.2, we have

PROPOSITION 4.4. Let A = ®gccAg be a G-graded algebra where G is a finite
abelian group, and let A€ be the cocycle twist of A (see 3.4). Assume that both A and
A°€ are Noetherian. Then A is an FCR-algebra if and only if A€ is an FCR-algebra.

Proof. For a homogeneous element a of A (or A€), write |a| for the degree of a. There
is a G-action on A° as algebra automorphisms given by

e clglah) .
a = a
c(lal, &)

for all homogeneous elements a® € A€ and g € G. (Here a¢ denotes the correspond-
ing element in A€ of a € A, see 3.4.) Note that B, (see 2.1) is bilinear, so the above
action is well-defined. With this action and the cocycle ¢, we define the crossed
product A€ *. G.

Defineamap ¥ : A™G — KG°® A by

W(a®*g) = c(lal, &u, ®a
@Springer
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for all homogeneous elements a° € A€ and g € G. Clearly W is bijective with the
inverse given by

\IJ’I(ug®a) = a‘ x lal-lg.

c(lal, la|~"g)

We claim that W is an algebra map, hence an isomorphism. Then if A is an FCR-
algebra, so is KG* ® A by (Proposition 3(1), [9]). Via the isomorphism W, applying
Theorem 4.2, we get that A€ is an FCR-algebra. Conversely, note that (A C)Cfl =A,
so if A¢is FCR then A is FCR, as required.

To see that W is an algebra map, note that in A€ %, G,
axg-b xh=c(g ha‘o(ghb®)xgh o
= c(g, h)c(lal, [b[)(a(g.b®)) x gh

,|b —
— c(g myc(lal, b S8 (o s o,
c(lbl, ®

where ‘o’ denotes the multiplication in A€ and g.b © denotes the G-action on A°.
So

c(g. 1b])

W *g-bSxh)= (b].2)

c(g, hyc(lal, [bDelallb], gh)upgn ® ab.

On the other hand,
W@ xg) - Wb xh) =c(al, e)c(bl, h)c(lalg, |b|h)ujapign ® ab.

So the fact that W is an algebra map, i.e., W(a“*g) - W(b *h) = W(a xg-b° xh),
follows from the following identity

(8. 1bDe(g, hc(lal, [b)e(lallbl, gh) = c(Ib|, g)c(lal, )c(Ib |, h)c(lalg, |b|h),  (4.2)
which will be proved in the Appendix. So this completes the proof. O

Remark 4.5. If G is a finite Abelian group and c a cocycle of G, then we have that A
is Noetherian if and only if A€ is Noetherian.

Recall a fact: If R = @geg Ry is a Noetherian G-graded algebra, then R, is also
Noetherian.

In fact, if A is Noetherian, so is KG¢ ® A. Therefore A*G is Noetherian via the
isomorphism W. Note that A“G = @z A*g is a G-graded algebra with the e-th
component A°. Applying the above fact, we get that A€ is Noetherian. Conversely,
just note that (A€)° ' = A, i.e., A is a cocycle twist of A€ by ¢!

4.6 Let A = @gecAg and B = @y B, be G-graded algebras. Let ¢ be a bilinear
form on G. Then the e-tensor product A® °* B of A and B is known as
A®°B = @gpecAg ® By,
with multiplication
a®b-ad @b’ :=¢e(|b|, |d'|)aa’ @ bb’

for all homogeneous elements a,a’ € A and b, b’ € B. So we have the following
result, which can be viewed as an analog of (Proposition 3(1), [9]).
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PROPOSITION 4.7. Assume further that G is a finite Abelian group and A @ B is a
Noetherian algebra. If A and B are FCR-algebras, then A® ¢ B is also an FCR-algebra.

Proof. Note that the usual tensor product A ® Bis a G x G-graded algebra with the
decomposition of vector spaces as

A® B =8®gncexcAg® Ba.

