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Fl<m<n uH R LE&GHAE

Aut+u’ =0
mn e
QIEMR. F1l<p<m'—1= — 1, ZRLMR.
n—m

o B. Gidas, J. Spruck [Comm. Pure Appl. Math., 1981]

2
m=2B1<p<2_1=""2
n—2
o J. Serrin, H. Zou [Acta Math., 2002]

l<m<nBEl<p<m* —1= m

— 1.

n—m
(2] R p=m*— 1 HAZFIABYTLE2T X, F
R EAREH, MmO RBA R REAMIAEA .
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Ak LR (OR) lEREFRSE

% (M, g) ZFWAM n>3 Ricx>(n—1)g uA

Au—du+u*=0

é@mzﬁ.:ﬁuag%ﬂoq B ARAER
n — a—

M, BARMEE =" \= ”(”‘2),£L(M",g) $ERMH L

n—2 4
(S", g.) B A A -F LR

n—2

u(x)z( n(n—2) ) 2 , 120, ae§".

2 coshz+ 2(sinh¢)(a, x)
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Ak LR (OR) lEREFRSE

o M. Obata [J. Differential Geom., 1971]

n+2 n(n4—2), i&é’é‘&TAzn(n_Q)

4

a= .E]. 0< A<
B mbﬁ' é’? R P
o M. F. Bidaut-Véron, L. Véron [Invent. Math., 1991]

2
1<a<—n+2,ﬂ0<>\<—n .
n_

(2] = _nn=2)

o — 1la=2£2 4
n—2
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IB%E: BEEsSEBIRS

FEFTAE Au— M+ u® =0 AN E R Ay, B2
L+1L+13=0,
P = fuo‘(Au)Q,Ig = T A, I = [ utP Au.
L = / [(u* Auwy) 7 — (u® Au) ol |

= / [—au* | Vul* Au — uauyiui + u®Ryu't/ |

n
:/ u® E |ui|? 4+ au® tugu'd — au® MV ulPAu + u®Ryu'i
ij=1
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SOIE =3 gl (Aw)?

ij=1 ij=1

F uy Bk Ey, ST L

n
I = / [uo‘ Z Ey|2 4+ au® ' Eju'/

ij=1

-1 ;o 1
. o™ Vu?Au + uo‘R,ju’u’] + =1,
n
T & T VAR
n

n 2 A i
I = p— / [uo‘ Z |Ej|* + ou® Eyu'v!

ij=1
n—1

au® |\ Vul? Au+ u® Ryt |.
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IB%E: BEEsSEBIRS

Ehd, AARERELEMY>HRY FRATE, &
L+ I3 =\a+ 1)/ua]Vu|2 —(a+p) /uo‘+p_1|Vu\2

:)\(1—p)/uo‘|Vu|2+(a-|—p)/u°‘_1|Vu|2Au.

%En (11-|-[2+[3):0,'3_‘%

n
- -1
0 =/ [uo‘ Z Ej|* + au® T Egu'd + n—)\(l — p)u®|Vul?
ij=1 "
n—1

+ pu V| Au + uo‘R,juiui] .
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2 [ur L Vul? Au R 3RS
/ua_1|Vu|2Au
= — / [(a — 1)u®2|Vul* + 20 tuyu'/|
=— / [Qua_lEijuiui + %ua_1|Vu|2Au + (o — Du®~ 3 Vu)?|,
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AN @R e E X, 5

. 2(n—1) .
a 12 . a—1lp i
0= / [u E |EU| + (a i p) u“ " Eju'

ij=1
_n-l (o — D 2| Vu|* + u*Rju'v/ — n- 1)\(p — Du®|Vul|?
n+2p Y n ’
. - w1 2
ﬁTﬁﬁﬂﬁﬁ&,é%:%?_ﬁzd&,w

S jry = 1L IV
y — .

2
n u
ij=1

ERHE =0, Hu*  Epulv = uEGLY. % £ XA 5% 6 A =
RETT -
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IB%E: BEEsSEBIRS

EF w2 |Vu* RAKAXT oo @ T i) =R &%

n—1"T[a? o n—1)>2 n
o pe )sz_ P |
n 4 n+2 (n+2) n+2

. 2p . n—1 n—2
E I I AR — x5 N
S AR o n+2§¢klﬂaik1'ﬁn+2p(1 n+2p).

