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▶ 求解一维单粒子体系
[
− ℏ2

2m
d2
dx2 + V0 sin(qx)

]
Ψ(x) = EΨ(x), 参数自取。

▶ 正交完备基展开：Ψ =
∑

n cn

√
2
L sin

( nπx
L
)

基矢：ψn =
√

2
L sin

( nπx
L
)

矩阵元：
Hnm = ⟨ψn|H|ψm⟩ = ℏ2

2m (πn
L )2 +

∫ L
0

V0 sin(qx) 2L sin
( nπx

L
)

sin
(mπx

L
)
dx
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▶ 两粒子系统 H = H0 + V, 单粒子部分 H0 = − ℏ2
2m

(
d2
dx2 + d2

dy2

)
，相互作用

部分 V = gδ(x− y)。任选 Bose/Fermi 子一种情况求解，并且当 g → 0 和
微扰结果比较。

ψn =
√

2
L sin

( nπx
L
)

▶ Fermion
基矢 c†n1c†n2 |0⟩ ≡ |n1n2⟩ = ψn1(x)ψn2(y)− ψn2(x)ψn1(y)
H0 部分能量：

ℏ2π2

2mL2 (n
2
1 + n2

2)
相互作用部分：
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▶ Boson
基矢 a†

n1a†
n2 |0⟩ ≡ |n1n2⟩ = ψn1(x)ψn2(y) + ψn2(x)ψn1(y), n1 ̸= n2

1√
2
(a†

n)
2|0⟩ = 2√

2
ψn(x)ψn(y), n1 = n2 = n

H0 部分能量：
ℏ2π2

2mL2 (n
2
1 + n2

2)
相互作用部分：
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相互作用部分矩阵元：
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▶ 利用对易关系 [
S+, S−] = 2Sz[
SZ, S+

]
= S+

S2 = (Sz)2 +
1

2

(
S+S− + S−S+) = S(S + 1)



▶ 得到
f2(n)n − f2(n + 1)(n + 1) = 2g(n)

g(n)− g(n − 1) = 1

g2(n) + 1

2

[
f2(n)n + f2(n + 1)(n + 1)

]
= S(S + 1)

⇒
−2B2n − B1 − B2 = 2A + 2n

A2 +
1

2
(B1 − 1) + (2A + B1 − 1) n = S(S + 1)

⇒
A = −S,B1 = 1 + 2S,B2 = −1

A = 1 + S,B1 = −1− 2S,B2 = −1
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▶ (1a) [
S+,S−] =S+S− − S−S+ = a+bb+a − b+aa+b

= a+abb+ − aa+b+b
= a+a

(
b+b + 1

)
−

(
a+a + 1

)
b+b = a+a − b+b

= 2Sz
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▶ (1b)
S2 = (Sz)2 +

1

2

(
S+S− + S−S+)

=

[
a+a − b+b

2

]2

+
1

2

(
a+bb+a + b+aa+b

)
=

a+a + b+b
2

(
a+a + b+b

2
+ 1

)
=

na + nb
2

(
na + nb

2
+ 1) = S(S + 1)

▶ (1c)

|S,m⟩ =
(
a+

)S+m (
b+

)S−m√
(S + m)!(S − m)!

|0⟩ = |S + m⟩a|S − m⟩b

S2|S + m⟩a|S − m⟩b =
na + nb

2
(
na + nb

2
+ 1)|S + m⟩a|S − m⟩b

=
na + nb

2

[
1

2
(S + m + S − m) + 1

]
|S + m,S − m⟩

= S(S + 1)|S + m⟩a|S − m⟩b

Sz|S + m⟩a|S − m⟩b = m|S + m⟩a|S − m⟩b
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▶ (3) [
J+, J−

]
= J+J− − J−J+ = aa+(2S − n)− a+(2S − n)a = 2Jz

J2 = (Jz)2 +
1

2

(
J+J− + J−J+

)
= (S − n)2 + 1

2
((n + 1)(2S − n) + n(2S − n + 1))

= S(S + 1)

▶ (4) 二分量：a† =
(

a†
1, a†

2

)
J0 =

1

2
a†σ0a =

1

2

(
a†
1a1 + a†

2a2

)
Jx =

1

2
a†σxa =

1

2

(
a†
1a2 + a†

2a1

)
Jy =

1

2
a†σya =

i
2

(
−a†

1a2 + a†
2a1

)
Jz =

1

2
a†σza =

1

2

(
a†
1a1 − a†

2a2

)
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▶ 得到：
[Jx, Jy] = iJz, [Jy, Jz] = iJx, [Jz, Jx] = iJy

J2 = J2x + J2y + J2z

=
n1 + n2

2
(
n1 + n2

2
+ 1)

=
n
2
(
n
2
+ 1)
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▶ H = bS† + b∗S− + bzSz, 代入 HP 变换
S† = a†√2S − a†a, S− =

√
2S − a†aa,Sz = a†a − S，求解自由能。

▶ 考虑 S = 1
2
，则 H = ba†√1− n + b∗√1− na + bz(n − 1

2
), 基矢 |0⟩, |1⟩

H|0⟩ = b|1⟩ − 1

2
bz|0⟩

H|1⟩ = b∗|0⟩+ 1

2
bz|1⟩

H =

(
−bz/2 b

b∗ bz/2

)
能级 E = ± 1

2

√
4|b|2 + |bz|2

配分函数 Z =
∑

n e−βEn

自由能 F = −β−1 ln Z = −
ln[2 cosh

(
1
2
β
√

4|b|2+|bz|2
)
]

β
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▶ 计算
∑

nm

(
∆a†

nb†
n +∆b†

na†
m + h.c.