Define a cocycle con G x G as

c((g, ), (g' h")) :=¢(h, g

forall g, g’, h, h' € G.So we have the cocycle twist (A ® B)° of A ® B.
An observation is that

AR*B~ (AQ® B)",

sendinga ® b to (a ® b)° (where (a ® b)¢ denotes the elements of (A ® B), see 3.4).
Now the results follows from Proposition 4.4 and Remark 4.5. O

4.8. Proof of Theorem 1.1

(1). Note that by Corollary 2.6 and Remark 4.5, U(L), U(L) and U(L)‘ are
Noetherian. Now (1) follows directly from Theorem 3.5 and Proposition 4.4.
(2). There is a G-action on the augmented enveloping algebra /(L) given by

gx:=¢e(g,hx, VxeU(L),gheG

With this action and the trivial cocycle of G, which will be denoted by 1, we can define
the crossed product (L) *; G.
Note that the following map is an algebra isomorphism:

®:UL) — UL) %, G

where ®(g ® x) = (g, |x])x * g, for all homogeneous elements x € U(L) and g € G.
(Recall that ¢/(L) is a G-graded algebra, see 2.4, and |x| denotes the degree of x.)
Clearly @ is bijective, and so it suffices to show that @ is an algebra map. We have

P((g®x) - (h®y) =Pe(xl, Hgh®@xy)
= e(|x], h)e(gh, |xyl)xy * gh
= (g, lxyDe(h, |yDxy = gh,

and

P(g@x) - Ph®Y) =e(g [xDeh, [y) (x+8) - (y*h)
= e(g. IxDe(h, [y x(g.y) xgh
= e(g. |xDe(h, [yDe(g, [y]) xy * gh,

where x, y € U(L) are homogeneous elements and g, & € G. So we obtain that ¢
(g®x)- h®y)=P(EgRx) - -Phy),ie., ®isan algebra map.

Now the result follows directly from Theorem 4.2. This completes the proof of
Theorem 1.1. O
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5. The Color Lie Algebra sl;

In this section, we will study the finite-dimensional representations of the color Lie
algebra slj (see Example 3.3), which is a cocycle twist of the Lie algebra sl, = sl(2, K).
The field K is assumed to be algebraically closed of characteristic zero.

5.1. Recall that slj is a G-graded ¢-Lie algebra, where G = Z, x Z, and
e((ay, ), (B1, B2)) = (—1)@Prmeh

for all @y, a2, B1, B2 € Z,. A homogeneous basis of slj is given as {ay, a2, a3} such that
lai| = (1,0), |az| = (0, 1) and |az| = (1, 1).

The bracket of sl§ is given by
(a1, a2) = a3, (@, a3) =ar, (a3, a1) = a,.

As we see in Example 3.3, slj is a cocycle twist of sl, with respect to the triple
(c, 1d, &), with the cocycle ¢ given as

c(ai, ), (B1, B2)) = (=)

for all oy, a2, B1, B2 € Z,. By Theorem 1.1 (1), the algebra 14(sl}) is an FCR-algebra,
in particular, every finite-dimensional (sl5)-module is completely reducible. Now we
aim to compute all the finite-dimensional simple ¢/(s15)-modules (up to isomorphism).

First list some finite-dimensional simple ¢/(sl5)-modules, equivalently, simple rep-
resentations of sl as follows:

(1) V: Is an n-dimensional simple % (sl5)-module with basis {ey, - - , e,}, where
o = (a1, ) and oy, ap € {1, —1}.

The U(sl5)-action is given by

(=n-!

aj.ej =a (Qn—pejr1—(j—Dej1), 1=j<n—1;

(_1 n—1

ay.e, = (azne, — (n — 1e,_1);

1 ) .
ay.ej = —5((211 —pejpi+(—Dejimy), 1=j<n-1

1
a.e, = _E(sznen + (n— Den_1);

(=1’
2

az.ej =a 2n—-2j+1)e;, 1=<j=<n,

where we understand ey = 0.

(2) W": Is an n-dimensional simple 2/ (sl5)-module with basis {ey, - - - , e,}, where n
is odd.
The U(sl5)-action is given by
(—n/! .
a.e; = ((n—=pej1 —(— Dej_1);

2
1 .
ay.e; = —5((11 — e+ (J— Dej1);

—1/
( 2) (n—2j+ e,

for all 1 < j < n, where we understand ey = ¢,,.; = 0.

as.ej =

@ Springer



Algebr Represent Theor (2006) 9: 633-650 647

Our main result of this section is

THEOREM 5.2. The color Lie algebra sl§ has exactly four non-isomorphic simple
representations V! of even dimension n; five non-isomorphic simple representations
V2 and W" of odd dimension n.

