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ABSTRACT. This work presents results on the finiteness, and on the symme-
try properties, of various homological dimensions associated to the Jacobson
radical and its higher syzygies, of a semiperfect ring.

1. INTRODUCTION

The focus of this work is on the homological properties of the Jacobson radical,
and its higher syzygies, over a semiperfect noetherian ring. Fix such a ring A,
with Jacobson radical J. This family contains local rings, and also the class of
finite algebras over commutative noetherian semilocal rings that are complete with
respect to the J-adic topology, and, in particular, Artin algebras. To avoid trivial
considerations, we assume A is not semisimple, equivalently, J # 0.

It is well understood that the homological invariants of the A-module Ay := A/J
capture properties of the ring A itself. As far as invariants derived from projective
resolutions are concerned, the same is true also of J, for it is the first syzygy module
of Ay. For instance since A is not semisimple one has

projdim, J = projdim, Ag —1 =gldim A — 1.

Therefore the projective dimension of J is finite if and only if the projective dimen-
sion of Aq is finite, and this holds precisely when A has finite global dimension.
The same holds for the higher syzygies of Ayg. The situation is different for in-
variants derived from injective resolutions for one expects the properties of A to
intervene. For instance, the finiteness of injdim 4 J does not, a priori, imply that
of injdim 4 Ao, unless A itself has finite injective dimension. Nevertheless we prove
Theorem [T11

Theorem 1.1 (see Theorem 23). For any semiperfect noetherian ring A one has
injdim 4 J = gldim A.
The equality above holds even when A is semisimple, for then both invariants

involved are zero. When A is also commutative, the theorem above is contained
in the work of Ghosh, Gupta, and Puthenpurakal [I5]. In [23] this equality was
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established for various classes of Artin algebras, and it was conjectured that it holds
for Artin algebras. The theorem above confirms this hunch. We deduce it from
the more general statement that for any finitely generated A-module M, one has
Ext% (M, J) = 0 for i > 0 if and only if projdim 4 M is finite; see Proposition

We explore two possible generalizations of the theorem above. One concerns the
injective dimension of Q"(Ap) for n > 2, the higher syzygies of Ag. What little we
could prove is recorded in Proposition 2.7 and Theorem see also the discussion
around Question The work of Gélinas in [I4] is one motivation for pursuing
this line of enquiry.

The other direction we pursue stems from a symmetry property that is a direct
corollary of the theorem above: Since the global dimension of A equals that of its
opposite ring A°P, the injective dimension of J as a left A-module equals its injective
dimension as a right A-module. It is natural to ask whether this is true for other
homological invariants of J. The most decisive result we offer in this direction is
that when A is a semilocal Noether algebra the Gorenstein projective dimension of
J on the left and on the right coincide, and that this number is finite precisely when
A is Iwanaga—Gorenstein; see Theorem B.1] and Corollary B3l The corresponding
statement for Gorenstein injective dimensions remains open, except when A is a
commutative semilocal noetherian ring; in this case the symmetry property is clear,
and the key conclusion is that Ginjdim 4 J = injdim A; see Proposition [341 When
A is an Artin algebra this question is closely connected to the Gorenstein symmetry
conjecture; see Proposition

2. SEMIPERFECT NOETHERIAN RINGS

Throughout A is a ring with a unit and J its Jacobson radical. The standing
hypothesis is that A is noetherian on both sides, and semiperfect, that is to say, each
finitely generated A-module (either left or right) has a projective cover. This class
of rings includes Artin algebras, local rings, and algebras finite over commutative
noetherian complete semilocal rings; see [22] §23 and §24].

Unless stated otherwise, we consider only left modules. The top of an A-module
M is the quotient module My := M/JM. In what follows the following exact
sequence of A-modules is required often:

(2.1) 0—J— A5 A)—0.
Note that Ag is a semisimple ring.

Lemma 2.1. Let A be a semiperfect ring and M a finitely generated A-module. If
the surjection M — My factors through a projective A-module, then M is projective.

