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1 Introduction

Matrix factorizations are introduced in [31], which are used to obtain periodic free resolutions over hyper-
surface singularities. They have important applications in knot theory [42], string theory [21, 39, 40], Hodge
theory [5], singularity categories [17, 48] and representation theory [38] of quivers. We refer to [47] for a leisurely
introduction.

In what follows, we will first recall three theorems relating matrix factorizations to finitely generated
Gorenstein projective modules over the quotient ring: the original theorem [31] by Eisenbud, its global ver-
sion [48] and its noncommutative version [22, 45]. Then we describe the main results, which relate module
factorizations with Gorenstein projective components to Gorenstein projective modules over the quotient ring.
The key feature is that we deal with arbitrary modules over arbitrary rings. Furthermore, we strengthen the
noncommutative version of Eisenbud’s theorem.

1.1 Matrix factorization theorems

Let S be a commutative local noetherian ring with w € S. A matrix factorization of w over S is a quadruple
X = (X°, X'; d%, dy) with each X' a finitely generated free S-module, d%: X° — X' and dy: X! — X° two mor-
phisms of S-modules satisfying d} o d% = wIdxo and d% o dy = w Idx:. If we choose bases for X', the two mor-
phisms dﬁ( are represented by two matrices D! with entries in S. Then we have the following genuine factoriza-
tions of the scalar matrix wI:
D'D’ = wI = D°D.

Here, I denotes the identity matrix. Denote by MF(S; w) the category formed by matrix factorizations, and by
ME(S; w) the stable category modulo null-homotopical morphisms.

Consider the quotientring § = S/(w). Denote by S-mod the abelian category of finitely generated S-modules,
and by S-mod the stable category modulo projective modules. Denote by MCM(S) the full subcategory of S-mod
formed by maximal Cohen-Macaulay S-modules and by MCM(S) the corresponding stable category.
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The zeroth cokernel functor
Cok?: ME(S; w) — S-mod
sends any matrix factorization X = (X, X'; d%, d¥) to the cokernel of d% : X° — X!, which is denoted by Cok’(X).
Since w vanishes on Cok® (X), it is naturally an S-module.
The following matrix factorization theorem is classical; see [31, Section 6].

Theorem A (Eisenbud). Assume that S is a regular local ring and that w € S is nonzero. Then the zeroth cokernel
functor induces an equivalence
Cok®: ME(S; w) = MCM(S).

The stable category MFE(S; w) of matrix factorizations is always canonically triangulated. In the setup above,
the quotient ring S is Gorenstein. Then MCM(S) is also canonically triangulated [36]. The above equivalence is
actually a triangle equivalence. We emphasize the necessity of the condition that w is nonzero.

To describe a global version of Theorem A, we assume that S is a commutative noetherian ring which is not
necessarily local. Recall that an element w € S is called regular if it is a nonzero divisor.

Fix a regular element w € S. We have to extend the definition of a matrix factorization of w over S by
allowing each component X' to be a finitely generated projective S-module. Denote by S-Gproj the full sub-
category of S-mod formed by finitely generated Gorenstein projective S-modules [1], and by S-Gproj its sta-
ble category. Finitely generated Gorenstein projective modules are called modules of G-dimension zero in [1],
Cohen-Macaulay modules in [8] and totally reflexive modules in [2].

When S is regular local, any nonzero element w is regular. The quotient ring § is local Gorenstein, and we
have MCM(S) = S-Gproj; see [1, (4.13) Theorem)]. This is one of the main motivations to study finitely generated
Gorenstein projective modules.

The following global version of Theorem A is a slight reformulation of [48, Theorem 3.9]. We mention that
its non-affine version is given in [49, Theorem 2]; compare [18, 30, 52].

Theorem B. Assume that S is a commutative noetherian ring with finite global dimension and that w € S is
regular. Then the zeroth cokernel functor induces a triangle equivalence
Cok®: ME(S; w) = S-Gproj.

We will recall a noncommutative version of Theorem B from [22, 45]. Let A be a left noetherian ring. An element
w € A is regular if aw = 0 or wa = 0 implies that a = 0. An element w € A is normal if Aw = wA; in this case,
both equal (w) = AwA. Then there is a unique ring automorphism g: A — A such that wa = o(a)w holds for
each a € A. When the regular element w is central, we have o = Id4. Regular normal elements play a central
role in defining noncommutative complete intersections [43] in noncommutative algebraic geometry.

For each left A-module M, denote by ?(M) its twisted module. Its typical element is denoted by ?(m), and
its left A-action is given by a?(m) = ?(o(a)m). We have a canonical morphism of A-modules wy;: M — (M),
which sends m to ?(wm).

By a matrix factorization [22] of w over A, we mean a quadruple X = (X°, X; d?(, d}() such that each X' is
a finitely generated projective A-module, d%: X° — X" and dy: X! — 9(X°) are morphisms satisfying

dyody =wy and 9(d%)edy = wyi.

We denote by MF(A; w) the category of matrix factorizations of w, and by MF(A; w) its stable category.
Let A = A/(w) be the quotient ring. We still have the zeroth cokernel functor

Cok®: MF(A; w) — A-mod,
where the A-module Cok(X) is defined to be the cokernel of d%: X° — X*.

Theorem C. Assume that A is a left noetherian ring with finite left global dimension and that w € A is regular
and normal. Then the zeroth cokernel functor induces a triangle equivalence

Cok®: MF(4; w) = A-Gproj.
We mention that a graded version of Theorem C for AS-regular algebras is due to [22, Theorem 5.8] and [45, Theo-
rem 6.6]. The argument given there applies well to the ungraded case.



DE GRUYTER X.-W. Chen, Module factorizations == 1641

1.2 The main results

In this subsection, we will describe the main results.

Throughout the paper, we fix an arbitrary ring A and an element w € A which is regular and normal.
There is a unique ring automorphism o: A — A satisfying wa = o(a)w for any a € A. Set A = A/(w) to be the
quotient ring.

By a module factorization of w over A, we mean a quadruple X = (X0, x1: dg’(, d}(), where both X! are arbi-
trary A-modules, d%: X° — X' and d}: X! — 9(X°) are morphisms satisfying

dyody=wx and 9(d})ody = wx.

Denote by F(A4; w) the abelian category formed by module factorizations; compare [11]. Module factorizations
over commutative rings are defined in [29], which are called linear factorizations; see also [13] and compare
[32, Section 9]. We refer to [4, 12] for factorization categories, and [15, 50, 51] for differential graded aspects of
matrix factorizations.

Therefore, a matrix factorization of  is just a module factorization X with each component X a finitely
generated projective A-module. They form a full subcategory MF(4; w) of F(4; w). Denote by A-Mod the category
of left A-modules. We will consider the zeroth cokernel functor

Cok®: F(A; w) — A-Mod,

which sends any module factorization X to the A-module CokO(X), that is, the cokernel of d?(: X0 — x1,

We introduce a brand new homotopy relation, that is, p-null-homotopical morphisms between module fac-
torizations in Section 4. For morphisms between matrix factorizations, p-null-homotopical morphisms coincide
with the usual null-homotopical morphisms. Denote by F(4; w) the stable category of F(4; w) modulo p-null-
homotopical morphisms. Then the stable category MF(4; w) is viewed as a full subcategory of F(4; w).

Recall that Gorenstein projective modules that are not necessarily finitely generated are introduced in [33].
These modules play a central role in Gorenstein homological algebras. Gorenstein projective modules form
a Frobenius exact category; see [9, Proposition 3.8]. On the other hand, any Frobenius exact category is equiva-
lent to a certain category formed by Gorenstein projective modules over some category; see [26, Theorem 4.2].
This close link to Frobenius exact categories makes Gorenstein projective modules indispensable in modern
homological algebra. Moreover, the integral representation theory of finite groups [6, 7, 17] mainly studies
Gorenstein projective modules over the group rings.

We denote by A-GProj the full subcategory of A-Mod formed by Gorenstein projective A-modules. Its stable
category A-GProj modulo projective A-modules is canonically triangulated.

