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1. Introduction

Let T be a skeletally small triangulated category. Denote by Σ its suspension functor. Recall from [2] 
that a full additive subcategory M of T is presilting if HomT (M,ΣiM) = 0 for any i ≥ 1, or equivalently, 
HomT (M,Σi(M ′)) = 0 for any M,M ′ ∈ M and i ≥ 1. It is called silting, if in addition T = tri〈M〉, that 
is, the smallest triangulated subcategory of T containing M coincides with T itself; compare [16].

The definition given here is slightly different from [2, Definition 2.1], since we do not require that M is 
closed under direct summands. The main example in mind is the bounded homotopy category Kb(A) of 
a skeletally small additive category A. It is clear that A is a silting subcategory of Kb(A), which is not 
necessarily closed under direct summands in general; see Lemma 3.6.

The Grothendieck group of T is denoted by K0(T ). For a skeletally small additive category A, we denote 
by Ksp

0 (A) its split Grothendieck group.
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The goal of this work is to give a direct proof of the following result; see Theorem 3.3. 

Theorem A. Let M be a silting subcategory of T . Then the inclusion M ↪→ T induces an isomorphism 
Ksp

0 (M) � K0(T ) of abelian groups.

Theorem A is essentially due to [5, Theorem 5.3.1], which is formulated using a weight structure and 
whose indirect proof relies on the weight complex functor. Under the additional Krull-Schmidt assumption 
on T , Theorem A is proved in [2, Theorem 2.27]. We mention that [2, Theorem 2.27] plays a fundamental 
role in the study of K-theoretical aspects of silting theory [3].

The surjectivity of the induced homomorphism Ksp
0 (M) → K0(T ) above is immediate, but the injectivity 

is somehow nontrivial. For this, we establish the inverse homomorphism, whose argument modifies the one 
in [2] and relies on the octahedral axiom (TR4).

Theorem 3.3 contains slightly more information than Theorem A, since the Grothendieck group of an 
intermediate subcategory is also studied. Moreover, we obtain a cluster-tilting analogue of Theorem A in 
Corollary 4.10, which describes the Grothendieck group of T as an explicit quotient group of the split 
Grothendieck group of a cluster-tilting subcategory. We mention related work [22,8,15,21] on comparing the 
Grothendieck groups of triangulated categories and those of certain subcategories.

Theorem A has the following immediate consequence [24, Theorem 1.1], which seems to be well known to 
experts and is very related to [25, Introduction, the fourth paragraph] and [11, Subsection 3.2.1, Lemma 3].

Corollary B. The inclusion A ↪→ Kb(A) induces an isomorphism Ksp
0 (A) � K0(Kb(A)) of abelian groups.

The paper is structured as follows. In Section 2, we study filtrations of objects with respect to a presilting 
subcategory. We prove Theorem A in Section 3. In the final section, we study cluster-tilting analogues of 
the results in Section 3.

We refer to [12,4] for triangulated categories and to [27] for Grothendieck groups. All subcategories are 
assumed to be full and additive, though not necessarily closed under direct summands.

2. Filtrations

Throughout this section, we fix a triangulated category T . We assume that M ⊆ T is a skeletally small 
additive subcategory, which is presilting. We study filtrations on objects, which is the key ingredient of the 
proof in the next section.

For two subcategories X and Y, we have the following subcategory

X ∗ Y = {E ∈ T | ∃ an exact triangle X → E → Y → Σ(X) with X ∈ X , Y ∈ Y}.

The operation ∗ on subcategories is associative; see [4, Lemme 1.3.10].

Lemma 2.1. The following statements hold.

(1) ΣiM∗ ΣjM ⊆ ΣjM∗ ΣiM for j < i, and ΣiM∗ ΣiM = ΣiM.
(2) HomT (Σ−nM∗ Σ−(n−1)M∗ · · · ∗ Σ−1M,ΣmM) = 0 if 0 ≤ m and 1 ≤ n.

Proof. For (1), we consider an exact triangle

Σi(M1) −→ E −→ Σj(M2)
a −→ Σi+1(M1)
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with Mi ∈ M. Since M is presilting and j ≤ i, we have a = 0. It follows that E � Σi(M1)⊕Σj(M2), which 
belongs to ΣjM∗ ΣiM. If i = j, the object E belongs to ΣiM.

For (2), we take 0 ≤ m, and consider the subcategory

Sm = {E ∈ T | HomT (E,ΣmM) = 0}.

This subcategory is closed under extensions. Since M is presilting, Sm contains Σ−nM for any 1 ≤ n. Then 
we deduce (2). �
Definition 2.2. Let X be an object in T . A Σ≤0(M)-filtration of length n ≥ 1 for X means a sequence of 
morphisms

0 = Xn −→ Xn−1 −→ · · · −→ X1 −→ X0 = X

such that each morphism fits into an exact triangle

Xi+1 −→ Xi −→ Σ−i(MX
i ) −→ Σ(Xi+1)

with the i-th factors MX
i ∈ M for each 0 ≤ i ≤ n− 1.

We denote by F the full subcategory of T formed by those objects, which admit a Σ≤0(M)-filtration.

Remark 2.3. (1) In the filtration above, each Xi belongs to

Σ−(n−1)M∗ · · · ∗ Σ−(i+1)M∗ Σ−iM.

Consequently, by Lemma 2.1(2) we have

HomT (X,Σ(M)) = 0 = HomT (X1,M)

for any M ∈ M.
(2) We observe that

F =
⋃

n≥0
Σ−nM∗ · · · ∗ Σ−1M∗M.

By applying Lemma 2.1(1) repeatedly, we infer that F is closed under extensions.

