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This note reviews the basics of Tomonaga-luttinger liquid based on the review paper by Jan von
Delft and Herbert Scholler, “Bosonization for beginners - refermionization for experts”, Ann. Phys.
7, 225-306 (1998) and my presentation slides for the ERATO Tarucha Project, “Tomonaga-Luttinger
liquid - Bosonization of one-dimensional electron and transport -”, the first part: “Constructive
approach of Bosonization of one-dimensional electron system”, on May 17, 2001. The purpose for
rewriting this note is to clarify the notation and detailed derivations of (chiral) Tomonaga-Luttinger
liquid, which is now recently been activated again in the context of “quantum quench”.

PACS numbers:

I. SYSTEM

We will discuss an ensemble of Fermionic particles with
a mode 7 confined in a one-dimensional system of length
L. The mode n can be right/left going chiral modes,
spin up/down modes, the ground, the first excited, and
higher excited one-dimensional subbands, and various
edge channels formed in a two-dimensional system under
a large magnetic field. For simplicity, first we will discuss
only one of the modes 1 and disregard the interaction for
the time being. .

Let us define the field operator, ¥, (z), which annihi-
lates one Fermion particle of mode n at z € [-%,£).
This is constructed by the Fermionic annihilation opera-
tor, ¢, as

U, (z) = % Z etk (1)

k=—o00

where the wave number index k is determined by the
boundary condition of the system. We undertake follow-
ing boundary condition

A L PR L
v, (:B + 2) =™, (w - 2) , (2)

where a real constant & is in the range [0,2). Then

clearly, the wave numbers are discrete as

k:?(nk—(;l’) 3)

where ny, is an integer and hence k € [—o0,00]. The
field operator, Eq.(1), containing the factor exp[—ikz],
represents a left propagating wave. We assume the en-
ergy of the state k as €. It is important to note that in
the Luttinger model, the energy € is a monotonic func-
tion of k, while the conventional metallic system shows
parabolic dependence €, o k2. The fact that there is
no lowest energy state is essential for the following dis-
cussion, although this may sound unphysical. However,
most of physical properties in the metallic system at low

temperatures (typically T' <« Tg, where Tr is the Fermi
temperature determined by the electron density, effective
mass, and so forth.) are only concerned with the states
near the Fermi points and this assumption (on states with
infinitely negative energies) does not introduce problems.
We will discuss the relation between this Luttinger model
and real physical system in Sec.VI.

The Fermionic creation operator of state k, é;i, also
defines another field operator,

Ul(z) = 1 > etheel (4)

With the fermionic anti-commutation relation
{ér, 6} = enél, + &b én = O, (5)

we have the anti-commutation relation of the field oper-
ators,

T, T, 1 —ikz+ik'z [ A
{‘I’n(x)a‘l’jy(x/)}zzze et L ey g }
ok

I
o~ =
K

oD

=

s
-
[N}
SIE
~.
VRS

3

=

|
| &
N———
w

|
a\
L

o0

1 _mopip o
= fe - ( ) Z

nj=—00

o
exp {?(w - x’)nk}

2 Sy , e 2 —
_ %ef%wr)m;}oa (WJLM _27rm>
2m —zoi(a—ahy L

=7 5 Z §(x—a' — Lm)

m=—0o0

= §(x —2'). (6)

We used the identity > 00 ™ =2r> % §(y —
27m) where n,m are integers and the property of the
delta-function §(az) = 16(z). In the last equation, we



chose m = 0 since z,2’ € [-£, ). All other operators
are anti-commute, like {é, ¢} = {c,€7 ck,} = 0 and hence
{0, (z), ¥, (')} = {¥}(x), ¥} (2’)} = 0. Please also note
that we can construct the annihilation operator from the
field operator,

ik,
Cr f/gdz e, (z), (7)

and similar expression for EL by \I/}; (z).