Denote by GF(4; w) the full subcategory of F(A; w) formed by those module factorizations X with each
component X' a Gorenstein projective A-module, and by GF(4; w) the corresponding full subcategory of F(A; w).
It seems to be nontrivial that GF(4; w) is naturally a Frobenius exact category, whose proof relies on certain
Frobenius functors [46]; see Section 3. Consequently, the stable category GF(A; w) is canonically triangulated.

Denote by G'F(A; w) the full subcategory of GF(A4; w) formed by those module factorizations X with the
component X! projective. The corresponding full subcategory G°F(A; w) of GF(4; w) is a triangulated subcate-
gory. We emphasize that the suspension functors on both GF(4; w) and G’F(A; w) are different from the usual
suspension functor on matrix factorizations; see Section 4.

Theorem 1 (= Theorem 5.6). The zeroth cokernel functor Cok: F(4; w) — A-Mod induces a triangle equivalence
Cok’: GF(4; w) = A-GProj.

We mention that module factorizations with maximal Cohen—Macaulay components over a commutative local
Gorenstein ring appear implicitly in the study [32] of layered resolutions. In view of [32, Section 9], Theorem 1
to some extent, at least its finite commutative version, is expected by experts.

Each A-module M yields a trivial module factorization 8°(M) = (M, M;Idy;, wys). Denote by N the full sub-
category of GF(A; w) formed by those objects that are isomorphic to 8°(G) for some Gorenstein projective
A-module G. It is a triangulated subcategory; moreover, it is triangle equivalent to A-GProj.
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Theorem 2 (= Theorem 6.5). The zeroth cokernel functor Cok®: F(4; w) — A-Mod induces a triangle equivalence
GF(4; w)/N = A-GProj,
where GE(A; w)/N denotes the Verdier quotient category.

When the ring A has finite left global dimension, any Gorenstein projective A-module is projective. Therefore,
the category N is trivial and G’F(A4; w) = GF(4; w). Consequently, the equivalences in Theorems 1and 2 coincide.
Denote by A-Gproj<** the full category of A-GProj formed by those totally reflexive A-modules with finite
projective dimension as A-modules; it is a triangulated subcategory of A-GProj. We mention that if A is left
coherent, then totally reflexive A-modules coincide with finitely presented Gorenstein projective A-modules.

Theorem 3 (= Theorem 7.2). The equivalence in Theorem 1 restricts to a triangle equivalence
Cok?: MF(4; w) = A-Gproj<+®.

In Theorem 3, if A has finite left global dimension, we have A-Gproj = A-Gproj<*®. Then we strengthen Theo-
rem C. The equivalence in Theorem 1is an extension of the one in Theorem 3. Therefore, Theorems 1 and 2 might
be viewed as vast extensions of Theorem A, namely Eisenbud’s matrix factorization theorem. Even when the
ring A is commutative local noetherian, the obtained equivalences in Theorem 1 and 2 seem to be brand new.

Since duality functors do not behave well on arbitrary modules, the argument [22, 45] in proving Theo-
rem C does not extend to our setting. The main ingredients of the proof of Theorem 1 are Theorems 2.8 and 5.5.
Theorem 2.8 implies that an A-module is Gorenstein projective if and only if its first A-syzygy is Gorenstein
projective. Theorem 5.5 establishes an equivalence between A-Mod with a certain full subcategory of the stable
category of F(A; w). Theorem 2 relies on Theorem 1 and a recollement in Proposition 6.3. In a certain sense, the
recollement in Proposition 6.3 illustrates better the relation among GF(A; w), A-GProj and A-GProj.

The paper is organized as follows. In Section 2, we relate Gorenstein projective A-modules to Gorenstein
projective A-modules in Theorem 2.8. We prove a change-of-rings theorem on Gorenstein projective dimen-
sions in Theorem 2.10. In Section 3, we relate the category of module factorizations to the module category over
a matrix ring in Proposition 3.4. We obtain various Frobenius functors, and infer that the category GF(4; w)
is Frobenius exact in Proposition 3.11. We introduce p-null-homotopical morphisms in Section 4. We study the
zeroth cokernel functor and prove Theorem 1in Section 5. We obtain a recollement in Proposition 6.3, and prove
Theorem 2 in Section 6. We study matrix factorizations and prove Theorem 3 in Section 7. In the final section,
we illustrate the obtained results using integral representations of finite groups.

In what follows, modules are always left modules. We refer to [36, 41] for Frobenius exact categories and
triangulated categories. For Gorenstein projective modules, we refer to [28, 33, 37].

2 Gorenstein projective modules and dimensions

In this section, we study Gorenstein projective modules over A and the quotient ring A = A/(w). The main result
implies that an A-module N is Gorenstein projective if and only if its first syzygy Q4 (N) is a Gorenstein projective
A-module; see Theorem 2.8. We reformulate Theorem 2.8 as a change-of-rings theorem on Gorenstein projective
dimensions in Theorem 2.10, which in turn allows us to slightly strengthen Theorem 2.8; see Theorem 2.13.

Denote by A-Mod the category of left A-modules, and by A-Proj its full subcategory formed by projective
A-modules. The stable category of A-Mod modulo morphisms factoring through projective modules is denoted
by A-Mod. We have the syzygy endofunctor Q4 : A-Mod — A-Mod.

2.1 Gorenstein projective modules and approximations

We usually denote a cochain complex of A-modules by P* = (P", d})nez, Where the differentials dj: P" — P"* 1
satisfy d1’§+1 o dp = 0. Recall that an unbounded complex P* is called totally acyclic provided that it is acyclic
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with each component P" projective and that, for each projective A-module Q, the Hom complex Homy (P*, Q) is
always acyclic. An A-module L is Gorenstein projective if there exists a totally acyclic complex P* with L =~ Z0(P*).
Here, Z0(P*) = Ker(d?,) is the zeroth cocycle of P*, and the complex P* is called a complete resolution of L. We
denote by A-GProj the full subcategory formed by Gorenstein projective A-modules, and have A-Proj < A-GProj.

It is well known that A-GProj is closed under extensions in A-Mod; see [37, Theorem 2.5] and compare
[2, Lemma 2.3]. Therefore, it is naturally an exact category in the sense of [53]. Moreover, it is Frobenius, whose
projective-injective objects are precisely all projective A-modules; see [9, Proposition 3.8 (i)]. Consequently, by
[36, 1.2], the stable category A-GProj is naturally triangulated. In particular, the restricted syzygy endofunctor
Q4: A-GProj — A-GProj is an autoequivalence, and its quasi-inverse is the suspension functor of A-GProj.

Let 8 be any full subcategory of A-Mod. For an A-module L, a left S-approximation of L means a mor-
phism f: L — Swith S € 8 such that any morphism ¢t: L — T with T € § factors through f, that is, there exists
t': S — Tin § satisfying t = t' o f. For each n > 1, we define the full subcategory

Lum§ = (L e A-Mod | Ext!,(L,S) = 0forallSe 8, 1< i< n}.

We set 8 =[5 *018.
The following fact is standard.

Lemma 2.1. Suppose that 0 — L' % P — L — 0isashort exact sequence of A-modules with P projective. Then
L belongs to +1(A-Proj) if and only if a is a left (A-Proj)-approximation of L'. O

The following well-known result will be useful; see [37, Proposition 2.3].

Lemma 2.2. Let L be an A-module. Then L is Gorenstein projective if and only if, for each i > 0, there exists a short
exact sequence) — L' — P! — L*1 — 0 of A-modules such that each P! is projective, each L' belongs to * (A-Proj)
and L = L°. O

Maintain the settings from Section 1.2. Recall that the twist autoequivalence (-)?: A-Mod — A-Mod is associ-
ated to ¢. For an A-module M, a typical element of ?(M) is written as ?(m), and its A-action is given such that
a’(m) = ?(a(a)m). For a morphism f: M — M, the corresponding morphism (f): (M) — °(M’) sends °(m)
to 9(f(m)).
The canonical morphism
wy: M — °(M)

sends m to ?(wm). The A-module M is called w-torsionfree if wy; is mono, in which case the given element w is
also called M-regular. Since w is regular in A, any projective A-module is w-torsionfree.
The following result is elementary.