5.3. To show Theorem 5.2, we need the following result.

PROPOSITION 5.4. There exists an algebra embedding T : U(sl5) —> M, (U (sL))
given by

ra =3 (0 p¢%) =5 (5% ) =5 (53).

where {e, f, h} is the standard basis of sl, as in Example 3.3, and M,(U(sly)) is the
algebra of full 2 x 2 matrices with entries from U(sl,).
Moreover, via the embedding T', M,(U(sly)) is a free U(sL5)-module of rank four.

Proof. Keep notation as in 5.1. Write KG¢ = @®,ec Ku, to be the twisted group ring.
First note that there exists an isomorphism F : KG¢ — M,(K) defined by

10 01 10 01
Uoo = \g1 ) ¥a.o=> 1) Yon=\g_1)> Yan=>\_10)-

Consider I' to be the composition

UGS 2 U (sL)° <5 UGL) e G~ KG @ Ush)
Feld
~ My(K) @U(sl) = MyUsh)),
where © is the isomorphism in Theorem 3.5; j(x) = x = e for all x € U(sl5) (e is the
unit of G); the isomorphism W is defined in the proof of Proposition 4.4; and F'is just
given as above. ,

Note that in U(sl,) (and U(sl)¢), we have a; = (e — f), a, = —%(e + f)and az =
éh (i = —1). A direct computation gives the embedding I'. (we will omit the details.)
And clearly, M,(U(sly)) is a free U(sl5)-module of rank four via the embedding T,
since U(sl,)¢ *. G is a free U(sl,)°-module of rank four. This completes the proof. O

5.5. Recall that the unique n + 1-dimensional simple representation V(n) of the Lie
algebra s, (e.g., see [5]), is given by

evj=n— pvji,  hvj=@m—=2)v; fo;= jui,

where {vg, vy, -+, v,} is a basis of V(n) and 0 < j < n (assuming v_; = v, = 0).

Consider K2 ® V(n) to be a left module of M,(K) ® U(sl,) ~ M,(U(sl)), where
K?is aleft M,(K)-module in the obvious sense. Let €, ¢; be a standard basis of the
space K? and put

Vk,j = €k Q v,

where k € Z, and 0 < j < n.So {vi jlk € Z,,0 < j < n} is a basis of K?>® V(n).
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Using the embedding I" in Proposition 5.4, we obtain that there is an induced
U(sl5)-action on K 2 ® V(n) defined as follows:

i .
ay.vg,j = 5((" = DVki1, 41 — JUk1,j-1),
1 .
a.vg ;= —5(—1)"(0@ — Dk j1 + ok j-1),

i
az.vgj = 5(—1>"(n — 2)Vkt1,js

forallk € Z, and 0 < j < n. (Note that kisin Z,,i.e., 1 + 1 =0.)
We have the following observation.

LEMMA 5.6. View K*> ® V(n) as an U(sl5)-module as above. Then

1). K2’@Vn-—1)~W"® W"ifnis odd;
(2). K*@Ven-1)x=V{, eV} _ eV, , &V, _, foralintegern> 1.

Proof. (1) Assume that n is odd. Take {v j} to be a basis of K> ® V(n — 1) as above,
and define

. i1 . i
uj:U(),j—i-l(—l)H— vy, and M//':U(),j—i-l(—l)jvl’/'

forall 0 < j<n—1, and let U and U’ be the subspaces spanned by {u;} and {u’}},
respectively. So we have

K)*@Vin-1)=UasU

as U (sl3)-modules.

Moreover, U ~ W" by sending u; to ej41, 0 < j<n—1; U’ =~ W”" by sending ul
to e,—j, 0 < j<n—1 (here we use that fact that n is odd). So the decomposition
follows.

