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For a finite quiver without sources or sinks, we prove that the homotopy category of
acyclic complexes of injective modules over the corresponding finite-dimensional alge-
bra with radical square zero is triangle equivalent to the derived category of the Leavitt
path algebra viewed as a differential graded algebra with trivial differential, which
is further triangle equivalent to the stable category of Gorenstein projective modules
over the trivial extension algebra of a von Neumann regular algebra by an invertible
bimodule. A related, but different, result for the homotopy category of acyclic complexes
of projective modules is given. Restricting these equivalences to compact objects, we
obtain various descriptions of the singularity category of a finite-dimensional algebra

with radical square zero, which contain previous results.

1 Introduction

Let k be a field and Q be a finite quiver without sources or sinks. Denote by kQ the
path algebra of Q and by J its two-sided ideal generated by arrows. Set A=kQ/J? to

Received July 8, 2013; Accepted November 27, 2013
Communicated by Prof. Dmitry Kaledin

© The Author(s) 2014. Published by Oxford University Press. All rights reserved. For permissions,

please e-mail: journals.permissions@oup.com.

9102 ‘v’z Afenuer uoeuIyD Jo ABOjouyDe | pue 90Us RS Jo A1SIBAIUN e /BI0'S[euInolplo xo-uiwi//:dny Wo.) pepeojumoq


http://imrn.oxfordjournals.org/

2598 X.-W. Chen and D. Yang

be the factor algebra modulo the ideal J?; it is a finite-dimensional algebra with radical
square zero.

We denote by K,.(A-Inj) the homotopy category of acyclic complexes of injective
A-modules. This category is called the stable derived category of A in [25], which is a
compactly generated triangulated category such that the corresponding full subcategory
consisting of compact objects is triangle equivalent to the singularity category Dgg(A)
of Ain the sense of [10, 29]. Here, we recall that Dgz(4) is by definition the Verdier quo-
tient category of the bounded derived category of finitely generated A-modules modulo
the full subcategory consisting of perfect complexes. In a similar fashion, the homo-
topy category K,.(A-Proj) of acyclic complexes of projective A-modules is related to the
singularity category of the opposite algebra A°P of A.

The aim of this paperis to describe these homotopy categories in terms of Leavitt
path algebras and Gorenstein projective modules. Restricting to the full subcategories
consisting of compact objects, we obtain various descriptions of the singularity category
of A, which contain the corresponding results in [12, 33].

Let L(Q) be the Leavitt path algebra of Q in the sense of [1, 4], which is naturally
Z-graded as L(Q)=@,.;
trivial differential. Denote by D(L(Q)) the derived category [22] of differential graded
L(Q)-modules.

We observe that each component L(Q)" is naturally an L(Q)°-bimodule. Indeed,
the algebra L(Q)° is von Neumann regular and the L(Q)°-bimodules L(Q)! and L(Q)!
are both invertible; compare [19, 33]. We consider the corresponding trivial extension
algebras A7 (Q)=L(Q)° x L(Q)! and A~ (Q)=L(Q)° x L(Q)~!. Indeed, there is an iso-
morphism AT (Q) ~ A~ (Q)°®, induced by the involution of L(Q).

For an algebra A, we denote by A-GProj the category of Gorenstein projective

L(Q)". We view it as a differential graded algebra with

A-modules [15]; it is naturally a Frobenius category whose projective-injective objects
are precisely projective A-modules. Then the stable category A-GProj modulo projective
modules is naturally triangulated due to a general result in [17].

Here is our main result. For notation, Q°° is the opposite quiver of Q; L(Q)P is
the opposite algebra of L(Q), which is also viewed as a differential graded algebra with

trivial differential.

Main Theorem. Let Q be a finite quiver without sources or sinks. Keep the notation as

above. Then there are triangle equivalences:

(1) Kac(kQ/J?-Inj) — D(L(Q)°P) — A*(Q)-GProj;
(2) Kac(kQ/J?-Proj) —> D(L(Q°)) —> A~ (Q°P)-GProj. O
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Here are three remarks on Main Theorem. (1) In general, the homotopy categories
Kac(A-Inj) and K, (A-Proj) are not equivalent for A=kQ/J?. This fact somehow corre-
sponds to that the definition of the Leavitt path algebra is left-right asymmetric; more
precisely, for a quiver Q, the graded algebras L(Q)°® and L(Q°P) are not isomorphic
in general. (2) The triangulated categories in Main Theorem are compactly generated.
These equivalences restrict to triangle equivalences on the corresponding full sub-
categories consisting of compact objects. We obtain that the following categories are
triangle equivalent: the singularity category Dgsz(A) of A, the perfect derived category
perf(L(Q)°P) of L(Q)°P, and the stable category A*(O)—Gp_roj of finitely presented Goren-
stein projective AT(Q)-modules, which is further equivalent to the category of finitely
generated graded projective L(Q)-modules. This contains the results in [12, 33] on the
singularity category of A. We mention that for a quiver Q that consists of a single ver-
tex with loops, the singularity category Dsg(kO/Jz) is studied in [6, Section 10] via a
completely different approach. (3) The consideration of Gorenstein projective modules
in Main Theorem is inspired by recent work in [31], where an explicit description of
finitely presented Gorenstein projective modules over certain trivial extension algebras
is given.

The paper is devoted to the proof of Main Theorem. In Section 2, we recall some
notation and basic facts on differential graded modules and then prove a version of
Koszul duality for algebras with radical square zero, which allows us to pass from the
homotopy category of complexes of injective A-modules to the derived category of the
path algebra kQ, which is graded with all arrows in degree 1 and is viewed as a differen-
tial graded algebra with trivial differential. In Section 3, we study universal localization
for graded algebras, which in the hereditary case gives rise to a triangle equivalence
between the derived category of the universal localization and a certain perpendicular
subcategory of the derived category of the algebra that is localized; see Proposition 3.5.
In Section 4, we recall some facts on the Leavitt path algebra L(Q), which is related to
kQ via universal localizations and is strongly graded. In Section 5, we show that under
certain conditions the stable category of Gorenstein projective modules over a trivial
extension algebra is triangle equivalent to the derived category of a strongly graded
algebra; see Proposition 5.5. In Section 6, we combine the results obtained in the previ-
ous sections and prove Theorems 6.1 and 6.2, that contain Main Theorem. An application
showing the relationship between singular equivalences, graded Morita equivalences,
and derived equivalences is given in Proposition 6.4.

Throughout the paper, we work over a fixed field k. That is, all algebras are unital

algebras over k and all categories and functors are k-linear. Modules are by default left
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modules. We mention that the same results in Sections 3 and 5 hold when k is replaced

by an arbitrary commutative ring.

2 Koszul Duality for Algebras with Radical Square Zero

In this section, we recall Koszul duality for algebras with radical square zero, which
relates the homotopy category of complexes of injective modules to the derived category
of a differential graded algebra with trivial differential. For this purpose, we first recall

from [22] some notation on differential graded modules.

2.1 Differential graded modules

Let A=, , A" be a Z-graded algebra. A (left) graded A-module is written as M=
@D, M" such that A".M™ C M™™ where the dot “.” denotes the A-action on M. Nonzero
elements m in M" are said to be homogeneous of degree n, and we denote |m|=n. We
consider A as a graded A-module via the multiplication.

We denote by A-Gr the abelian category of graded A-modules with degree-
preserving morphisms. To a graded A-module M, we associate a graded A-module
M(1) such that M(1) = M as ungraded modules with the grading given by M(1)"* = M"!.
We may associate another graded A-module M[1] such that M[1]"= M""! and the A-
action “.” on MI[1] is defined as a.m = (—1)%a.m. This gives rise to two automorphisms
(1): A-Gr — A-Gr and [1]: A-Gr — A-Gr of categories. We call the functors (1) and [1] the
degree-shift functor and the translation functor, respectively. For each neZ, (n) and
[n] denote the nth power of (1) and [1], respectively. We observe that there is a natural
isomorphism M(n) —> Min] in A-Gr sending m € M! to (—1)""m.

A differential graded algebra (dg algebra for short) is a graded algebra A with
a differential d: A— A of degree one such that d(ab) = d(a)b + (—1)“ad(b) for homoge-
neous elements a, b in A. Roughly speaking, a dg algebra is a complex equipped with a
compatible multiplication.

Let A be a dg algebra. A (left) differential graded A-module (dg A-module for
short) M is a graded A-module M =,_, M" with a differential dy;: M — M of degree 1
such that dy(a.m) = d(a).m + (—1)'%a.dy(m) for homogeneous elements a€ Aand m € M.
For a dg A-module M, denote by H(M) = P,,., H"(M) the graded space with H*(M) the
nth cohomology of M.

We consider the base field k as a trivial dg algebra. Then a dg k-module is iden-

tified with a complex of vector spaces over k.
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A morphism between dg A-modules is a morphism of graded A-modules which
commutes with the differentials. We then have the category C(4) of dg A-modules. The
translation functor [1]: C(A) — C(4) is defined such that the graded A-module structure
of MI[1] is defined above and the differential is given by dy; = —dy. For a morphism
f: M— N in C(4), its mapping cone Con(f) is the dg A-module such that Con(f)=
N @ M[1] as graded A-modules with the differential dgon(p) = (%V dn{m )

We denote by K(A) the homotopy category of dg A-modules. It is a triangulated

category: its translation functor [1] is induced from C(A4), and each triangle in K(A)

1
is isomorphic to M—f> N(—°2 Con(f) oD MI[1] for some morphism f. We denote by D(A4)

the derived category of dg A-modules, which is obtained from C(A4) by formally invert-
ing all quasi-isomorphisms. It is also triangulated with translation functor [1] induced
from C(A).

