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Abstract. We prove that a virtually periodic object in an abelian category
gives rise to a non-vanishing result on certain Hom groups in the singularity
category. Consequently, for any artin algebra with infinite global dimension, its
singularity category has no silting subcategory, and the associated differential
graded Leavitt algebra has a non-vanishing cohomology in each degree. We
verify the Singular Presilting Conjecture for singularly-minimal algebras and

ultimately-closed algebras. We obtain a trichotomy on the Hom-finiteness of
the cohomologies of differential graded Leavitt algebras.

1. Introduction

The singularity category is a fundamental homological invariant for a ring with
infinite global dimension. It is traced back to [10] and is rediscovered in the geomet-
ric context in [28]. In recent years, singularity categories have received increasing
attention from people in different subjects.

Recall that a module is periodic if its higher syzygy is isomorphic to itself. These
modules play a particular role in the singularity category [31]. We propose a slightly
more general notion: a module is called virtually periodic if its higher syzygy lies
in the extension closure of the module itself; see Definition 2.1. A prototype is the
semisimple quotient module of a left artinian ring modulo its Jacobson radical.

The central result of this paper is Theorem 2.8, which states the following non-
vanishing property: for a virtually d-periodic module M , the Hom groups between
M and its (nd)-th suspension Σnd(M) in the singularity category are always non-
vanishing for all integers n.

There are two consequences of the above non-vanishing result. The first one
states that the singularity category of a left artinian ring with infinite global di-
mension does not have a silting subcategory in the sense of [2,24]; see Corollary 3.3.
This strengthens [1, Theorem 1], and partially supports the Singular Presilting Con-
jecture [17] and thus the well-known Auslander-Reiten Conjecture [7]. We mention
that silting objects, which generalize tilting objects, are basic to study triangulated
categories.
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We prove that the Singular Presilting Conjecture and thus the Auslander-Reiten
Conjecture hold for singularly-minimal artin algebras; see Proposition 3.4. We
prove that the Singular Presilting Conjecture holds for ultimately-closed algebras
in the sense of [22], which include periodic algebras and syzygy-finite algebras; see
Proposition 3.5 and Remark 3.6.

The second consequence states that the differential graded Leavitt algebra [14]
associated to an artin algebra with infinite global dimension has a non-vanishing
cohomology in each degree; see Proposition 3.10. In Section 4, we use virtually
periodic objects to characterize the Hom-finiteness of the singularity category. We
obtain a trichotomy on the cohomologies of the differential graded Leavitt algebras
associated to artin algebras; see Proposition 4.3. We mention that the results on
differential graded Leavitt algebras are analogous to the ones in [4] on the stable
cohomology algebras of the residue fields of commutative noetherian local rings.

We will denote the suspension functor in any triangulated category by Σ, and
write dg for ‘differential graded’. For triangulated categories, we refer to [20]; for
artin algebras, we refer to [8].

2. Virtually periodic objects

Let A be an abelian category with enough projective objects. The latter con-
dition means that for each object M , there is an epimorphism P → M with P
projective. We denote by P the full subcategory formed by all projective objects,
and by A the stable category of A modulo morphisms factoring through projective
objects.

For any object M , the first syzygy Ω(M) of M is defined to be the kernel of
any epimorphism P → M with P projective. We mention that Ω(M) is uniquely
defined in the stable category A. Denote by 〈M〉 the smallest full subcategory of
A, which contains {M} ∪ P and is closed under direct summands and extensions.
The extension-closed condition means that for any short exact sequence 0 → X →
Y → Z → 0 with X,Z ∈ 〈M〉, we have that Y necessarily lies in 〈M〉.

Let d ≥ 1. Recall that a non-projective object M is called d-periodic if there
is an isomorphism Ωd(M) � M in A. A d-periodic object necessarily has infinite
projective dimension. The study of periodic modules is traced back to [5]. We
mention that periodic modules play a role in the singularity category [31].

Definition 2.1. Let d ≥ 1. An object M in A is said to be virtually d-periodic
provided that M has infinite projective dimension and that Ωd(M) lies in 〈M〉.

We observe that a d-periodic object is virtually d-periodic. The following fact is
easy.

