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» Random Matrices
Define: A random matrix is a matrix-valued random variable—that is, a
matrix in which some or all elements are random variables. (Wiki)
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» Gaussian Ensembles & &4
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Gaussian Ensembles = 245

» Gaussian Orthogonal Ensemble (GOE,3 = 1): real symmetric matrices
Hyxn = (A+ AT)/2
a b
b

» Gaussian Unitary Ensemble (GUE,3 = 2): complex Hermitian matrices
Huxn = (A + AT)/2
b1 — ibz Cc

» Gaussian Symplectic(¥) Ensemble (GSE,3 = 4): quaternionic(P4t%k)
Hermitian matrices Hanxan = (A + AT)/2

[ a by + ib2:|

a 0 c+id e+ if

0 a —e+if c—id
c—id —e—if b 0
e—if c+id 0 b

(2N x 2N) matrices cut into N? blocks of (2 x 2), for example:
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Gaussian Orthogonal Ensemble

» GOE
o BHAAS:
H = U"HU
U S IERS AR
vU'u=uU"=1
REZR I A AR

P(H)dH = P(H)dH
o Hyj GEilAlisr, WE2R % R4
P(H) = T fis(H)
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GUE, GSE

» GUE

o ABPAAE:
H = U 'HU

U L IEFERE
utu=uut

oH@%UM”ﬁﬂmHM%%JWJ%H%H@i,ﬁifﬁﬁﬁ

()= TTA0 O TTAD ()
k<j k<j
SRR N2
» GSE
o LHLAAR:

U ZFE5ERE,UTQU = Q

o BEELEYK

FUSTHIRE TR N(2N — 1)



Joint Probability Density Function (J.P.D.F) for Eigenvalues

» GOE
H SEXFRARE, N(N + 1)/2 NMSLTGER Hyg
N ADNAAEE O
N(N—1)/2 DNAAERIERZ LK {p1, p2, ..., Pnv—1)/2}
»  EF (Wishart,1928): P(H) = exp(—atrH> + btrH+ c), a /& IESHL,
b, ¢ IR

tr(H) => 0k,  tr(H)=> 0«

P(H)dH = exp(—a) 0i +b> 0k + c)dH = P(e)de
k k

dH = dHlldH12...dHNN, dE = del...dGNdpl...de(Nfl)/Q
> Jacobian Z¥k: dH = Jds

P(e)de = J(0, p) exp (—aZGf + bZGk + c) de
K P

a(Hll, H12, ceey HNN)

J(0, p) =
( P) ‘8(91~~-9NP1---PN(N—1)/2)




J.P.D.F Gaussian Orthogonal Ensemble

> Xﬂ‘%’pﬁ
H=ueU", uu"=U"u=
© diagonal matrix:6; < 02 < ... <0y
U: N(N —1)/2 parameters p,
» UTU =1 fifdo:
ou” rou

U+U —=0
Opy Py

au auT
S(N) UT — U
apu apﬂ

» H=UOU" %} p, W5

OH U auT
=2 eUT+Ue
opu  Opu Opy

A UT, £ U
+ OH

3Pu
OHi
Opu

U U= 5(#)9 @S(u)

Ui Urs = S (05 — )



J.P.D.F Gaussian Orthogonal Ensemble
» H=UoU" %} 0, fmiss:

oH 00
0., UW vr
T OH 00
v 00 U= 69
OH,; 00,
Z 0 " Ula UkB 6075 = 6‘1/36‘17

ik

> Jacobian B[ (N(N+1)/2 x N(N+1)/2) :

OH;  OHy
[6,p)) = |50, oi,
py Opp
PEFIST R, NN(N —1)/2 SERRIFIL < j< k< N
PATATR. N N(N — 1) /2 SEFRIIAT Yy = 1,2, ., Nu = 1,2, ...,
> Mg [V]:

V= {&‘f;f:ﬁiiﬂ

Hb1<j<k<N, 1<a<pB<N

N(N — 1)/2



J.P.D.F Gaussian Orthogonal Ensemble

> 3 [J[V): o
— aBOay
= |03ty 0,
> BUTHI:
J(©O,p)det V=[] 105 — 0a| det [60455(%7}
a<f B

J©O,p) =[] 105 — 0alfip)
a<fp
W P(e)de = J(0, p)exp(—ad>, 07 + b>, 0+ c)de, X p #5735
> RAEEBA M2 B AT .