Lemma 2.3. Assume that M and N are A-modules satisfying that M is w-torsionfree and wy = 0. Then we have
Homy (N, M) = 0. O

Recall that A = A/(w). In what follows, we will always identify any A-module N satisfying wy = 0 with the
corresponding A-module, still denoted by N.

b . ;
Lemma 2.4. Assume that 0 — L — M — N — 0 is a short exact sequence of A-modules with wy = 0. Let
f: L — T be any morphism of A-modules. Then there exists a morphism h: M — °(T) satisfying ho a = wr o f.

Proof. By wr o f = 9(f) o wy, it suffices to prove that w;, factors through a. Consider the following commutative
diagram with exact rows:

0 L a M N 0
wr, Wy J{wN
0 oLy —9, oy 2 oy 0.

Since wy = 0, by a diagram-chasing, we deduce the required factorization. O
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Proposition 2.5. Suppose that there is a commutative diagram of A-modules with exact rows,

0 L —%,p N 0
L s
0 U—50 -4 0

Assume that both P and Q are projective, wy = 0 = wg and that E is projective as an A-module. Then the following

statements hold.

(1) Ifiis aleft (A-Proj)-approximation, then k is a left (A-Proj)-approximation.

(2) Assume further that j is a split monomorphism. If k is a left (A-Proj)-approximation, then i is a left (A-Proj)-
approximation.

Proof. The A-projectivity of E implies that E has projective dimension one as an A-module. Then we infer that
U is a projective A-module.

To prove (1), we take an arbitrary morphism t: N — F with F a free A-module. It suffices to show that ¢
factors through k. We have a free A-module V such that F fits into a short exact sequence,

0—V2Zown L F—o. Q.1
We use the projectivity of P to obtain the morphisms r and s in the following diagram, which satisfytc b =po s
andsoa=wyor:

0 — 1 —%,p_2

|/
T

0—>V—>U(V)—>F—>0

N 0
k

—.

0 (2.2)

Since i is a left (A-Proj)-approximation, there exists x: U — V satisfying r = x o i. By wg = 0 and Lemma 2.4, we
have a morphismy: Q — ?(V)satisfying wy o x = y o c¢. Consequently, we have z: E — Fsatisfyingpoy =zod.
The morphisms x, y and z are denoted by dashed arrows.

By a diagram-chasing, we have (s — y o j) o a = 0. Therefore, there exists e: N — (V) satisfying

S—yoj=eob.

Since wy = 0 and ?(V) is free, we infer from Lemma 2.3 that e = 0. Consequently, we have s = y o j. It follows
that ¢ = z o k, as required.

To prove (2), we take an arbitrary morphism r: L — V with V a free A-module. We will obtain the same
diagram (2.2). Indeed, we define the free A-module F using (2.1). Applying the condition wy = 0 and Lemma 2.4,
we still obtain the two morphisms s and t. Since k is a left (A-Proj)-approximation, we obtain a morphism
z: E — F satisfying t = z o k. Since Q is projective, we obtain x and y making the bottom diagram commute.

The subtle fact is as follows: in general, the commutativity of the rightmost triangle NEF does not imply the
commutativity of the middle triangle PQ?(V). Instead, by a diagram-chasing, we have p - (s —y - j) = 0. Con-
sequently, there exists h: P — V such that s — y o j = wy o h. Another diagram-chasing yields r — xoi=hoa.
Sincej: P — Q is a split monomorphism, we have a morphism h’: Q — V with the property h = h' - j. Then we
haver —xoi=h'ojoa=h'ocoi Weobtainr = (x +h’ o ¢) o i. Consequently, the arbitrarily given morphism
r factors through i. It follows that i is a left (A-Proj)-approximation. O

Proposition 2.6. Assumethat0 — L 1, p % N = 0isashort exact sequence of A-modules with P projective and
wy = 0. Then, for each n > 1, N belongs to *1.m (A-Proj) if and only if L belongs to *1in (A-Proj).

b - .
Proof, Assume first that n = 1. Take a short exact sequence 0 — N’ % E - N — 0 of A-modules with E a pro-
jective A-module. Take a short exact sequence

0-L'Lp LN So
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of A-modules with P’ projective. There is a morphism c: P — E satisfying p = b - c. Consequently, we have the
following commutative diagram with exact rows and columns:

0 0 0
L
0 L' —2 -9 L 0
AR R
0 p 0 pep O p @3
p’l l(aop’,C) JP
0 N —% S E N 0
| | |
0 0 0.

Since E has projective dimension one as an A-module, the A-module Q is projective.

We apply Proposition 2.5 to the left half of the diagram, and obtain the following fact: a’ is a left (A-Proj)-
approximation if and only if a is a left (A-Proj)-approximation. Here, we use the fact that (3) is a split monomor-
phism. It follows from Lemma 2.1 that N belongs to +1(A-Proj) if and only if L belongs to *1(A-Proj).

For the general case, we observe from the bottom row in (2.3) that N belongs to 1.1 (A-Proj) if and only if
N’ belongs to 117 (A-Proj) and a is a left (A-Proj)-approximation. Similarly, from the top row, we have that the A-
module L belongs to +itn+11 (A-Proj) if and only if L' belongs to 1 (A-Proj) and a’ is a left (A-Proj)-approximation.
Then we infer the general case by induction on n. O

We have the following immediate consequence.

Corollary 2.7. Assume that 0 — L L, p % N = 0is a short exact sequence of A-modules with P projective and
wy = 0. Then N belongs to +(A-Proj) if and only if L belongs to *(A-Proj).

The following main result of this section implies that, for an A-module N, it is Gorenstein projective if and only
if its first syzygy Q4 (N) is a Gorenstein projective A-module.

Theorem 2.8. Assumethatn: 0 — L L p 2 N = 0isashortexact sequence of A-modules with P projective and
wy = 0. Then N belongs to A-GProj if and only if L belongs to A-GProj.

Proof. For the “only if” part, we assume that N is a Gorenstein projective A-module. By N € +(A-Proj) and
Corollary 2.7, we deduce L € +(A-Proj).

We have a short exact sequence 0 — N LE 2 N1 — 0 of A-modules with E projective and Ny Gorenstein
projective. Take a short exact sequence

0L 5P BN -0
of A-modules with P; projective. Therefore, we have a commutative diagram with exact rows and columns,

0

=

—.

— g — N — O
—~
O
Z

vl
Ce—tmHe— @ Qo
o
S
o

o — =
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Here, c: P; — E is a morphism satisfying p1 = b o ¢. Consider the rightmost column in the diagram above. By
N; € +(A-Proj) and Corollary 2.7, we deduce L; € *(A-Proj). By iterating the argument above, we obtain short
exact sequences 0 — L; — P; — Li;1 — 0 of A-modules with P; projective and L;;; € +(A-Proj) for all i > 1. By
Lemma 2.2, we deduce that the A-module L is Gorenstein projective.

For the “if” part, we assume that the A-module L is Gorenstein projective. By L € *+(A-Proj) and Corollary 2.7,
we deduce N ¢ +(A-Proj).

Take a short exact sequence 0 — L 5 Q — L} — 0 with Q projective and L] Gorenstein projective. Con-
sider the following diagram obtained by taking a pushout:

0 L 2> Q L 0
jj | H
l
0 —— P---5L —> L] — 0.

Since Ext}4 (L}, P) = 0,weinferthat L = P & L}.In particular, L; is Gorenstein projective. Applying Lemma 2.4 to
the exact sequence 7 and the morphism x: L — Q, we obtain a morphismy: P — °(Q) satisfyingy o j = wg o X.
Consequently, we obtain the following commutative diagram with exact rows and columns:

0 0
X
0 L ) QeP Ly 0
. wo 0 .
J ( 00 1) J1
@ 1) 4
0 — P — 9(Q)oP — %(Q) — 0
p (,0)
N —2 5 E Ny 0
0 0 0.

