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+

½Â (Cayley 1854)

��|(G , ·)¡�+§Ù¥G���8Ü§¦{“·”���$�

G × G → G , (a, b) 7→ a · b

÷vXeµ

(G1) (ÜÆ(a · b) · c = a · (b · c)

(G2) kN�1G = 1

(G3) k_�£_����¤

5µk�{P�+G , ¦{$�a · b = ab

5µún(G3)�Ø²��
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Ä�5�

Ún

�G�+"

1 ¦{��Ç: ab = ac ⇒ b = c

2 (ab)−1 = b−1a−1

3 ¦_$�(−)−1 : G → G , g 7→ g−1�V�"

4 éu?Û�ên§½Â�gan"�§an+m = an · cm!
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f+

½Â

��f8H¡�f+§ea · b ∈ H, a−1 ∈ H"P�H ≤ G.

²�f+µ{1G}, G .

��Î¥I�ÆEâ�Æ C�ê��Ê



Ä�~f:5g�

1 �½�R§g,kn�+: \{+(R,+)§ü 

+(U(R), ·)§gÓ�+(Aut(Q), ◦)

2 �R = Z,Zn,Z[i ]�

3 �Ä�*ÜK/k"KAut(K/k) ≤ Aut(K )
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Ä�~fµ+=é¡

1 ���5+GL(n,C)

2 AÏ�5+SL(n,C)

3 SOn ≤ On ≤ GL(n,R)

4 �ÄP ⊆ Rn§ã/P�é¡+

Σ(P) = {g ∈ SOn(½On) | g(P) = P} ≤ SOn
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Ä�~fµ+=��

1 Ä�8X§Ùþ��� σ : X → XV�

2 é¡+ S(X ) = {X þ¤k���}

3 ~XµAut(R) ≤ S(R)

4 Cayley½n£1878¤µ?Û+“��þ”Ñ´S(X )�f+�
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Lagrange½n

e|G | <∞§¡�k�+.

½n

�G�k�+§H ≤ G"K: |H|�Ø|G |.

´Ä�åµk ⊆ E ⊆ K§KdimkE |dimkK?

��Î¥I�ÆEâ�Æ C�ê��Ê



Lagrange½n�y²

1 a ∈ G§aH = {ah | h ∈ H}¡�H���8

2 Ha = {ha | h ∈ H} ¡�H�m�8

3 �!m�8Ñ�H���§§�Ñ´Gþ,��d'X

��da"

4 ek©G =
⋃

i∈I aiH§K¡{ai | i ∈ I}�G'uH���

8���L�X§|I | = [G : H] ¡�f+H��ê

5 d�k§G =
⋃
∈I Ha

−1
i "�§{a

−1
i | i ∈ I}T�'uH�m

�8���L�X
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Lagrange½n§revisited

½n

�G�k�+§H ≤ G"Kk

|G | = |H| · [G : H]

a'µk ⊆ E ⊆ K§Kk

dimkK = dimkE · dimEK !

5µéu¹N�+§T(ØØ¤á"~X§(Z8, ·)§Ù¹
Nf�+{0̄, 1̄, 3̄}"
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����

½Â

��a ∈ G��§P�ord(a)§´������êd¦

�ad = 1G"eØ�3ù��d§KPord(a) =∞.

1 e|G | <∞§K?Û��aäkk���"

2 �ord(a) = d <∞"Kan = 1G��=�d |n"
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�£Y¤

·K

�|G | <∞§a ∈ G"K

ord(a) �ê|G |

£�Fermat�½nµa ∈ F×p , ap−1 ≡ 1 (mod p)
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+Ó�

½Â

N�f : G → G ′¡�+Ó�§ef (a · b) = f (a) · f (b)"V�+Ó

�¡�+Ó�"

5µ+Ó�%¹Xf (1G ) = 1G ′±9f (a)−1 = f (a−1)"

~f

1 f+H ≤ Gp��¹Ó�inc : H → G

2 det : GL(n,C)→ C×

3 ü �+µn = {z ∈ C | zn = 1}"K: k+Ó�

µn ' (Zn,+)

4 +U(Z8)�µ4Ó�oº
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+��È

½Â

�G§H�+"KG × Hþkg,�+(�§¡�Ù�È"

1 Ué�G�G × H�m�g,Ó�oº

2 ��(g , h)��º

3 �R, S��"KU(R × S) ' U(R)× U(S)!

4 µ2 × µ2Ó�uU(Z8)ºKleino�+(Vierergruppe)§P

�V4"
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