Proof. Let t: M — M, denote the natural surjection and let p: P — My be a
projective cover of My, which exists because A is semiperfect. The hypothesis
implies that ¢ factors through p so there is an A-module morphism s: M — P
satisfying ¢ = pos. Since pos is surjective and p is a projective cover, s is surjective,
and hence a split epimorphism. Since s induces an isomorphism between the tops
My and Py, it is an isomorphism. O

Proposition 2.2. Let A be a semiperfect noetherian ring, M a finitely generated
A-module, and d a nonnegative integer. The following conditions are equivalent:
(1) projdim, M < d;
(2) Ext$™ (M, J) = 0;
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(3) Ext%(M,7): Exth (M, A) — Ext®% (M, Ao) is surjective.
Consequently one has equalities
proj dim 4, M = inf{i > 0 | Ext} (M, J) = 0}
= sup{0,7 | Ext’y(M,J) # 0}.

Proof. The implication (1)=-(2) is trivial, whereas (2)=(3) is immediate once we
apply Hom4 (M, —) to (ZI). The semiperfection of A is not relevant so far but is
used in proving (3)=-(1), for that condition implies that M has a minimal projective
resolution. Truncating after the first d steps in such a resolution yields a complex

0—K-“Pyy—-— P —Py— M—0,

with each P; a finitely generated projective, and K the d-th syzygy of M. Thus an
element in Ext‘i(M , Ag) is represented by an A-module morphism &: K — Ay.
For any such £ the surjectivity of Extff‘(M ,m) means that there exists some A-
module morphism v: K — A such that £ and 7 o v represent the same element in
Ext‘i (M, Ap). In other words, { —mov factors through ¢: K — Py_1. It follows that
¢ factors through the projective module A & P;_ 1. Then any A-module morphism
K — S, with S a semisimple module, factors through a projective module. In
particular, the canonical projection K — K factors through a projective module,
so Lemma [2.1] implies K is projective, as desired. O

We record a couple of remarks concerning the preceding result.

2.1. As A is semiperfect and noetherian projdim 4(A4g) = gldim A; see [10, Theo-
rem 12], also [I8, Proposition 2.2]. Assume gldim A = oo, so projdim 4(A4g) = oco.
Proposition 2.2 implies that for any integer d > 0, the map

Ext% (Ao, m): Ext%(Ag, A) — Ext% (Ao, Ao)
is not surjective, which adds to the well-known fact that Ext% (A, Ag) # 0.

2.2. When M is an A-complex with H, (M) finitely generated, the projective di-
mension of M—see [2, Definition 2.1.P]—can be calculated from the vanishing of
Ext% (M, J) as in Proposition 22 with the proviso that d > sup{i | H;(M) # 0}
holds. In particular, M is quasi-isomorphic to a bounded complex of finitely gen-
erated projective modules if and only if Ext’ (M, J) = 0 for i > 0.

2.3. Injective dimension. Let A°P denote the opposite algebra of A; thus when
M is an A-bimodule injdim 40p (M) is the injective dimension of M as a right A-
module.

Theorem 2.3. For any semiperfect noetherian ring A there is an equality
injdim 4 J = gldim A.
In particuler injdim 4 J = inj dim 4op J.
Proof. As noted in 2] there is an equality gldim A = projdim 4(Ap) so Proposi-
tion 2] yields
gldim A = inf{i > 0 | Ext’;"" (4, J) = 0}.
Thus gl dim A < injdim 4 J. The reverse inequality is clear. As to the last assertion,

it remains to recall that gldim A = gl dim(A°P), and also that the Jacobson radical
of A and A°P coincide. O
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2.4. Gorenstein injective dimension. Let A be a noetherian ring. The Goren-
stein projective dimension and the Gorenstein injective dimension of an A-module
M are denoted Gprojdim, M and Ginjdim 4 M, respectively; see [TIL[16] for defi-
nitions.

The ring A is said to be Iwanaga—Gorenstein if it is noetherian on both sides,
and inj dim 4 A and inj dim 40, A are both finite; in this case the injective dimensions
are equal, by the theorem of Zaks [27, Lemma A]. The ring A is d-Gorenstein for
some integer d, if it is Iwanaga—Gorenstein and injdim 4 A < d.