B ERHB BEa= P, W2
n—+2

2+n—1 1 n—2 o
n+2p n+2p
n—1
n

np

y l’l+2U

o= [y

ij=1

9 _ 2 P
w2 |Vl w2 Ryl —

Ap — 1)u—ﬁfpz|vu12].
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w1 Vul?
EFlEl-j:uij-l-c%——(Au-l-c’ ul )g,-j, ]
u n u
n—2 Ega' n—1 n+2  Au
Ey "= n u n b+ n C)Tuj
n—1 n—2  |Vul? ; -1
- c(l+ , c) L R,-ju’—T(p—l))\uj

BBERETREEAR, Re=—_7

n+2’
n—2 Ega' n—1 n—2 |Vu|?
E., ' =— Y 1—— = .
Y n+2p u +n—|—2p( n+2p) w2
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2p Eja'v  n—1 n—2 |Vult
Z\E#’ ’ (1~ )

Eu’
v n+2p n+2p u?

+ Ryu'ed — T(p — DA Vul’.

it u k. % DY s

n—2 |Vult
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Au—+flu) =0
fo€ CP(Ry;Ry).

P f=—~fith fi € C'(Ry)

fo(u)

El] = u,] + Cﬁ(u)u u] - % (Au +CM‘VM‘2) g’]’

£ i on—2 folu

L= C——/—~
B n fé(u

)
)

fo(u)

n—1(1+n-r|l-2 )]”28)

El-jui +

B =2 (Jf"g(u))2

n—1 [
+ c
n

fo(u) n

|Vulu;
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4 (BN ) 4
3 (hi) ‘ﬁwJ'V”
+ Ryund + "= ( 4 EZ;fl(u)) Vul?.

() M TREFXOBGFRER, L
A d-% K [P EAE . 42, 2024).
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Cauchy-Riemann

% (M2n+1,0) 7%7%4;}%: Ricci @@—ﬂ-ﬁi—l‘-%{: }E%#‘J\&’
T w6948 @A H CR AR
o CR&M . CTM #)— /2 F M TN % &
710 A 70 — g, Hg 70D .= 7(1,0),

o BMAA . dimpgM =2n+1 B dimc THOM = n.

o PRML . AN X0, EFE Levi B X <-7 ->9
REZE. Wi X AT TN @ TOM 6 5265 1-7
Ko (VW) = =2/ =1d0(V A W) 12 hs = (Z;, Z))p.

o T & . HEBLAR AN AR,

o (Webster) £ £ 5K % : 4, @HKE: Ry;o Ricei WHEKE .
Rj:=RFr.. R R;> (n+1)hy.

1} i kj y y
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Cauchy-Riemann

o 1t TWOM = span{Z;}1_,» T & Reeb @&, B O(T) = 1
d0(T,X) = 0> VX € TM. T 4

™ = T M @ 7OV M @ span{T}.
{(ZY {ZY_, TREFE@OEH.
o ‘iaf;l':Zl‘f’ ﬁ;:Zlff’ f()z Tf fﬁ’{%‘-ﬁfiﬁ%/z}i‘
L =L L5 =5 = 2V =1h; fo,
foi =fio = 4yf”, Top —Lig =2V =g fo + Rilj%l'
0 12 |V,f|? =fif LA = %(fﬂ_i _|_f’ii)’ AR 4
f;l'i = Abf+ nyv —1f70.
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Heisenberg &f

Heisenberg #F H" 48 % T /& C" x R LB &BF F ik .

(z,t)o () =(z+Z,t+7 +2Imz 7).

0
oZi.—azl Vi z, f.———\/ z, : 8t

° %-—/\JrL(RW:O), ﬂ%, F#Mx&u Tﬂ;@ééffaﬂb@
A AE % CR A,
o Cauchy-Riemann 77 &) F 44 O = 2n + 2.
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% (ML 0) A RF, PR, T ARG ®A R CR
i Ricg > (n+ 1)h;

Apu—du+u® =0, u>0.

fha="12_ % AR O = 2n+2 8 FHA K.
o I B A [Math. Res. Lett 2015]

a:n:2ﬂ0 ", RLRAKEM, RARGA

A=, B (ML g) %&E R# L (S2+1,6,) B A 9k -F LR

" A
4’
) = cns|coshs + (sinhs)(z,&)| ™", s >0, € g2n+1

u(z
o EBRA [Math. Z., 2022] % 3£ 9.
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Al CR 7 LR IE S 84 75 2

% (ML Q) R RFe, FAEIL, TEEHBEELR CR K

Au—du+u*=0, u>0,

n

2(a—1)

o A& FHBEA [Math. Z., 2022] Conjecture 1, KA1 7% 3 fF ik
Te

1
SEY

2
Ma%l<a< T2H0<r<
n

v

n n2

® 2a—1Dlacmz ~ 4

n
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Folland-Stein A ERX REFH

% (M) R, PRIG, TEaeRuai i CR K

2 2 2
%, Ricy > (n+ 1)hy» ﬂﬁ2§2<q<Q_Q2= SELE
Alg —2 7
R _2 q
M2 [ 9+ [ > volon)® ( / |u|q) .
Q_2 M M M