Let A be a skeletally small additive category. For each object A, the corresponding element in the split 
Grothendieck group Ksp

0 (A) is denoted by 〈A〉. Therefore, we have 〈A⊕B〉 = 〈A〉 + 〈B〉.
Assume that there are two Σ≤0(M)-filtrations of X:

0 = Xn −→ Xn−1 −→ · · · −→ X1 −→ X0 = X (2.1)

and

0 = Ym −→ Ym−1 −→ · · · −→ Y1 −→ Y0 = X (2.2)

with factors MX
i and MY

j . The two filtrations are said to be equivalent if
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n−1∑

i=0 
(−1)i〈MX

i 〉 =
m−1∑

j=0 
(−1)j〈MY

j 〉

holds in Ksp
0 (M).

The argument in the following proof resembles the one in proving the Jordan-Hölder theorem for modules 
of finite length. It releases the restriction of the existence of minimal morphisms, which is needed in the 
proof of [2, Theorem 2.27]; compare [8, Remark 5.3].

Proposition 2.4. Any two Σ≤0(M)-filtrations of an object X are equivalent.

Proof. We assume that (2.1) and (2.2) are two given filtrations of X with n,m ≥ 1. By extending one of 
the filtrations by zeros, we may assume that they have the same length, that is, n = m. We use induction 
on the common length n. If n = 1, the statement is trivial, since both MX

0 and MY
0 are isomorphic to X.

We assume that n ≥ 2. We apply (TR4) to the exact triangles Y1 → X → MY
0 → Σ(Y1) and X →

MX
0 → Σ(X1) → Σ(X), and obtain the following commutative diagram.

Y1 X MY
0 Σ(Y1)

Y1
a

MX
0 Z Σ(Y1)

Σ(X1) Σ(X1)

Σ(b)

Σ(X)

Σ(X) Σ(MY
0 )

By Remark 2.3(1), we have a = 0 = b. Therefore, we have isomorphisms

Σ(X1) ⊕MY
0 � Z � Σ(Y1) ⊕MX

0 .

The exact triangle X2 → X1 → Σ−1(MX
1 ) → Σ(X2) gives rise to the following one

Σ(X2) −→ Z −→ MX
1 ⊕MY

0 −→ Σ2(X2).

Consequently, we have a Σ≤0(M)-filtration of length n− 1 for Z.

0 = Σ(Xn) −→ Σ(Xn−1) −→ · · · −→ Σ(X2) −→ Z

Its factors are given by {MX
1 ⊕MY

0 ,MX
2 , · · · ,MX

n−1}. Similarly, we have another filtration of length n− 1

0 = Σ(Yn) −→ Σ(Yn−1) −→ · · · −→ Σ(Y2) −→ Z

with factors {MY
1 ⊕ MX

0 ,MY
2 , · · · ,MY

n−1}. Now by induction, these two filtrations for Z are equivalent, 
that is, we have

〈MX
1 ⊕MY

0 〉 +
n−1∑

i=2 
(−1)i−1〈MX

i 〉 = 〈MY
1 ⊕MX

0 〉 +
n−1∑

j=2 
(−1)j−1〈MY

j 〉.
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This implies that 
∑n−1

i=0 (−1)i〈MX
i 〉 =

∑m−1
j=0 (−1)j〈MY

j 〉, as required. �
The following result is analogous to the horseshoe lemma.

Lemma 2.5. Let X a → Y
b → Z

c → Σ(X) be an exact triangle with X,Z ∈ F , and assume that n ≥ 1. If

0 = Xn −→ Xn−1 −→ · · · −→ X1 −→ X0 = X

and

0 = Zn −→ Zn−1 −→ · · · −→ Z1 −→ Z0 = Z

are Σ≤0(M)-filtrations of X and Z, respectively, then Y has a Σ≤0(M)-filtration

0 = Yn −→ Yn−1 −→ · · · −→ Y1 −→ Y0 = Y

with its factors MY
i � MX

i ⊕MZ
i for 0 ≤ i ≤ n− 1.

Proof. By Remark 2.3(1), the following square trivially commutes.

Z
c Σ(X)

MZ
0

0 Σ(MX
0 )

Applying the 3 × 3 Lemma in [4, Proposition 1.1.11] and rotations, we have the following commutative 
diagram with exact columns and rows.

Σ−1(MX
0 ) Σ−1(MX

0 ⊕MZ
0 ) Σ−1(MZ

0 ) MX
0

X1
a1

Y1
b1

Z1
c1 Σ(X1)

X
a

Y
b

Z
c Σ(X)

MX
0 MX

0 ⊕MZ
0 MZ

0
0 Σ(MX

0 )

The middle vertical triangle

Σ−1(MX
0 ⊕M0

Z) −→ Y1 −→ Y −→ MX
0 ⊕MZ

0

implies that MY
0 � MX

0 ⊕MZ
0 . We now repeat the argument to the exact triangle X1

a1→ Y1
b1→ Z1

c1→ Σ(X1). 
Then we obtain the required filtration for Y . �
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3. The proof of Theorem A

In this section, we give the proof of Theorem A and describe the original version [5] of Theorem A in 
terms of bounded weight structures. We fix a skeletally small triangulated category T .

Let C be a full additive subcategory of T . We define its Grothendieck group K0(C) to be the abelian 
group generated by {[C] | C ∈ C} subject to the relations [C] − ([C1] + [C2]) whenever there is an exact 
triangle C1 → C → C2 → Σ(C1) in T with Ci, C ∈ C. We emphasize that K0(C) depends on the inclusion 
C ↪→ T .

The following result indicates that the Grothendieck group K0(C) of a certain subcategory C might be 
useful.

Lemma 3.1. Assume that the full subcategory C is closed under Σ−1 and that for any object X ∈ T there 
exists a natural number n such that Σ−n(X) ∈ C. Then the inclusion C ↪→ T induces an isomorphism 
K0(C) � K0(T ).

