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õ�ª

�R��§x�i1£/ªÎÒ¤

1 Rþ'ux�õ�ª

f (x) = anx
n + · · ·+ a2x

2 + a1x + a0

Xêai ∈ R§Ù¥�aix
i�ü�ª

2 üõ�ª�� ⇔ éAXê��

3 ean 6= 0R§K¡anx
n�Ä�§an�Ä�Xê§½Âg

êdeg(f ) = n¶a0 �~ê�

4 �½µ0Rx
i�±Ñ�§1Rx

i{P�x i

5 õ�ªf (x)¡�Ä��(monic)§ean = 1R
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��õ�ª�

1 R[x ]g,¤��"

2 "õ�ª0R§Ø½Âgê¶Ù¦~�õ�ªa�gê½

Â�0

3 k;��i\R ↪→ R[x ], a 7→ a

4 x ∈ R[x ]§u´§ü�ªx iT�ux�1ig�

R[x ]�/,a½Â0µ�Ä

R̄ = {(a0, a1, · · · ) | ai ∈ R, ai = 0R when i � 0}

�±½ÂÙþ�\{Ú¦{¦�

R[x ] ' R̄, x 7→ (0R , 1R , 0R , · · · )
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��

·K

eR���§KR[x ]½���"AO/§ek��§k[x ]��

�"

5µR[x ]ýØ´�§Ï�U(R[x ]) ' U(R)"
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�5�

·K

�R��"éu?���Ó�ψ : R → S±9s ∈ S§K���

3�Ó�

ψ̃ : R[x ] −→ S

¦�ψ̃|R = ψ�ψ(x) = s.

~f

�ÄIdR : R → R±9a ∈ R"Ka?�D�Ó�

eva : R[x ] −→ R

¦�f (x) 7→ f (a)§¡�õ�ªf (x)3a?���"(rNµù�

´/��`{§Ø(�¶Ï�f (x)Ø´¼ê§�§ØU��!)
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~f§Y

~f

�f (x) ∈ R[x ]"Kõ�ªf (x)�Ñõ�ª¼ê

f : R −→ R, a 7→ f (a)

=§f ∈ Map(R,R)"rNµ¼êf3a?£ý��±¤���

½Â¼ê�Map(R,R)±9D�Ó�

ev : R[x ] −→ Map(R,R), f (x) 7→ f .

TN���Ø´ü�"

ØU· f (x)±9f§§���Ø3Ó�8Üp�
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£�µÐ�êØ�Ä� — Zþ��{Ø{
ly3m©§k��"£Ä�z: f (x) = a · f̄ (x)§Ù¥a�

Ä�Xê§̄f (x)�Ä�õ�ª¤

½n

�½õ�ªf (x)±9�"õ�ªh(x)"K�3õ�

ªq(x), r(x) ∈ k[x ]¦�

f (x) = q(x) · h(x) + r(x)

�r(x) = 0½deg(r) < deg(h)"ù��q(x)�r(x)´���"

5µh(x)|f (x) ��=�r(x) = 0"
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{ê½n

½n

�½õ�ªf (x)±9a ∈ k"K���3õ�ªq(x) ∈ k[x ]¦

�

f (x) = q(x) · (x − a) + f (a).

AO/§(x − a)|f (x) ��=�f (a) = 0k"

Ð"µ)8 Rootk(f ) = {a ∈ k | f (a) = 0k}��þ
´f (x)�/�5Ïf0"
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Ìn���PID

½Â

��R¡�PID§eÙ?Ûn�þ�Ìn�"

5µU½Â§��PID"�§·�=�Ä���PID"

½n

Z±9k[x ]þ�PID"

y²µ|^�{Ø{"ê�ýé�vsõ�ª�gê!
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PID�Ä�5�

�R���"|^�Ø'X§½Â��úÏ

fgcd(a, b)£Ø�½�3¤"