Lemma 2.2. Assume that M is virtually d-periodic. Then M is virtually (nd)-
periodic for any n ≥ 1.

Proof. We use induction on n and assume that M is virtually (nd)-periodic. By
applying Horseshoe Lemma and the fact that Ωnd(M) ∈ 〈M〉, we infer that

Ω(n+1)d(M) = Ωd(Ωnd(M)) ∈ 〈Ωd(M)〉 ⊆ 〈M〉.

Here, the latter inclusion uses the fact that Ωd(M) ∈ 〈M〉. We infer that M is also
virtually (n+ 1)d-periodic. �
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For a left noetherian ring Λ, we denote by Λ-mod the abelian category of finitely
generated left Λ-modules. The following examples motivate Definition 2.1.

Example 2.3. Let Λ be a left artinian ring with infinite global dimension. Set
Λ0 = Λ/J with J its Jacobson radical. Then Λ0 is virtually 1-periodic in Λ-mod.

Indeed, the projective dimension of Λ0 is equal to the global dimension of Λ, and
thus is infinite. Moreover, Ω(Λ0) is clearly an iterated extension of simple modules.
Then we infer that Ω(Λ0) ∈ 〈Λ0〉.

For an object X in A, we denote by add X the smallest full additive subcategory
which contains X and is closed under direct summands.

Example 2.4. Recall from [22, Section 3] that an object M in A is ultimately-
closed, if there exist d ≥ 1 and some object X in add (M ⊕Ω(M)⊕· · ·⊕Ωd−1(M))
such that Ωd(M) and X are isomorphic in A. If in addition, M has infinite projec-
tive dimension, the object M ⊕ Ω(M)⊕ · · · ⊕ Ωd−1(M) is virtually 1-periodic.

The abelian category A is called ultimately-closed, if any object is ultimately-
closed. Following [22, Section 3], a left noetherian ring Λ is ultimately-closed if
Λ-mod is ultimately-closed.

Recall that a hypersurface ring is of the form S/(x) with S a regular local ring and
x a non-zero element. By [19, Theorem 6.1], the higher syzygy of each finitely gener-
ated module over a hypersurface ring is 2-periodic and thus each finitely generated
module is ultimately-closed. Consequently, a hypersurface ring is ultimately-closed.
Recall that a finite dimensional algebra over a field is periodic if it has a periodic
bimodule resolution; see [9] for concrete examples. By a similar reasoning, we infer
that a periodic algebra is ultimately-closed.

Let Λ be a finite dimensional selfinjective algebra over a field. Then a finitely
generated non-projective indecomposable Λ-module is ultimately-closed if and only
if it is periodic. Therefore, if a selfinjective algebra Λ is ultimately-closed and
non-semisimple, its complexity equals one.

Let G be a finite group and k a field of characteristic p. By [3], the complexity
of the group algebra kG equals the p-rank of G. Consequently, if the p-rank of G is
at least two, its group algebra kG is not ultimately-closed. For examples of trivial
extension algebras with infinite complexity, we refer to [29].

In what follows, we give further classes of ultimately-closed rings.

Example 2.5. For any d ≥ 1, we denote by Ωd(A) the full subcategory of A formed
by those objects that are isomorphic to Ωd(M) in A for some objectM . The abelian
category A is syzygy-finite provided that there exist d ≥ 1 and an object E such
that Ωd(A) ⊆ add E. In this case, the object E is virtually d-periodic provided
that A has infinite global dimension. Moreover, if such an object E already belongs
to Ωd(A), then E is virtually 1-periodic.

We observe that a syzygy-finite Krull-Schmidt abelian category is necessarily
ultimately-closed; compare [7, p.73]. For example, let Λ be a left artinian ring
which is syzygy-finite, that is, Λ-mod is syzygy-finite. Then the module category
Λ-mod is ultimately-closed, and thus Λ is ultimately-closed.