)
的色散关系。

▶ FT:
an =

1√
N

∑
k

akeikn, bn =
1√
N

∑
k

bke−ikn

⇒
H = ∆Σkδ

(
a†

kb†
k + b†

ka†
ke−ikδ + h.c.

)
, δ = m − n

Let γk =
∑

δ e−ikδ ⇒ H = ∆Σk

[
(1 + γk) a†

kb†
k + h.c.

]
▶ Bogoliubov 变换

ak = ukαk + vkβ
†
k

bk = ukβk + vkα
†
k

u2
k − v2k = 1

对角化：

H = ∆Σki (1 + γk)
(
α†

kαk + β†
kβk + 1

)
Ek = i∆(1 + γk)
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▶ Schwinger-Boson 
S+ = a†

1a2

S− = a†
2a1

Sz =
(

a†
1a1 − a†

2a2

)
/2

N = a+
1 a1 + a+

2 a2

H = S2
z (U1 + U2) + Sz [E1 − E2 + (U1 − U2) (N − 1)] + J

(
S+ + S−)

+

[
(E1 + E2) + (U1 + U2)

(
N
2
− 1

)]
N
2
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▶ (2) HP 变换 
S+ =

√
2S − na

S− = a†√2S − n
Sz = S − n

运动方程：

iȧ = [a,H] = a(U1 + U2)(2n − 1− 2S)− a [E1 − E2 + (U1 − U2) (N − 1)]

+ J{a2[
√

2S − (n − 1)−
√

2S − (n − 2)]

+
√

2S − n + [
√

2S − n −
√

2S − (n − 1)]n}

iȧ† = [a†,H]

▶ (3) Josephson 变换 {
a = e−iθ√ρ
a† =

√
ρeiθ

假设 S ≫ ρ

ρ̇ = 2
√

2Sρ sin θ

θ̇ = −[2(U1 + U2)S + E1 − E2 + (U1 − U2) (N − 1)] + J
√

2S/ρ cos θ
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▶ 方法二 (2)
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▶ 对于上文 Dicke model 经典方法, 定义 Y = (x1, p1, x2, p2)，求 Ẏ = AY
▶ 利用

ṗi = −∂H
∂xi

, ẋ1 =
∂H
∂p1

H =
p2
1

2m +
1

2
mω2x21 +

p2
2

2m +
1

2
mω2

0x22 +
√
2gm√

ωω0x1x2 +
√
2g p1p2

m√
ωw0

得到

A =


0 −mω2 0 −

√
2gm√

ωω0

1
m 0

√
2g

m√
ωω0

0

0 −
√
2gm√

ωω0 0 −mω0√
2g

m√
ωω0

0 1
m 0
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▶ Kuramoto model θ̇i = ωi +
K
N
∑N

j sin (θj − θi) 数值求解，N = 200 ∼ 500

左右。
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▶ 求 Standard map 相图，扫描 k

p−
n+1 = p−

n + k sin qn, qn+1 = qn + p−
n+1
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▶
ṗ = k sin q

∑
[δ(t − nT) + δ(t − nT + T0)]

q̇ = p
时间段：[(n − 1)T, nT − T0], [nT − T0, nT], Let T = 1, 0 < T0 < 1

pN+1 = pN + Kϵ sin xN; pN+2 = pN+1 + Kϵ sin xN+1

xN+1 = xN + pN+1; xN+2 = xN+1 + pN+2τϵ

Kϵ = kϵ, τϵ = (T − ϵ)/ϵ
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e−i∆tH/ℏ =1− i∆t(V + T)/ℏ− ∆t2
2

(V + T)2/ℏ2 + i∆t3
6

(V + T)3/ℏ3

=1− i
ℏ
(V + T)∆t − ∆t2

2ℏ2
(
V2 + T2 + VT + TV

)
+

i∆t3
6ℏ3

(
V3 + T3 + V2T + TV2 + VTV + VT2 + TVT + T2V

)
right =

(
1− i∆t

2ℏ
V − ∆t2

8ℏ2
V2 +

i∆t3
48ℏ3

V3

)(
1− i∆t

2ℏ
T − ∆t2

2ℏ2
T2 +

i∆t3
46ℏ3

T3

)
(
1− i∆t

2ℏ
V − ∆t2

8ℏ2
V2 +

i∆t3
48ℏ3

V3

)
=1− i∆t

ℏ
(V + T)− ∆t2

2ℏ2
(
V2 + T2 + VT + TV

)
+

i∆t3
6ℏ3

(
V3 + T3 +

3

4

(
V2T + TV2)+ 3

2

(
VT2 + T2V + VTV

))
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