Lemma 2.4. Let A be a noetherian ring and M an A-module. The following
statements hold.

(1) Ifinjdim,y M < oo, then Ginjdim 4 M = injdim 4 M.

(2) If A is d-Gorenstein, then Ginjdim, M < d.

Proof. Holm [16], Proposition 2.27] proves the analogue of (1) for Gorenstein pro-
jective dimension; the argument can be adapted easily to deduce (1).

(2) Since A is d-Gorenstein, the Gorenstein injective dimension of M is finite.
This result is contained in [I1, Proposition 11.2.5], as is the equality

Ext’;" (L, M) = 0 for any A—module}

Ginjdimy M =inf<r >0 . L
L for which projdim, L < oo

It remains to note that projdim, L < d for any L of finite projective dimension,
again because A is d-Gorenstein; see [11, Theorem 9.1.10]. O

Proposition 2.5. Let A be a semiperfect noetherian ring. When gldim A is finite
there are equalities

Ginjdim, J = injdim4 A = injdim 4op A = Ginj dim 4op J.
Proof. Since A has finite global dimension one has equalities
injdimy A = gldim A = inj dim 4o, A.
As Ginjdim, J = injdim 4 J, by Lemma [Z4(1), applying Theorem 23] yields the
desired equalities. O

Based on the results above, we raise the following questions: When A is a
semiperfect noetherian ring, do the following equalities hold:

(2.2) Ginjdim, J = injdimy A, and
(2.3) Ginjdim 4 J = Ginjdim 4op J7

It follows from Proposition when A is artinian these equalities are conse-
quences of the Gorenstein symmetry conjecture. In particular, they hold when A
is an artinian Gorenstein ring. Equality (2.2)) holds when A is a semilocal commu-
tative ring; see Proposition B4l The analogue of (Z3]) for Gorenstein projective
dimension is also open. In Theorem [3.I] we prove it for semilocal Noether algebras.

2.5. Higher syzygies of Aj. In what follows we write Q" (M) for the n-th syzygy
of a finitely generated A-module M; in particular, Q°(M) = M. We can speak of
“the” n-th syzygy because it is well-defined, since projective covers exist.

Question 2.6. Let A be a semiperfect noetherian ring. If Q"(Ag) # 0 is then
injdim 4 Q"(Ag) = gldim A?
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Gélinas [14] proves that the big finitistic injective dimension of an Artin algebra
A is bounded above by the least integer n > 0 for which Q"(A4g) is an (n + 1)-th
syzygy. It is an open problem whether this number is finite for Artin algebras. It
is closely connected to properties of the injective resolution of Q™(Ay).

Question 20l has a positive answer when n = 0 since injdim 4 (Ap) = gldim A, by
[10, Theorem 12]. The case n = 1 is precisely Theorem 23] We also have a positive
answer when A is commutative and local; see the result of Ghosh, Gupta, and
Puthenpurakal [I5, Theorem 3.7]. Using the computer algebra package QPA [25]
we checked that the desired equality holds for several thousand quiver algebras.

The following observations give further evidence that Question has a positive
answer; they apply, in particular, when A is a 2-Gorenstein ring.

Proposition 2.7. Let A be a semiperfect noetherian ring.
(1) If gldim A is finite, then injdim 4 Q%(A4y) = gldim A for d := gldim A.
(2) If A is Iwanaga—Gorenstein and of infinite global dimension, then

injdim, Q"(A4g) = o0 for any n > 0.
(3) If A has finitistic injective dimension at most one, then
injdimy Q"(Ag) = gldim A  whenever Q"(Ap) # 0.
Proof. For (1), it suffices to observe projdim 4(Agp) = gldim A and that
Ext% (Ao, Q%4(Ag)) #0 for d:= gldim A.

(2) Each 22"(Ap) has infinite projective dimension, since gldim A is infinite. It
remains to recall that since A is Iwanaga—Gorenstein, a finitely generated A-module
has finite projective dimension if and only if it has finite injective dimension.