We mention that syzygy-finite artinian rings include artinian rings with finite
global dimension, artinian rings of finite representation type, artinian rings with
square-zero Jacobson radical, and finite dimensional monomial algebras by [32,
Theorem I].
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Example 2.6. We assume that R is a commutative noetherian complete local ring,
which is non-regular and Cohen-Macaulay of finite Cohen-Macaulay-type [6]. We
take E to be the direct sum of all indecomposable maximal Cohen-Macaulay R-
modules, and let d be the Krull dimension of R. Then we have Ωd(R-mod) ⊆ add E,
because the d-th syzygy of any finitely generated R-module is maximal Cohen-
Macaulay. In particular, the category R-mod is syzygy-finite. The completeness of
R implies that R-mod is Krull-Schmidt, and thus is ultimately-closed. Therefore,
the ring R is ultimately-closed.

We assume in addition that R is Gorenstein. Then we have Ωd(R-mod) = add E,
in which case E is virtually 1-periodic. For another choice of such a module E, we
refer to [23, Proposition 3.2].

Denote by Db(A) the bounded derived category of A. Using the canonical func-
tor, we view the bounded homotopy category Kb(P) as a thick triangulated sub-
category of Db(A). Following [10], the singularity category of A is defined to be
the following Verdier quotient triangulated category

Dsg(A) = Db(A)/Kb(P).

As usual, we identify any object M in A with the corresponding stalk complex
concentrated in degree zero, which is still denoted by M . The latter is also viewed
as an object in Dsg(A). Consequently, Σn(M) will mean the corresponding stalk
complex concentrated in degree −n.

The following fact is well known; compare [12, Lemma 2.2] and [10, Lemma 2.2.2].

Lemma 2.7. Let M be an object in A. Then there is an isomorphism M � ΣΩ(M)
in Dsg(A).

Proof. Recall that any short exact sequence in A induces canonically an exact
triangle in Db(A) and thus an exact triangle in Dsg(A). We consider the following
exact sequence 0 → Ω(M) → P → M → 0. As the projective object P vanishes in
Dsg(A), the induced exact triangle in Dsg(A) is the form

Ω(M) −→ 0 −→ M −→ ΣΩ(M).

By [20, Lemma I.1.7], we infer that the morphism M → ΣΩ(M) is an isomorphism,
as required. �

The following is the non-vanishing result mentioned in the title, whose proof is
quite elementary.

Theorem 2.8. Let M be a virtually d-periodic object in A. Then we have

HomDsg(A)(M,Σnd(M)) �= 0

for any integer n.

Proof. In view of Lemma 2.2, it suffices to prove that HomDsg(A)(M,Σd(M)) �=
0 �= HomDsg(A)(M,Σ−d(M)).

Since M has infinite projective dimension, it does not vanish in Dsg(A). Conse-
quently, we have HomDsg(A)(M,M) �= 0. By Lemma 2.7, we have an isomorphism

M � ΣdΩd(M) in Dsg(A). In particular, we have

HomDsg(A)(M,ΣdΩd(M)) �= 0.(2.1)
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We claim that HomDsg(A)(M,Σd(M)) �= 0. Otherwise, the object M belongs to
the following full subcategory

S = {X ∈ A | HomDsg(A)(M,Σd(X)) = 0}.
As any short exact sequence in A induces an exact triangle in Dsg(A), it follows
that S is closed under extensions. Clearly, it contains P and is closed under direct
summands. It follows that S contains 〈M〉. Since M is virtually d-periodic, we
have that Ωd(M) belongs to 〈M〉 and thus is contained in S. This contradicts the
inequality (2.1), and proves the claim.

Dually, we observe that

HomDsg(A)(Σ
dΩd(M),M) �= 0.

Consider the full subcategory

S ′ = {Y ∈ A | HomDsg(A)(Σ
d(Y ),M) = 0},

which contains P and is closed under direct summands and extensions. By a dual
argument as above, we prove that

HomDsg(A)(Σ
d(M),M) �= 0.

This completes the whole proof. �

3. Two consequences

In this section, we draw two consequences of Theorem 2.8. We show that the sin-
gularity category of a left artinian ring with infinite global dimension does not have a
silting subcategory; see Corollary 3.3. We verify the Singular Presilting Conjecture
for two classes of artin algebras: singularly-minimal algebras and ultimately-closed
algebras; see Propositions 3.4 and 3.5. We prove that the dg Leavitt algebra [14]
associated to any artin algebra with infinite global dimension has a non-vanishing
cohomology in each degree; see Proposition 3.10.