Here, q: 9(Q) — E is the cokernel of wo: Q — ?(Q). It follows that E; is a projective A-module. By the Five
Lemma, we infer that the kernel of a is isomorphic to the kernel of j;. Since wy = 0 and L1 is w-torsionfree, the
common kernel has to be zero. In other words, both a and j; are monomorphisms.

Consider the rightmost column in the diagram above. By L; € *(A-Proj) and Corollary 2.7, we deduce
N1 € +(A-Proj). In other words, we obtain a short exact sequence of A-modules0 — N — E — N; — 0 with E
projective and Ny € +(A-Proj).

By iterating the argument above, we obtain short exact sequences 0 — N; — E; — Ni;1 — 0 of A-modules
with E; projective and Ni,q € *(A-Proj) for all i > 1. By Lemma 2.2 again, we infer that the A-module N is
Gorenstein projective. O

2.2 Gorenstein projective dimensions

For any A-module L, we denote by Gpd, (L) its Gorenstein projective dimension, which takes value in N U {+co}.
For each n > 0, we have Gpd, (L) < nif and only if there exists an exact sequence

05G"> 56156 >L-0

of A-modules with each G' Gorenstein projective. In particular, Gpd, (L) = 0 if and only if L is Gorenstein pro-
jective.

The ring A is called left d-Gorenstein for some d > 0 provided that Gpd, (L) < d for any A-module L; see
[8, Definition 6.8 and Theorem 6.9]. The main examples of left d-Gorenstein rings are d-Gorenstein rings. Here,
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we recall that a two-sided noetherian ring A is d-Gorenstein if A has finite selfinjective dimension at most d on
both sides.
The following immediate consequence of [37, Proposition 2.18] will be useful.

Lemma 2.9. Assume that0 — L — M — N — 01is an exact sequence of A-modules. Suppose that Gpd, (M) < iy
and that jo > 0. Then Gpd, (L) < ip + jo if and only if Gpd,(N) < ip + jo + 1. O

We now somehow reformulate Theorem 2.8 as a change-of-rings theorem on Gorenstein projective dimen-
sions. It is a noncommutative analogue of [10, Theorem 4.1], and might be viewed as an infinite version of
[28, (2.2.8) Theorem (Change of Rings)]; compare [1, (4.32) Lemmal].

Theorem 2.10. Let N be a nonzero A-module. Then we have Gpd,(N) = Gpd;(N) + 1. Consequently, if A is left
d-Gorenstein for d > 1, then A is left (d — 1)-Gorenstein.

Proof. Since wy =0, N is not isomorphic to a submodule of any projective A-module. In particular, N is not
a Gorenstein projective A-module, or equivalently, Gpd, (N) > 1.

For the required result, it suffices to prove the following claim: for any A-module N and each n > 0, we
have Gpd;(N) < n if and only if Gpd, (N) < n + 1. We will prove the claim by induction on n. For this end, we
fix a short exact sequence of A-modules

0o-1Lph NS0 2.4)

with P projective.

Recall that Gpd(N) < 0 if and only if N € A-GProj. By Theorem 2.8, the latter condition is equivalent to
L € A-GProj. Then we are done by the following result: applying Lemma 2.9 to (2.4) with iy = 0 = jo, we have
L e A-GProj if and only if Gpd, (N) < 1. This proves the base case for the induction.

Assume that the claim for the case ny is already established. We take a short exact sequence of A-modules

0N SELZ NSO @.5)

with E a projective A-module. Then we obtain the commutative diagram (2.3). We observe from (2.5) that
Gpd;(N) < ng + 1 is equivalent to Gpd4(N') < ng. Applying the induction hypothesis to N, the latter condition
is equivalent to Gpd,(N') < ng + 1. The A-module E in (2.5) is of projective dimension one. Therefore, applying
Lemma 2.9 to (2.5) with iy = 1 and jo = ng, we have Gpd,(N') < ng + 1 if and only if Gpd,(N) < ng + 2. Com-
bining all these results, we infer that Gpd;(N) < ng + 1 if and only if Gpd,(N) < ng + 2. This completes the
proof. O

We denote by pd, (N) the projective dimension of an A-module N.
Corollary 2.11. Let N be a nonzero Gorenstein projective A-module. Then pd,(N) < +co if and only if pd, (N) = 1.

Proof. The “if” part is trivial. Assume that pd, (N) < +co. Then we have Gpd, (N) = pd, (N) by [37, Proposi-
tion 2.27]. Since N is a Gorenstein projective A-module, Theorem 2.10 implies that Gpd, (N) = 1. This implies the
“only if” part. O

The following result might be viewed as a partial infinite version of [28, (1.4.6) Corollary]; compare [1, (4.31) Corol-
laryl].

Corollary 2.12. Let M be a w-torsionfree A-module. Then we have Gpd;(M/wM) < Gpd, (M). In particular, if M
belongs to A-GProj, then M/wM belongs to A-GProj.
Proof. Since w is M-regular, the following sequence is short exact:

w1 (M)

0 (M) M M/oM —— 0.

Here, we identify M with "(‘rl (M)). We observe that M and ot (M) have the same Gorenstein projective dimen-
sion. Therefore, by Lemma 2.9, Gpd, (M/wM) < Gpd, (M) + 1. Then the required inequality follows from Theo-
rem 2.10. The final statement is immediate, since any Gorenstein projective A-module is w-torsionfree. O
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The following result slightly strengthens Theorem 2.8.

Theorem 2.13. Assume that0 — L — G — N — 0is a short exact sequence of A-modules with G € A-GProj and
wy = 0. Then N belongs to A-GProj if and only if L belongs to A-GProj.

Proof. If L belongs to A-GProj, we have Gpd,(N) < 1. Then Theorem 2.10 implies that Gpd;(N) < 0, that is, N
belongs to A-GProj.

Conversely, if N belongs to A-GProj, Theorem 2.10 implies Gpd, (N) < 1. Then, by [1, (3.12) Lemma] or
[37, Theorem 2.20 (iv)], we infer that L belongs to A-GProj. O

3 The category of module factorizations

In this section, we study the category of module factorizations of w. It turns out that it is equivalent to the module
category over a matrix ring; see Proposition 3.4. We prove that the subcategory formed by module factorizations
with Gorenstein projective components is Frobenius exact; see Proposition 3.11.

3.1 Module factorizations as modules

Recall that a module factorization of w over A is a quadruple X = (x°, x1: d?(, d}(), where each X! is a left A-
module, d%: X° — X! and d}: X* — ?(X°) are morphisms of A-modules satisfying

dyody=wyx and (dy)edy = wx.
The module factorization might be visualized as follows:

X0 d_(’)ﬂ x! &, X0
We call X the i-th component of X, and d; the i-th differential.
Let Y = (Y9, Y1; d%, dly) be another module factorization. A morphism (f°, f1): X — Y between module
factorizations consists of two morphisms fi: X! — Y of A-modules, which satisfy

flody=dyof° and °(f%)ody=dy-f".

The composition of morphisms is given componentwise. We denote by F(4; w) the category of module factor-
izations of w.

For each module factorization X, we define its shifted module factorization S(X) = (X!, 9(X°); —d}(, -0 (d?()).
This gives rise to the shift endofunctor S: F(4; w) — F(4; w), which sends any morphism (fo, fl): X—->Yto
(fl, g (f°)): S(X) — S(Y). It is an autoequivalence. We mention that the two minus signs in S(X) are consistent
with the ones appearing in the suspended cochain complexes.

Example 3.1. Each A-module M gives rise to two trivial module factorizations
6°(M) = (M, M; Ty, o) and  6'(M) = (7 (M), M; 0o~ (ap, Id).

Here, we have wo(p): o M) — ‘7("'1 (M))=M and Idy;: M — M = "(‘7_1 (M)). These two module factoriza-
tions are visualized as follows:

Idy, Wy -1 (M) Idy

M M M and () 2 M o ().

