
C­�ê�Ô

��Î

¥I�ÆEâ�Æ

xwchen@mail.ustc.edu.cn

��Î¥I�ÆEâ�Æ C­�ê�Ô



SNòV

1 îª��ED

2 ~f

��Î¥I�ÆEâ�Æ C­�ê�Ô



îª��

�Ä��R§±9R× = R \ {0R}"

½Â

��R¡�ED§e�3size function

φ : R× −→ {0, 1, 2, · · · }

¦�?�a, b ∈ R×§�3q, r ∈ R÷v

a = qb + r

Ù¥r = 0R½φ(r) < φ(b)"

þL�ªØ��:33 = 3 · 9 + 6 = 4 · 9− 3£1���Ð§

Ï�φ(−3) = | − 3|��¤"
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½n

ED ´PID"

5µsize function�ÑÎ=�Ø{"

��Î¥I�ÆEâ�Æ C­�ê�Ô



Gauss�ê�

£�Z[
√
−1] = {m + n

√
−1 | m, n ∈ Z}"

½n

Z[
√
−1]´ED§l
´PID"

y²µThe norm map

N : Q[
√
−1]× −→ Q+, z 7→ z · z̄

´¦{N�§���size function"I©Û{�a + b
√
−1,

|a|, |b| ≤ 1
2"

y²µU(Z[
√
−1]) = {±1,±

√
−1}"

öSµPi =
√
−1"O�gcd(4 + 7i , 3 + 4i)"
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Z[
√
−2]

£�Z[
√
−2] = {m + n

√
−2 | m, n ∈ Z} ⊆ Q(

√
−2)"

½n

Z[
√
−2]´ED§l
´PID"

y²µThe norm map

N : Q[
√
−2]× −→ Q+, z 7→ z · z̄

´¦{N�§���size function"

y²µU(Z[
√
−2]) = {±1}"
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Z[
√
−3]Ø´PID

£�Z[
√
−3] = {m + n

√
−3 | m, n ∈ Z} ⊆ Q(

√
−3)"

·K

Z[
√
−3]Ø´PID"

y²µ2 ·2 = (1 +
√
−3) · (1−

√
−3)§2Ø��§����"
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Eisenstein�ê�

�Äω = e
πi
3 = 1+

√
−3

2 §÷vω2 − ω + 1 = 0±9ω6 = 1"

5¿Z[
√
−3] ⊆ Z[ω] = {m + nω | m, n ∈ Z} ⊆ Q(

√
−3)"

½n

Z[ω]´ED,l
´PID"

y²µ�´^the norm map N(z) = z · z̄ ∈ Q+§£�

âa, b�K5,�UI�N�a, b¤©Û{�

a + bω = (a +
b

2
) +

b

2
ω

(¦�U�)��Ý"

y²µU(Z[ω]) = {±1,±ω,±ω2}"
g�µ��oZ[

√
−3]Ø§�*��%�±ºº
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Ð"µ�ê�ê�§ë�Atiyah-Macdonald

�ÄZ ⊆ R ⊆ F = Frac(R)¦�Q ⊆ F´k���m"

½Â (E. Kummer 1847)

α ∈ F¤��ê�ê§eα÷vÄ���Xê�§"PF¥�

ê�ê�N�OF"

­�¯¢µOF´f�§�Frac(OF ) = F"

·K

b�R ⊆ OF"eR´PID£½�f:§�UFD¤"KR = OF"

y²µR�UFD%¹XR�4"�§�â½Â, ·�w

ÑOF�R��4�"

5¿µOFo�4£Dedekind��¤§�Ø´UFD"
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Z[
√
2]´ED

£�Z[
√

2] = {m + n
√

2 | m, n ∈ Z} ⊆ Q(
√

2) ⊆ R"

½n

Z[
√

2]´ED§l
´PID"

y²µm + n
√

2 7→ |m2 − 2n2|�
öSµ1 +

√
2 ∈ U(Z[

√
2])§l
U(Z[

√
2])�Ã�+"

öSµZ[
√

3]? Z[
√

5]?

ó�µhttps://oeis.org/A048981
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