A right differential graded A-module (right dg A-module for short) M is a right
graded A-module M=&p,_, M" with a differential dy: M — M of degree 1 such that

dy(m.a) = dyy(m).a + (—1)™'m.d(a) for homogeneous elements a € A and m € M.

nez

We denote by A°PP the opposite dg algebra of A: A°PP = A as graded spaces
with the same differential, and the multiplication “o” on A°PP is given such that ao b=
(—1)@Plpg, We identify a right dg A-module M as a left dg A°°P-module as follows:
am=(—1)4"m.a for homogeneous elements ac A°°? and m € M. In particular, we
sometimes understand K(A°"P) and D(A°P) as the homotopy category and the derived
category of right dg A-modules, respectively.

Let M and N be dg A-modules. Set Hom (M, N)" = Hom 4-g.(M, N[n]) for each
ne 7Z; it consists of k-linear maps f: M — N which are homogeneous of degree n and
satisfy f(a.m)=(—1)"%a. f(m) for all homogeneous elements a < A. The graded vector
space Homa(M, N) =P, , Hom,(M, N)" has a natural differential d such that d(f)=
dy o f — (=) f o dy. Furthermore, End (M) := Hom (M, M) becomes a dg algebra with
this differential and the usual composition as multiplication.

For two dg A-modules M and N, there is a natural isomorphism

HOIIIK(A) (M, N[TL]) =~ H”(HomA(M, N)) (2.1)

for each ne Z. We observe an isomorphism Hom 4(A, N) —> N of complexes sending f to

f(1). Then the above isomorphism induces the following isomorphism:

Homg 4 (A, Nlnl) ~ H™(N). (2.2)
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A dg A-module N is acyclic if H(N) =0. Recall that D(A) can be realized as the
Verdier quotient category of K(A) by its full subcategory of acyclic dg A-modules. A dg
A-module P is homotopically projective provided that Homga) (P, N) =0 for any acyclic
dg module N, which is equivalent to the condition that the canonical functor K(A4) —

D(4) induces an isomorphism

HOIIIK(A)(P, X) ~ HOIIID(A) (P, X) (23)

for any dg A-module X. For example, the isomorphism (2.2) implies that for each n, Aln]

is homotopically projective. Consequently, we have the isomorphism

Homp 4 (A, Nnl) ~ H(N). (2.4)

For a triangulated category 7 and a class S of objects, we denote by thick(S)
the smallest thick subcategory of 7 containing S. Here, we recall that a thick subcate-
gory is by definition a triangulated subcategory that is closed under direct summands.
If 7 has arbitrary (set-indexed) coproducts, we denote by Loc(S) the smallest triangu-
lated subcategory of 7 which contains S and is closed under arbitrary coproducts. By
[9, Proposition 3.2], we have that thick(S) C Loc(S). An object M in 7 is compact if the
functor Hom7 (M, —) commutes with arbitrary coproducts. Denote by 7 the full subcat-
egory consisting of compact objects; it is a thick subcategory.

A triangulated category 7 with arbitrary coproducts is said to be compactly
generated [22, 27] provided that there exists a set S of compact objects such that any
nonzero object T satisfies that Hom+ (S, T[n]) # 0 for some S € S and ne Z, which is equiv-
alent to the condition that 7 = Loc(S); compare [27, Lemma 3.2]; in this case, we have
T° =thick(S). If the above set S consists of a single object S, we call S a compact gener-
ator of 7.

For a dg algebra A, the homotopy category K(A) and then the derived category
D(A) are triangulated categories with arbitrary coproducts; consult [9, Lemma 1.5]. For
each neZ, the isomorphisms (2.2) and (2.4) imply that Aln] is compact both in K(A) and
D(A), since H"(—) commutes with coproducts. Moreover, the isomorphism (2.4) implies
that D(A) is compactly generated with A its compact generator; in particular, D(4) =
Loc(A) and D(A)¢ =thick(A); see [22, Section 5]. Here, we recall that a dg A-module N is
zero in D(4) if and only if H(N) =0.

The triangulated subcategory D(A)°=thick(A) of D(A) is called the perfect
derived category of A, and is denoted by perf(A4).
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We view an ordinary algebra A as a dg algebra concentrated at degree 0. In this
case, a dg A-module is just a complex of A-modules. We denote by A-Mod the abelian
category of A-modules. Then K(A) coincides with the homotopy category K(A-Mod)
of complexes of A-modules and D(A) coincides with the derived category D(A-Mod) of
complexes of A-modules.

A graded algebra A is viewed as a dg algebra with trivial differential. Then
graded A-modules are viewed as dg A-modules with trivial differentials. On the other
hand, for a dg A-module X, its cohomology H(X) is naturally a graded A-module. This
gives rise to a cohomological functor H: D(A) — A-Gr. We point out that D(4) and
D(A-Gr) are different, but each complex of graded A-modules can be viewed as a bicom-
plex and taking the total complex yields a well-behaved triangle functor D(A-Gr) —
D(A); for example, see [21].

2.2 Differential graded bimodules

Let B be another dg algebra. Recall that a dg A-B-bimodule M is a left dg A-module
as well as a right dg B-module such that (a.m).b=a.(m.b). This implies that the canon-
ical map A— Endgew (M), sending a to I, with l,(m) =a.m, is a homomorphism of dg
algebras. Similarly, the canonical map B — End4(M)°PP, sending b to r, with r,(m) =
(—=1)PImlm b, is a homomorphism of dg algebras.

A dg A-B-bimodule M is called left quasi-balanced provided that the canonical
homomorphism A — Endges (M) of dg algebras is a quasi-isomorphism. Dually, one has
the notion of right quasi-balanced bimodule.

Let M be a dg A-B-bimodule. Consider DM = Homg (M, k) as a dg k-module, where
M is viewed as a dg k-module and k itself is a dg k-module concentrated on degree O.
More explicitly, (DM)"=Homy(M ™ k) and dpy(9) = (—1)""10 o dy; for 6 € (DM)"™. Then
DM becomes a dg B-A-bimodule with the actions given by (b.0)(m) = (—1)"'0(m.b) and
(f.a)(m) = 6(a.m) for homogeneous elements m € M, ac A and b € B.

A dg k-module M is said to be locally finite, if each component M" is finite-

dimensional over k. The following observation is direct.

Lemma 2.1. Let M be a dg A-B-bimodule which is locally finite. Consider DM as a dg
B-A-bimodule as above. Then M is left quasi-balanced if and only if DM is right quasi-
balanced. d

Proof. There is a canonical homomorphism D: Endger (M) — Endz(DM)°PP of dg
algebras, sending 6 e Endgew(M)" to D@. Here, for each fe(DM)' we have
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(DO)(f)=(=1)" foh, which belongs to (DM)"™ Since M is locally finite, the
homomorphism D is an isomorphism. Then the composite A— Endgew () 2
Endp(DM)°PP coincides with the canonical homomorphism associated to the dg bimod-

ule DM. The desired result follows immediately. |

Let 7 be a triangulated category with arbitrary coproducts. An object X is self-
compact provided that it is a compact object in Loc(X). The following result is well
known; compare [22, 4.3; 25, Appendix A]. Recall that for a dg A-B-bimodule M and a dg
A-module X, Hom 4 (M, X) has a natural structure of dg B-module.

Proposition 2.2. Let M be a dg A-B-bimodule which is right quasi-balanced. Assume
that M is self-compact as an object in K(A). Consider Loc(M) in K(A). Then we have a
triangle equivalence

Hom (M, —): Loc(M) —> D(B). O

Proof. We provide a sketchy proof. Set F=Homy(M, —). The canonical map B —
End 4(M)°PP, which is a quasi-isomorphism by assumption, induces an isomorphism B ~
F(M) in D(B). For each ne Z, we recall the isomorphism (2.4) H*(B) ~ Homps) (B, Blnl)
and the isomorphism (2.1) H"(Hom(M, M)) >~ Homga (M, M[n]). Then the functor F

induces an isomorphism
Homg 4 (M, Minl) — Homp g (B, Blnl).

It follows that F induces an equivalence between thick(M) and perf(B) = thick(B); see
[22, Lemma 4.2(a)]. The functor F commutes with arbitrary coproducts since M is self-
compact. It follows from [22, Lemma 4.2(b)] that F is fully faithful. Since D(B) = Loc(B),

we infer that F is dense and thus an equivalence. |

Remark 2.3. The above functor F = Hom4(M, —) sends M to B. Moreover, for any ele-
ment be Z°(B), the zeroth cocycle of B, F sends the homomorphism r,: M — M to
r,: B — B. Here, 1, denotes the right action of b. This implies that, for any idempotent e
of Z°(B), F sends the dg A-module Me to Be. O

2.3 Koszul duality

Recall that a finite quiver Q = (Qo, Q;; s, t: Q; — Qp) consists of a finite set Qg of vertices

and a finite set Q; of arrows, where the two maps s and t assign to each arrow « its
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starting vertex s(o) and terminating vertex t(«), respectively. A path of length nin Q is a
sequence oy, - - - aa; of arrows such that s(o;1) =t(e;) for 1 <i <n-—1; we call s(p) = s(oy)
and t(p) = t(ay,) the starting vertex and the terminating vertex of p, respectively. Thus
paths of length 1 are just arrows. We associate to a vertex i a trivial path e; of length
zero, and set s(e;) =1 =t(g;). A vertex i is a sink if there are no arrows starting at i and a
source if there are no arrows terminating at i.

We denote by Q,, the set of paths of length n. Here, we identify a vertex i with the
trivial path e;. Recall that the path algebra kQ = D, , kQ, has a basis given by paths in Q
and its multiplication is given by concatenation of paths. More precisely, for two paths p
and g with s(p) = t(q), the product pq is the concatenation pgq; otherwise, pg =0. In par-
ticular, we have that 1 =} ;_, e is a decomposition of the unit into pairwise orthogonal
idempotents, and that pe = p= ey p for any path p.