THFEXBRESARYE u AT

o Rupert L. Frank, Elliott H. Lieb [Ann. Math, 2012] CR k0.
ogtaE T a+l FHEHQO=2n+2.
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Ui
D,]—uij—a%,
no ity 1 — no | Vpu|
Ejj = u n+27__<Abu+n ~luo - 2 wu hip
— nn+1) /—lugu; a Apu
Gi =nv = Luoi = (n—i-2)a u l_n+2 u i
na (n+1 |V pul?
ARV | 4 (o — D).
n+2(n+2a ) 2 ui + (o — 1)y
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n—+ 2

B 1: 1 <a< 1

n+ 1/(211)’v’

Re[(n — 1)Dyid + (n + 2)Ez] !

2
o
2n? + 1 |Vpult
-1 D;|? 2 — R
0= |0y va(2- Zga) Ty

E]l n=18, lEFXRBML, KEHEA.
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KT 2 n+

—~——— <
n+1/(2n) N

2
u—ﬁRe{ [( A/ +d3>\u) (Di + E)

+ nV/=1ug(dsD; + e4E; — 3Gi)] } |

= > 3 Dy + Egay? + ot 3 1Dy + |
ij,k iy

A3 ujlly 2

2d u

+2a(1 — +2)W52”| }+d AZ[

As |? no 2n —1 A2\ |Vyul*
E: —L: 2 1_ - ) - 5
- ’]+2d v +(a( n-|—2) n  Ad2 u? ]
2
+ [d1| il + dou®~ 1+d3)\}R+Q1,
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n—+2

BH 2: ———— <«
Lt n+1/(2n) X
n?af3n+6 — (n — 1)a no
d - — d = = —
L= Qn+)m+22 T2 aiy
n+1 n n+2
ds =e3 = —1),ds= 3—
n(3+ )
€4 2n+17ﬂ 376 «
2n’af(4n +5)a — 3n — 6 no
N (TR T T P
(2n+1)(n+2) n+2
6n’a(a+n+2 no
01 =- ( g(l_ )7
(2n+1)(n+2) n+2
_ 6no no 2n(a —1)(2 4+ n — na)
B = 1-— A3 =03 = .
! 2n+1( n+2)’ s 3 2n+1
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2
WA 2: —

S~ ——— T U <
n+1/(2n) N

n n n
Qu=d Y _ IDi’+di > |Ef +3) |G — diRe DG’

i=1 i=1 i=1
i v b ul? v bu|2
—esRe E;G' + Ay ReDal + O, Eal
- \Vb 2 |Vb”|6
+ =1 Re G; 2d,
u? e Gl + 2da(l - n+2) ut
dy Aq
) 2
O
O = - > 0.
_da e g E1
2 2 2
Ay O E no
S22 ogia(l -
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#oorta s X T A Jerison-Lee 18 % X :

2

ur Re {u_% [ (M Tutn )\u) (D; + Ei)
u

— v/ —Tug(2D; — 2E; + 3G,~)] } l

)

_9 2 |Vbu‘2
=u Z ]Dl]u; + El%u]| + u2 R
ik
2
+ (un + X)) (1D + [Egl* + R)

iy
+) (1Gi + Di* + |G — Ei* + |Gi|?).

1

(7£] EZBRAK [Math. Res. Lett.,, 2015] A 7 & /M& % X,
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B 3: 1.06<a<3, n=1

u®"'Re {ul_o‘ [(%(5(1 - 3)% + OéT_l(uo‘ + )\u))Dl

+vV—=1ug ((2 - %a)Dl - 301)

3—afa,l o |Vu? a,; 1 « |V pul?
TTafes @ _¢ Sy e
L (3(2 3 e T tEy) w

3— Vpul? V=1
o U e e e

u

a—1 7 u1u12 1

= Dii+(B—a)—| + (38— a)(l45a - 14
5 )\[ 1+ 8- (38— a)(1450 — 147)
|V pu|® a—1 ., 9 a. |Vyult
- +R}+ w7 IDuf + 20(1 = 9=+ R
1 2

bta- 1@+ R
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B 3: 1.06<a<3, n=1