Proof. We make an easy observation: for each object C in C, the trivial triangle Σ−1(C) → 0 → C → C

implies that [Σ−1(C)] = −[C] in K0(C). For each object X in T , we choose a natural number n with 
Σ−n(X) ∈ C, and define an element φ(X) = [Σ−n(X)] in K0(C). The observation above implies that φ(X)
does not depend on the choice of n. Since any Σ−n is a triangle functor, these φ(X) give rise to a well-defined 
homomorphism Φ : K0(T ) → K0(C) such that Φ([X]) = φ(X). It is routine to verify that Φ is inverse to 
the induced homomorphism K0(C) → K0(T ). �
Proposition 3.2. Let M be a presilting subcategory of T . Then the inclusion M ↪→ F induces an isomorphism 
Ksp

0 (M) � K0(F) of abelian groups.

Proof. For each X ∈ F , we choose a Σ≤0(M)-filtration

0 = Xn −→ Xn−1 −→ · · · −→ X1 −→ X0 = X

with n ≥ 1 and factors MX
i . We define an element

γ(X) =
n−1∑

i=0 
(−1)i〈MX

i 〉

in Ksp
0 (M). By Proposition 2.4, the element γ(X) does not depend on the choice of such a filtration. By 

Lemma 2.5, the map (X → γ(X)) is compatible with exact triangles in F . Therefore, such a map induces 
a well-defined homomorphism Γ : K0(F) → Ksp

0 (M) such that Γ([X]) = γ(X). It is routine to verify that 
Γ is inverse to the induced homomorphism Ksp

0 (M) → K0(F). �
The following result contains Theorem A, which is analogous to [21, Proposition 4.11] in the setting 

of extriangulated categories [19]. Notably, our result does not require the silting subcategory to be closed 
under direct summands.

Theorem 3.3. Let M be a silting subcategory of T . Then the inclusions M ↪→ F ↪→ T induce isomorphisms 
Ksp

0 (M) � K0(F) � K0(T ) of abelian groups.

Proof. The isomorphism Ksp
0 (M) → K0(F) follows from Proposition 3.2. Recall from Remark 2.3(2) that

F =
⋃

n≥0
Σ−nM∗ · · · ∗ Σ−1M∗M.
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In particular, F is closed under Σ−1. Since T = tri〈M〉, each object X of T belongs to

Σi1M∗ · · · ∗ Σin−1M∗ ΣinM

for some i1, · · · , in−1, in ∈ Z. By Lemma 2.1(1), we may assume that i1 < i2 < · · · < in. Consequently, 
for any sufficiently large n, the object Σ−n(X) belongs to F . So, the conditions in Lemma 3.1 are fulfilled. 
Then the required isomorphism K0(F) � K0(T ) follows immediately. �

Recall from [5, Definition 1.1.1] that a weight structure on T is a pair (U≥0,U≤0) of subcategories subject 
to the following conditions:

(1) Both U≥0 and U≤0 are closed under direct summands;
(2) U≥0 is closed under Σ−1, and U≤0 is closed under Σ;
(3) HomT (U≥0,ΣU≤0) = 0;
(4) U≥0 ∗ ΣU≤0 = T .

The core of the weight structure is defined to be the subcategory C = U≥0∩U≤0. It is a presilting subcategory 
of T . We mention that a weight structure is called a co-t-structure, and the core is called the coheart in 
[23, Definitions 2.4 and 2.6].

The weight structure (U≥0,U≤0) is bounded if for each object X, there exist natural numbers n ≤ m

such that X ∈ Σ−nU≥0 ∩ Σ−mU≤0. In this case, the core C is a silting subcategory; see [5, Corollary 1.5.7]. 
Moreover, by [2, Proposition 2.23(b)] any silting subcategory which is closed under direct summands arises 
as the core of a bounded weight structure.

The following result is due to [5, Theorem 5.3.1], which might be viewed as a version of Theorem 3.3.

Corollary 3.4. Let (U≥0,U≤0) be a bounded weight structure on T with core C. Then the inclusions C ↪→
U≥0 ↪→ T induce isomorphisms Ksp

0 (C) � K0(U≥0) � K0(T ) of abelian groups.

Proof. As mentioned above, the core C is a silting subcategory of T . Moreover, by [2, Proposition 2.23(b)] 
an object has a Σ≤0(C)-filtration if and only if it belongs to U≥0. Then we deduce these isomorphisms by 
Theorem 3.3. �
Remark 3.5. (1) By applying the corollary above to the opposite category of T , one might deduce isomor-
phisms Ksp

0 (C) � K0(U≤0) � K0(T ) of abelian groups.
(2) The corollary above is analogous to the following well-known result; see [1, Proposition A.9.5]. Let T

have a bounded t-structure (D≤0,D≥0) with heart A = D≤0 ∩ D≥0. Then the inclusions A ↪→ D≤0 ↪→ T
induce isomorphisms K0(A) � K0(D≤0) � K0(T ) of abelian groups.

(3) We mention that the isomorphism Ksp
0 (C) � K0(T ) above is extended to isomorphisms between the 

corresponding higher K-groups in [26]. One expects that the higher K-groups of U≥0 are also isomorphic 
to them.

Let A be a skeletally small additive category. Denote its bounded homotopy category by Kb(A). We 
identify any object in A with the corresponding stalk complex concentrated in degree zero. Therefore, A is 
viewed as a full subcategory of Kb(A). Moreover, it is a silting subcategory.

Recall that an idempotent e : A → A in A splits if there are morphisms r : A → Y and s : Y → A

satisfying e = s ◦ r and IdY = r ◦ s. The category A is said to be weakly idempotent-split, if any idempotent 
e : X → X splits whenever IdX − e splits.