We denote by J the two-sided ideal of kQ generated by arrows. Consider the
quotient algebra A=kQ/J?; it is a finite-dimensional algebra with radical square
zero. Indeed, A=kQq ® kQ; as k-spaces and its Jacobson radical rad(A) = kQ; satisfies
rad(A)? = 0. Elements in A will be written as (x, y) with x € kQp and y € kQ;.

We consider the following dg k-module K=&, , K" such that K"=0 for
n>1 and K "=kQ, ® kQ,;, for n>0, and the differentials d": K" — K " satisfy
d((a, b)) = (0, a) with ackQ, and bekQ,,, for n> 1. Observe that H°(K) =kQ, and
H™(K) =0 for n#0.

Then K is a right dg A-module, or equivalently, a complex of right A-modules.
Indeed, each K" is a right A-module such that (a, b).(x, y) = (ax, bx + ay), where the
product ay lies in kQ1. Moreover, K"~ kQ, ®kq, A as right A-modules, and thus the
right A-module K" is projective. Indeed, K, as a complex of right A-modules, is a min-
imal projective resolution of the right A-module kQg = A/rad(4).

The path algebra kQ is graded by the length grading, that is, its homogeneous
component (kQ)" of degree nis kQ, for n> 0, and is zero for n < 0. We consider it as a dg
algebra with trivial differential. Set B = (kQ)°PP, the dg opposite algebra of kQ.

For a path pin Q, we define a linear map §,: kQ — kQ as follows: for any path g,
8p(q) = q' if g = pq’ for some path q'; otherwise, §,(q) =0. Then K is a left dg B = (kQ)°PP-
module as follows: for a path p of length I and (a,b) €e K", p.(a,b) = (—1)1”(8p(a), §p(D))
if n>1; otherwise, p.(a, b) = 0. One checks readily that K is a dg B-A-bimodule.

The following fact is standard, which is essentially contained in [8, Theorem

2.10.1]. Recall that K is isomorphic to the Koszul complex of A.

Lemma 2.4. The dg B- A-bimodule K is left quasi-balanced. O
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Proof. Denote by Z" and C" the nth cocycle and coboundary of End g (K). We
observe that any element f: K — K in C" satisfies that f(K~™) C kQ; € K°. Denote by
H(End e (K)) the cohomology algebra of End 4 (K). Recall that K, viewed as a com-
plex of right A-modules, is a minimal projective resolution of kQq. It follows that
H™End gor (K)) = Ext}op, (KQo, KQo) =~ Homkq,)orr (KQp, kQp), whose dimension equals the
cardinality of Q,, and thus the dimension of B".

Consider the canonical map p: B — End e (K) induced by the left B-action.
Since B is a dg algebra with trivial differential, we have p(kQ,) € Z". Take a nonzero
x=) ", A pi € B" with nonzero scalars }; and pairwise distinct paths p; of length n.
Consider (p;,0) € K™ Then p(x)((p1.0)) = (—1)"(esp,). 0) € K°, which is not in kQ,. In
particular, p(x) does not belong to C" Taking cohomologies, we get an embedding
B — H(End s (K)) of graded algebras. By comparing dimensions, we infer that this

embedding is an isomorphism. This proves that p is a quasi-isomorphism. [ |

Recall that A-Mod denotes the abelian category of left A-modules. Then we iden-
tify K(A) with K(A-Mod). Denote by A-mod the category of finitely generated A-modules,
and by A-Inj the category of injective A-modules. We consider K(A-Inj) the homotopy cat-
egory of complexes of injective A-modules, which is a triangulated subcategory of K(A)
that is closed under coproducts. Denote by D?(A-mod) the bounded derived category of
A-mod.

There is a full embedding i: D’(A-mod) — K(A-Inj) sending a bounded complex X
to its homotopically injective resolution iX. Here, we recall that each bounded complex X
of A-modules admits a quasi-isomorphism X — iX with iX a bounded-below complex of
injective A-modules. The homotopy category K(A-Inj) is compactly generated, and the
functor i induces a triangle equivalence D?(A-mod) —> K(A-Inj)°; see [25, Section 2].

For each vertex i in Q, we define a right-graded kQ-module T; as follows. If i
is a sink in Q, we set T; = ¢;kQ. Otherwise, consider the monomorphism »;: ¢kQ(—1) —
Diuca, | st)=i) €@ kQ, which sends a path p that ends ati to Y, o, 5= @P- Here, (=1) is
the inverse of the degree-shift functor (1). Set T; to be the cokernel of »;, that is, we have

the following exact sequence of right-graded kQ-modules:

0— gkQ(—1) -2 @ ei)kQ —> T, —> 0. (2.5)

{aeQ | s(a)=1}
We denote by Q°P the opposite quiver of Q. Then kQ°P is the corresponding path
algebra. We observe that kQ°° = (kQ)°P. Here, for any algebra A, A°? denotes the usual
opposite algebra of A. Recall that B = (kQ)°PP is the opposite dg algebra of kQ. These is
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an isomorphism of graded algebras

kQ°® — B, (2.6)

1l+1)

which sends a path p of lengthlto (-1)"z p.

We identify right kQ-modules as kQ°-modules. We mention that the graded
kQ°P-module T; is indecomposable, since Endygor-gr(T;) > k.

For each vertex i, we denote by G; the corresponding simple graded kQ°P-module
that concentrated on degree 0. In other words, we have an exact sequence of graded

modules
0— P ewka-1-5eka— G — 0, (2.7)
{eQy | te)=i)
where &; sends a path pin ey, kQ to ap. We note that if i is a source then & =0.

For each vertex i of Q, we denote by S; the corresponding simple kQ/J?-module,
and by P; and I; its projective cover and injective hull, respectively. We identify modules
as stalk complexes concentrated at degree O.

We have the following version of Koszul duality; compare [8, Theorem 2.12.1; 22,
Section 10; 25, Example 5.7].

Theorem 2.5. Let Q be a finite quiver. Then we have a triangle equivalence
K(kQ/J?-Inj) — D(kQ°P),
which sends iS; to kQ°Pe;, iP; to T;, and I; to G; for each vertex i. O

We restrict the above equivalence to the subcategories consisting of compact
objects and obtain a triangle equivalence D?(kQ/J?-mod) ~ perf(kQ°P), which is well
known; it can be obtained, for example, by applying Lemma 2.4 and [22, Lemma 10.3,

The “exterior” case].

Proof. Recall that B = (kQ)°PP is isomorphic to kQ°P; see (2.6). In particular, we view T;
and G; as graded B-modules. Set A=kQ/J?.

Recall the dg B-A-bimodule K as above, and then the dual M = DK is naturally
a dg A-B-bimodule; moreover, since K is a projective resolution of the right A-module
kQq, M is an injective resolution of kQq as a left A-module, that is, M ~ikQq in K(A4).
It follows from [25, Proposition 2.3] that M is self-compact in K(A) =K(A-Mod) and
Loc(M) = K(A-Inj). Here, we use implicitly the fact that D?(A-mod) = thick(kQ,).
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By Lemmas 2.1 and 2.4, the dg A-B-bimodule M is right quasi-balanced. Then
the desired triangle equivalence follows from Proposition 2.2. More precisely, we obtain
a triangle equivalence F = Hom 4(M, —): K(A-Inj) — D(B).

We observe that Me; is an injective resolution of S;, that is, iS;~ Me;. By
Remark 2.3 we infer F(iS;) ~ F (Me;) >~ Be;.

If i is a sink, P; >~ S; and T; = kQ°Pe;. Then we already have F(iP;) = T;. If i is not

a sink, the exact sequence (2.5) of graded B-modules induces a triangle in D(B)

Bel-11— &  Bew — T, — Be.
ey | s@)=i)

Here, we recall that Be;[—1]~ Be;(—1); see Section 2.1. Applying a quasi-inverse F~! of

F, we have a triangle in K(A-Inj)

iSl-11— @ iSw — F (L) —iS.
{a€Qy |s(@)=i}

Recall the fully faithful triangle functor i: D?(A-mod) — K(A-Inj). It follows that
there exists a bounded complex X of A-modules such that F~1(T;) =iX with a triangle
in D?(A-mod)

Si[—-1] — @ Sty — X — S;.
{a€Q; | s(a)=i}

This triangle implies that X is concentrated on degree 0, that is, X is isomorphic to its

zeroth cohomology H(X); moreover, there is an exact sequence of A-modules

0— P Siw— H&X—S—0
{a€Q, |s(a)=1}

Recall that the graded B-module T; is indecomposable, and thus T; is an indecompos-
able object in D(B). It follows that H°(X) is an indecomposable A-module whose top is
S;. So, we have an epimorphism P; — H°(X) of A-modules; it is an isomorphism by com-
paring dimensions. Here, we use the fact that the dimension of P; equals the number of
arrows starting at i plus one. We have that F~!(T;) ~iX ~iH%(X) ~iP;. This implies that
F(iP)=T.

The same argument yields F(I;) = G;. We apply F~! to the triangle induced by
the exact sequence (2.7), and then by a dimension argument we have F~!(G;) = I;. We
omit the details. [ ]
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3 Universal Localization of Graded Algebras

In this section, we study universal localizations of graded algebras and prove a triangle
equivalence induced by a universal localization of a graded-hereditary algebra.

Let A=@p,, , A" be a graded algebra. We consider the abelian category A-Gr
of graded A-modules. Recall that for an integer d, there is the degree-shift functor
(d): A-Gr — A-Gr.

Let X ={&: P; — Qi}ic; be a family of morphisms between finitely generated
graded projective A-modules. We denote by X+ the full subcategory of A-Gr consisting
of modules M such that Hom ¢, (&;, M(d)) are isomorphisms for alli € I and de€ Z.

We recall from [32] the notion of universal localization of algebras. Let R be
an algebra and o be a family of morphisms between finitely generated projective
A-modules. A homomorphism 6: R— S of algebras is called o-inverting if for each mor-
phism & € o, the morphism S ®g & in S-Mod is invertible; 6 is called a universal localiza-
tion with respect to o if in addition each o-inverting homomorphism 6': R— S factors
uniquely through 6.