This gives rise to two obvious functors 0': A-Mod — F(A; w), i = 0, 1. Moreover, we have the natural isomor-
phism of functors $6! = 6°,

For i = 0 or 1, we have the projection functor pr: F(4; w) — A-Mod sending X = (X°, X*; d%, d}) to X'.
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Lemma 3.2. The following statements hold.
(1) We have the adjoint pairs (6°, pr°) and (pr°, S6°).
(2) We have the adjoint pairs (6", pr') and (pr?, 6°).

Proof. We only prove (1). For any A-module M and any module factorization X = (X°, X; d%, d}(), we have
a natural isomorphism

Homy (M, X°) — Home(;0)(0°(M), X), g+ (g, dy * 8).
This yields the first adjoint pair. For the second one, we have the natural isomorphism
Homy (X%, M) — Homg(a;w) (X, S6°(M))

sending gto (g, -9(g) ° d}(). Here, the minus sign appears due to the one in the definition of the shift endofunctor
SonF(4; w). O

Denote by M, (A) the full matrix ring formed by 2 x 2 matrices with entries in A. Consider the following subring
of My (A):
r=(2 ).
Aw A

We mention that such a matrix ring appears in the representation theory [44] of orders.

Example 3.3. Seteq = (}9) and eg = (J9). We identify I'eq with (4), which consists of column vectors. It is nat-
urally a T-A-bimodule. For any A-module M, we identify the induced I'-module Teg ®4 M with (}). Similarly,
we identify I'e; with (/3 ). Recall the following well-known isomorphism of left A-modules:

Aweys M — 7 (M), awesy— a® () =7 (X a)y).

Using this isomorphism, we identify the induced I'-module I'e; ®4 M with (GfIAEIM)). The explicit T'-action
on (J-f\f M)) is given as follows:

( aiq alz)( X ) B ( aj X + appwy )
-1 = -1 -1 .
ayw ax/\? (y) a (° (x) +an® )
We mention that projective I-modules are precisely direct summands of (T'eg ®4 P) @ (I'e; ®4 Q) for some pro-

jective A-modules P and Q.

To each module factorization X = (X°, X1; d%, d;), we associate a left I-module ®(X) as follows. As an abelian
group, ®(X) = (§3) whose typical element is a column vector (ﬁ,) with each x! € X', The left I-action is given by

( an alz)(xl) _ ( anx' + appdy(x°) )

anw ap/\x° az1(Exs o dy)(X1) + azx®

Here, &xo: Xo — 9(Xp) is an isomorphism of abelian groups, sending x to ?(x). To verify that this I'-action is
associative, we use the identities

(d o &g o di)(x") = wx',
(&go o dy)(aix!) = a(a11)(Exs o dy)(x"),
(&g © dy)(a12d3(x°)) = o(a12)wx’.

Each morphism (f°, f1): X — Y of module factorizations gives rise to a morphism

1
a¢°,1" = (1) 200 - o)
of left I-modules. Consequently, we have a well-defined functor @: F(4; w) — I'-Mod.
The following result might be deduced from the characterization in [35, (1.5) Theorem] on modules over
Morita context rings.
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Proposition 3.4. The functor ®: F(A; w) — I'-Mod above is an equivalence of categories.

Proof. EachT-module M yields a module factorization ¥ (M) = (egM, e1M; d’, dY), where d°: eeM — e;M sends
xto (3 3)x,and d': e;M — “(eoM) sendsy to ?((9 J)y). Itis routine to verify that ¥ is naturally a functor, which
is a quasi-inverse of ®. O

Remark 3.5. By Example 3.3, we identify ®(6°(P)) with Tey ®4 P for any projective A-module P. Similarly, we
identify ®(6'(Q)) with T'e; ®4 Q for any projective A-module Q. It follows from the equivalence @ above that
projective objects in F(A; w) are precisely direct summands of 8°(P) & 6'(Q) for projective A-modules P and Q.

Remark 3.6. There is a ring automorphism ¢ on I' given by
6( an 6112) _ ( az —as )
anw Az -o(az)w  o(an)
We observe the square
F(4; w) —— T-Mod

sl F(—)

F(A; 0) —2— T-Mod,

which is commutative up to a natural isomorphism. Here, ?(-) denotes the twist endofunctor associated to G.

3.2 Frobenius functors

We refer to [20, 23, 46] for Frobenius functors. Let € and D be two additive categories. Fix two autoequiva-
lencesa: € —» Candf: D — D.LetF: € — Dand G: D — € be two additive functors. The pair (F, G) is called
a Frobenius pair of type (a, B) if both (F, G) and (G, fFa) are adjoint pairs. An additive functor F is called
a Frobenius functor if it fits into a Frobenius pair (F, G); in this situation, the functor G is also Frobenius.

Let €’ be another additive category. Denote by € x €' the product category: its objects are pairs (X, X') with
X € Cand X' € €, and the Hom groups are given by

Homexer (X, X'), (Y, Y')) = Home (X, Y) ® Home: (X', Y').

Leta’: €' — €' be an autoequivalence. Then a x a’: € x @' — € x €' is naturally an autoequivalence.

We assume that F': ¢’ — D and G': D — €' form a Frobenius pair (F, G') of type (a’, B). The functor
(G,G"): D — €x C' sends any object C to (G(C), G'(C)). We define a functor F + F': € x ¢’ — D sending an
object (X, X") to F(X) @ F'(X"), and a morphism (f, ') to F(f) ® F'(f").

The following general fact is standard.

Lemma 3.7. Keep the assumptions as above. Then (F + F', (G, G")) is a Frobenius pair of type (a x a', B). O

We will consider the functor
pr = (pr°, pr!): F(4; w) — A-Mod x A-Mod.

It might be viewed as a forgetful functor.
Proposition 3.8. We have a Frobenius pair (8° + 6, pr) of type (Id, S), which consists of two faithful functors.

Proof. Recall from Example 3.1 the natural isomorphism S8° ~ 6. Then the required Frobenius pair follows by
combining Lemmas 3.7 and 3.2. It is direct to see that both functors 6° + 8! and pr are faithful. O

Remark 3.9. Consider the direct product A x A of rings, which is viewed as the diagonal subring of I'. We
identify (A x A)-Mod with A-Mod x A-Mod. Proposition 3.4 allows us to identify I'-Mod with F(A; w). Then the
functor pr: F(4; w) — A-Mod x A-Mod corresponds to the restriction functor I'-Mod — (A x A)-Mod along the
inclusion A x A — T. Therefore, the Frobenius pair in Proposition 3.8 and Remark 3.6 imply that A x A < T'is
a (generalized) Frobenius extension in the sense of [20, Example 2.9].
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Proposition 3.10. Let d > 0. Then A is left d-Gorenstein if and only if so is T.

Proof. By the Frobenius pair in Proposition 3.8, we infer from [27, Corollary 3.4] that the abelian categories
F(4; w) and A-Mod x A-Mod have the same Gorenstein global dimension. We recall that a ring R is left d-
Gorenstein if and only if the Gorenstein global dimension of its module category R-Mod is at most d. In view
of Remark 3.9, we infer that T is left d-Gorenstein if and only if so is A x A. Finally, we observe that the direct
product A x A is left d-Gorenstein if and only if so is A. Then the required result follows immediately. O

For any abelian category A with enough projective objects, we denote by GP(A) the full subcategory formed
by Gorenstein projective objects. For example, we have §P(A-Mod) = A-GProj for any ring A. By [9, Proposi-
tion 3.8], GP(A) is always a Frobenius exact category, whose projective-injective objects are precisely all projec-
tive objects in A.

Consider the full subcategory GF(4; w) of F(A; w) formed by those module factorizations X with both
X! e A-GProj. Since the full subcategory GF(4; w) is closed under extensions in F(4; w), it is naturally an exact
category.