(3) We have already observed that the stated equality holds for n = 0, 1. Assume
n > 2 and that Q"(Ag) # 0. Since Ext’ (Ao, 2 (Ap)) # 0 for each i, the injective
dimension of 2™ (Ay) is at least n. Since the finitistic injective dimension is at most
one, we infer injdim 4 Q" (Ag) = oo, which gives the desired equality. d

3. SEMILOCAL NOETHER ALGEBRAS

Throughout this section R is a commutative noetherian ring, and A a finite R-
algebra; in particular, A is noetherian on both sides. We call such an A a Noether
algebra, or a Noether R-algebra, if the ring R is to emphasized. The focus is on
the case when R is semilocal; then so is A; see [22 Proposition 20.6].

3.1. It follows from [3, Corollary 6.11], see also [I7, Theorem 1.4], that when A a
two-sided noetherian ring, for any integer d > 0 the conditions below are equivalent:
(1) A is d-Gorenstein;
(2) Gprojdim, M < d for each finitely generated A-module M;
(3) Gprojdimy N < d for each finitely generated A°P-module N.

For semilocal Noether algebras, the result above can be improved significantly.

Theorem 3.1. Let A be a semilocal Noether algebra A and d a nonnegative integer.
The following conditions are equivalent

(1) The algebra A is d-Gorenstein;
(2) Gprojdim,(A/J) <d;
(3) Gprojdim 4op(A/J) < d.
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Proof. Tt suffices to prove that conditions (1) and (2) are equivalent. Since (1)=-(2)
is known only the converse is moot. Given Bl it suffices to prove

Gprojdimy M < d for each M in mod A.

Since A/J is a direct sum of simple A-modules, and each simple A-module occurs
in the sum, up to isomorphism, one gets that

Gprojdimy k < d for each simple A-module k.

In particular, Extf4 (k, A) = 0 for each such k and ¢ > d+1 and hence injdim 4, A < d,
by [5, Lemma B.3.1]. It thus suffices to prove that Gprojdim, M is finite for each
M € mod A, for then one has

Gprojdim 4 M = max{i | Ext’y (M, A) # 0},

and the desired upper bound follows. The finiteness of Gprojdim 4 M is equivalent
to the condition that the natural biduality map is a quasi-isomorphism:
(3.1) O(M): M — RHom gop (RHom 4 (M, A), A);
see [7, (2.3.8)]. Here RHom 4 (—, —) denotes the right derived functor of Hom 4 (—, —).
By hypothesis, there exists a commutative noetherian semilocal ring R such that
A is a finite R-algebra. We can take R to be the center of A, for instance. We verify
the finiteness of Gprojdim 4 M by an induction on dimg M, the Krull dimension of
M viewed as an R-module. The argument is similar to that for [5, Lemma B.3.1]
and goes as follows. Given the upper bound on the G-projective dimension of
simple A-modules, a standard induction on length yields that Gprojdim, M < d
when the A-module M has finite length; equivalently, when dimzp M = 0.
Suppose dimp M > 1. With m the Jacobson radical of R, consider the m-power
torsion submodule of M, namely, the module

M':={z e M |m" -z =0 for some n > 0}.
Since R is central in A, this is an A-submodule of M, and of finite length. Thus,
given the exact sequence
0—M —M-—M-—D0,

it suffices to prove that Gprojdim 4 M is finite. Thus replacing M by M one can
assume that its m-power torsion submodule is 0, equivalently, that there exists an
r € m be such that it is not a zero-divisor on M; see [4, Proposition 1.2.1].

We already know Ext’ (M, A) = 0 for i > d + 1, because injdim 4 A < d, so we
have only to verify that the biduality map ([B.1) is a quasi-isomorphism; equivalently
that its mapping cone, cone(f(M)), is acyclic.

Set K := cone(R = R); this is the Koszul complex on the element r; see, for
instance, [4, Section 1.6]. In particular M ®pg K is the mapping cone of the map
M 5 M. Since r is not a zero-divisor on M, the natural surjection

(M®rK) — M/rM
is a quasi-isomorphism. Thus applying — ® g K to the map ([B.]) gives the map
O(M/rM): M/rM — RHom gop (RHom 4 (M /rM, A), A).