PID÷vXeµ

1 ?Û�"��a, b§�3gcd(a, b)

2 �3Bezout�ª

3 ��=Ø���

4 ?Û�"�n�þ4�"�§Spec(R) = {0} ∪Max(R)"
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��úÏª�Ø��õ�ª

3k[x ]§·��±�½µ=�ÄÄ�õ�ª

~Xµõ�ªf (x), g(x) ∈ k[x ]§Ù��úÏª´�Ä�

õ�ªh(x)÷vµh|f , h|g§�ea(x)|f , a(x)|g§okh|a(x)"

~Xµk[x ]¥Ø���¡��kþ�Ø��õ�ª§�

Max(k[x ])←→ {kþÄ�Ø��õ�ª}

AO/§k ↪→ Max(k[x ]), λ 7→ (x − λ)"
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�*Ü

�k���¹'Xk ⊆ K"Kf (x) ∈ k[x ]�À�K [x ]¥�

�"

1 Rootk(f ) ⊆ RootK (f )

2 f (x) ∈ k[x ]Ø�� ; f (x) ∈ K [x ]Ø��

3 �f (x), g(x) ∈ k[x ]"�§okgcdk[x](f , g) = gcdK [x](f , g)

g�µe�*Üθ : k ↪→ K£�Ó��½´ü�¤§�A�(

JQº
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V��E

�k��§f (x) ∈ k[x ]�Ä�Ø��õ�ª"5¿µ

edeg(f ) ≥ 2§KRootk(f ) = ∅"

�E

�Ä;�Ó�

θ : k
can−→ k[x ]

can−→ k[x ]/(f (x)) = K

EPθ(λ) = λ+ (f (x))�λ§u´§·�kk ⊆ K£�xÄº¤

Pu = x + (f (x)) ∈ K, Ö7#Pþ¡�ÎÒx§�u ∈ K���

Àf (x) ∈ K [x ]§k­�*	:u ∈ RootK (f )§=§f (u) = 0K"

f (x) = (x − u) · g(x)

Ù¥g(x) ∈ K [x ]§gêü$"&Äk-�5�mK��ê§Ä"
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�5�

�Äθ : k ↪→ K = k[x ]/(f (x))Xþ"

½n

?��Ó�δ : k → F§±9α ∈ F÷vδ(f )(α) = 0F"K��

�3�Ó�

δ′ : K −→ F

¦�δ = δ′ ◦ θ±9δ′(u) = α"

5µδ(f ) ∈ F [x ]; �ªδ = δ′ ◦ θ¿�Xδ′òÿδ"
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~f

~f

�ÄØ��õ�ªx2 + 1 ∈ R[x ]§±9�i\

θ : R −→ R[x ]/(x2 + 1) = K

Pu = x + (x2 + 1) ∈ K"KK¥���a + bu§Ù¥a, b ∈ R"
&¦µK�C�'X§�(��§üÓ��'X

K

R

θ

88

inc
&& C
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o��

PF2 = {0̄, 1̄}"

~f

�ÄØ��õ�ªx2 + x + 1̄ ∈ F2[x ]§±9�Ó�

F2 ↪→ F2[x ]/(x2 + x + 1̄) = F4

Pu = x + (x2 + x + 1̄) ∈ F4£F4¥, vkx, �ku!!!¤"

&¦: F4�\{L�¦{L"

)�§µ3F4¥)�§x2 + x + 1̄ = 0̄"

'�: F4�Z4
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Ê��

PF3 = {0̄, 1̄, 2̄}"

~f

�ÄØ��õ�ªx2 + 1̄ ∈ F3[x ]§±9�Ó�

F3 ↪→ F3[x ]/(x2 + 1̄) = F9

Pv = x + (x2 + 1̄) ∈ F9£F9¥, vkx, �kv!!!¤"

&¦: F9�\{L�¦{L"

)�§µ3F9¥)x2 + 1̄ = 0̄"

'�: F4�Z9
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