We have the graded version of the above notion. Let B =P, ; B" be another
graded algebra. A homomorphism 6: A— B of graded algebras is Y-inverting if for all
& € X, the morphism B ®,4 & in B-Gr is invertible; 6 is called a graded universal local-
ization with respect to X if in addition every X-inverting homomorphism 6’: A— B’ of
graded algebras factors uniquely through 6.

For a graded algebra A, we denote by U: A-Gr — A-Mod the forgetful functor. For
a category C, denote by Fun(C) the category of contravariant functors from C to k-Mod,
and by Mod(C) the full subcategory consisting of k-linear functors when C is k-linear. A
graded algebra A is left graded-hereditary if Ext%_.(—, —) vanishes.

The following result is standard; compare [32, Chapter 4].

Proposition 3.1. Let A and X be as above. Then a graded universal localization 5 : A —
Ay of A with respect to X' exists, and is unique up to isomorphism. Moreover, the fol-

lowing statements hold:

(1) the underlying homomorphism 65x: A— Ay of ungraded algebras is a uni-
versal localization of A with respect to o =U(X);

(2) the functor of restricting scalars 6}.: Ayx-Gr — A-Gr induces an equivalence

As-Gr — X
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(3) for any graded Ax-modules M, N, we have natural isomorphisms
Hom g6 (M, N) ~ Homy, -¢:(M, N) and Ext}_¢ (M, N) ~Ext} _. (M, N);
(4) if Ais left graded-hereditary, sois Ay. O

Proof. The uniqueness of 6y is trivial from the definition. The existence follows from
the argument in [32, Theorem 4.1] adapted for categories with automorphisms, which
we are going to sketch.

The category P = A-grproj of finitely generated graded projective A-modules
carries an automorphism (1), the degree-shift functor. Denote by P[X'~!] the Gabriel-
Zisman localization [16] of P with respect to X' ={£(d) |£ € ¥, de Z}. Then P[X'"!] has
a natural automorphism and the canonical functor g: P — P[X'"!] commutes with the
corresponding automorphisms. Take P[X'~!['" to be the k-linearization of P[¥'!]: the
objects of P[X'~!]'" and P[X'~!] are the same; for two objects X, Y, Hom 5o (X, Y)
is the k-vector space with basis Homp(s-1)(X, Y) and the composition of P[X'~1[I" is
induced from P[X’~!]. Moreover, P[X’~!]'" inherits an automorphism from P[X’~!], and
the canonical functor can: P[¥'~!] — P[X¥'~']"" commutes with these automorphisms.

We consider the composite F: P -5 P[x'~1]1 % P[x/-1]in, This functor is not
necessarily k-linear. Denote by Z the two-sided ideal of P[X'~'["" generated by
F(f+g) — F(f)— F(g) and F(Lf) — AF(f) for A€k, f,ge Homp(P, Q) and P, Q € P. We
have the factor category Py :=P[X’~!1'"/7; it is a k-linear category with an automor-
phism which is also denoted by (1). Denote by 7: P[X'~!]%" — Py the canonical functor.
Then 7 o F: P — Py is k-linear which acts on objects as the identity. In particular, every
object in Py is a direct summand of an object @?:1 A(d) for some n>1 and d; € Z.

Consider the graded algebra €5, _, Homp, (4, A(n)) and define Ay to be its oppo-

nez
site algebra. The functor 7 o F: P — Py induces a homomorphism 6y : A— Ay of graded
algebras, which is universal with respect to the X-inverting property.

We mention that the idempotent completion Ps of Py, as categories with auto-
morphisms, is equivalent to Ax-grproj, the category of finitely generated projective Ax-
modules. Then the composite functor P of Ps — 7’5;; is identified with the tensor functor
Ay ®4 —: A-grproj — Ax-grproj. Here, Py — 75; is the canonical embedding of the idem-
potent completion.

For (1), we recall that for an ungraded algebra R the Laurent polynomial algebra

Rlx, x '] is graded by deg R=0, degx=1 and degx!

= —1. There is a bijection from the
set of algebra homomorphisms from A to R to the set of graded algebra homomorphisms
from A to Rlx, x '], sending ¢: A— R to ¢": A— RIx, x '] such that ¢"(a) = ¢ (a)x* for

any a € A" moreover, ¢ is o-inverting if and only if ¢" is Y-inverting. Here, we use the
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equivalence RIx, x ']-Gr — R-Mod of categories, which sends a graded module M to
its zeroth component; compare [14, Theorem 2.8]. This bijection implies that 05 is a
universal localization with respect to o.

For (2), we recall the equivalence A-Gr —> Mod(P) which sends a graded A-
module M to the functor Homs-¢.(—, M) restricted on P. It follows that Xt is equiv-
alent to the category of k-linear functors which invert morphisms in X’. Recall from
(16, Lemma I.1.2] that Fun(P[X'"!]) identifies with the subcategory of Fun(P) consist-
ing of functors which invert morphisms in ¥’. Hence, X' is equivalent to the subcate-
gory of Fun(P[X’~!]) consisting of contravariant functors G: P[X'~!] — k-Mod such that
Gq(f+9)=G@q(f)+q(g) and G(q(Lf)) =1G(q(f)) for all f, g Homp(P, Q) and A k.
Here, we recall the canonical functor g: P — P[X'!].

We observe the obvious equivalence Fun(P[X’'']) ~ Mod(P[X'~!]i"). Then ¥+t
is further equivalent to the subcategory of Mod(P[X'~!]'") consisting of functors G
which vanish on Z, while the latter category is equivalent to Mod(Py). Recall from
the above the equivalence Py ~ Ax-grproj and from [7, Proposition 1.3] the equivalence
Mod(Pyx) :Mod(ﬁ;—). Combining these equivalences, we infer that X' is equivalent to
Mod(Ax-grproj). Finally, we observe the equivalence Ay-Gr —> Mod(Ax-grproj). This
yields the required equivalence in (2).

Observe that X+ is closed under extensions in A-Gr. Then the two isomorphisms
in (3) follow from (2). Recall that a graded algebra B is left graded-hereditary if and only
if the functor Ext}_. (M, —) is right exact for each graded B-module M; compare [30,
Lemma A.1]. Then (4) follows from (3) immediately. [ |

We view a graded algebra A as a dg algebra with trivial differential, and thus
graded A-modules as dg A-modules with trivial differentials. The following result char-
acterizes certain Hom spaces in the derived category D(A) of dg A-modules; see [21] for

a more general result.

Lemma 3.2. Let A be a graded algebra. Then for any graded A-modules M and N, there

is a natural isomorphism

Homp 4 (M, N) ~ ]_[ Extl,_o (M, N(—i)).

i>0
Proof. Take a projective resolution

-2 -1
s P25 p 1 PO S r
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in A-Gr, where each P"'=@, , P"/ is a graded projective A-module. Denote this
resolution by P. Then Ext‘A_Gr(M, N(—i)) ~ Hi(Hom -, (P, N(—i))) for each i > 0.

We associate a dg A-module T to the projective resolution P. As a graded A-
module T=6&

(—1)/dt, where we set d® = 0. There is a quasi-isomorphism ¢: T — M of dg A-modules,

P~i(i) and the restriction of the differential dr on P~/ is given by

>0

whose restriction on P° is ¢ and on P! is zero for each i > 1.
Set T, =P, P~i(i) for each n> 0. Then

h<Eh <

is a sequence of dg submodules of T satisfying that | J,.q Tn="T and T,/T,1 = P~ "(n)
as dg A-modules. This implies that the dg A-module T is homotopically projective. In
particular, the quasi-isomorphism ¢: T — M is a homotopically projective resolution;

see [23, 8.1.1]. Hence, by (2.3) and (2.1), we have the following isomorphisms:
Homp4) (M, N) ~ Homg 4 (T, N) ~ H(Hom4(T, N)).
We observe that there is an isomorphism

Hom (T, N) ~ [ [ Hom-a:(P. N(—0))li]

i=0

of dg k-modules. Taking the =zeroth cohomologies, we obtain the required

isomorphism. u

Remark 3.3. We mention that the above isomorphism is compatible with algebra homo-
morphisms. More precisely, let §: A— B be a homomorphism of graded algebras. Con-
sider the functors of restricting scalars 6*: B-Gr — A-Gr and 6*: D(B) — D(A). Let M and

N be graded B-modules. Then we have the following commutative diagram:

om.N

Homp ) (M, N) [Tiso Exth o (M, N(—i0))

0* J/ 0*

Po* (m).0% (V) ]
Homp 4 (0" (M), 0*(IN)) [ ;20 EXtly_g (6% (M), 0" (N) (1))

where ¢y y and ¢g-ane-v) are the isomorphisms in the preceding lemma. The

commutativity follows from the construction of these isomorphisms. O
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The following result might be deduced from [24, Theorems 3.1 and 3.6].

Lemma 3.4. Let A be a graded algebra which is left graded-hereditary. Then each dg
A-module X is isomorphic to its cohomology H(X) in D(A). Moreover, a dg A-module X
is perfect if and only if H(X), as a graded A-module, is finitely presented. O

Proof. Denote by Z and C the cocycle and coboundary of X; they are graded A-modules,
or equivalently, dg A-modules with trivial differentials. Consider the natural exact
sequences 0 — Z ¥ x % c[1] - 0 and 0 — C[11% z[1] > H(X)[1] - 0 in A-Gr. Since A is
left graded-hereditary, there exists a graded A-module E with the following commuta-

tive diagram with exact rows and columns in A-Gr.