116« 6l

Jj<k

P(61,...,0n) = exp {Z(—a@f + bk + ©)

k

0 — (l/m)xk + b/2a

—1 5N 2
PNl(Xl, ...,XN) =Cnm H |Xk _ xj|e 2 ZJ=1X12
Jj<k



J.P.D.F Gaussian Unitary Ensemble

» GUE
0 0 0 1 0 1
16,p) OHS s ooy Higgy H HY oo HY L HY L)
' 6(617"'79’\/7,)17"'7.DN(N71))
Hi .
Mk 1, Us = 52905 — 62)
T OPu
8ij ®aﬁ
U Ugs = = S0pba
Jrk 90, ok 00, apfe
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1<j<k<N, 1<a<p<N
1< < NN -1), 1<y <N



J.P.D.F Gaussian Unitary Ensemble

» Jacobian

JO,p) = ] (05 — 0a)*Ap)

a<p

> AAEARIR A W 5 0 AT«

1116« =0,

J<k

P61, ...,0n) = exp [Z(—a@f + bk + ©)
K

0, — (1/\/5)Xk + b/23

Prz(x1, ..., xn) = Cio H Ixk — xi|* exp (— Z>92>

j<k j=1



J.P.D.F Gaussian Symplectic Ensemble
» GSE

H=UeUf

© consists of N blocks of the form:
0 0
0 o
N N
trH2:220‘f, trH=2) 0«
1

P(0, p) = exp

N
Z (2a6; — 2b0x — c)] J(6, p)
1

0 0 0 3 0 3
O s ooy Higy HY ooy HY o Y s HY L )
J(0,p) =

8(91, cony 01\17 Piy -y pQN(N_l))
Hjx = H<-O) + H(Del H(2> e + H<.3)e3

S(H) S(OH) + 5(1H)el + 5(2114)62 + S(3H)



J.P.D.F Gaussian Symplectic Ensemble

v w
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_ |Prvioa ( )Uw,a/? e ( )U%aﬁ
= 0 3
€ha  Sap (05 —0a) -+ S.57(05 —0a)

1<j<k<N, 1<a<fB<N
1< p<2N(N-1), 1<y<N

» Jacobian

JO,p) = [] (05 — 0a)*fp)

a<p

> AAEARIR A B 5 P AT«

N
PN4(X17 ...,XN) = CN4 H |Xk - XJ|4 exp <_2 ZXJQ)
j=1

j<k



J.P.D.F Gaussian Ensemble

» J.P.D.F Gaussian Ensemble

N
1
P (x1, -, xw) = Cug [ [ 13k — 1" exp <—25 Z; Xf)
=

Jj<k
B =1: GOE
B8 =2: GUE
B8 =4: GSE
> Get CNgi

/ ..,/PNg(xl,..,7xN)dX1---dXN:1

» N — oo Semicircle Rule :[HZ (Wigner):

p(x) = /A=

T o

ref: Random Matrices and the Statistical Theory of Energy Levels,M. L. Mehta



MATLAB, Mathematica

» MATLAB:
GOE: A =randn(N); X = A + A’
GUE: A = randn(N) + li*randn(N); X = A + A’;

GSE: €0 = eye(2); e1 = [1i0; 0-1i];e2 =0 1; 1 0]; e3 = [0 1i; 1i 0];

A = kron(randn(N),e0) + kron(randn(N), el) + kron(randn(N),e2) +
kron(randn(N),e3); X = A + A’;
» Mathematica:
GOE: RandomVariate[GaussianOrthogonalMatrixDistribution[N]];
GUE: RandomVariate[GaussianUnitaryMatrixDistribution[N]];
GSE: RandomVariate[GaussianSymplecticMatrixDistribution[N]];
> Matlab HAth—LeBEHLEL: ,
NN )
(1) B0, TR o BIESHA fx) = A 27
A = normrnd(u,0,N,N);
(2) a-b 2 [ HIEIAI5M A
A = unifrnd(a,b,N,N);
(3) 55345 (Bernoulli), P{X = k} = Ckp*(1 —p)" %, (k=0,1,---
= binornd(n,p,N,N);
( ) X\ BIARA YT P{X = k} = —e 2
A = poissrnd(A,N,N);

’n)