As dimp(M/rM) = dimp M —1, one has that Gproj dim 4 (M /rM) is finite, by the
induction hypothesis. Thus the map above is a quasi-isomorphism, that is to say

cone(6(M)) ® K ~ 0.
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Observe that the source and target of §(M) are complexes that have finitely gen-
erated cohomology in each degree. Since the complex above is the mapping cone
of the morphism
cone(f(M)) —— cone(f(M)),
we deduce that the induced map
H. (cone(8(M))) — H,(cone(d(M)))

is an isomorphism. Since r is in m, Nakayama’s Lemma yields that the homology
of cone(6(M)) is zero, as desired. O

Here is an immediate consequence of the preceding result.

Corollary 3.2. Let A be a semilocal Noether algebra with Jacobson radical J. If
Gprojdim 4 Q"(A/J) is finite for some n > 0, then A is Iwanaga—Gorenstein. O

One gets also the following symmetry property of the Jacobson radical; confer
Proposition

Corollary 3.3. When A is a semilocal Noether algebra with Jacobson radical J
one has an equality

Gprojdim 4 (J) = Gproj dim 4op (J).

Proof. When A is not Iwanaga—Gorenstein both numbers in question are infinite,
by Theorem [B.Il The same result implies also that when A is d-Gorenstein, the
Gorenstein projective dimension of A/J over A and over A°P equals d. Applying
[16, Proposition 2.18], we conclude that the Gorenstein projective dimension of J
over A and over A°P equals d — 1. O

3.2. Commutative rings. The result below establishes ([Z2]) for commutative
rings; in this context see the problem posed in [7, Remark 6.2.16].

Proposition 3.4. When A is commutative noetherian semilocal ring
Ginjdim 4 J = injdim4 4,
where J is the Jacobson radical of A.
Proof. The inequality Ginjdim , J < injdim, A always holds; see Lemma [2.4)(2).
The main task is to prove that when Ginj dim 4 J is finite, so is inj dim 4 A. Then the

ring A is Gorenstein and so is itself a dualizing complex for A. Thus [8, Theorem 6.8]
can be applied to get the first equality below:

Ginjdim, J = sup{depthA, | p € specA}
= sup{injdim A, | p € specA}
= inj dim A.
For the second equality see [4] Theorem 3.1.17]; the last equality is clear.
Moreover, since A is semilocal, it suffices to prove that injdim 4 Ay is finite for
each maximal ideal m of A, that is to say, that the local ring A, is Gorenstein.
Fix a maximal ideal m and let K be the Koszul complex on a finite generating

set for the ideal m. Let E be the injective hull of A/m. Since E is artinian, so are
the A-modules H;(K ®4 F). Moreover one has that

m-H,(K ®4 E) = 0
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see by [4, Proposition 1.6.5]. In particular, the A-modules H;(K ® 4 F) have finite
length. Moreover, with n the size of the chosen generating set for m, it is clear that

Ho(K 4 E)={z € E|m-z =0},

by the structure of the Koszul complex; see also the proof of [4, Theorem 1.6.16].
Since each element of F is annihilated by some power of m, see, for instance,
[, Lemma 3.2.7], we deduce H,, (K ®4 F) # 0. To complete the proof, it remains
to observe that the complex K ®4 F has finite injective dimension and also finite
projective dimension, for then [I2] Proposition 2.10] can be invoked to conclude
that A, is Gorenstein.

By construction, the A-complex K ® 4 E is bounded and consists of injective
modules so it has finite injective dimension. By the same token, since Ginjdim 4 J
is finite, one gets

Exty (K @4 E,J) =0 fori>0;

see [16, Theorem 2.22]. Thus from Proposition 22—see also Z2l—we deduce that
the A-complex K ® 4 F has finite projective dimension. O

Next we turn our focus to Artin algebras.