0 0
inc d
0 Z X Cll] —— 0
f inc
foinc g
0 A E Z[1] — 0
mTog b4
H(X)[1] == HX)I1]
0 0

Consider the morphism f[—1]: X[—1]— E[-1] in A-Gr as a morphism of dg A-modules,
where X[—1] is viewed as a graded A-module, that is, a dg module with triv-
ial differential. Recall the mapping cone Con(f[-1])=FE[-1]® X in Section 2.1.
We observe two quasi-isomorphisms (inco (g[—1]),Idx): Con(f[-1]) > X and ((w o
9)[—11,0): Con(f[—1]) - H(X). This proves that X is isomorphic to H(X) in D(A).

Recall that perf(A) = thick(A) and that H: D(A) — A-Gr is a cohomological func-
tor. We observe that {X € D(A) | H(X) € A-Gr is finitely presented} is a thick subcategory
of D(A) that contains A. Then the “only if” part of the second statement follows. For
the “if” part, assume that H(X) is finitely presented. Then we have an exact sequence

0— P, - Py — H(X)— 0 of graded A-modules with P; finitely generated projective. This
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sequence gives rise to a triangle in D(A). Since each P; is perfect, it follows that H(X)

and thus X are perfect. |

For a class S of objects in a triangulated category 7, consider the right per-
pendicular subcategory St ={X €T |Hom(S, X[n]) =0 for all Se€ S, neZ}; it is a thick
subcategory of 7.

The following is the main result of this section, the ungraded version of which

is known, for example, by combining [2, Section 1.8; 26, Theorem 6.1].

Proposition 3.5. Let A be a graded algebra which is left graded-hereditary. Let ¥
be a family of morphisms between finitely generated graded projective A-modules.
Denote by 65: A— Ay the corresponding graded universal localization. Consider the
right perpendicular subcategory {Keré&, Coké |& € ¥} in D(A). Then we have a triangle

equivalence

{Ker&, Coké | € € ) — D(Ay). O

Proof. Write V' = {Ker&, Cok£ | & € X}*. For amorphism £: P — Q in ¥, we observe that
Imé& is projective and then Keré is a direct summand of P; moreover, there is a decom-
position P =Xeré @ P’ such that &£ =(0,&’) for some monomorphism &: P’ — Q with
Cok & = Cok¢'. In particular, for a graded A-module M, Hom 4-¢. (&, M) is an isomorphism
if and only if Hom 4-g(Ker &, M) =0 = Hom g-g,(Cok &, M) = Extg_Gr(CokS, M).

Take X € D(A). Recall from Lemma 3.4 that X~ H(X). Then X lies in N if and
only if Homp4) (Keré, H(X)[n]) =0=Homp4) (Coké, H(X)[n]) for all £ € ¥ and neZ. By
Lemma 3.2 this is equivalent to Hom 4-g.(Ker&, H(X)(n)) =0 =Homy4-g(Cok &, H(X)(n)) =
Extl_..(Coké&, H(X)(n)). By above, these equalities are equivalent to Hom s, (&, H(X)(1))
are isomorphisms for all n€ Z. In summary, X lies in A if and only if H(X), viewed as
an object in A-Gr, lies in ¥, or equivalently, N ={X e D(4) | H(X) € X*}.

Consider the graded universal localization 6y: A— Ay and the functor of
restricting scalars 65 : D(Ax) — D(A). For any graded Ax-modules M, N, 0% induces an
isomorphism Hompa,) (M, N) >~ Hompa (05 (M), 05 (V). This follows from Lemma 3.2,
Remark 3.3 and Proposition 3.1(3). By Proposition 3.1(4) Ay is left graded-hereditary and
then by Lemma 3.4 each object in D(Ay) is isomorphic to a graded Ax-module. Then we

infer that 05.: D(Ay) — D(4) is fully faithful; moreover, it follows from Proposition 3.1(2)
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that its essential image is {X e D(4)| H(X) € X'}, which equals A. Then we have the

. . |
required equivalence.

4 Leavitt Path Algebras

In this section, we recall some results on Leavitt path algebras [1, 4], which we will use
in the proof of Main Theorem.

Let Q be a finite quiver. Denote by Q its double quiver, which is obtained from Q
by adding for each « in Q; an arrow «* going in the opposite direction; the added arrows
are called ghost arrows. Denote by kQ the path algebra of the double quiver Q.

The Leavitt path algebra L(Q) of Q is by definition the quotient algebra of
kQ modulo the ideal generated by {af* — 8, s€i@), D we, se=i @@ —€la, feQr, L€
Qo that are not sinks}. Here, § is the Kronecker symbol. The generators of the ideal are
known as the Cuntz—Krieger relations.

The Leavitt path algebra L(Q) =&

dege; =0, degar =1 and dega* =—1 for all i € Qp and « € Q;. There is a homomorphism

nez L(Q)™ is naturally Z-graded by means of
of graded algebras (q: kQ — L(Q) such that (q(e;) = ¢; and (g(¢) = «. It is well known that
the homomorphism (4 is injective; for example, see [13, Proposition 4.1].

There is an algebra anti-automorphism (—)*: L(Q) — L(Q), called the invo-
lution, such that (¢)*=¢;, (¢)*=a* and («*)*=«a. Note that (—)* identifies L(Q)"
with L(Q)™

Recall that a graded algebra A=@p, , A" is strongly graded provided that
ATA™ = A™™ for all n, m € Z, which is equivalent to the conditions that A'A™! = A° =
A1 Al. In this case, each A°-bimodule A" is invertible.

An algebra A is von Neumann regular provided that all A-modules are flat, or
equivalently, any finitely presented A-module is projective. Then the category A-proj of
finitely generated projective A-modules is a semisimple abelian category. Here, we recall
that an abelian category is semisimple if any short exact sequence splits.

For a semisimple abelian category A and an auto-equivalence X on it, we denote
by (A, ) the unique triangulated structure on A with the translation functor X; see
[12, Lemma 3.4]. Indeed, all triangles in this category are direct sums of trivial ones.
For example, given an invertible A-bimodule K on a von Neumann regular algebra A,
we consider the auto-equivalence K ® 4 — on A-proj, and thus we have a triangulated
category (A-proj, K ® 4 —).

The following result summarizes the structure of L(Q) =P, _, L(Q)" as a graded
algebra. We denote by L(Q)-grproj the full subcategory of L(Q)-Gr consisting of finitely

nez

9102 ‘v’z Afenuer uoeuIyD Jo ABOjouyDe | pue 90Us RS Jo A1SIBAIUN e /BI0'S[euInolplo xo-uiwi//:dny Wo.) pepeojumoq


http://imrn.oxfordjournals.org/

2616 X.-W. Chen and D. Yang

generated graded projective L(Q)-modules, and recall that (1) denotes the degree-shift

functor of L(Q)-modules.

Lemma 4.1. Let Q be a finite quiver without sinks. Then the following statements
hold:

(1) the Leavitt path algebra L(Q) is strongly graded; in particular, we have an
equivalence L(Q)-grproj —> L(Q)°-proj;

(2) the zeroth component subalgebra L(Q)° is von Neumann regular and
hereditary;

(3) there are triangle equivalences
perf(L(Q)) — (L(Q)-grproj, (1)) — (L(Q)°-proj, L(Q)" ®p(ap —):
(4) there is a triangle equivalence

(L(Q)°P-grproj, (1)) — (L(Q)-grproj, (—1)). O

Proof. For (1), we recall from [33, 5.3] or [19, Theorem 3.5] that L(Q) is strongly graded.
Then by [14, Theorem 2.8] the functor (-)°: L(Q)-Gr — L(Q)°-Mod sending a graded
module M =&, , M" to its zeroth component MO is an equivalence; moreover, via this
equivalence the degree-shift functor (1) corresponds to the functor L(Q)! ®pqp —. The
required equivalence follows directly.

By the proof of [4, Theorem 5.3] or [33, 5.3], the algebra L(Q)° is a direct limit of
finite-dimensional semisimple algebras, and thus it is von Neumann regular and hered-
itary; this yields (2). The statement (3) is a special case of Lemma 4.2.

The equivalence in (4) follows from the involution (—)*: L(Q)— L(Q), which
induces an equivalence L(Q)°P-grproj —s L(Q)-grproj. This equivalence identifies (1) on
L(Q)°P-grproj with (—1) on L(Q)-grproj. |

Lemma 4.2. Let A=, _, A" be a strongly graded algebra such that A° is von Neumann

regular and left hereditary. Then we have a triangle equivalence
perf(A) —> (A-grproj, (1)) — (A%-proj, A' ® »0 —). O

By the equivalence A-grproj— A°-proj, the category A-grproj is semisimple
abelian. Thus the triangulated category (A-grproj, (1)) is defined, and it is equivalent
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to (A°-proj, A' ® o0 —). Here, we use implicitly that for a graded A-module M, there is an
isomorphism M' ~ A ® 4 M° of A°-modules.

Proof. We infer from the assumption and the equivalence A-Gr —> A°-Mod that A is
left graded-hereditary and every finitely presented graded A-module is projective. We
apply Lemma 3.4 to get perf(4) ={X~ H(X) e D(A) | H(X) € A-grproj}, and thus a well-
defined functor H: perf(A) — A-grproj. This functor is an equivalence by Lemma 3.2.
Moreover, it follows from the definition of H that the translation functor [1] on perf(A)
corresponds to the degree-shift functor (1) on A-grproj, and hence H is a triangle

equivalence. ]

Recall the opposite quiver Q°? of Q and the natural identification kQ° = (kQ)°P.

Then we have a homomorphism of graded algebras

(tqop )P

Ka: kQ = (kQ°P) 225 1,(QOP)°P.