4
Q= %(504 =3)DiP? + 3G + (0 — 2)Re Dy G
[Voul? 1 « L« .
— )=l | = (5 — 3)ReDyu' + — R
+(3-a)h [108(5a 8)ReDiu' + = ReGru
o [Vpul*
+ gla—Da+ 3],
“Ga-3)  ca-1  ->(3-a)ba-3)
187" 3 2160 YV
2 «
= —a—1 (3 —
(0)) 3@ 3 12(3 a)
(8% (6% «
%(3—a)(5a—3) E(B—a) 1—8(3—a)(a—1)(a+3)

(i2] % o =3, R 22 Jerison-Lee 18 ¥ X A& n =1 89155,
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B 4: 1 <a<1.06, ¢

1 2 —
u 2Re{ [( Vo +a21(u°‘+)\u))D1

18 u
3—a o 4 1 « |V pul?
=D - 3G Syt S (el
+vV- uo( 1 1) 5 [( G —|—(2 3))\) »
+ (—Ma_l + A= uo) vV — u01| Ul
21 |Viul?

36 12¢ 4_0)

= ) Sy
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B4 1<a<106, n=1

a—1 o1 uul 2
= D 39 — Ta
5 H 1+ 36( )——
1192502 — 15690a + 3161 \Vbu\4]
6480 u?
a—1 wiuy |2 9002 — 150a + 1 |V pul*
+ A||Diy + = (6a+1) Lt S | 52|

1 |Vou?> a-1, .,
+[18 2t (U™ + )| R+ Qs,
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|I-Eﬂ/
,4.
2 - 1l <a< 1

|Dl2
| +3|01|2—
—R DGt +

+ /
A Re 0 u
D 1+ R
1
1u0
u

\Vb |

A/ = ‘
/’ ’ 1
R
G

1A
AL A




B 4:1<a<106,n=1

3003 — 9502 + 132a — 63),

AI
L= 270(
Al = - 11
| = 360(360a 365a + 116),
:’———(40 + 150 — 92), & 0O
1T T\ =4 2

3 2
4= 5755 (800" — 60007 + 146807 — 12720 + 405).
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Heisenberg B FiY ( ||E§'?~?EE # ‘&#‘,

Au+u®*=0, u>0, H"

2 2
" . TR %oz:n+

Hl<a< Hoye 2 (), MG

2
ENXcC, pecCr, Im)\>|ﬂ| 1% 4%

u(z,0) = o [0+ VIR 4z A

7 #2869 ¥ % . CR-Yamabe F1# . Folland-Stein 74 X 69 & &%
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Heisenberg 8 EBY (R) ||E§?'?Eg

o D. Jerison, John. M. Lee [J. Amer. Math. Soc., 1988] :
n+2 Hy €L2+2(Hn)
ﬁ:l\éwfaiq’ s AAVE R T AT R T =AM EF X
HRET =T FA:
Q AMTEBAZANREL KRG 1EF X2
O REAE—REBERRARMGH % SR EA A
#op-ta % X2
AT, BRE0% . % K [Acta Math. Sinica, 2024] 1% A R &
R FHAEET Jerison-Lee 891X A~ 9] 7
n+ 2

o FAd, BX3LE [Adv. Math., 2023]: 1 <a < ——

)ﬂw%r% R [PEAZE. &£, 2024]&#171%2&71&
B THIER, KB A CRABGED 2.
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Jerison-Lee [BEE 5, (4.2)

u%Re{ n[(IVZuP )(D +E)
— v/ Tuo(2D; — 2E; + 3G,»)] } )

s N

= ur Y (D> + [Eg*) + Y _(IGi* + |G + Dif + |Gi — Eif)
ij i

+u? Z |Djjuz + El%uj|2.
ijk

1 A& P R AMOE R 4 K I 6918 5 X

2] R L EST T4 u=-, LA RME#HRGIE

5 i

n\\\
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Jerison-Lee B3 (4.3)

2
us Re {u_%{<nunt2 - 2n2\/—1u0)Di + (( + 2)| bt Fu
u
+ 2nv/ —1u0)Ei — (l’l + 2)1’1\/ —1u0G,- +n [D]u] — EJU]
n—1 <|Vbu|4 n\Vbu|2 “nv/ —1lug
u u

2 2
+ 2 —i—un]Vbu] —

n

-l—(n-l—lun “nv—lug — (n+1 nuoﬂ l}}f
ulli
— 9 [Voul? E.2 2 9 D.I2
=(n+2) =35> B+ |EP+(n—2)) |Di
i i i

‘|‘(n‘|‘1)Z|Gi+Di|2+Z|Gi_Di_Ei|2

+u Z(IE > + n[Dyl?).