3.1. Silting subcategories. Let T be a triangulated category. Recall from [2,
Definition 2.1] that a full additive subcategory M is called silting, provided that
the following two conditions are fulfilled.

(1) The subcategory M is presilting, that is, HomT (M,Σn(M)) = 0 for any
M ∈ M and n > 0.

(2) The subcategory M generates T in the sense that T itself is the smallest
thick triangulated subcategory containing M.

An object X is called presilting (respectively, silting) provided that add X is a
presilting (respectively, silting) subcategory. We mention that the study of silting
objects goes back to [24].

The following result is due to [2, Proposition 2.4].

Lemma 3.1. Assume that T has a silting subcategory. Then for any object X,
HomT (X,Σd(X)) = 0 for sufficiently large d.

In what follows, A is an abelian category with enough projective objects. We
have the first consequence of Theorem 2.8.

Proposition 3.2. Assume that A contains a virtually d-periodic object for some
d ≥ 1. Then Dsg(A) has no silting subcategory.
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Proof. Let M be a virtually d-periodic object in A. Theorem 2.8 implies that

HomDsg(A)(M,Σnd(M)) �= 0

for any integer n. In particular, n can be sufficiently large. In view of Lemma 3.1,
we have the required non-existence of a silting subcategory. �

For a left noetherian ring Λ, we usually write Dsg(Λ) for Dsg(Λ-mod).
The following result strengthens [1, Theorem 1], where the corresponding result

is proved under a finiteness assumption on the selfinjective dimension; compare
[2, Example 2.5(b)] and [21, Corollary 3.12]. The argument here is completely
different.

Corollary 3.3. Let Λ be a left artinian ring with infinite global dimension. Then
Dsg(Λ) has no silting subcategory.

Proof. By Example 2.3, the semisimple Λ-module Λ0 is virtually 1-periodic. Then
we apply Proposition 3.2. �

The above non-existence partially supports the following conjecture [17]; com-
pare [21].

Singular Presilting Conjecture. For any artin algebra Λ, there is no non-zero
presilting subcategory in Dsg(Λ).

As pointed out in [17, Section 1], this conjecture implies the following well-known
conjecture, proposed in [7, p.70].

Auslander-Reiten Conjecture. For a non-projective module M over any artin
algebra Λ, we have ExtnΛ(M,M ⊕ Λ) �= 0 for some n ≥ 1.

For a detailed proof of the implication above, we refer to [15, Proposition 4.15],
whose argument is related to [21, Lemma 3.4] and [28, Proposition 1.21]. We men-
tion that, by [10, Theorem 4.4], the Singular Presilting Conjecture for Λ is equiv-
alent to the Auslander-Reiten Conjecture for Λ, provided that Λ is a Gorenstein
artin algebra.

We say that a left artinian ring Λ is singularly-minimal, if any thick subcategory
ofDsg(Λ) is equal to either zero orDsg(Λ) itself. For example, by [12, Example 3.11]
the algebra k[x1, · · · , xn]/(xixj , 1 ≤ i, j ≤ n) over a field k is singularly-minimal.
For more such examples of trivial extension algebras, we refer to [13, Corollary 4.3].

The following result shows that the Singular Presilting Conjecture and thus the
Auslander-Reiten Conjecture hold for singularly-minimal artin algebras.

Proposition 3.4. Let Λ be a singularly-minimal left artinian ring. Then there is
no non-zero presilting subcategory in Dsg(Λ).

Proof. By the singularly-minimality of Λ, any non-zero presilting subcategory in
Dsg(Λ) is silting. Then we apply Corollary 3.3. �

The following result implies that the Singular Presilting Conjecture holds for
ultimately-closed artin algebras; compare [7, Proposition 1.3]. Recall that finite
dimensional periodic algebras and syzygy-finite artin algebras are ultimately-closed;
see Section 2 or [7, p.73].