(2) As in (1), we define u; and u] for0<j<2n—1in K?® V(2n — 1), and the
U(slS)-submodules U and U'. Still we have K2 @ V2n—- 1) =U o U'.

Set

Wiy '=Uj+ Upp—j1 and Wj— =Uj— Upp—j-1

forall 0 < j<n—1. Let Uy and U_ be the subspaces of U spanned by {w;} and
{w;_}, respectively. Then we get

U=U,oU.

as U(sl5)-modules.

Moreover, U, =~ V’Zl’l) by sending w; to ey, 0< j<n—-1; U_ ~ V'(‘l,_l) by
sending w;_toej 1,0 < j<n-—1

Similarly, we can prove that U' >~ V', |y & V', _, . This completes the proof of
Lemma 5.6. O

5.7. Proof of Theorem 5.2

First note that all the listed ¢/(sl5)-modules V” and W" in 5.1 are simple and pairwise
non-isomorphic.
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On the other hand, let W be a finite-dimensional simple ¢/(sl})-module. Via the
embedding I in Proposition 5.4, U(sl}) is a subalgebra of M, (U(sl,)) and M, (U (sL,))
is a right free ¢(sl5)-module of finite rank. Write

W' = MyU(sh)) Ques W,

which is a finite-dimensional M, (U (sl))-module (see the notation in 4.1).
Consider the map

t:W—Ww’'

such that #(w) = 1 ®s15) w for all w € W. Clearly ¢ is injetive and it is an U (sl5)-
module morphism. Since #(sl§) is an FCR-algbera (see 5.1), W is a direct summand
of W’ as U(sl5)-modules.

Recall a well-known fact: Let A be an associative K-algebra and M,(A) denotes
the algebra of 2 x 2 matrices with entries from A. Then for any left M,(A)-module
M, there is an A-module N such that M ~ K2 ® N.

Apply this fact to the M,(U(sl;))-module W'. So there exists a finite-dimensional
U(sly)-module V such that K> ® V ~ W'. Write V = ®V (n;) as the decomposition of
U(sly)-modules for some non-negative numbers 7;. So we get

W' ~6K*® V()

as M, (U(sly))-modules. Consequently, W is a direct summand of ®K>® V(n;) as
U(sl5)-modules. Now applying the decompositions in Lemma 5.6, we see that W is
among the list of V7, and W". This completes the proof. O

Appendix

In this section we will give the detailed proofs of the identity (4.1) and (4.2), which are
direct consequences of the cocycle condition (see Equation (3.1)). However it seems
that there is no exact reference.

Throughout G will be a finite Abelian group with identity elementt e and ¢ : G x
G — K* acocycle, i.e.,

c(g, h)c(gh, k) = c(h, k)c(g, hk), Vg, h, keG.

We denote the above equation by (g, &, k).

6.1. By (g, e, e) and (e, e, h), we get
c(g,e) =c(e,h) =cle,e), Vg hedG.
By (h, k=1, h), ie.,
ch,h ™ Ye(e, h) = c(h™!, h)c(h, e),
we getc(h, h™") =c(h™', h) forall h € G.

6.2. The identity (4.1) is equivalent to

c(g”! heth™'g, g7 hy = c(h, h™'g)c(g, 87", Vg heG.
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In fact

c(g ' eth™'g. g7 ' hy =cth™'g.g Heth™" h) (use (h™'g. g7 ' h)
=cth g, g Heth, k™) (use c(h,h™") =c(h™', b))
=c(h,h™'g)c(g.g7") (use (h,h™'g, g7")).

This proves the identity (4.1).

6.3. For the identity (4.2),

c(g, IbDe(g, hyc(lal, |b)c(lallb|, gh)

=c(g, [b])c(g, h)c(b|, gh)c(lal, |b|gh) (use (lal, |b], gh))

=c(g |bDc(b], g)c(blg, Wc(lal, |blgh) (use (|b], g, h))

=c(lbl, g)c(|b|, h)c(g, |blh)c(lal, |b|gh) (use |b|g = glb]| and (g, |b], h))
=c(|b|, @c(b|, h)c(lal, g)c(lalg, |b|h) (use |b|gh = glb|h and (|al, g, |b |h)).

This completes the proof.
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