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Abstract: We study finite-dimensional representations and cocycle twists of color
Lie algebras, and the relation between them. Color Lie algebras are natural
generalizeation of Lie algebras and super Lie algebras, hence their representation
theory is a deformation of the one of Lie algebras and super Lie algebras. However

their speciality is that there are cocycle twists on color Lie algebras.

The main tools are the universal enveloping algebra U(L) and the augmented one
U™(L) of the color Lie algebra L, and their FCR-property, i.e., all finite-dimensional
representations are completely reducible: the representation theory of L and the one of
its universal enveloping algebra U(L) are equivalent; U™ (L) is a Hopf algebra, which
contains U(L) as a subalgebra. Moreover, we note that both L and U(L) are graded.
More precisely, if L is a G-graded ¢ — Lie algebra, where G is an Abelian group,

¢ is a bi-character over G, then U(L) is a G-graded algebra.

The main result is that: if G is a fnite group and L is finite-dimensional, then
U(L) is FCR if and only if U(L"c) is FCR, where L”c is a cocycle twist of L with
respect to cocyle ¢ (over G); U(L) is FCR if and only if UT(L) is; As an

application, we prove that an important color Lie algebra sl_2”c is FCR, i.e., all
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finite-dimensional representations of sl_2”~c are completely reducible. Moreover, if we
assume the base field is algebraically closed, we compute all the finite-dimensional

representations of sl_2”c up to isomorphism.

The conclusion we can draw now (in some forthcoming paper): using more
technique from graded ring theory, we can determine all the finite-dimensional color
Lie algebras L such that U(L) (or U™(L) ) are FCR: this result links the classification
of semisimple Lie algebras of E.Carten and the classification of semisimple super Lie
algebras of V.Kac. Moreover, it is worth studying the group-grading of semisimple
Lie algebras and their cocycle twists, and the representation theory of the resulting

color Lie algebras. We expect more examples can be computed explicitly.
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