For a vertex j in Q, kQe; denotes the left homogeneous ideal of kQ generated
by e;, where e; is homogeneous of degree 0. Observe that kQe; has a basis given by all
paths starting at j. We recall the homomorphisms nio and Sia in the sequences (2.5) and
(2.7) for left graded kQ-modules. More precisely, if i € Qp is not a sink, there is an exact

sequence of left graded kQ-modules

Q
0— @ ke (1) - kQe — GE — 0, 4.1)

{e€Q; | s(a)=1}

where Eia(p) = po for any path p starting at ¢(«), and G is a graded simple kQ-module
concentrated on degree O; if i € Qg is not a source, there is an exact sequence of left

graded kQ-modules

Q
0 —> kQe;(—1) > kQeyq —> T — 0, (4.2)
{aeQy [ t(e)=1}

where nio(p) = wcq, | t()—i) Po for any path p starting at i.
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The following result relates Leavitt path algebras to graded universal localiza-

tions; compare [3, 33].
Proposition 4.3. Keep the notation as above. Then we have the following statements:

(1) the graded algebra homomorphism tg: kQ — L(Q) is a graded universal
localization with respect to {éia |1 € Qp that are not sinks};
(2) the graded algebra homomorphism «q: kQ — L(Q°P)°? is a graded universal

localization with respect to {nia |i € Qp that are not sources}. O

Proof. The statement (1) is contained in [33, 5.3], where the homomorphism ¢, is proved
to be a universal localization of algebras. Then it follows immediately that it is a graded
universal localization.

For (2), we recall a general fact; compare [32, p. 52]. Let 6: R— S be a graded
universal localization of graded algebras with respect to a family ¥ of morphisms. Then
0°P: R°P — S°P is a graded universal localization with respect to X% = (£ | £ ¢ X}. Here,
(- =P,,, Hompg-gr(—, R(n)): R-grproj— R°P-grproj is the duality functor on finitely
generated graded projective modules. Note that (kQ°P¢;(n))" ~ kQe;(—n) for any vertex
i and neZ. Then for a vertex i in Q that is not a source, we may identify nia(l) with
(giaop)“. Then (2) follows from (1). [ |

5 The Gorenstein Projective Modules Over Trivial Extensions

In this section, we study the stable category of Gorenstein projective modules over a
trivial extension of an algebra by an invertible bimodule, which is related to the derived

category of a strongly graded algebra.

5.1 Gorenstein projective modules

We first recall some results on Gorenstein projective modules.

Let A be an algebra. Recall from [5, p. 400] that a complex X of projective A-
modules is totally acyclic if it is acyclic and for any projective A-module Q the complex
Hom, (X, Q) is acyclic. A A-module G is called Gorenstein projective if there is a totally
acyclic complex X such that the first cocycle Z!(X) is isomorphic to G ([15]), in which
case the complex X is said to be a complete resolution of G. Indeed, any cocycle Z!(X)
is Gorenstein projective. We denote by A-GProj the full subcategory of A-Mod consist-
ing of Gorenstein projective modules. Observe that projective modules are Gorenstein-

projective.
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Recall that the full subcategory A-GProj of A-Mod is closed under extensions. It
follows that A-GProjis an exact category in the sense of Quillen. Moreover, it is a Frobe-
nius category, whose projective-injective objects are precisely projective A-modules.
Then by [17, Theorem I1.2.8] the stable category A-GProj modulo projective A-modules
has a natural triangulated structure: the translation functor is a quasi-inverse of the
syzygy functor, and triangles are induced by short exact sequences with terms in
A-GProj.

The stable category A-GProj is related to the homotopy category of complexes.
Denote by A-Proj the subcategory of A-Mod consisting of projective modules, and by
K(A-Proj) the homototpy category of complexes of projective modules. Let Ko (A-Proj)
be the triangulated subcategory of K(A-Proj) consisting of totally acyclic complexes.

The following result is the dual of [25, Proposition 7.2].
Lemma 5.1. Keep the notation as above. Then there is a triangle equivalence
Z': Kiae(A-Proj) — A-GProj,

sending a complex X to its first cocycle Z!(X). Its quasi-inverse sends a Gorenstein

projective module to its complete resolution. O

We recall the full subcategory A-Gproj of A-Mod as follows. A A-module G lies
in A-Gproj if and only if there is an acyclic complex P of finitely generated projective
A-module such that the dual P%¥* =Hom, (P, A) is acyclic and Z!(P) ~ G. In this case, the
complex P is a complete resolution of G, and thus A-Gproj € A-GProj. We mention that
for a left coherent algebra A, there is an equality A-Gproj= A-GProjN A-mod; see [11,
Lemma 3.4]. Here, A-mod denotes the category of finitely presented A-modules.

The subcategory A-Gproj of A-Mod is closed under extensions, and thus
becomes an exact category. Moreover, it is a Frobenius category whose projective-
injective objects are precisely finitely generated projective A-modules. The correspond-
ing stable category A-Gproj has a natural triangulated structure.

We observe that the stable category A-GProj has arbitrary coproducts, and that

the inclusion A-Gproj € A-GProj induces an embedding

A-Gproj € (A-GProj)°

of triangulated categories. Here, we recall that (A-GProj)° denotes the thick subcategory
of A-GProj consisting of compact objects. The embedding A-Gproj C (A-GProj)® induces
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further an embedding

A-Gproj C (A-GProj)°,

where A—/C_}\I_);oj is the idempotent completion [7] of A-Gproj.

5.2 Trivial extension

We will study modules over a trivial extension A = B x X of an algebra B by an invertible
A" such that
A°=B and A™! = X as A-bimodules. In what follows, we begin with a strongly graded

B-bimodule X. Observe that there exists a strongly graded algebra A=

nez

algebra A and consider the corresponding trivial extension A = A% x A~!.
Let A=(P, , A" be a strongly graded algebra. Then each A°-bimodule A" is

invertible and the multiplication induces an isomorphism
A" @ g AT 5 AT (5.1)

of A°-bimodules. This isomorphism sends a" ® a™ to a"a™ for a* € A" and a™ € A™.

We observe the following result.
Lemma 5.2. Let M be an A°-module, and let n, m € Z. Then the following hold:
(1) there is an isomorphism
O A" ® 0 M — Hom (A", M) (5.2)

such that 07,(a" ® m)(a™™) = (a "a").m;

(2) there is an isomorphism
™™ A™ s Hom 4 (A", A™) (5.3)

such that 6™™(a)(b) = ba for ac A" " and b e A". O

Proof. For (1), we use the fact that the endofunctor A” ® o — on A°-Mod is isomorphic
to Hom 4 (A™", —); both are quasi-inverse to A™" ® 4 —. The isomorphism in (2) follows

from (1), once we recall from (5.1) the isomorphism A™ "~ A" ® 40 A™. [ |

Let A= A° x A™! be the trivial extension of A° by the A°-bimodule A~!. That
is, an element in A is given by (a,b) with ac A° and be A™!, and the multiplica-
tion is defined such that (a, b) - (a@’, ') = (ad/, ab’ + ba’). We have the natural embedding
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A® — A by identifying a with (a, 0). We observe that A is a finitely generated projective
A%-module on each side.

We observe that A~! is a two-sided ideal of A and that A/A~! ~ A°. In this man-
ner, we view A° as a A-module. We claim that A° lies in A-Gproj.

For the claim, we will construct a complex P of finitely generated projective
A-modules. For each integer n, we define P"= A"@® A" !, which carries a natural A-
module structure induced by the multiplication of A. More precisely, for (a,b)e A
and (a" a* ') € P", the action is given such that (a, b).(a", a* ') = (aa", aa™ ! + ba’). We
observe that there is an isomorphism P"~ A ® 4 A" of A-modules. Recall that the A°-
bimodule A" is invertible. Then each A-module P" is finitely generated projective. We
define the differential d*: P"*— P""! such that d%((a", a*!)) = (0, @*). Then the complex
P is acyclic with Z!(P) ~ A°.

Consider the following isomorphisms of right A-modules

Hom,(P", A) ~Hom (A Q@ A", A)~Homp(A", A)~A"®d A L.

Here, the rightmost isomorphism is obtained by applying (5.3) twice, and the right A-

module structure on A"@ A1

is induced from the multiplication of A. Via these
composite isomorphisms, the differential of the dual complex (P)" = Hom, (P, A) sends
(@™ a™?) in (P™HY to (=1)0,a ™ ') in (P®Y, In particular, P¥ is acyclic. This
proves that A° lies in A-Gproj. Moreover, the complex P is a complete resolution of A°.
The differential d°: P° — P! induces a monomorphism d: A° — P! such that d(a) = (0, a).
We observe that dis a left A-Proj-approximation, which means that any A-module homo-
morphism A° — Q with Q projective factors through d.

Let M be a A-module. We will compute the Hom space Hom ,(A°, M) in the stable
module category A-Mod. Recall that Hom ,(A°, M) =Hom (A%, M)/P, where P denotes
the subspace consisting of homomorphisms from A° to M that factor though projectives.

The A~!-action on M induces a homomorphism of A°-modules

O A @0 M— M,

which satisfies ¢y o (Ida1 ® ¢ar) =0; more explicitly, ¢y (a™! ® m) = (0, a !).m. There is
a unique A°-submodule Kj; of M with the property A™' ® 4 Kj; = Ker ¢5;. Here, we use
the following general fact: since the A°-bimodule A~! is invertible, each submodule of
A"l ® 4 M is of the form A™! ® 0 M’ for an A°-submodule M’ of M. Hence, we have the
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following exact sequence of A°-modules:
0— A @u Ky — A @0 M5 . (5.4)

The condition ¢po0 (Idg1 ® ¢ppr) =0 implies that Ime¢py C Ky. Indeed, Ky ={me
M| A .m=0}.

Lemma 5.3. Keep the notation as above. Then there is an isomorphism
Hom ,(A°, M) =~ Ky/Im ¢y a

We apply the isomorphism to the case M = A°. Then we obtain an isomorphism
of algebras
(A”)° — End,, (4°). (5.5)

Here, ¢y =0 and Ky = A°. This isomorphism sends a°< A° to the endomorphism

reo: A% — A° given by ry(x) = xa°.

