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ü �

1 ü �w ∈ k÷vwn = 1k"

2 ü ���ord(w) = d : �����êd¦�wd = 1"d

�§¡z�dg��ü �"

3 �kdg��ü �"Kchar(k) - d"

Ún

�ü �w ∈ k÷vord(w) = d"Kwn = 1k��=�n|d"
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ü ��+

¯¢µe�3dg��ü �w"

K{1,w , · · · ,wd−1} = Rootk(xd − 1)§�k×�d�f+"

ù´���U�d�f+"

½n

�k�£�UÃ��¤�§�H ⊆ k×�d�f+"K�3dg

��ü �w§�H = {1,w , · · · ,wd−1}.

AO/§k���ü +F×pn´Ì�+"
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Eü �

�n ≥ 2§�Äζ = ζn = e
2πi
n "

KRootC(xn − 1) = {1, ζ, · · · , ζn−1}"

xn − 1 = (x − 1)(x − ζ) · · · (x − ζn−1).

Ún

Eng��ü ���NT�{ζd | 1 ≤ d < n, gcd(d , n) = 1}§
Tkφ(n)�"

��Î¥I�ÆEâ�Æ C�ê��o



©��
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©��Q(ζ)§�uxn − 1 ∈ Q[x ]�©��"

5¿µQ(ζ2) = Q, Q(ζ3) = Q(
√
−3), Q(ζ4) = Q(i),

Q(
√

5) ⊆ Q(ζ5)
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½Â

ng©�õ�ª

Φn(x) =
∏

ng��ü �w

(x − w) =
∏

{1≤d<n|gcd(d ,n)=1}

(x − ζd)

�§degΦn(x) = φ(n)"
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©�õ�ª�O�

Ö¿½ÂΦ1(x) = x − 1.

Ún

xn − 1 =
∏

d |n Φd(x)"u´§Φn(x) ∈ Z[x ].

~f

Φ2(x) = (x + 1)§Φ3(x) = x2 + x + 1, Φ4(x) = x2 + 1,

Φ5(x) = x4 + x3 + x2 + x + 1, Φ6(x) = x2 − x + 1
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½n (Gauss 1801/Kronecker 1854)

©�õ�ªΦn(x) ∈ Z[x ]Ø��"

l§

½n

±eäó¤áµ

1 dimQ Q(ζn) = φ(n)

2 �3+Ó�Aut(Q(ζ)/Q) ' U(Zn)§÷vσ 7→ k̄§Ù

¥σ(ζ) = ζk .
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~f (AÏ�¹)

�p��ê"y²µf (x) = 1 + x + · · ·+ xp−1 = xp−1
x−1Ø��"

�Äg(x) = f (x + 1)§|^'up�Eisenstein�O{"

~f (���¹)

�Äng��ü �w���õ�ªf (x)§�p - n��ê"
äóf (wp) = 0"8B§·�kf (wp1p2···pt ) = 0"

�
yäó, wp���õ�ª�g(x) ∈ Z[x ]"

�§f (x) · g(x)|Φn(x)§�f (x)|g(xp)"

�p�{µZ[x ] 7→ Fp[x ]§�xn − 1̄ ∈ Fp[x ]Ã�"
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Kronecker-Weber½n

½n (Kronecker 1853-Weber 1886)

�K/Q�,�õ�ª�©���Aut(K/Q)�Abel+"K�

3n±9f�L ⊆ Q(ζn)¦�K ' L"

5µ?Ûk�Abel+G§�3Ü·�n¦�U(Zn) � G"
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