Proposition 3.11. We have GP(F(4; w)) = GF(A4; w), which is equivalent to I'-GProj as an exact category. In par-
ticular, the exact category GF(A; w) is Frobenius, whose projective-injective objects are precisely direct summands
of 0°(P) @ 6(Q) for projective A-modules P and Q.

Proof. We apply [27, Theorem 3.2] to the faithful Frobenius functor
pr: F(4; w) — A-Mod x A-Mod,

and obtain that a module factorization X is a Gorenstein projective object if and only if so is pr(X) = (X°, X")
in A-Mod x A-Mod. Then we have the required equality. The equivalence @ in Proposition 3.4 implies that
SP(F(4; w)) is equivalent to $P(I'-Mod) = I'-GProj. O

4 The p-null-homotopical morphisms and stable categories

In this section, we will introduce p-null-homotopical morphisms between module factorizations. In particular,
the corresponding stable category GF(4; w) is canonically triangulated. We compute explicitly the syzygy of any
module factorization.

Definition 4.1. A morphism (f°, f1): X — Y between two module factorizations is p-null-homotopical if there
exist two morphisms h°: X0 — o (y!yand h!: X! — ¥° of A-modules such that both h’ factor through projec-
tive A-modules and satisfy f0 = h' o d% + 7 (d}) o h% and f* = d% o k! + 7(h°) o d}.

The following result justifies the terminology above.

Lemma 4.2. A morphism (f°, f1): X — Y is p-null-homotopical if and only if it factors through 6°(P) @ 6(Q) for
some projective A-modules P and Q.

Proof. For the “only if” part, we assume that the homotopy maps h° and h' have the following factorizations
in A-Mod:

a

071
RO: x° ) — 2 vy and h:x' 5 p4yo

Here, both P and Q are projective A-modules. It is routine to verify that the given morphism (f?, f) equals the
sum of the two morphisms

(a,°(@)odk) (07(d}ob),b) (pod.p) (q,d%-q)
X LN ! Y and X —2— 6%P) —— V.

It follows that (f°, f1) factors through 6°(P) @ 61(Q), as required. By reversing the argument above, one proves
the “if” part. O
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We denote by F(4; w) the stable category modulo p-null-homotopical morphisms, and by GF(4; w) the corre-
sponding stable category of GF(A; w). By Proposition 3.11 and Lemma 4.2, the stable category GF(A; w) coincides
with the usual one for the Frobenius exact category GF(4; w). In particular, GF(A4; w) is canonically triangulated.
For the same reason, we have the following observation.

Proposition 4.3. The equivalence ®: F(A; w) ~ I'-Mod in Proposition 3.4 induces an equivalence F(A; w) =~ T-Mod,
which restricts to a triangle equivalence
GF(4; w) = T-GProj.

Proof. By Lemma 4.2 and Remark 3.5, we infer that any morphism (fy, f1): X — Y is p-null-homotopical if and
only if ®(fy, f1): ®(X) — @(Y) factors through projective I'-modules. Then the equivalence between the sta-
ble categories follows immediately. In view of Proposition 3.11, we have the restricted equivalence, which is
a triangle functor by the general result [36, 1.2.8]. O

The suspension functor on GF(A; w) is given by a quasi-inverse of the syzygy functor. Let us describe the syzygy
of a module factorization X = (X°, X*; %, d¥).
We have the following commutative diagram with exact rows and both P! projective:

i0
J 0

0 —— Q4(X9 po X0 0
| |
0| a°
aOl ) S 1 1 l X
0 — Q) ——— pt —© ,xt 0
al= 61: ld}(
1 ) 1
o o 0 gpoy ) 6ip0
0 — 2Q4(X") — 29(PY) X" 0.

Since dy o d% = wyo, by a diagram-chasing, we have
(1% o (wpo — 8 0 8%) = 0.
There is a unique morphism h°: P — 9Q,(X°) such that
wpo — 810 8% = (%) o RO,
Similarly, there is a unique morphism h': P! — Q4 (X") such that
wp = 9(8% 0 8" = 9(1) o A

In what follows, we write 7 = 6~ ! and denote the identity map by 1. We have the following commutative diagram
with exact rows:

jO -T(8h (O (o)
0 — L QXYeTPy 0 1 7, pogrply K X0 0
0 _t(§l 1 0
({-’0 T(;l)))l 10 J(O w‘[(pl)) ldi
0 phgouxty | prgpt T 0
0 51 0
(_h50 ?1 )l - l(wf,’o 1) jd}(
(U)o

0 1

00, (X0) @ pl o0y g pt k)
00— "UX)ePr —— I(PHeoP —

IxX) — 0.

The middle column represents the module factorization 8°(P%) @ '(P'), which is projective in F(4; w). It follows
that the syzygy of X is isomorphic to the module factorization

i0 (s 0 1
0 1y po 1. () Ty (h" o
(Racx 072, P @ 24 (x5 (1, oy ) (s i )

Remark 4.4. If both components X° and X' of X are projective, we might take Q(X°) = 0 = Q4(X"), P! = X!
and &' = di. It follows that the syzygy of X is isomorphic to $7(X) = (*(X"), X% -7(dY), —d%). Here, we recall
that S denotes the shift endofunctor on F(A; w); see Section 3.
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5 The cokernel functors

In this section, we study the cokernel functors from F(A; w) to A-Mod. We prove that the stable module category
over A is equivalent to a certain full subcategory of F(4; w); see Theorem 5.5. This equivalence restricts to the
one in Theorem 5.6.

Let X = (X%, X'; d%, d%) be amodule factorization. Then Cok’(X) is defined to be the cokernel of d%: X° — X1,
which is naturally an A-module. For a morphism (f°, f1): X — Y between module factorizations, there exists
a unique morphismf_1 fitting into the following commutative diagram with exact rows:

&
X0 X5 x1 — 5 Cok(X) —— 0

ok
d, l
YO —~, vyl — 5 Cok(Y) —— 0.

We set Cok’(f?, f1) = f_1 This gives rise to the zeroth cokernel functor Cok®: F(A; w) — A-Mod.

Remark 5.1. We also have the first cokernel functor Cok' : F(4; w) — A-Mod, which is given such that Cok!(X)
is the cokernel of d}(: X! — 9(X9). There is a natural isomorphism Cok’S = Cok'. Therefore, it suffices to study
the zeroth cokernel functor.

Denote by F™(A4; w) the full subcategory of F(A; w) formed by those module factorizations X with d% mono and
X' projective. Here, “mp” stands for “mono and projective”.

Remark 5.2. Let X = (X°, X'; d%, d},) be a module factorization. We observe that both d}; are monomorphisms
if and only if both X ! are w-torsionfree. In particular, X belongs to F™P(4; w) if and only if X° is w-torsionfree
and X" is projective.

Proposition 5.3. The zeroth cokernel functor Cok®: F™P(A; w) — A-Mod is full and dense.

Proof. For the density of Cok®, we take an arbitrary A-module N. Take a short exact sequence
J P
E&:0—->L—->P—>N->0

of A-modules with P projective. Applying Lemma 2.4 to ¢ and Id;,, we obtain a morphism k: P — 9(L) satisfying
koj = wr. We have
(Wp="()ek)ej=wpej—-()owr =0.

Therefore, the map wp — ?(j) o k: P — 9(P) factors through N. However, we have wy = 0 and that (°(P)) is w-
torsionfree. By Lemma 2.3, the factorization has to be trivial. In other words, we have wp — ?(j) o k = 0. So we
obtain a module factorization (L, P; j, k) in F"P(A; w). In view of ¢, this is the required module factorization.

Take two module factorizations X and Y. Fix an arbitrary morphism g: Cok? X) — CokO(Y) in A-Mod. The
projectivity of X! yields the commutative diagram

do
0 X0 5 x! Cok(X) —— 0
| |
f”i lfl 1g
0o &g
0 Y Y Cok(Y) —— 0.

To show that (f, f1): X — Y is a morphism, it remains to prove dy o f* = ?(f°) o d}. To this end, we have the
identity
%(dy) o (dy of' = °(f%) o dy) = wys o f' = O(dy o f°) o d
=wyof! = (1 o d}) o dy
wyt o f1 = (f") o wyr = 0.