Semicircle Rule

T T
GSE
0.4
GOE,GUE:MNX]V,N =100

— GSE:Msnyxaon, N =100
30'2 N0 1 2N x2N
S8 ( ’ )

(U | = o=eco - 7=

|

» GOE,GUE,GSE: Semicircle rule are same



Semicircle Rule

GOE Gaussian N(0,1)

03
0.25F
I —N=2
o 0.2 N
&0.15F —N=10
—N=20
0.1F —N=50
—N=100
0.05} -~ N=00
0 1 1 1 1
2 -1 0 1

» N — oo = Semicircle Rule: p(x) = 5=v/4 — x2



Semicircle Rule

GOE Gaussian GOE Uniform
W= [-1,1]

-1 0 1
x x
GOE Bernoulli GOE Poisson
P(X=1)=05 P(X=k)=YeNk=01.
A=2
3 0.5 E 0.2
& &00.1
0 0
-1 0 1 -2 0 2
x x

> AN[EAH Semicircle Rule FZARAH ]



Wigner {B15- 882K [] A7 A
> EE 2 x 2 FifE, BHANEER 1, Ao, 15EH:

2 2
AT+HAS

P(A1, Xa) = A1 — Xolfe” 207

1
Zs(o)

//P()\l,)\g)d/\ld)\g —1
N
://p‘l Ao|’e” a=s

(x1;,x2) = (A1 + A2, A1 — A2)
5 a3
o) = |x2|” e "402 dxqdxo
oo X%
:za\/?r/ X3 e 102 dxy
— 9 \F(QU)[BJr1 /Oo £8/2-1/2 ~t 4
0

> T—1k:

= g(20)5+2f(6/2 +1/2)



Wigner {8 1%~ B8 4% 1] 5 73 A

> %‘Eé&“ﬂﬁﬁ S= |)\1 — )\2|
(1). AL > =S=X1 — X

1 A3+ (Aa+5)2
P(X2 4 S, X2) = Y
(A2 + S, A2) ZB(O’)S e 2
(2). AM<A=S=X—-\
A24(Aq 452
PAL, A1+ S5) = L SPe 1+2012+5
Zs(o)

>~ 1 _ 2 +049)? 20/ 52
P(S) = 2/ SPe 202 dx= SPe a0z
—oo Zﬂ(O’) Zﬂ(O’)

> “FYyEIEE.

E(S) = /0oo SP(S)dS = /Ooo %ﬂdttﬁ/?e** = QZZE{TE)F(ﬂ/2+1)(2a)ﬁ+2

I'B/2+1/2)

ES)=1=0= (525 1)



Wigner {215

> Wigner surmise:
P(s) = Cgsge_‘?'ﬂs2

20/ 1
Cs = g = —
T Zao) T 100
symmetry class | B ag Cg
GOE 1 /4 /2
GUE 2| 4/m 32/m*
GSE 4 | 64/9m | 262144/7297°
T
i L\ ] ) I| 1!1 L
4 WD_GOE;E=1 JE— X : muadaldmg_
12 WD-GUEB=: entnay o
WD-GSE;p=4

Poisson

al

P(s)

AN




Wigner fE 1%

-—GOE
- - Py(s)
—GUE
- - P(s)
—GSE
-- Pi(s)

» Wigner surmise: =31 N(0,1) 3 AGFENLEL, N = 2 I BUEMHT A% —2L



Wigner fi21%-mathematica

gaussiandists = {GaussianOrthogonalMatrixDistribution[2], GaussianUnitaryMatrixDistribution[2],
GaussianSymplecticMatrixDistribution[2]};

spacingdists = MatrixPropertyDistribution[{-1, 1}.MinMax[Eigenvalues[x]], x & #] & /@ gaussiandists;

gaps = Normalize [RandomVariate[#, 10000], Mean] & /@ spacingdists;

WignerSurmisePDF[x_, #:1] :=Pi (x/2) Exp[-Pi (x/2)"2];

WignerSurmisePDF[x_, #:2] :=2 (4 x/Pi)"2 Exp[(-4/Pi) x"2];

WignerSurmisePDF[x_, 8:4] := (64/ (9 Pi)) "3 x"4 Exp[(-64/ (9 Pi)) x"2];

histogram = Histogram[#, {0.1}, PDF] & /e gaps;

plot = Plot [WignerSurmisePDF[x, #], {x, 0, 3}] &/@ {1, 2, 4};