Proposition 3.5. Assume that A is ultimately-closed. Then Dsg(A) has no non-
zero presilting subcategory. In particular, for an ultimately-closed ring Λ, there is
no non-zero presilting subcategory in Dsg(Λ).
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Proof. It suffices to prove that Dsg(A) has no non-zero presilting object. Assume
that X is a non-zero presilting object in Dsg(A). Set T to be the smallest thick
subcategory containing X. By [12, Lemma 2.1], there exists an object M in A such
that X is isomorphic to Σn(M) for some integer n. Since M is ultimately-closed,
there exists d ≥ 1 such that E = M⊕Ω(M)⊕· · ·⊕Ωd−1(M) is virtually 1-periodic;
see Example 2.4. In view of Lemma 2.7, the object E belongs to T . However, by
Theorem 2.8, we have

HomT (E,Σn(E)) �= 0

for any integer n. Since X is a silting object of T , we have a desired contradiction
by Lemma 3.1. �
Remark 3.6. It seems that Proposition 3.5 might be strengthened. The abelian
category A is said be virtually ultimately-closed if for each object M , there exists
d ≥ 1 such that Ωd(M) lies in 〈M⊕Ω(M)⊕· · ·⊕Ωd−1(M)〉. In this case, the object
M ⊕ Ω(M)⊕ · · · ⊕ Ωd−1(M) is still virtually 1-periodic. Then the same argument
above implies that Proposition 3.5 holds for virtually ultimately-closed categories.
However, we do not know any virtually ultimately-closed category, which is not
ultimately-closed.

Remark 3.7. Unlike the ungraded case, the graded singularity category of a graded
artin algebra might have a silting object; for example, see [27, Theorem 3.0.3] and
[25, Theorem 1.4].

We mention the following known non-existence result.

Proposition 3.8. Let R be a commutative noetherian local ring, which is non-
regular. Then Dsg(R) has no silting subcategory.

Proof. Denote by k the residue field of R. By [4, Theorem 6.5], we infer that

HomDsg(R)(k,Σ
n(k)) �= 0(3.1)

for any integer n. Here, we identify HomDsg(R)(k,Σ
n(k)) with the stable co-

homology group Êxt
n

R(k, k); see [4, 1.4.2]. Then the non-existence follows from
Lemma 3.1. �
3.2. The dg Leavitt algebra. In this subsection, we assume that Λ is an artin
algebra over a commutative artinian ring k.

Recall that Λ0 = Λ/J with J its Jacobson radical. We will assume that Λ0 is
a subalgebra of Λ with a decomposition Λ = Λ0 ⊕ J of Λ0-Λ0-bimodules. This
assumption holds if Λ is given by a finite quiver with admissible relations, or if Λ
is a finite dimensional algebra over a perfect field; see [18, Theorem 6.2.1].

Consider the left Λ0-dual J
∗ = HomΛ0

(J,Λ0) of J , which carries a natural Λ0-
Λ0-bimodule structure. We have the Casimir element c =

∑
i∈S α∗

i ⊗αi ∈ J∗⊗Λ0
J ,

where {αi | i ∈ S} and {α∗
i | i ∈ S} form the dual basis of J . The multiplication

on J induces a map of Λ0-Λ0-bimodules

∂+ : J∗ −→ J∗ ⊗Λ0
J∗.

To be more precise, we have ∂+(g) =
∑

g1 ⊗ g2 such that g(ab) =
∑

g2(ag1(b)) for
any a, b ∈ J .

Associated to the artin algebra Λ, the dg Leavitt algebra L = LΛ0
(J) is intro-

duced in [14]. As an algebra, it is given by

L = TΛ0
(J ⊕ J∗)/(a⊗ g − g(a), 1− c | a ∈ J, g ∈ J∗).
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Here, TΛ0
(J ⊕ J∗) denotes the tensor algebra. It is naturally Z-graded such that

|e| = 0 for any e ∈ Λ0, |a| = −1 for any a ∈ J and |g| = 1 for any g ∈ J∗.
The differential ∂ on L is uniquely determined by the graded Leibniz rule and the
conditions that ∂|Λ0

= 0 and ∂|J∗ = ∂+; see [14, Remark 3.6]. Indeed, the map
∂|J : J → J∗ ⊗Λ0

J is given by

∂|J (x) = Σi∈S α∗
i ⊗ αix

for any x ∈ J . We mention that the classical Leavitt algebras appear already in
[26].