The following result is due to [6, Theorem 4.1 and Corollary 4.3(1)].
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Lemma 3.6. The subcategory A ⊆ Kb(A) is closed under direct summands if and only if A is weakly 
idempotent-split.

Proof. By [18, Lemma 2.2], any triangulated category is weakly idempotent-split. Consequently, any full 
subcategory of a triangulated category is weakly idempotent-split, provided that it is closed under direct 
summands. Then we have the “only if” part.

For the “if” part, we observe by [6, Theorem 4.1] that A is identified with the core of the standard weight 
structure on Kb(A). In particular, it is closed under direct summands in Kb(A). �
4. A cluster-tilting analogue of Theorem A

In this section, we obtain a cluster-tilting analogue of Theorem A; see Corollary 4.10. The main result is 
Theorem 4.8, which is a cluster-tilting analogue of Proposition 3.2.

Throughout this section, we fix d ∈ {2, 3, · · · }, and T a skeletally small triangulated category. Following 
[14, Section 3], we say that a full additive subcategory M of T is d-rigid if HomT (M,ΣiM) = 0 for each 
1 ≤ i < d. We mention that a presilting subcategory is always d-rigid.

We fix a d-rigid subcategory M. The following result is analogous to Lemma 2.1 with the same proof.

Lemma 4.1. The following statements hold.

(1) ΣiM∗ ΣjM ⊆ ΣjM∗ ΣiM for i + 1 − d < j < i, and ΣiM∗ ΣiM = ΣiM.
(2) HomT (Σ−nM∗ Σ−(n−1)M∗ · · · ∗ Σ−1M,ΣmM) = 0 if 0 ≤ m < d− 1 and 1 ≤ n < d−m. �

For each 1 ≤ m ≤ d, we consider the full subcategory Fm of T formed by those objects, which admit a 
Σ≤0(M)-filtration of length n with n ≤ m. Therefore, we have

M = F1 ⊆ F2 ⊆ · · · ⊆ Fd.

By Lemma 4.1(1), for each 1 ≤ m < d, the subcategory Fm is closed under extensions; compare Re-
mark 2.3(2). However, Fd is not closed under extensions in general; compare Lemma 4.3 below.

For any object X in T , we denote by addX the full subcategory formed by direct summands of finite 
direct sums of X.

Example 4.2. Let K be a field. Let A be the finite dimensional K-algebra given by the following quiver

1 α 2
β

3

subject to the relation βα = 0. Each vertex i corresponds to a simple module Si and an indecomposable 
projective module Pi. Denote by Db(A-mod) the bounded derived category of finite dimensional left A-
modules. Set M = add (S1 ⊕ S3). Then it is a 2-rigid subcategory of Db(A-mod). We have

F2 = Σ−1M∗M = add(Σ−1(S1 ⊕ S3) ⊕ (S1 ⊕ S3)).

Consider the two-term complex

X = · · · −→ 0 −→ P2 −→ P1 −→ 0 −→ · · · ,

where P1 has degree 1 and the unnamed arrow P2 → P1 is induced by multiplying α from the right. We 
have an exact triangle
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S3 −→ X −→ Σ−1(S1) −→ Σ(S3).

Therefore, X belongs to M∗Σ−1M ⊆ F2 ∗F2, but X does not belong to F2. Consequently, F2 is not closed 
under extensions.

The following fact is well known.

Lemma 4.3. Let M be a d-rigid subcategory. Then Fd is closed under extensions if and only if M ∗
Σ−(d−1)M ⊆ Fd.

Proof. It suffices to prove the “if” part. Since Fd = Σ−(d−1)M∗· · ·∗Σ−1M∗M, by applying Lemma 4.1(1) 
repeatedly, we have

Σ−iM∗Fd ⊆ Fd and Fd ∗ Σ−jM ⊆ Fd (4.1)

for any 1 ≤ i ≤ d− 1 and 0 ≤ j ≤ d− 2. Then we have the following inclusions.

Fd ∗ Fd = Σ−(d−1)M∗ · · · ∗ Σ−1M∗M∗ Σ−(d−1)M∗ · · · ∗ Σ−1M∗M

⊆ Σ−(d−1)M∗ · · · ∗ Σ−1M∗Fd ∗ Σ−(d−2)M∗ · · · ∗ Σ−1M∗M

⊆ Fd.

Here, the first inclusion uses the hypothesis, and the last one follows by applying (4.1) repeatedly. �
We emphasize that the condition Z ∈ Fd−1 in Proposition 4.4(2) below is crucial.

Proposition 4.4. 

(1) Any two Σ≤0(M)-filtrations of an object X with length at most d are equivalent.
(2) Let X → Y → Z → Σ(X) be an exact triangle. Assume that 1 ≤ n ≤ d, and that

0 = Xn −→ Xn−1 −→ · · · −→ X1 −→ X0 = X

and

0 = Zn −→ Zn−1 −→ · · · −→ Z1 −→ Z0 = Z

are Σ≤0(M)-filtrations of X and Z, respectively. If Z belongs to Fd−1, then Y has a Σ≤0(M)-filtration

0 = Yn −→ Yn−1 −→ · · · −→ Y1 −→ Y0 = Y

with its factors MY
i � MX

i ⊕MZ
i for 0 ≤ i ≤ n− 1.

Proof. The same proof of Proposition 2.4 yields (1). For (2), since Z belongs to Fd−1, by Lemma 4.1(2) 
we do have HomT (Z,ΣM)=0. Then the first square in the proof of Lemma 2.5 trivially commutes. The 
remaining argument there carries through, and yields the required filtration for Y . �

In what follows, we obtain two cluster-tilting analogues of Proposition 3.2. The following proposition is 
similar to [20, Proposition 4.8].
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Proposition 4.5. Let M be a d-rigid subcategory of T . Then for each 1 ≤ m < d, the inclusion M ↪→ Fm

induces an isomorphism Ksp
0 (M) � K0(Fm) of abelian groups.