Since d?, is mono, we obtain the desired equality. This completes the proof of the fullness. O
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Lemma5.4. Let (f° f1): X — Y be a morphism in F™P(4; w). Then the following two statements hold.
) Cok’(f°, f1) = 0 if and only if (f°, f1) factors through 6°(P) for some projective A-module P
(2) The morphism Cok®(f9, f1) factors through a projective A-module if and only if (f°, f1) is p-null-homotopical.

Proof. (1) The “if” part is trivial, since Cok’(°(P)) = 0. For the “only if” part, we assume that Cok’(f?, f1) = 0.
Then there is a morphism h: X* — Y satisfying f° = h o d% and f! = dJ o h. Therefore, (f°, f*) has the factor-
ization

d%,1d hf1
x ) gogty 0y

Here, we implicitly use the identity
dyoft=djo(d)oh) =wyooh=Ch)owy.

Since X" is projective, we are done.

(2) Recall from Lemma 4.2 that (f, f1) is p-null-homotopical if and only if it factors through 6°(P) @ 6(Q)
for some projective A-modules P and Q. Since Cok’(8°(P)  81(Q)) =~ Q/wQ is a projective A-module, the “if”
part follows immediately.

For the “only if” part, we assume that Cok’(f?, f1) = a factors through a free A-module V. We may
assume that there is a free A-module F with F/wF = V. So we identify V with Coko(el(F)). Suppose that
X: CokO(X) — Coko(el(F)) andy: CokO(Gl(F)) — Y satisfy a = y o x. By the fullness in Proposition 5.3, there are
morphisms (g%, g1): X — 6'(F) and (k°, k'): 6'(F) — Y in F™P(4; w) such that

x =Cok’g% g and y=Cok’(k% Kb).

We conclude that the morphism

DRIV SRS
is annihilated by Cok’. By (1), this morphism factors through 6°(P) for some projective A-module P. Conse-
quently, (f°, f1) factors through 6°(P) @ 61 (F). It is p-null-homotopical by Lemma 4.2. O

Theorem 5.5. The zeroth cokernel functor Cok’: F™P(A; w) — A-Mod induces an equivalence
Cok®: F™(4; w) = A-Mod.
Proof. By Lemmas 4.2 and 5.4 (2), the induced functor Cok®: F™P(4; w) — A-Mod is well-defined and faithful.
Its fullness and denseness follow from the ones in Proposition 5.3. Then we are done. O
Recall that G°F(4; w) denotes the full subcategory of GF(4; w) formed by those module factorizations
X=X x4 d%, dy)

with X' projective and X° Gorenstein projective. It is closed under extensions and contains all projective-
injective objects in GF(A4; w). Moreover, it is closed under taking syzygies and (relative) cosyzygies; see Sec-
tion 4. It follows that G’F(4; w) is a Frobenius exact category. The stable category G’F(4; w) is a triangulated
subcategory of GF(4; w).

Theorem 5.6. The zeroth cokernel functor Cok®: F™P(A; w) — A-Mod induces a triangle equivalence
Cok’: G°F(4; w) = A-GProj.

Proof. We observe that any Gorenstein projective A-module is w-torsionfree. In view of Remark 5.2, we have
G'F(4; w) < FP(A; w). By the equivalence in Theorem 5.5, the required one follows immediately from the
following fact: for any X in F™°(A; w), the A-module CokO(X) is Gorenstein projective if and only if X is
a Gorenstein projective A-module. The latter fact is just a reformulation of Theorem 2.8.

To see that the induced equivalence is a triangle functor, we observe that

Cok’: G'F(4; w) — A-GProj

is exact and sends projective objects to projective objects. Then we just apply the general result in [36,1.2.8]. O
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6 Arecollement

In this section, we obtain a recollement involving GF(4; w) in Proposition 6.3. We prove that the zeroth cokernel
functor induces an equivalence between A-GProj and a certain Verdier quotient of GF(4; w); see Theorem 6.5.
Recall that a diagram of triangle functors between triangulated categories

i j -'III
~__ i - N i) _—

rJ'I

forms a recollement in the sense of [14, Section 1.4], provided that the following conditions are satisfied:

(R1) the pairs (iy, i), (i, ip), (j2,J) and (j, j,) are adjoint;

(R2) the functors i, j; and j, are fully faithful;

(R3) Im1i = Kerj.

Here, for an additive functor F, Im F and Ker F denote the essential image and kernel of F, respectively.
The following fact is well known.

Lemma 6.1. Letj: T — T" be a triangle functor between triangulated categories. Assume that j has a left adjoint
Jja and a right adjoint j,, and that j, is fully faithful. Then we have a recollement

— inc, ~. / Ja —
inc—s T ——j—— T,

Kerj
~_ inc, - NG jo—"

Here, “Inc” denotes the inclusion functor. Moreover, inc, induces a triangle equivalence T/Im j, =~ Ker j.

Proof. The proof is very similar to the one of [25, Lemma 2.4], and relies on [16, Propositions 1.5 and 1.6] and
[41, Lemma 8.3]. By applying [34, 1.1.3] twice, we observe that the full faithfulness of j, implies that j is a quotient
functor, which in turn implies the full faithfulness of j;. O

Remark 6.2. The functor inc, is given by the cocone of the unit of the adjoint pair (j,j,). In other words, for
any object X € 7, inc,(X) is determined by the exact triangle

inc,(X) = X — jpj(X) — Zinc,(X).
Here, £ denotes the suspension functor of 7.

The functors 6: A-GProj — GF(4; w) are both exact and send projective objects to projective objects. Therefore,
we have the induced triangle functors between the stable categories, still denoted by the same notation 6"
Similarly, we have the projection functor pr': GF(A; w) — A-GProj, which is also a triangle functor.

Proposition 6.3. We have the following recollement:
Nt
GF(4; w) inc — GF(4; w) — pr' — A-GProj.
SN, S—p—

In particular, inc, induces a triangle equivalence

GF(4; 0)/Im 6° = G°F(4; w).

Proof. Recall the adjoint pairs in Lemma 3.2. By [25, Lemma 2.3], the induced functors 6, pr' and §° form two
adjoint pairs; moreover, both induced 6! are fully faithful. The essential kernel of pr!: GF(4; w) — A-GProj
clearly equals G°F(A; w). Then the required recollement follows from Lemma 6.1. O

Let X = (X°, x1; df,’(, d}() be a module factorization in GF(4; w). Since both X! are Gorenstein projective and d%
is a monomorphism, then Theorem 2.13 implies that Cok®(X) is a Gorenstein projective A-module. Hence the
zeroth cokernel functor Cok®: F(4; w) — A-Mod restricts to the following one:

Cok’: GF(A; w) — A-GProj
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It is exact and sends projective objects to projective objects. Then it induces the triangle functor
Cok’: GF(4; w) — A-GProj

between the stable categories. Here, we use this notation Cok’ to emphasize its difference from the equivalence
Cok’: GOF(4; w) — A-GProj in Theorem 5.6. Indeed, the restriction of Cok? on G"F(A; w) yields the equivalence
Cok’. S

The key observation is as follows.

Lemma 6.4. The composition of Cok’: G’F(4; w) — A-GProj in Theorem 5.6 with inc,: GF(A; w) — G'F(4; w)
in Proposition 6.3 is isomorphic to the above functor

Cok’: GF(A; w) — A-GProj.

Proof. Recall from Remark 6.2 the construction ofinc,. It follows that, for any X € GF(4; w), there is a functorial
exact triangle in GF(4; w),
inc,(X) — X — 6°(X") — Zinc,(X).

Applying the triangle functor Cok® to this triangle, we have an exact triangle in A-&roj,
Cok’inc, (X) — Cok’(X) — Cok’0°(X!) — 2Cok’inc,(X).
Since Cok?0°(Xx?) is isomorphic to zero, we infer from [36, 1.1.7] that the natural morphism
Cok’inc, (X) — Cok®(X)
is the required isomorphism. O

Denote by N the full subcategory of GF(4;w) formed by those objects that are isomorphic to 6°(G) for
some Gorenstein projective A-modules G. It follows that N might be identified with the essential image
of 8°: A-GProj — GF(4; w).