Proof. Recall that A° = A/A~!. Then there is an isomorphism
¢: Hom (A%, M) —> Ky

sending fto f(1). It suffices to show that ¢ identifies P with Im ¢y;. Recall that d: A° —
P!, that sends a° to (0, a°) € P!, is a left A-Proj-approximation. It follows that P is the
image of Hom(d, M): Hom (P!, M) — Hom,(A°, M).

Recall the isomorphism ¥: A ®p A' ~ P!, sending (a.b) ® a® to (aa, ba®).
Assume that the isomorphism A%~ A~! ® 4 A! of A°-bimodules, which is induced by
the multiplication of A, sends 1 to Z;:I a; ® b;; moreover, we have 1 = Zle a;b;; compare
(5.1). Then we have

Y@, a®)=(1,00a +) (0da) &b.

i=1

Consider the following isomorphisms:
g1
@D A Q0 ME Homa (A, M) ~Hom (A ® 0 A, M) ~Hom (P!, M),

where the isomorphism 6;;' is given in (5.2) and the rightmost isomorphism is given

by Hom,(y~!, M). By direct calculation, we infer that the composite isomorphism
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@ satisfies

d@e@m)(a,a)) =@a’l, aal)m.

Then Hom(d, M) o @: A™' ® 0 M — Hom,(A°, M) sends a~! ® m to a map, that sends
a® € A° to (0, a’a!).m. Hence, the composite ¢ c Hom(d, M) o @ coincides with ¢ In
particular, ¢ identifies the image of Hom 4 (d, M), which is just shown to be P, with Im ¢y.

Then we are done. |

5.3 The stable category

Let A=A%x A™! be as above. Recall that the stable category A-GProj of Gorenstein
projective A-modules is a triangulated category with arbitrary coproducts. Recall that
A° € A-Gproj € A-GProj. We denote by thick(A°) the smallest thick subcategory that con-

tains A%, and by Loc(A°) the smallest triangulated subcategory that contains A° and is
closed under arbitrary coproducts.
Recall the embedding A-GprojC (A-GProj)°, and observe that thick(A%) C

—~

A-Gproj. For an object X in an additive category, we denote by add X the full subcat-

egory consisting of direct summands of direct sums of finitely many copies of X.

Proposition 5.4. Let A=
the trivial extension. Assume that the algebra A° is left hereditary. Then the following
hold:

A" be a strongly graded algebra, and let A = A° x A~! be

nez

(1) the stable category A-GProj is compactly generated with A° a compact
generator;
(2) A-GProj=Loc(A% and (A-GProj)°¢=thick(A®), which is equivalent to

A-/G\p/roj, the idempotent completion of A-Gproj;
(3) if in addition A° is von Neumann regular, then A-Gproj=add (A° ® A), and

there are equivalences of triangulated categories
(A-GProj)* — A-Gproj — (A%-proj, A' @ 0 —). O

We recall that if A° is von Neumann regular, the category A°-proj of finitely
generated projective A°-modules is semisimple abelian and that A' ® 4 — is an auto-
equivalence on it. Thus we have the triangulated category (A°-proj, A! ® 0 —); see

Section 4.
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Proof. Recall that A° is compact in A-GProj. We claim that for a Gorenstein projective
A-module M, Hom ,(A°, M) =0 implies that M is projective. Then (1) follows, and (2) is
an immediate consequence of (1).

For the claim, we observe that any projective A-module is projective as an A°-
module. Since M is a submodule of a projective A-module and A° is left hereditary, the
underlying A°-module M and then Im ¢y, is projective. Then the following short exact

sequence induced by (5.4)
0— A ' ®@p Ky — A @0 M Im gy — 0

splits. In particular, there is a decomposition M = K’ @ Ky of A°-modules such that ¢y
induces an isomorphism A™' ® oo K’ ~Im¢y. By Lemma 5.3, Hom ,(A°, M) =0 implies
that Im ¢y = Ky. This implies that

K'®A'®pK)— M,

which implies that M is isomorphic to A ® » K. Note that the A°-module K’ is projective.
It follows that the A-module M is projective.

For (3), let M € A-Gproj. We will show that M lies in add(A° @ A). Observe that M,
Ky and Im ¢y, as A°-modules, are finitely generated projective. Since A° is von Neumann
regular, Im ¢, € Ky is a direct summand. Hence, we have a decomposition Ky, = Im ¢y &

K" of A°-modules. Then we have
M= (K ®Imd¢py) & K".

By the isomorphism A™! ® o K’ ~Im ¢y, the A°-submodule K’ @ Im ¢y, of M is indeed
a A-submodule, which is isomorphic to A ® 4 K’ and then belongs to add A. The A~!-
action on Kj; and then on K” is trivial. In particular, K” C M is a A-submodule. Since
K”, as an A°-module, is finitely generated projective, we have that K” belongs to add A°.

For the triangle equivalences in (3), we consider the natural functor
F: A%-proj — A-Gproj,

where we view a finitely generated projective A°-module Q as a A-module, on which A™!
acts trivially. This functor is well defined, since A° and thus each Q lie in A-Gproj. The
functor F is fully faithful by the isomorphism (5.5). By the above, it is dense, and thus

an equivalence of categories.
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It remains to show that via the equivalence F, the translation functor on A—Gp_roj
corresponds to the functor A! ® o0 — on A°-proj. For this, recall that the syzygy functor
is a quasi-inverse of the translation functor on the stable category A-Gproj. We observe
an exact sequence

0>A4A'®0Q—>AQ0 00— Q—0

for each A°-module Q. This implies that the syzygy functor on A-Gproj corresponds
to the functor A™! ® 0 — on A°-proj, and thus the translation functor corresponds to
Al ® 0 —.

We infer from the equivalence F that the category A-Gproj has split idempo-

tents, or equivalently, it is equivalent to the idempotent completion A-Gproj. Then the

remaining equivalence follows from (2). |

The following result relates the stable category of Gorenstein projective modules

to the derived category of the strongly graded algebra.

Proposition 5.5. Let A=

the trivial extension. Then there is a triangle equivalence

A" be a strongly graded algebra, and let A = A° x A~! be

nez

Loc(A%) — D(A),
sending A° to A. If A is left hereditary, there is a triangle equivalence
A-GProj —> D(A). O

If A° is von Neumann regular and left hereditary, the restriction of the above

equivalence to compact objects yields an equivalence
A-Gproj —> perf(A4),

which is further equivalent to (A°-proj, A' ® 0 —); compare Proposition 5.4(3) and

Lemma 4.2.

Proof. By Lemma 5.1, we identify A—iroj with Kiac(A-Proj), and in this way A° is iden-
tified with the complex P. Then we have a triangle equivalence Loc(A°) — Loc(P).

The complex P is naturally a dg A-A-bimodule. Indeed, A acts on P as follows:
for a™ e A™ and (a® a* ') € P*, we have (a* a*').a™ = (a*a™, a* 'a™) e P, We claim

that this dg bimodule is right quasi-balanced and then by Proposition 2.2 we have

9102 ‘v’z Afenuer uoeuIyD Jo ABOjouyDe | pue 90Us RS Jo A1SIBAIUN e /BI0'S[euInolplo xo-uiwi//:dny Wo.) pepeojumoq


http://imrn.oxfordjournals.org/

2626 X.-W. Chen and D. Yang

a triangle equivalence Loc(P) —> D(A). Then the first statement follows. The second
follows from the first and Proposition 5.4(2).

For the claim, we compute the homomorphism @: A— End,(P)°PP of dg algebras
induced by the right A-action on P. More precisely, @ (a) =r, for homogeneous elements
a in A; see Section 2.2. The homogeneous component of degree n of End,(P) is given as

follows.

End,(P)"= [ [ Hom (PP, PP ~ [ [ Hom,(A ® 0 AP, PP™)
PEL peZ

~ ]_[ Hom 4 (AP, PP ~ ]_[(A" @A"Y,
DPEZL peZ
The last isomorphism is induced by (5.3); here, we recall that PP*" = AP** @ AP*"! Then
via the above isomorphism, the elements in End 4 (P)" are denoted by {(x?, y;,l)}pez, where
xpe A" and ype A", The differential d*: End,(P)"— End,(P)*"' sends {(x}, )} pez
to {(0,x, — (—1)”XZ+1)}p€Z. The homomorphism & sends an element a in A" to
{((=1)P"a,0)}pez. in End,(P)". Then direct calculation shows that & is a quasi-

isomorphism. |

6 Proof of Main Theorem

In this section, we combine the results in the previous sections to give a proof of Main
Theorem in the introduction.

Let Q be a finite quiver. Denote by A=kQ/J? the corresponding finite-
dimensional algebra with radical square zero. Recall the embedding i: D?(A-mod) —
K(A-Inj) sending a bounded complex X to its homotopically injective resolution iX. We
apply [25, Lemma 2.1] and the isomorphism (2.2) to deduce the following isomorphism

for any complex X in K(A-Inj)
Homg 4-1nj) (14, X) ~ Homg a-Moq) (4, X) =~ H°(X). (6.1)

In particular, we infer that K..(A-Inj) = (14)*, where (i4)! denotes the right perpendic-
ular subcategory of K(A-Inj) with respect to i4, that is,

(iA)" = {X € K(A-Inj) | Homg a-mj (14, X[n]) =0 for any ne Z}.

Following [10, 29], the singularity category Dggz(A) of A is the Verdier quotient

triangulated category of D?(A-mod) with respect to perf(A); also see [18]. Here, we recall
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that perf(A) is triangle equivalent to K?(A-proj), the homotopy category of bounded
complexes of finitely generated projective A-modules. Recall from [25, Corollary 5.4] a
triangle equivalence

Dsg(A) —> Kac(A-Inj)°. (6.2)

Here, we implicitly use the fact that Dgz(A) has split idempotents; see [12, Corollary 2.4].