Proof. For each X ∈ Fm, we choose a Σ≤0(M)-filtration

0 = Xn −→ Xn−1 −→ · · · −→ X1 −→ X0 = X

with n ≤ m and factors MX
i . We define an element

γ(X) =
n−1∑

i=0 
(−1)i〈MX

i 〉 (4.2)

in Ksp
0 (M). By Proposition 4.4(1), the element γ(X) does not depend on the choice of such a filtration; 

compare [8, Remark 5.2]. This statement holds also for the case m = d.
By Proposition 4.4(2), the map (X → γ(X)) is compatible with exact triangles in Fm for m < d. 

Therefore, such a map induces a well-defined homomorphism Γ : K0(Fm) → Ksp
0 (M) such that Γ([X]) =

γ(X). It is routine to verify that Γ is inverse to the induced homomorphism Ksp
0 (M) → K0(Fm). �

The following remark shows that the condition m < d above is necessary.

Remark 4.6. The induced map Ksp
0 (M) → K0(Fd) is surjective, but not injective in general. We define the 

relative Grothendieck group Krel
0 (Fd) to be the abelian group generated by the set {{C} | C ∈ Fd} subject 

to the relations {C}− ({C1}+ {C2}) whenever there is an exact triangle C1 → C → C2 → Σ(C1) in T with 
C1, C ∈ Fd and C2 ∈ Fd−1. Then the same argument above yields an isomorphism

Ksp
0 (M) ∼ −→ Krel

0 (Fd),

whose inverse sends {C} to γ(C).

The following immediate consequence of Proposition 4.5 somehow complements Proposition 3.2.

Corollary 4.7. Let M be a presilting subcategory of T . Then for any m ≥ 1, the inclusion M ↪→ Fm induces 
an isomorphism Ksp

0 (M) � K0(Fm) of abelian groups.

Proof. As mentioned before, any presilting subcategory is d-rigid for any d ≥ 2. Then the required result 
follows from Proposition 4.5 immediately. �

Assume that M is d-rigid such that Fd is closed under extensions. Denote by N the subgroup of Ksp
0 (M)

generated by the elements

γ(E) − 〈M1〉 − (−1)d−1〈M2〉

for all exact triangles

M1 → E → Σ−(d−1)(M2) → Σ(M1) (4.3)

with M1,M2 ∈ M. Here, we observe by the assumption above that E belongs to Fd, and refer to (4.2) for 
the definition of γ(E). We consider the quotient group Ksp

0 (M)/N , whose typical element is denoted by 
〈M〉.
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Theorem 4.8. Let M be a d-rigid subcategory of T . Assume that Fd is closed under extensions. Then the 
inclusion M ↪→ Fd induces an isomorphism Ksp

0 (M)/N � K0(Fd) of abelian groups.

Proof. The inclusion M ↪→ Fd certainly induces a homomorphism

Ksp
0 (M)/N −→ K0(Fd),

which is surjective. To construct its inverse, it suffices to prove the following claim: for each exact triangle 

X
a → Y

b → Z
c → Σ(X) with X,Y, Z ∈ Fd, we always have

γ(Y ) = γ(X) + γ(Z).

Step 1. Assume that Z belongs to Fd−1. Proposition 4.4(2) yields γ(Y ) = γ(X) + γ(Z) in Ksp
0 (M).

Step 2. Assume that Z belongs to Σ−(d−1)M. Fix an exact triangle

X1
i −→ X

p −→ MX
0 −→ Σ(X1),

which appears in a Σ≤0(M)-filtration of X with length d. In particular, we have MX
0 ∈ M and Σ(X1) ∈

Fd−1. By the construction (4.2) of γ(X), we have

γ(X) = γ(X1) + 〈MX
0 〉. (4.4)

By (TR4) and rotations, we have the following commutative diagram.

X1

i

X1

a◦i

X

p

a
Y

b
Z

c Σ(X)

Σ(p)

MX
0 E Z

c

Σ(MX
0 )

Σ(X1) Σ(X1)
Σ(i)

Σ(X)

Here, the third row and the second column from the left are both exact triangles. Since Fd is closed under 
extensions, the third row implies that E belongs to Fd. Recall that Z belongs to Σ−(d−1)M. The very 
definition of the subgroup N yields

γ(E) = 〈MX
0 〉 + γ(Z). (4.5)

By rotating the second column, we have an exact triangle Y → E → Σ(X1) → Σ(Y ). Since Σ(X1) ∈ Fd−1, 
Step 1 yields

γ(E) = γ(Y ) + γ(Σ(X1)) = γ(Y ) − γ(X1). (4.6)

By combining (4.4), (4.5) and (4.6), we obtain the required equality.
Step 3. We now treat the general case. Using the Σ≤0(M)-filtration of Z with length d, we obtain an 

exact triangle
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Σ−(d−1)(MZ
d−1)

j−→ Z
q−→ Z ′ −→ Σ2−d(MZ

d−1)

with MZ
d−1 ∈ M and Z ′ ∈ Fd−1. Moreover, by the construction (4.2) of γ(Z), we have

γ(Z) = γ(Z ′) + (−1)(d−1)〈MZ
d−1〉. (4.7)

By (TR4) and rotations, we have the following commutative diagram.