ij
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Jerison-Lee [EZ5 (4.4)

2
ur Re {u_%{(|vbu| + u%) (D; — 2E;)

u

—nv/=Tuo((3n — 1)D; — (3n + 2)E; + 3”G1}}

5L

[ Vul?
= [T | Samul 218 + S0 -2 + i

ij

EINMEEFXBARRZELE, 2T A CtarAmAMEF
KM IRF, £ FHORE MG HITFR FHESF X,
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o] Rk

‘l<m<n ¢g>0 u#H R Le§H42
At + 1 |Vul? = 0
QEM, FERANE—ZEHTulEAFR B L
Ao(p.q) =p+q—m+1,
A1(p,q) = (n—m)p+ (n—1)g — (m — 1)n,
A>(p.q) = (n—m)p+ (n— g — (m— 1)(n+ ——L—)

m—1—gq”
EF A(p,q) REO<qg<m—1HZL
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o P.L. Lions [J. Analyse Math., 1985]: m =2, p=0 H g > 1.
o Q. Caristi, E. Mitidieri [Adv. Diff. Equ., 1997] :
m=2> Ao(p,q) >0 H 41(p,q) <0.
o R. Filippucci, S. I. Pokhozhaev [Proc. Steklov Inst. Math,
2001]: Ao(p,q) >0 H 41(p,q) < 0.
o R. Filippucci [Nonlinear Anal., 2009] :
Ao(p,q) <0 H 41(p,q) <O0.
o M-F. B. Véron, M. Garcia-Huidobro, L. Véron [Duke Math. J.,
2019]: m=2: p>20>, 0<qg<2s

G(p,q) = [(n—1)’q +n—2]p* + b(q)p — ng* < 0,

EFbg)=nn—1)¢*— n?+n—1)g—n—2.
FHEBE0<g<1 Ax(p,q) <0 HAA Liouville T E.
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o H# $r-#4N-3k E R [Nonlinear Anal., 2022] :
Ao(p,q) >0, 0<qg<m> p>0> HLTHHFHI—:

Wp>1 Aolp.g) < 4(’"11—‘1);

2)0<p<1: Ao(p,q) < (m=1)p+1)°

np
o kA d-ZIEY [arXiv: 2311.04652] :
m=2: Ay(p,q)>0s p>0, HEFHE&HZ—.

1

1
(2)n—3ﬂ—1<p<1) Hon> 4.EL—1<p<2’
9 n—1 n?—3 1—(n—1)g
0
”*(n—ﬂ <n—2>2)p+ n—22
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Kl<m<n ¢g>0 ufR" LEGFHAR
Apu+ P |Vul? =0
GEM. TS TI A2 A, uledF .
) 0<q<%, As(p,q) < 0;
Qn>3 q>”’%11, p<h(n—2)q—(m—1n+1), £

n—1 1

h(t) = 2(n_2)(”_”’)[\/t2+4(m—1)(n—m)— ]—i—m
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o ZMAMB . H0<g<m—1> As(p,q) <08, A
Liouville & 52 32
o H(h((n—2)qg — (m—1)n+1),q) =0, %%

H(p,q) = (n = 2)(n —m)p* + [(n — 1)(n — 2)g — (m — 1)n’
+(m—=2n+2m—1p— (n—1)g+ (m—1).

Em=28, H(p,q) <05 RkAd-REYFGHLE—Z
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University of Science and Technology of China

20+
— Ao(p,q)=0
r — 41(p,0) =0
— A2(p,q) =0
— H(p,q)=0
0 — Glp, =0
— pz21
— O0<p<1
0.5
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FEHRESHMESER

iy = (V") 0+ S

1
_ ; |:(1 + CQ)Amu +c1 5ij:

Bﬂ%
u= V=P ([ Vul P2 By
n—m—(n—-18 \ |Vul" *Ejuu
1
(m — 1)1’1

2—m
:EijEji-l-(a‘l'( ) u

(= 1)g (n = Vea =15 AmuBiu
B EjwEpu  (n—1) e v
_ 1
+ m—1 |Vul? n “l * (m — l)nCI

%{q = [(n = 1)g = (m = Drlea}(Apu)®
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FAERESHIEFA

n—1 (m—2)n+m— (n—1)q
1
+ [( +¢2) (p + (m—1)n ‘1
cr 1 [Vul"Apu
+ m— 1] u
o (Eity Amuu; [Vu|" u; 4 (Bt Ay |Vul"u; T.
“\Vu] Ve Vul" [Vu| T

- n
[7£] |vu|2EUE‘ﬂ > mEljqukluk
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