GraphicsRoweMapThread [Show[#1, #2, ImageSize -» 180, PlotLabel » Row[{"3 = ", #3}]] &,

{histogram, plot, {1, 2, 4}}]
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Poisson 77 4fi

> BEEIX[E]: Eyin, {E1 < B2 < ...}

HESEEEE:S, = Enp — En, FE1:D = (S,), M &:t, = S,/D
> (L& E, V&N E~ E+ dE #%:% = pdE, i p=1/D

no \evel one [evel
(s~ 5
—t t 1 J—
[ E4% ... Ets E45dS
[

> A A RELVEANIXE | = (E,E+S)
—MEGIENIX A dl = (E+ S,E+ S+ dS)

I = (E, E+S) = (E, E+5/m|U(E+S/m, E4+-25/m|U...(E4+-(m—1)S/m, E4S)



Poisson distribution

> No level in (E,E+S)
' PS\m . pS
P(no level in /) = (1 — — I - —
(no level in [) = ( m) :>mme( p-
> One level in (E4+ S, E+ S+ dS)

P(One level in dl) = pdS

> No level in [ and one level in d/
e "°pdS = P(S)dS
» Normalised t = S/D = p§S, Poisson distribution:

P(t)dt = e ‘dt



RERIAIEELE r 7041

> X r R
P min(Sy, Snt1)
" max(Sn, Snt1)
Sn = En+1 - En
» %}F Poisson distribution: P(S) = pe *° = P(r), % x=Sp,y = Sot1
_ min(x, y)
P) = (3(r— 0

2 [ = min(X, ¥) | —px_—
= dX/ dys(r— ———22)e e
RIS
= pz/ dx/ dyd(r— X)ef”xef”y—&—p / dy/ dxd(r —PXemPY
0 0 X

o o] X
=2p° dx/ dyd(r— y)e PXemPY = 2p? / xe e Pdx
0 0 0

1 1
(n= / rP(r)dr = / 2r dr=2In2 -1 =~ 0.386294
0 o 1+0n?



GOE P(r) distribution

> 3x3-matrix, RINAMEE e1 < ez < e3, H

N
1
Prg(x1, . xw) = Cug [ [ I3k — 1" exp <252X12)

j<k 1

3

oo ey oo H — —
P(r)oc/ de2/ de1/ desP(e1, e, e3)0(r— min(es — ez, &2 — e1)
—o0 — o0 ey

max(e3 — ez, €2 — €1))
> %Tﬁ% X=6€ —€,y=6e—§e
P(r) 2// dxdyd (rx — y)XBﬂLlf(XjLy)ﬁe*<x2+y2)/2+(xfy)2/6
0

1 (r+r)°
PO =2 W remyeon

Zg NEA—WHRHE, H fol P(rydr=1 %51tH.



GOE P(r) distribution
27 r+r~
Peoen) = T T rv pyr

1
/ rPeoe(r)dr =4 — 2v/3 ~ 0.535898
0

(n=
) ‘
—Proi(r) = i
sl — Poop(r) = % (1+7;::-2)°/? |
=
— 1
R
0.5
0 ‘ ‘ ‘ ‘
0.2 0.4 0.6 08
r




XXZ-disorder model

» Model:
L
H=> JSiSi1+S/S) + LSSt + Y S, he[-W, W

Lo—4Ebidb KB, J, ) NG REG b KSR, WARRT PR .

BlinSHiEFL=14,J=J, =1

1 ‘ : : 2
i — W=0.4
H,L =14,AE,, —~W=04 _
0.9 LT woos | —W=08
\ 1 W=1
0.8+ i H . W=15
. +g:;.5 s . W=2
§ —— VW= g — W=2.5
0.7 \ - W=25 ] - W=3
——W=3 - W4
0.6 W4 e SIS, —W=6
Zosh| ! - W=6 = Iy - e — Poor(n)
<) \ —Pcor(s) & !
04t/ \ —FPror(s) |
g \
03F/ /
| 0.55 |
0.2, \
0.1} ~
0 ‘ 0
0 1 2 3 0.2 0.4 0.6 0.8 1



XXZ-disorder model

» Ergodic(3i /7 )-Many body localization(MBL, Z/&J&1#4t) transition:

0.55

<7'>GOE = 0.5359