X F Σ−(d−1)(MZ
d−1)

j

Σ(X)

X
a

Y
b

Z

q

c Σ(X)

Z ′ Z ′ Σ(F )

Σ(F ) Σ2−d(MZ
d−1)

The second column from the left is an exact triangle. Since Z ′ belongs to Fd−1, Step 1 yields

γ(Y ) = γ(F ) + γ(Z ′). (4.8)

Applying Step 2 to the first row, we have

γ(F ) = γ(X) + (−1)d−1〈MZ
d−1〉. (4.9)

Combining (4.7), (4.8) and (4.9), we obtain the required equality. This proves the claim, and completes the 
proof. �
Remark 4.9. (1) We mention that Theorem 4.8 actually implies Proposition 4.5. To be more precise, we 
assume that M is d′-rigid with d′ > d. Since we have HomT (Σ−(d−1)M,ΣM) = 0, by Lemma 4.3 Fd is 
closed under extensions; moreover, the corresponding subgroup N of Ksp

0 (M) is zero. Then the isomorphism 
in Theorem 4.8 yields the required isomorphism Ksp

0 (M) � K0(Fd) in Proposition 4.5.
(2) Assume that Fd is closed under extensions. Combining the isomorphisms in Remark 4.6 and Theo-

rem 4.8, we obtain the following one

Krel
0 (Fd)/N ′ ∼ −→ K0(Fd), {C} + N ′ → [C].

Here, N ′ is the subgroup of Krel
0 (Fd) generated by the elements

{E} − {M1} − (−1)d−1{M2}

for all exact triangles M1 → E → Σ−(d−1)(M2) → Σ(M1) with M1,M2 ∈ M.

Following [14, Section 3] and [17, Definition 5.1], a d-rigid subcategory M of T is called d-cluster-tilting 
provided that Fd = T . The condition is equivalent to T = Σ−(d−1)M ∗ · · ·Σ−1M ∗ M, which is further 
equivalent to T = M∗ ΣM∗ · · · ∗ Σd−1M by rotations.
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By the proof of [17, Proposition 5.3], we observe the following fact: a subcategory M is d-cluster-
tilting and closed under direct summands if and only if M is contravariantly finite in T and M =
{X ∈ T | HomT (M,Σi(X)) = 0, 1 ≤ i < d}, if and only if M is covariantly finite in T and 
M = {Y ∈ T | HomT (Y,ΣiM) = 0, 1 ≤ i < d}; compare [13, Proposition 2.2.2].

We mention that 2-cluster-tilting objects play an important role in various additive categorifications 
[7,10] of cluster algebras. For d-cluster-tilting objects in higher cluster categories, we refer to [28,29].

We have the following immediate consequence of Theorem 4.8, which is a cluster-tilting analogue of 
Theorem A, and is similar to [8, Theorem C] and [20, Theorem 5.22].

Corollary 4.10. Let M be a d-cluster-tilting subcategory of T . Then the inclusion M ↪→ T induces an 
isomorphism Ksp

0 (M)/N � K0(T ) of abelian groups. �

In the following remark, we mention that Corollary 4.10 recovers [8, Theorem C].

Remark 4.11. Assume that M is a d-cluster-tilting subcategory of T satisfying Σd(M) = M. Then it is 
naturally a (d + 2)-angulated category in the sense of [9]. We claim that any triangle of the form (4.3) and 
a Σ≤0(M)-filtration of E with length d induce a (d + 2)-angle; moreover, any (d + 2)-angle arises in this 
way.

We take d = 3 for example. Assume that M1
a → E

b → Σ−2(M2)
c → Σ(M1) is an exact triangle with 

M1,M2 ∈ M. The following two exact triangles

X1
i1→ E

p0→ ME
0

q0→ Σ(X1) and Σ−2(ME
2 ) i2→ X1

p1→ Σ−1(ME
1 ) q1→ Σ−1(ME

2 )

define a Σ≤0(M)-filtration of E with length 3. Then by [9, Theorem 1], we have the following induced 
5-angle in M.

Σ−3(M2)
Σ−1(c) −−−−→ M1

p0◦a −−−→ ME
0

Σ(p1)◦q0 −−−−−−→ ME
1

Σ(q1) −−−→ ME
2

Σ2(b◦i1◦i2) −−−−−−−→ M2

Here, by the assumption above we have that Σ−3(M2) belongs to M. By reversing the argument, we infer 
that any 5-angle in M arises in this way.

By combining the claim above and [8, Proposition 5.4], we infer that the above subgroup N coincides with 
the group Im θM defined in [8]. Then the isomorphism in Corollary 4.10 yields the one in [8, Theorem C].

The following trivial example indicates that the extension-closed condition in Theorem 4.8 is somehow 
weaker than the one in Corollary 4.10.

Example 4.12. Let d ≥ 2. Let T ′ be a triangulated category with a d-cluster tilting subcategory M′. Let 
T ′′ be another triangulated category and M′′ ⊆ T ′′ be a presilting subcategory or a d′-rigid subcategory 
with d < d′. Denote by F ′′

d the subcategory formed by objects admitting a Σ≤0(M′′)-filtrations of length 
at most d; it is closed under extensions in T ′′.

Set T = T ′ × T ′′ to be the product category. Then M = M′ × M′′ is a d-rigid subcategory of T , 
which is not necessarily d-cluster-tilting. Recall that Fd denotes the full subcategory of T formed by those 
objects, which admit a Σ≤0(M)-filtration of length at most d. We have Fd = T ′×F ′′

d , which is closed under 
extensions in T .



14 X.-W. Chen et al. / Journal of Pure and Applied Algebra 229 (2025) 108005 

CRediT authorship contribution statement

Xiao-Wu Chen: Writing – review & editing, Writing – original draft. Zhi-Wei Li: Writing – review & 
editing, Writing – original draft. Xiaojin Zhang: Writing – review & editing, Writing – original draft. 
Zhibing Zhao: Writing – review & editing, Writing – original draft.

