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�E�k��E"

1 char(E ) = p > 0

2 Fp ⊆ E

3 ÀE�Fp-�5�m: m̄.a = ma§=m�a�\

4 l, |E | = pn§Ù¥n = dimFp E

5 p��7Ó�uFp
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FrobeniusgÓ�

½Â

k��Eþ�FrobeniusgÓ�σ : E → E½Â�σ(a) = ap"

1 Fermat�½n(1640): n̄p = n̄

2 �ÄFp(t)§ÙFrobeniusgÓ�x 7→ xpØ´÷�!
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ü +

�|E | = pn"Kü +E ∗ = E\{0E}÷v|E ∗| = pn − 1.

Ún (Lagrange½n�AÏ�¹�)

?Ûa ∈ E ∗§·�kap
n−1 = 1E"

�§?Ûa ∈ Eþ�xp
n − x = 0̄��"

y²µ�k���d÷vad = 1E (why?)"�

ÄH = {1, a, · · · ad}±9E ∗þ��d'Xc ' d§ecd−1 ∈ H"

�Ä�A�©, �Ñd |(pn − 1)
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�3��5½n

½n

éu?Ûn§���3pn�k��"

Ï~P�Fpn !£´wµ§� /́����0�¤

y²µFpn�xp
n − x ∈ Fp[x ]�©���

AO/§·�k

xp
n − x =

∏
a∈Fpn

(x − a).
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FpþØ��õ�ª

·K

xp
n − x =

∏
d |n

∏
{f (x)∈Fp [x]| monic irr. of degree d}

f (x)

y²µ�Äxp
n − x�Ïff (x)§±9a ∈ RootE (f )"

KFp(a) ⊆ E§�êúª"

��§�g(x) ∈ Fp[x ]�dgÄ�Ø��"�ÄÙV��

EK = Fp[x ]/(g(x))"Kkg(x)|(xpd − x)|(xpn − x)"
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~f

~f (p = 2)

x4 − x = x(x + 1̄)(x2 + x + 1̄)

x8 − x = x(x + 1̄)(x3 + x2 + 1̄)(x3 + x + 1̄)

x16 − x =

x(x + 1̄)(x2 + x + 1̄)(x4 + x3 + x2 + x + 1̄)(x4 + x3 + 1̄)(x4 + x + 1̄).

~f (p = 3)

x9 − x = x(x + 1̄)(x − 1̄)(x2 + 1̄)(x2 + x − 1̄)(x2 − x − 1̄)
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�½E¦�|E | = pn"

·K

1 �K ⊆ E�f�"K|E | = pd�d |n"

2 �d |n"K�3���f�K ⊆ E÷v|K | = pd"

�Ä�8RootE (xp
d − x)"

g�µ}Á£ãE�f��£f���¹'X�¤

~f

F26�f��"
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)¤�

�n = qr11 · · · q
rt
t "KE�4�ýf�Ki§��p

n
qi"

·K

·�k∪ti=1Ki 6= E"�§�3u ∈ E÷vE = Fp(u)"

1 Fp[x ]þokngØ��õ�ª; �f (x)"

2 �u ∈ RootE (f (x))"Kf (x) =
∏n−1

i=0 (x − σi (u)).

3 AO/§σi (u) 6= u§éu1 ≤ i ≤ n − 1
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gÓ�

5¿σ ∈ Aut(E )÷vσn = IdE"

½n

Aut(E ) = {IdE , σ, · · · , σn−1}.

y²µ�ÄgÓ�δ ∈ Aut(E )3)¤�uþ��^"

�, Aut(E )�Ì�+"�ÄÙf+...
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k���GaloiséA

�E�k��§|E | = pn"

½n (k���GaloiséA)

�3���Ó�

{K ⊆ E f�} ←→ {H ⊆ Aut(E ) f+}

¦�K 7→ Aut(E/K )±

9H 7→ EH = {a ∈ E | h(a) = a, for any h ∈ H}

¤k�f�Úf+þäN�Ñ"

5µT?§�ê�Ø'X�ü«ØÓ/�êJ,0�
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