
C­�ê�l

��Î

¥I�ÆEâ�Æ

xwchen@mail.ustc.edu.cn

��Î¥I�ÆEâ�Æ C­�ê�l



SNòV

1 Gauss�ê

2 ²�Ú¯K

��Î¥I�ÆEâ�Æ C­�ê�l



PID�4�n�

½Â

��R¥�"�a, b¡����§e�3u ∈ U(R)¦�a = bu"

ù�du(a) = (b)"

��´�d'X"

·K

�R�PID"K�3V�

{a ∈ R |��}/��'X←→ Max(R), a 7→ (a).

£�§d�Spec(R) = {0} ∪Max(R)"
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Gauss�ê

Gauss�ê�Z[i ]¥���¡�Gauss�ê"

£�µN(m + ni) = m2 + n2, �N(m + ni) = 1��=

�m + ni ∈ U(Z[i ])"

�§U(Z[i ]) = {±1,±i}"
u´§m + ni��u−m − ni , n −mi ,±9−n + mi"

~f

2 = (1 + i)(1− i) = (−i) · (1 + i)2

�§2Ø´Gauss�(��u/²�ê0)"

öSµ1 + i´Gauss�ê"£�ÄNorm¤
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Ún

Ún

�z ∈ Z[i ]"eN(z) = p��ê£ù�p�U´2½4k + 1¤§

Kz´Gauss�ê"

Ún

�ÄÛ�êp"ep = 4k + 3"Kp´Gauss�ê"

y²µpØ��µp = x · y§|^norm map"
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Fermat�²�Ú½n1640

½n

�p�Û�ê"Kp = 4k + 1��=�p = a2 + b2"d�§ù�

�a, b��"

y²µ/�0éN´"�L5§�p = 4k + 1"KEuler�O

{§−1̄´�p�g�{£½§|uÌ�+F×
p±94|(p − 1)¤"

�Ä�Ó�

Z[i ]/(p) ' Fp[x ]/(x2 + 1̄)

�§p��§�§z |p"KN(z) = p�p = z · z̄§z�£a,b���

5�dZ[i ]��©)�Ñ¤"
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p = 4k + 1�¹

Xþ§p = 4k + 1"Kp = (a + bi)(a−bi)§�ÏfØ��"

~Xµ5 = 12 + 22"�§��1 + 2i±91− 2i�

~Xµ13 = 22 + 32"�§��2 + 3i±92− 3i�

öSµïÄû�Z[i ]/(a + bi)"
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Gauss�ê©a

½n

3���¿Âe§Gauss�ê�±eµ

1 1 + i

2 �êp > 0§Ù¥p = 4k + 3

3 a± bi§Ù¥p = a2 + b2�4k + 1��ê§0 < a < b

5µ4k + 3±94k + 1��êþÃ¡�£��y§

½§Dirichlet½n1837¤"
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Spec(Z[i ])

£�µSpec(Z) = {0} ∪ {pZ | p = 2, 3, 5, ...}
?�Ó�θ : R → Sp�Spec(S)→ Spec(R), q 7→ θ−1(q)

~f

ïÄSpec(Z[i ])→ Spec(Z)�ã�"

ù´÷�§ïÄÙfibers!
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�²�Ú½n

½n

�n ≥ 2"Kn��¤�²�Ú��=�kIO©

)n = 2rpm1
1 · · · p

mt
t §Ù¥§epi = 4k + 3§�A�mi�óê

y²µ/�0'�N £́Fermat�²�Ú½n¤"

�L5§n = N(z)§éz3Guass�ê�¥��Ïf©)

£��o�±�º̂ Norm8B�¤"
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