Declaration of competing interest

The authors declare that they have no known competing financial interests or personal relationships that 
could have appeared to influence the work reported in this paper.

Acknowledgements

We are grateful to the anonymous referee for many helpful comments. X.W. thanks Mathematisches 
Forschungsinstitut Oberwolfach for the excellent working condition, where this work is partly done. We 
thank Professor Hongxing Chen for the references [25,26], and thank Professor Yu Zhou and Professor Bin 
Zhu for [20] and helpful discussion. X.W. is supported by the National Key R&D Program of China (No. 
2024YFA1013801). This project is also supported by the National Natural Science Foundation of China 
(Nos. 12325101, 12171207, 12131015, 12371038 and 12371015).

References

[1] P.N. Achar, Perverse Sheaves and Applications to Representation Theory, Math. Survey Monograph, vol. 258, Amer. Math. 
Soc., Province Rhode Island, 2021.

[2] T. Aihara, O. Iyama, Silting mutation in triangulated categories, J. Lond. Math. Soc. 85 (3) (2012) 633–668.
[3] S. Asai, O. Iyama, Semistable torsion classes and canonical decompositions in Grothendieck groups, Proc. Lond. Math. 

Soc. (3) 129 (5) (2024) e12639.
[4] A. Beilinson, J. Bernstein, P. Deligne, Faisceaux Pervers, Astérisque, vol. 100, Soc. Math. France, Paris, 1982.
[5] M.V. Bondarko, Weight structures vs. t-structures; weight filtrations, spectral sequences, and complexes (from motives 

and in general), J. K-Theory 6 (3) (2010) 387–504.
[6] M.V. Bondarko, S.V. Vostokov, The hearts of weight structures are the weakly idempotent complete categories, arXiv:

2005.11518v1, 2020.
[7] A.B. Buan, R. Marsh, M. Reineke, I. Reiten, G. Todorov, Tilting theory and cluster combinatorics, Adv. Math. 204 (2006) 

572–618.
[8] F. Fedele, Grothendieck groups of triangulated categories via cluster tilting subcategories, Nagoya Math. J. 244 (2021) 

204–231.
[9] C. Geiss, B. Keller, S. Oppermann, n-angulated categories, J. Reine Angew. Math. 675 (2013) 101–120.

[10] C. Geiss, B. Leclerc, J. Schröer, Rigid modules over preprojective algebras, Invent. Math. 165 (2006) 589–632.
[11] H. Gillet, C. Soule, Descent, motives and K-theory, J. Reine Angew. Math. 478 (1996) 127–176.
[12] D. Happel, Triangulated Categories in the Representation Theory of Finite Dimensional Algebras, London Math. Soc. 

Lect. Note Ser., vol. 119, Cambridge Univ. Press, Cambridge, 1988.
[13] O. Iyama, Higher-dimensional Auslander-Reiten theory on maximal orthogonal subcategories, Adv. Math. 210 (1) (2007) 

22–50.
[14] O. Iyama, Y. Yoshino, Mutation in triangulated categories and rigid Cohen–Macaulay modules, Invent. Math. 172 (1) 

(2008) 117–168.
[15] P. Jørgensen, A. Shah, The index with respect to a rigid subcategory of a triangulated category, Int. Math. Res. Not. 4 

(2024) 3278–3309.
[16] B. Keller, D. Vossieck, Aisles in derived categories, Bull. Soc. Math. Belg. 40 (1988) 239–253.
[17] S. Kvamme, dZ-cluster tilting subcategories of singularity categories, Math. Z. 297 (2021) 803–825.
[18] J. Le, X.W. Chen, Karoubianness of a triangulated category, J. Algebra 310 (2007) 452–457.
[19] H. Nakaoka, Y. Palu, Extriangulated categories, Hovey twin cotorsion pairs and model structures, Cah. Topol. Géom. 

Différ. Catég. 60 (2) (2019) 117–193.
[20] Y. Ogawa, A. Shah, A resolution theorem for extriangulated categories with applications to the index, J. Algebra 658 

(2024) 450–485.
[21] A. Padrol, Y. Palu, V. Pilaud, P.G. Plamondon, Associahedra for finite-type cluster algebras and minimal relations between 

g-vectors, Proc. Lond. Math. Soc. 127 (2023) 513–588.
[22] Y. Palu, Grothendieck group and generalized mutation rule for 2-Calabi-Yau triangulated categories, J. Pure Appl. Algebra 

213 (2009) 1438–1449.
[23] D. Pauksztello, Compact corigid objects in triangulated categories and co-t-structures, Cent. Eur. J. Math. 6 (2008) 25–42.