Theorem 6.5. The above functor Cok®: GF(4; w) — A-&roj induces a triangle equivalence
GF(A; w)/N S A-&roj.
Proof. We identify N with Im 6°. Proposition 6.3 implies that inc, induces a triangle equivalence
GF(4; w)/N 5 G'F(4; w).

Composing this equivalence with the equivalence Cok: G°F(A; w) — A-GProj in Theorem 5.6, we obtain a tri-
angle equivalence
GF(4; w)/N = A-GProj.

In view of Lemma 6.4, we infer that this composite triangle equivalence is actually induced by Cok. O

7 The finite case: Matrix factorizations

In this section, we restrict the equivalence in Theorem 5.6 to matrix factorizations, and strengthen Theorem C
in the introduction; see Theorem 7.2.

Recall from [22, Definition 2.2] that a module factorization X = (X°, X%; dgf, d}() is called a matrix factor-
ization if each X' is a finitely generated projective A-module. Denote by MF(4; w) the full subcategory formed
by matrix factorizations, and by MF(A; w) its stable category, which is a triangulated subcategory of GF(4; w).
We emphasize that the suspension functor on MF(4; w) is restricted from the shift endofunctor S; compare
[22, Proposition 5.7] and Remark 4.4. We mention matrix factorizations of locally free sheaves over schemes
in [18, 52].
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Let A be any ring. A totally acyclic complex P* of A-modules is called locally finite if each component P!
is finitely generated. Denote by A-Gproj the full subcategory of A-mod formed by modules of the form Z°(P*)
for some locally finite totally acyclic complex P*. The modules in A-Gproj are sometimes called totally reflexive
modules. The category A-Gproj is a Frobenius exact category, whose projective-injective objects are precisely
finitely generated projective A-modules. The stable category A-Gproj is a triangulated subcategory of A-GProj.
We have A-Gproj € A-GProj N A-mod and that the equality holds if A is left coherent; see [24, Lemma 3.4].

Recall that A = A/(w). Denote by A-Gproj<* the full subcategory of A-Gproj consisting of totally reflex-
ive A-modules N with pd,(N) < +oo. It is closed under extensions in A-Gproj and becomes a Frobenius exact
category. Consequently, the stable category A-Gproj<** is canonically triangulated.

For any A-module M, we write M = M/wM. The following result is analogous to [31, Proposition 5.1].

Lemma7.1. Let X = (X%, X1; d(}’(, d}() be a matrix factorization. Then the complex of A-modules
s (XY - X0 - X1 0(X0) - o(X1) > ...

is locally finite totally acyclic, where the differentials are induced by d}'(. Consequently, we have that Cok’(X)
belongs to A-Gproj<*®°, O

Proof. Theresultis due to [45, Lemma 5.9]; compare [22, Proposition 2.4]. For the final statement, we just observe
that Cok®(X) is isomorphic to the cokernel of the induced morphism X0 — X1, which is further isomorphic to the
kernel of 9(X%) — 9(X1). In other words, the complex above is a complete resolution of Cok®(X) up to suspension.
Moreover, since d?( is mono, we have a short exact sequence 0 — X0 - x! - cok® (X) — 0 of A-modules with
both X! projective. O

Theorem 7.2. The equivalence Cok®: G’F(A; w) — A-GProj in Theorem 5.6 restricts to a triangle equivalence
Cok?: ME(A; w) — A-Gproj<+.

Proof. Lemma 7.1implies that the restricted cokernel functor Cok® is well-defined. By Theorem 5.6, it is clearly
fully faithful.

To see that Cok® is dense, we take any module N € A-Gproj<*®. The quotient ring A is a finitely presented
A-module. Since N is a finitely presented A-module, we infer that N is a finitely presented A-module. By
Corollary 2.11, the A-module N has projective dimension one. It follows that there is a short exact sequence
of A-modules

Odg 1
0—P —P —N—0 (7.1)

with both P! finitely generated projective A-modules. By the same argument as in the first paragraph in the proof
of Proposition 5.3, there is a morphism d5: P! — °(P°) such that P = (P°, P'; d3, d}) is a matrix factorization.
By (7.1), we have an isomorphism Cok’(P) = N, as required. O

Remark 7.3. (1) When A is commutative noetherian, Theorem 7.2 is due to [26, Example 4.4] with a different
proof.

(2) Assume that A has finite global dimension. We have A-Gproj = A-Gproj<**, Therefore, Theorem 7.2
strengthens Theorem C in the introduction. S -

(3) Assume that A is left coherent and that any finitely presented Gorenstein projective A-module is projec-
tive. The same argument as in the proof of Theorem 7.2 yields A-Gproj = A-Gproj<**. Then we obtain a non-
commutative version of [54, Theorem Al. o o

8 An example: Integral representations of finite groups

In this section, we briefly illustrate the obtained results using integral representations of finite groups.
Let G be a finite group. Consider the integral group ring ZG. It is well known that ZG is 1-Gorenstein,
and that a ZG-module M is Gorenstein projective if and only if the underlying abelian group of M is free;
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for example, see [27]. Such modules are sometimes called (generalized) G-lattices [19]. We denote ZG-GProj by
G-Latt. The central problem in the integral representation theory is to study G-lattices, which motivates the
study of singularity categories for general Gorenstein rings [17].

Let p be a prime number, which is viewed as an element in ZG. The element p is regular and central. The

corresponding matrix ring is

(26 ZG

- ( pZG ZG)’
which is 1-Gorenstein by Proposition 3.10. Then the category F(ZG; p) of module factorizations of p over ZG is
equivalent to I-Mod. We mention that T is isomorphic to the group ring of G over the matrix ring ( pZZ 2); see
[55, Section 6.7.1].

We observe that a module factorization X = (X%, X%; d‘}(, d}() of p over ZG belongs to GF(ZG; p) if and only
if both components X! are G-lattices. Therefore, such X might be called a lattice factorization of p. We write
LF(G; p) for GF(ZG; p). Similarly, we write LF(G; p) for G°F(ZG; p).

Denote by I, the finite field of order p. We identify the group algebra IF, G with the quotient ring ZG/(p).
Since IF, G is Frobenius, any IF, G-module is Gorenstein projective. Theorem 5.6 implies a triangle equivalence

Cok’: L°F(G; p) = F,G-Mod.
Using this equivalence and Lemma 6.4, the recollement in Proposition 6.3 induces the recollement

T — T
FpG-Mod ———— LF(G;p) — pr! — G-Latt.
S~ ) - S~ o -

Consequently, if p does not divide the order of G, IF, G is semisimple and the stable category IF, G-Mod is trivial.
In this situation, we have a triangle equivalence

pr': LE(G; p) = G-Latt.

We mention that the recollement above might play a role in the stratification theory [6, 7] for G-Latt.

Denote by C, the cyclic group of order n. Consider the polynomial algebra Z[x] with one variable.
We identify the group ring ZC, with the quotient ring Z[x]/(x" — 1). Therefore, we identify C,-Latt with
Z[x]/(x™ - 1)-GProj.

Since the global dimension of Z[x] is two, any Gorenstein projective Z[x]-module is projective. Therefore,
a module factorization Y = (Y?, Y; d%, d}) of x™ - 1 over Z[x] belongs to GF(Z[x]; X" - 1) if and only if both
components Y! are projective Z[x]-modules. Such Y might be called a projective-module factorization of x" — 1.
We have GF(Z[x]; x" — 1) = G’F(Z[x]; x" — 1), both of which are better written as PF(Z[x]; x" — 1).

Theorem 5.6 implies a triangle equivalence

Cok’: PE(Z[x]; x" - 1) & Cp-Latt.

If p does not divide n, these categories are triangle equivalent to LF(Cp; p).
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