4. ARTIN ALGEBRAS

Let A be an Artin R-algebra, that is to say, R is a commutative artinian ring
and A is a finite R-algebra. We set

DA :=Hompg(A, E),

where E is the minimal injective cogenerator of R. By [16, Theorem 2.22] any
A-module M has the property that

(4.1) Ginjdim 4 M > sup{0,i | Ext’y(DA, M) # 0};
equality holds if Ginjdim 4 M < oo.
Lemma 4.1. Any Artin algebra A satisfies
Ginjdim 4 J > injdim 4op A
and equality holds when Ginjdim 4 J is finite
Proof. The inequality is the concatenation of (in)equalities
Ginjdim 4 J > sup{0,i | Ext (DA, J) # 0}
= projdim 4(DA)
= inj dim 4op A,

where the first one is by (1)), the second from Proposition 221 and the last one is
well known. If Ginjdim 4 J is finite, the inequality above becomes an equality. O

Proposition 4.2. Let A be an Artin algebra. The statements below are equivalent:
(1) injdimy A = injdim 4op A;
(2) Ginjdim, J = injdim4 A and Ginjdim 4op J = inj dim 4o, A.

When they hold, Ginjdim 4 J = Ginjdim gop J.



JACOBSON RADICAL 219

Proof. (1)=(2): Set d := injdimy A. If d < oo, the hypothesis means that A is
d-Gorenstein, so the result follows from Lemmas [T and 2:4)(2). If d = oo, it follows
from the inequalities in Lemma [£.1]

(2)=(1): The hypothesis and Lemma [£.] yield inequalities

injdimy A > injdimep A and injdimgep A > injdimy A.
The required implication follows. (I

4.1. Let A be an Artin algebra. The finitistic dimension conjecture is that the
supremum of the projective dimension of finitely generated A-modules with finite
projective dimension is finite. The Gorenstein symmetry conjecture is that equality
(1) in Proposition 2 holds. It is known that if inj dim 4 A is finite, then inj dim 40, A
is finite if and only if the finitistic dimension conjecture holds for A; see [I Propo-
sition 6.10]. Thus, the Gorenstein symmetry conjecture is a consequence of the
finitistic dimension conjecture.

Now we move on to results on the injective dimension of higher syzygies of Ag.

4.2. Let M be a finitely generated A-module, and
0—M-—1°—T1"— ...
its minimal injective coresolution. The dominant dimension of M is
domdim 4 M :=inf{n | I" is not projective}.
Note that if M is not projective-injective, then
(4.2) domdim 4 M < injdim, M.

The codominant dimension, denoted codomdim4 M, of M is defined dually, in
terms of the projective resolution of M. One has an equality

codom dimy M = dom dim gop D 4 (M).

The dominant dimension of A is defined as the dominant dimension of the regular
module A. Tt is well known that dom dim A = dom dim A°P.
An algebra A is minimal Auslander—Gorenstein if A is Gorenstein and

injdim A < dom dim A.

In [21], where this notion is introduced, it is required that dom dim A > 2, but this
is only needed to obtain an Auslander type correspondence with precluster tilting
objects and not relevant for most results, so we drop it; this is in line with [6].
Minimal Auslander—Gorenstein algebras are a subclass of Auslander—Gorenstein
rings A introduced by Auslander. The latter are defined via the condition that
the minimal injective coresolution I® of A is such that the flat dimension of I
is at most i; see for example [I3]. Since the flat dimension of I is equal to d,
by [19, Corollary 7], the minimality in the name “minimal Auslander—Gorenstein”
stems from the fact that these are exactly the Auslander—Gorenstein algebras where
the flat dimensions of I' for i < d can be as small as possible, namely zero.
Examples of minimal Auslander—Gorenstein algebras include selfinjective alge-
bras, higher Auslander algebras (which are the minimal Auslander—Gorenstein al-
gebras of finite global dimension and are in bijective correspondence with cluster-
tilting modules [20]) and centraliser algebras of matrices [9,26]. When A is self-
injective one has dom dim A = oo; if A is minimal Auslander—Gorenstein, but not
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selfinjective, then (2] yields
(4.3) 1 <injdim, A = domdim A.
We denote by fpdim A the finitistic projective dimension of A and by fidim A
the finitistic injective dimension of A.
Proposition 4.3. Let A be an algebra and M an A-module.
(1) If M has finite projective dimension and is not projective-injective, then
fpdim A > projdim M + dom dim M.
(2) If M has finite injective dimension and is not projective-injective, then
fidim A > injdim M + codom dim M.