For any dg algebra A, we denote by H∗(A) = ⊕n∈ZH
n(A) its total cohomol-

ogy, which inherits a graded algebra structure from A. Recall that A is acyclic if
H∗(A) = 0, which is equivalent to the condition that H0(A) = 0.

We view Λ0 as the corresponding stalk complex concentrated in degree zero, and
as an object in Dsg(Λ). Then the following graded k-module⊕

n∈Z

HomDsg(Λ)(Λ0,Σ
n(Λ0))(3.2)

becomes a graded k-algebra, whose multiplication is induced by composition of
morphisms in Dsg(Λ).

The following result is implicitly contained in [14], and indicates the intimate
link between dg Leavitt algebras and singularity categories.

Lemma 3.9. Keep the notation as above. Then there is an isomorphism of graded
algebras

H∗(L)op �
⊕
n∈Z

HomDsg(Λ)(Λ0,Σ
n(Λ0)),

where H∗(L)op denotes the opposite algebra of H∗(L).

Proof. By the isomorphism in [14, Theorem 9.5], we infer that H∗(L)op is isomor-
phic to the total cohomology algebra of the dg endomorphism algebra of Λ0 in the
singular Yoneda dg category. By the quasi-equivalence in [14, Corollary 9.3], we
infer that the latter algebra is isomorphic to (3.2). �

In general, the structure of the dg Leavitt algebra L seems to be very compli-
cated. The following second consequence of Theorem 2.8 is a dichotomy on its total
cohomology H∗(L). We refer to Proposition 4.3 for a strengthened version.

Proposition 3.10. Let Λ be an artin algebra with L the associated dg Leavitt
algebra. Then the following statements hold.

(1) The dg Leavitt algebra L is acyclic if and only if Λ has finite global dimen-
sion.

(2) If Λ has infinite global dimension, then Hn(L) �= 0 for any integer n.

Proof. In view of Lemma 3.9, the dg Leavitt algebra L is acyclic if and only if
HomDsg(Λ)(Λ0,Λ0) = 0, which is equivalent to the vanishing of Λ0 in Dsg(Λ). Since
Λ0 generates Dsg(Λ), the last condition is equivalent to the vanishing of Dsg(Λ),
which is well known to be further equivalent to the finiteness of the global dimension
of Λ. In summary, we infer (1).

For (2), we assume that Λ has infinite global dimension. By Example 2.3, Λ0 is
virtually 1-periodic. Theorem 2.8 implies that

HomDsg(Λ)(Λ0,Σ
n(Λ0)) �= 0(3.3)
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for any integer n. Now the required statement follows from the isomorphism in
Lemma 3.9 immediately. �

Remark 3.11. The inequality (3.3) is analogous to (3.1). In the same spirit, Propo-
sition 3.10 is analogous to the characterization of regular local rings in [4, Theo-
rem 6.5] via the stable cohomology algebras of the residue fields.

4. The Hom-finiteness

Let k be a commutative ring. We will assume that the abelian category A
is k-linear. Consequently, the singularity category Dsg(A) is k-linear. We study
the Hom-finiteness of the singularity category, and obtain a trichotomy on the
cohomologies of the dg Leavitt algebras; see Proposition 4.3.

For an object M in A and d ≥ 1, we consider a graded k-algebra

Γ(M ; d) =
⊕
n∈Z

HomDsg(A)(M,Σnd(M)),(4.1)

whose multiplication is induced by composition of morphisms in Dsg(A).
The proof of Lemma 4.1 resembles the one of Theorem 2.8.

Lemma 4.1. Let d ≥ 1 and M be a virtually d-periodic object in A. Assume that
X and Y are objects in Dsg(A). Then the following statements hold.

(1) Assume that the k-module HomDsg(A)(X,M) is of infinite length. Then so

is HomDsg(A)(X,Σnd(M)) for each n ≥ 0.
(2) Assume that the k-module HomDsg(A)(M,Y ) is of infinite length. Then so

is HomDsg(A)(Σ
nd(M), Y ) for each n ≥ 0.