http://refhub.elsevier.com/S0022-4049(25)00144-6/bibCBDBC40CEE7DB1BD53BAB2DE8387891As1
http://refhub.elsevier.com/S0022-4049(25)00144-6/bibCBDBC40CEE7DB1BD53BAB2DE8387891As1
http://refhub.elsevier.com/S0022-4049(25)00144-6/bib0A40E3C91A3A55C9A37428C6D194D0E5s1
http://refhub.elsevier.com/S0022-4049(25)00144-6/bib9B4E18B9528014DB49A8E256FA13441Es1
http://refhub.elsevier.com/S0022-4049(25)00144-6/bib9B4E18B9528014DB49A8E256FA13441Es1
http://refhub.elsevier.com/S0022-4049(25)00144-6/bib80E01D9926B54FE729410D78954FAADAs1
http://refhub.elsevier.com/S0022-4049(25)00144-6/bib7A3B691731DB2969498907B960183633s1
http://refhub.elsevier.com/S0022-4049(25)00144-6/bib7A3B691731DB2969498907B960183633s1
http://refhub.elsevier.com/S0022-4049(25)00144-6/bibC79BDA0E66F07BEE662A6840B907BF39s1
http://refhub.elsevier.com/S0022-4049(25)00144-6/bibC79BDA0E66F07BEE662A6840B907BF39s1
http://refhub.elsevier.com/S0022-4049(25)00144-6/bib0904CABA04245F4961EF7DE354438246s1
http://refhub.elsevier.com/S0022-4049(25)00144-6/bib0904CABA04245F4961EF7DE354438246s1
http://refhub.elsevier.com/S0022-4049(25)00144-6/bib8C3E4ED7A5FB23F3081E11BDA0B05C2Ds1
http://refhub.elsevier.com/S0022-4049(25)00144-6/bib8C3E4ED7A5FB23F3081E11BDA0B05C2Ds1
http://refhub.elsevier.com/S0022-4049(25)00144-6/bib34F27891F88950DBBADEA3C824405177s1
http://refhub.elsevier.com/S0022-4049(25)00144-6/bib07351BFE713BFEBC506F0660FF44B7BFs1
http://refhub.elsevier.com/S0022-4049(25)00144-6/bib71A75A167C33C58BFB561764255C880As1
http://refhub.elsevier.com/S0022-4049(25)00144-6/bib079C9019FE960FDB0774C3E192394088s1
http://refhub.elsevier.com/S0022-4049(25)00144-6/bib079C9019FE960FDB0774C3E192394088s1
http://refhub.elsevier.com/S0022-4049(25)00144-6/bib758384135A53E399445169FA3D60D5AEs1
http://refhub.elsevier.com/S0022-4049(25)00144-6/bib758384135A53E399445169FA3D60D5AEs1
http://refhub.elsevier.com/S0022-4049(25)00144-6/bibBF51A0F17C26F4456CA5193FD2DE4463s1
http://refhub.elsevier.com/S0022-4049(25)00144-6/bibBF51A0F17C26F4456CA5193FD2DE4463s1
http://refhub.elsevier.com/S0022-4049(25)00144-6/bib5BC06F5800D415CC95E1349EDBACA425s1
http://refhub.elsevier.com/S0022-4049(25)00144-6/bib5BC06F5800D415CC95E1349EDBACA425s1
http://refhub.elsevier.com/S0022-4049(25)00144-6/bib5240BA2AE676B63D2BF1D706A9016990s1
http://refhub.elsevier.com/S0022-4049(25)00144-6/bibA5CE6717383D95EDE5A3C2DCFDF0230Fs1
http://refhub.elsevier.com/S0022-4049(25)00144-6/bib6907B8692FB04B36AB78F1238A876284s1
http://refhub.elsevier.com/S0022-4049(25)00144-6/bib8BC2AFE7028C861AFFC259B1C8A17640s1
http://refhub.elsevier.com/S0022-4049(25)00144-6/bib8BC2AFE7028C861AFFC259B1C8A17640s1
http://refhub.elsevier.com/S0022-4049(25)00144-6/bib17BC10091293FDC562A6DB69940EE924s1
http://refhub.elsevier.com/S0022-4049(25)00144-6/bib17BC10091293FDC562A6DB69940EE924s1
http://refhub.elsevier.com/S0022-4049(25)00144-6/bibE5A4601548B3E753EB6A6A484AF87C03s1
http://refhub.elsevier.com/S0022-4049(25)00144-6/bibE5A4601548B3E753EB6A6A484AF87C03s1
http://refhub.elsevier.com/S0022-4049(25)00144-6/bib68F189EAC7F98FAF2275CC6A3A9DF987s1
http://refhub.elsevier.com/S0022-4049(25)00144-6/bib68F189EAC7F98FAF2275CC6A3A9DF987s1
http://refhub.elsevier.com/S0022-4049(25)00144-6/bib79FE6D5E658A2B2302AACD146C7BFB62s1


X.-W. Chen et al. / Journal of Pure and Applied Algebra 229 (2025) 108005 15

[24] D.E.V. Rose, A note on the Grothendieck group of an additive category, Vestn. Chelyab. Gos. Univ. 17 (2015) 135–139.
[25] M. Schlichting, Negative K-theory of derived categories, Math. Z. 253 (2006) 97–134.
[26] V. Sosnilo, Theorem of the heart in negative K-theory for weight structures, Doc. Math. 24 (2019) 2137–2158.
[27] R.G. Swan, Algebraic K-Theory, Lect. Notes Math., vol. 76, Springer, Berlin, Heidelberg, 1968.
[28] A. Wralsen, Rigid objects in higher cluster categories, J. Algebra 321 (2) (2009) 532–547.
[29] Y. Zhou, B. Zhu, Cluster combinatorics of d-cluster categories, J. Algebra 321 (10) (2009) 2898–2915.

http://refhub.elsevier.com/S0022-4049(25)00144-6/bib0DF4DCCC4AAC3F6F36E00EF2A6A4BFACs1
http://refhub.elsevier.com/S0022-4049(25)00144-6/bib6EC9B0D9CF371BD211F26FEC07BC7300s1
http://refhub.elsevier.com/S0022-4049(25)00144-6/bibE2E0AB9C9510BF61FD17296BAE8D3D24s1
http://refhub.elsevier.com/S0022-4049(25)00144-6/bibB87078849A142E1B00DB02744B4848A6s1
http://refhub.elsevier.com/S0022-4049(25)00144-6/bib53E2E77A78A6DAA358D7C1BB37AC9678s1
http://refhub.elsevier.com/S0022-4049(25)00144-6/bibDC18D83ABFD9F87D396E8FD6B6AC0FE1s1

	The Grothendieck group of a triangulated category
	1 Introduction
	2 Filtrations
	3 The proof of Theorem A
	4 A cluster-tilting analogue of Theorem A
	CRediT authorship contribution statement
	Declaration of competing interest
	Acknowledgements
	References


