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1 �=aquZ§�þ\{!~{Ú¦{

2 å
uD. Hilbert/Zahlring01897 (��Ring¿�an

association¶q�cyclical behaviour in Z[α] or Zn)

3 únz½ÂA. Fraenkel 1914¶M. Sono 1917; E. Noether

1921
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Emmy Noether 1921, Ideal Theory in Ring Domains
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Emmy Noether
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Noether Ring
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�´�n�|(R,+, ·)µ��8ÜR!Ùþü���$�+±

9·§©O¡�\{Ú¦{§¦�eãl^ún¤áµ

(A1) (a+ b) + c = a+ (b + c)

(A2) a+ b = b + a

(A3) k"��0R

(A4) kK�

(M1) (a · b) · c = a · (b · c)

(M2) kN�1R£q¡ü �¤

(D1) ©�Æ

(D2) ©�Æ
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½Â�`²

1 ·�=�Ä¹N�

2 �½µn�|(R,+, ·){P��R

3 ���(R,+, ·) = (R ′,+′, ·′)��=�8Ü��R = R ′§�

N���+ = +′9· = ·′

4 �R¥�~{$�: a− b := a+ (−b), \{�_$�
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1 �ê�Z = (Z,+, ·)

2 Gauss�ê�Z[
√
−1]

3 ��õ�ª�Q[x ], x�i1£d?rNµx�ÎÒ!Ø�

���½�¤

4 Ó{a�Zn = {[0], [1], · · · , [n − 1]}, n ≥ 2

5 Ý
�Mn(C)£L«Ø�§�¤
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½Âµ¦ÚÎÜ
∑n

i=1 ai = a1 + · · ·+ an

½Âµ½Â0a = 0R¶n ≥ 1, a ∈ R, a�n�±9−n�©O
½Â�

na = a+ · · · a, (−n)a = (−a) + · · ·+ (−a)

WARNINGµ/�¦0�R¥¦{´��ØÓ�Vg�

1 \{��Æa+ b = a+ c ⇒ a = c

2 (n +m)a = na+ma§?¿n,m ∈ Z

3 na = (n1R) · a§AO/§0R · a = 0R

��Î¥I�ÆEâ�Æ C­�ê�n



"�

·K

�R��"K±eäó�dµ

1 0R = 1R ;

2 R = {0R};

3 R=¹k����"

da�¡�"�. ·���Ä�"�"
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Ä�½Â���X = {x0, x1}

\{L

+ x0 x1

x0 x0 x1

x1 x1 x0

¦{L

· x0 x1

x0 x0 x0

x1 x0 x1

}ÁµXÛ�yX´�º

g�µ�X/��þ0́ �2Ó{a�Z2

PÒµþP�F2§¡���
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¡R����§ea · b = b · a"
�½µ±�§·�=�Ä¹N���R"

½Â�an = a · a · · · a§±9a0 = 1R"

�y: an · am = am+n

½n (I. Newton 1665)

�a, b ∈ R��§n ≥ 1"Kk

(a+ b)n =
n∑

i=0

(
n

i

)
ai · bn−i .
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1 a ∈ R ¡�¦{�_�£½ü ¤§e�3b÷va ·b = 1R .

2 PÒb = a−1§?
kan§?¿n ∈ Z

3 Ø{$�c ÷ a := c · a−1§=�¦{�_$�

·K

�a ∈ R�_"Kk

1 an · am = am+n

2 ¦{��Çµa · x = a · y ⇒ x = y
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1 U(R) = {a ∈ R | a�_}

2 �yµU(R)g,¤�+§¡��R�ü +

3 Á�xU(Z),U(Z[
√
−1]),U(Q),U(Z8)

�u ∈ U(R)"½Â#��Ru = (R,+, ◦)§Ù¥#¦{�

a ◦ b = u−1 · a · b

g�µRu�R/��0��oº
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�½µ¦{a · b(k�){P�ab�

½Â

�"�R¡���§eab = 0R%¹a = 0R½b = 0R¶�"

�R¡��§e�"�þ�_"

1 ��¥÷v¦{��Ç

2 �´��

3 �´�±�/oK$�0��§��)�§�ö�«��
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1 Z,Z[
√
−1]´��§Ø´�

2 Q,R,C��

3 Ó{a�Zn��� ⇔ Ù�� ⇔ n = p��ê"d�§

P�Fp

4 U(Zn) = {[m] | gcd(m, n) = 1}§Ù��φ(n), Euler¼ê

Áy²µk��R´�� ⇔ R´�"
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(1)�R��"f8S ⊆ R¡�f�§e÷v1R ∈ S§Sé\{!

~{±9¦{µ4"

(2) �K��"f�S ⊆ K¡�f�§e÷v0R 6= a ∈ S§

Ka−1 ∈ S§=§éØ{�µ4"

1 f�g,¤��¶f�g����´�"

2 ùp�f����þ�UØÓ§·�r��¦1R ∈ S"

3 ²�f�R ⊆ R

4 ���f�´��"

5 Z ⊆ Q ⊆ R ⊆ C f�ó
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g�Kµf��f�

1 Z±9Znþvkýf�

2 Q±9Fpþvkýf�

3 ©aZ[
√
−1]�f�"£½Âµüf�X ,Y ⊆ Z[

√
−1]��§

e��f8X = Y"©a=���Ñ¤

4 ©aQ�f�"

5 y²Q(
√
−1) = {a+ b

√
−1 | a, b ∈ Q} ⊆ C´f�§¿©

aQ(
√
−1) �f�"
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Ü©öS

1 �R¥§y²: na = (n1R) · a; (na) · b = n(a · b) = a · (nb)

2 2Â©�Ç�y²"

3 y²µ������ª½n"

4 y²µk���´�"

5 Q(
√
−1)�f�©a£Ö¿[!¤"
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