(3) Each homogeneous component of Γ(M ; d) is of infinite length if and only if
so is one of the homogeneous components.

Proof. We will only give the proof of (1), as (2) is proved dually and (3) follows
immediately by combining (1) and (2).

We now prove (1). Thanks to Lemma 2.2, it suffices to claim that the k-module
HomDsg(A)(X,Σd(M)) is of infinite length. By Lemma 2.7, M is isomorphic to

ΣdΩd(M). Therefore, Ωd(M) does not belong to the following full subcategory

S ′′ = {Z ∈ A | HomDsg(A)(X,Σd(Z)) is of finite length}.
We observe that S ′′ contains P and is closed under direct summands and extensions.
Since Ωd(M) ∈ 〈M〉 and Ωd(M) does not belong to S ′′, it follows that M does not
belong to S ′′ either. This proves the claim and thus (1). �

We say that Dsg(A) is Hom-finite over k, if the k-module HomDsg(A)(X,Y ) is
of finite length for any object X and Y .

The following result characterizes the Hom-finiteness of Dsg(A) using virtually
periodic objects.

Proposition 4.2. Let M be a virtually 1-periodic object in A which generates
Dsg(A). Then the following statements are equivalent.

(1) The category Dsg(A) is Hom-finite over k.
(2) One of the homogeneous components of Γ(M ; 1) is non-zero and of finite

length.
(3) Each homogeneous component of Γ(M ; 1) is non-zero and of finite length.



This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.

3774 X.-W. CHEN, Z.-W. LI, X. ZHANG, AND Z. ZHAO

Proof. By Theorem 2.8, each homogeneous component of Γ(M ; 1) is non-zero. Since
M generates Dsg(A), it is a standard fact that Dsg(A) is Hom-finite if and only if
HomDsg(A)(M,Σn(M)) is of finite length for each integer n. This proves “(1) ⇔
(3)”. The implications “(2) ⇔ (3)” follow from Lemma 4.1(3). �

In what follows, we assume that Λ is an artin algebra over a commutative artinian
ring k. We keep the setup in Subsection 3.2. We mention that the Hom-finiteness
of the singularity category of certain artin algebras is studied in [12, Section 5].

We have the following trichotomy on the Hom-finiteness of the total cohomology
algebra H∗(L) of the associated dg Leavitt algebra.

Proposition 4.3. Let Λ be an artin algebra and L be the associated dg Leavitt
algebra. Then the following statements hold.

(1) The algebra Λ has finite global dimension if and only if H∗(L) = 0.
(2) The algebra Λ has infinite global dimension and Dsg(Λ) is Hom-finite if

and only if each homogeneous component of H∗(L) is non-zero and of finite
length.

(3) The category Dsg(Λ) is not Hom-finite if and only if each homogeneous
component of H∗(L) is of infinite length.

Proof. By Example 2.3, Λ0 is virtually 1-periodic and it clearly generates Dsg(Λ).
By Lemma 3.9, we identify H∗(L)op with Γ(Λ0; 1) defined in (4.1). Then the results
follow from Propositions 3.10 and 4.2. �

Remark 4.4. We point that Proposition 4.3(2) is somehow analogous to the char-
acterization of Gorenstein local rings in [4, Theorem 6.4]; compare Remark 3.11.

Assume that Λ is a Gorenstein artin algebra. By [10, Theorem 4.4], the singu-
larity category Dsg(Λ) is triangle equivalent to the stable category of Gorenstein-
projective Λ-modules. In particular, Dsg(Λ) is Hom-finite and thus each homoge-
neous component of H∗(L) is of finite length. In general, unlike the commutative
case, the Hom-finiteness of Dsg(Λ) does not imply the Gorensteinness of Λ; see
[11, Example 4.3] for concrete examples.

We mention that for any Nakayama algebra Λ, Dsg(Λ) is always Hom-finite;
see [16, Corollary 3.11]. In general, a Nakayama algebra is not Gorenstein; see
[30, Proposition 5].
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