(3) projdim M + dom dim M > dom dim A.
(4) injdim M + codom dim M > dom dim A.

Proof. We prove (1) and (3); the proofs of (2) and (4) are analogous.

(1) Set r := projdim 4 M. If dom dim M is infinite then the module Q7 (M) has
projective dimension equal to p+r for arbitrary p > 1 and thus fp dim A is infinite.
Now assume that domdim M is finite and equal to u. Then the module Q% (M)
has finite projective dimension equal to u 4+ r and thus fpdim A is larger than or
equal to u + r = projdim M + domdim M. Now we show (3). Let

0=Y, = =>YV1=>Yy—=>M—=0

be a minimal projective resolution of M so that M has projective dimension equal
ton. When0 — Y, — IZQ — Ii1 — .-+ is an injective coresolution of Y; for 0 < i < n,
then by Miyachi [24], Corollary 1.3], the module M has an injective coresolution of
the form

n n

0-M—-Q-Pr-pr*----,

i=0 i=0

where @ is a direct summand of @, I!. Let domdim A = s. Since the Y; are

projective they all have dominant dimension at least s and thus domdim M is at
least dom dim A — proj dim M. |

Corollary [£4] can be seen as a noncommutative analogue for minimal Auslander—
Gorenstein algebras of the classical Auslander-Buchsbaum formula in commutative
algebra [4] Theorem 1.3.3].

Corollary 4.4. Let A be a minimal Auslander—Gorenstein algebra and M a finitely
generated A-module that is not projective-injective. If M has finite projective di-
mension, then

projdim 4 M 4+ domdim4 M = domdim A,

injdim 4 M + codomdim4 M = dom dim A.
Proof. We prove the equality involving projective dimension; applying it to DM
yields the other one. If A is selfinjective, every module of finite projective dimension

is projective-injective, so there is nothing to prove. Suppose A is not selfinjective.
Since A is Gorenstein, one gets the first two equalities below:

fpdim A = fidim A = injdim A = dom dim A.
The last one holds by ([@3]). Proposition [£3] gives the desired equality. O
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The result below is a positive answer to Question for the class of minimal
Auslander—Gorenstein algebras.

Theorem 4.5. Let A be a minimal Auslander—Gorenstein algebra. Then
injdim 4 Q" (A4p) = gldim A
for all n such that Q™(Ag) # 0.

Proof. 1t suffices to prove the stated equality for each block, so in the remainder
of the proof we assume A is connected, that is to say, it cannot be decomposed as
a direct product. By Proposition 2.7 there is nothing to prove when A has infinite
global dimension, for A is Gorenstein. The result is trivial if A is selfinjective, so
we assume A is not selfinjective and d := gldim A is finite.

Since A is connected, domdim A = d = injdim A. Let P be an indecomposable
projective A-module that is not injective and S its top. Then S has injective
dimension at least d.

Indeed, consider the projective resolution of D(A):

0—Lsg— -+ — Ly— D(A) = 0.

Then the L; are projective-injective for 0 < i < d — 1 since A is higher Auslander.
If injdim S < d, then Ext’(D(A),S) # 0 for some r < d. But this implies that P
is a direct summand of L, and so is injective, contradicting our assumption on P.

Since injdim 4 .S > d, one gets that Ext" (Ao, S) # 0 for 0 < n < d. This means
that in the projective cover P, of 2"(Ap) the module P appears at least once and
so the codominant dimension of Q"(Ay) is zero. From Corollary [£4] one gets

inj dim Q" (Ap) = injdim 4 2" (Ap) 4+ codom dim 4 Q" (A4y)
= domdim A
= injdim A
= gldim A. O
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