The following result contains the first part of Main Theorem. Recall that the
Leavitt path algebra L(Q)=&D,.,L(Q)" is graded, and that AT (Q)=L(Q)° x L(Q)"
denotes the trivial extension of L(Q)° by the L(Q)°-bimodule L(Q)*.

Theorem 6.1. Let Q be a finite quiver without sinks. Then there are triangle
equivalences
K.c(kQ/J?-Inj) — D(L(Q)°?) — A*(Q)-GProj.

Restricting these equivalences to compact objects, we obtain triangle equivalences
Dsg(kQ/J?) —> perf(L(Q)?) —> A*(Q)-Gproj,
which is further equivalent to (L(Q)°P-grproj, (1)) — (L(Q)-grproj, (—1)). O

The equivalence Dgy(kQ/J?) — (L(Q)-grproj, (—1)) is essentially contained in
[33, Theorem 7.2]; compare [12, Theorem B]. Here, we identify qgr(kQ) with L(Q)-grproj
by [33, Theorem 5.9].

Proof. Set A=kQ/J?. Recall from Theorem 2.5 that there is a triangle equivalence
F: K(A-Inj) — D(kQ°P), that sends iA to @ieao T:. Here, we recall that A= EBieoo P; with
P; the indecomposable projective A-module corresponding to i, and the graded kQ°P-
module T; is defined in (2.5). Hence, F identifies K,.(A-Inj) = (i4)* with the right perpen-
iea, T =1{Ti |i € Qo}* in D(kQ°P).

Recall from Proposition 4.3(2) that xqoe: kQ°° — L(Q)°P is a graded universal

dicular subcategory (P

localization with respect to {niaop |7 € Qo}; here, we use the assumption that Q°P has
no sources. Recall the exact sequence (2.5) that defines T;. Then Proposition 3.5 yields
a triangle equivalence {T; |i € Qo}* — D(L(Q)°P). Then we obtain the desired triangle
equivalence K¢ (A-Inj) —> D(L(Q)°P).

We apply Lemma 4.1 and then Proposition 5.5 to obtain a triangle equivalence
D(L(Q)°?) ~ A'-GProj, where A’'=(L(Q)®)° x (L(Q)°®)"" denotes the trivial extension.
Recall the involution (—)*: L(Q) — L(Q), which induces an isomorphism A’'~ AT(Q).
Hence, we have the triangle equivalence D(L(Q)°P) >~ A*(O)—GP_roj.
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In view of the equivalence (6.2), Proposition 5.4 and Lemma 4.1(3) and (4), the

equivalences on the subcategories of compact objects follow immediately. |

We now consider K(A-Proj) the homotopy category of complexes of projective
A-modules. By the isomorphism (2.2), we have K,.(A-Proj) = A*, the right perpendicular
subcategory of K(A-Proj) with respect to A. Applying [28, Propositions 7.14 and 7.12] and
the localization theorem in [23, 8.1.5], we have that the category K,.(A-Proj) is compactly

generated with a triangle equivalence
Dsg(AP)°P — K, (A-Proj)°. (6.3)

Here, for any category C, we denote by C°P its opposite category.
Recall the Nakayama functors v=DA®, —: A-Proj —> A-Inj is an equivalence,
which sends A to DA. Thus we have a triangle equivalence K(A-Proj) SN K(A-Inj) send-

ing A to DA; compare [25, Example 2.6]. We conclude with a triangle equivalence
Kac(A-Proj) —> (D A)*. (6.4)

Here, (DA)* is the right perpendicular subcategory of K(A-Inj) with respect to DA,
that is,
(DA)* = (X € K(A-Inj) | Homg a-mj (DA, X[n]) =0 for any ne Z}.

The following result contains the second part of Main Theorem. Recall that
A7(Q°) = L(Q°)° x L(Q°P)"! denotes the trivial extension of L(Q°)° by the L(Q°P)°-
bimodule L(Q°P)~!.

Theorem 6.2. Let Q be a finite quiver without sources. Then there are triangle
equivalences

K.c(kQ/J?-Proj) — D(L(Q°?)) — A~ (Q°P)-GProj.
Restricting these equivalences to compact objects, we obtain triangle equivalences
Dyg(kQ°P/J*)°P — perf(L(Q°)) — A~ (Q°P)-Gproj,

which is further equivalent to (L(Q°P)-grproj, (1)). O

Proof. Set A=kQ/J? as above. Recall from Theorem 2.5 the triangle equivalence
F: K(A-Inj) — D(kQ°?), that sends DA to Dicq, Gi- Here, we recall that DA~ , L
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with I; the indecomposable injective A-module corresponding to i, and that the graded
simple kQ°°-module G; in given in (2.7). Hence, F identifies (DA)* in K(A-Inj) with
(Dica, Gi)* ={Gi|ie Qo}' in D(kQ°P).

Recall from Proposition 4.3(1) that the homomorphism tqe : kKQ°° — L(Q°P) is a
graded universal localization with respect to {Eiaop |i € Qp}; here, we use the assump-
tion that Q° has no sinks. By Proposition 3.5, we have a triangle equivalence {G;|i €
Qo}+ — D(L(Q°P)). In view of the equivalence (6.4), we have the required equivalence
K.c(A-Proj) —> D(L(Q°P)).

The triangle equivalence D(L(Q°P)) SN A*(OOP)—GP_roj follows from Lemma 4.1
and Proposition 5.5. In view of the equivalence (6.3), Proposition 5.4 and Lemma 4.1(3),

the equivalences on the subcategories of compact objects follow immediately. [ |

Remark 6.3. We remark that by replacing Q by Q°P, the equivalences on the categories
of compact objects obtained in Theorems 6.1 and 6.2 may be identified. To this end, we

recall that for any dg algebra B, there is a triangle equivalence
perf(B°PP) —> perf(B)°P (6.5)

via the functor RHompgew (—, B), the right derived functor of Hompgor» (—, B). For an algebra

A, there is triangle equivalence
A-Gproj —> (A°P-Gproj)°P (6.6)

induced by Hom,(—, A). Recall the isomorphisms L(Q)°°* ~L(Q)°®* and AT(Q)~
A~(Q)°? induced by the involution on the Leavitt path algebra. Then via the equivalences
(6.5) and (6.6) the triangle equivalences on compact objects in Theorems 6.1 and 6.2 are

identified, up to taking opposite categories. O

We conclude the paper with an immediate consequence of Theorems 6.1 and 6.2.

Recall that two finite-dimensional algebras A; and A, are said to be singularly
equivalent if there is a triangle equivalence between their singularity categories. By
(6.2), the existence of a triangle equivalence K. (A;-Inj) = Kac(A2-Inj) implies that A;
and A, are singularly equivalent. In general, we do not know whether the converse is
true; compare the discussion after [25, Proposition 2.3]. However, the following result
shows that the converse holds for certain algebras with radical square zero.

Two graded algebras B; and B, are said to be graded Morita equivalent if there

is an equivalence B;-Gr —> B,-Gr that commutes with the degree-shift functors; they
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are said to be derived equivalent if there exists a triangle equivalence D(B;) — D(B,),

where graded algebras are viewed as dg algebras with trivial differentials.

Proposition 6.4. Let Q and Q' be finite quivers without sinks. Then the following state-

ments are equivalent:

(1) the algebras kQ/J? and kQ'/J? are singularly equivalent;

(2) the Leavitt path algebras L(Q) and L(Q’) are graded Morita equivalent;

(3) the Leavitt path algebras L(Q) and L(Q’) are derived equivalent;

(4) the opposite Leavitt path algebras L(Q)°® and L(Q)°® are derived
equivalent;

(5) there is a triangle equivalence Kuc(kQ/J?-Inj) —> Ko (kQ'/ J?-Inj);

(6) there is a triangle equivalence K, (kQ°/J%-Proj) —> Kac(kQ"°?/J?-Proj);

(7) the algebras A*(Q) and A*(Q’) are Morita equivalent. O

Proof. We only prove the implications “(1) = (2) = (3) = (6) = (1)", while the proof of
“1)=(2) = (4) = (5) = (1)" is similar. Here, we recall that two graded algebras are
graded Morita equivalent if and only if so are their opposite algebras.

For “(1)= (2)", we observe that the equivalences on compact objects in
Theorem 6.1 imply that there is an equivalence L(Q)-grproj = L(Q')-grproj that com-
mutes with (—1) and then with (1). This equivalence extends to the whole graded module
categories.

The implication “(2) = (3)” follows from a general fact: any two graded Morita
equivalent algebras B; and B, are derived equivalent. Indeed, from the graded Morita
equivalence there is a balanced B;-B;-bimodule P such that as a B;-module P is a projec-
tive generator with an isomorphism B,” ~ Endp, (P) of graded algebras. Then the functor
Homg, (P, —): D(B) — D(B)) is a triangle equivalence; compare [23, 8.1.4].

The implication “(3) = (6)” follows from Theorem 6.2, while “(6) = (1)" follows
from (6.3).

To complete the proof, it suffices to show the implications “(2) = (7)" and “(7) =
(5)". Recall a general fact: if two strongly graded algebra A and A’ are graded Morita
equivalent via a balanced A-A’-bimodule P, then the corresponding trivial extension
algebras A% x A! and A x A"' are Morita equivalent via the balanced bimodule P° @ P!.
Then the implication “(2) = (7)" follows.
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The implication “(7) = (5)" follows from Theorem 6.1 and the following gen-
eral fact: for two Morita equivalent algebras A and A’, we have a triangle equivalence

A-GProj —> A’-GProj, that is induced from the Morita equivalence. |

The above result is related to [20, Remark 7.3]. Recall that the graded
Grothendieck group K¢ (B) of a graded algebra B is a pre-ordered abelian group which
carries an automorphism induced by the degree-shift functor (1) on modules. A graded

Morita equivalence between L(Q) and L(Q’) induces an isomorphism
K§(L(Q) — K§'(L(Q)

of pre-ordered abelian groups with automorphisms. It is conjectured that the converse

might be true.
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