II. FOCK SPACE F

Let us consider a Hilbert space Hy with a fixed particle
number N. The Fock space is the sum for all N,

F =) Hy. (8)
SN

We define the vacuum state |0),, which satisfies

&, 10Y, = 0, for k > 0, (9)
¢, 10), =0, for k <0, (10)

where we chose k = 0 arbitrary, which is allowed because
the wave number is unbounded. In the following argu-
ment, we fix our choice of the origin of k. Physically, this
vacuum state corresponds to the situation that all the
states with ny = 0, —1,—2,... are occupied by the par-

ticles and all the states with ny = 1,2,3,... are empty.
Let us define normal order operation Yok relative to
0)y by

“ABC...% = ABC-.-— (0| ABC---|0),, (11)
where A, B, C, ... are operators like &, or éL,. This oper-

ation is essential to avoid the infinity by subtracting the
expectation value with respect to the vacuum state |0),,.
The number operator is defined by

N= Y felak. (12)
k=—o00

Clearly the eigenvalue (number) of the vacuum state |0),,
is zero,

N0y = Y (elen —o(0lefen]0),) [0)g
k=—o00
0
= ZC ¢ 10)g Z 0)g
k k=—o00
= 0. (13)

Let us consider the set of all states, which have the eigen-
value N of the operator V. This set spans the Hilbert

space H . Then we define N-particle vacuum state |N),.

More explicitly, by defining koy = 2% (N — %’),

Ck |N>O =0, for k > kon, (14)
&l INY, =0, for k < kow. (15)

It can be proved that all states in Hy can be generated
from |N), by particle-hole pair excitations,

IN); = f{&éw}) IN)g, (16)
where f({¢fé}) is the function of the products ¢ ¢y
with arbitrary set k, k. Examples of these for N = 2 are

élér 2), and élé_1éle [2),.

III. BOSONIC REPRESENTATION OF FOCK
SPACE

For ¢ = 2mny/L > 0, we define following Bosonic cre-
ation and annihilation operators from a pair of Fermionic
creating and annihilation operators,

Z. o0

J e, e
k ks

q \/@ Z +q

k=—oc0

- =2
by = Z ck Gk (17)

9 k=—o0o

=
I

where the normalization factor +i/,/n, is chosen to sim-
plify the following arguments. Note ¢ = 0 (ny = 0) is ex-
cluded from the discussions. lA)]; IN) 7 (b, |N)f) is a linear
combination of the states with momentum ¢ particle-hole
pair created (annihilated) from |N) 7. Clearly, b, |N), =
0 for Vg > 0 since there is no particle-hole excited states
to annihilate. .

Let us check various commutation relations of b, and
b

q

[N,b]] =

where the commutator reduces to
[ehén, by gtn] = Chlen, el gon] + 0], b o nrlen
= & (1o ey b — el gfen, o)
+ (‘{627 éLUrq}ék’ - é;rv’-‘rq{éL’ ék’}> Ck
= OkhrtqChl — Ok ksl o Ch-

We have used the relation [AB, (] =

and [A, BO] {A,BYC B{ C}

A[B,C1+[A,C1B
with arbitrary



(Bosonic or Fermionic) operators /1, B , C. Therefore, the
commutator is

[N,0]] =

where taking the normal order Yok is allowed since
q > 0 and we changed the variable k — k + ¢ in the first
term which is possible in the normal order. Similarly,

[N,b,] = 0. (20)

Next,
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where we took the normal order since ¢, ¢’ > 0 and in the
last equation we changed the variable k — k + ¢’ in the
second term. Similarly, we have

(55, by ]

Finally,
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Here we should be careful for the conditions of ¢ and ¢'.
If ¢ # ¢/, vacuum expectation values of these terms are
zero and

~ AT - ]. * AT N Af . k
[bmbq,]q#q/ = — Z * (ck_qck,q/ — ck_q+q,ck) *
V ''qttq k

=0, (23)

where we changed variable k — k—¢’ in the second term.

In contrast, for ¢ = ¢,
A 1 . A At A
[bg b;]q:q/ = (clchk_q - Cick)

1 * . * R R
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Nq

(24)
Therefore, we have the canonical commutation relation
of Bosons,
[bq7bg'] = Oqq'- (25)
For all N, |N), is the Boson vacuum state, since
bq|N)y = 0, Vg. In contrast, b}; |N), represents col-
lectively excited state with momentum ¢. In particu-
lar situation of linear energy dispersion, all the excita-
tions are energetically degenerate. It can be proved that
all the states generated by b:g from [N),, like [N), =

f({l;};}) |N), span the complete N-particle Hilbert space

Hx generated by Fermion operators, f({éléw})|N),.
Here, we skip the proof, please refer Ref.! if one is in-
terested.

Since the operators 5q7 l;g conserves the particle number
N, we introduce Klein factors F, F'! to connect the states
with different N and to give a correct anti-commutation
relations with different modes. We define

FHN)p = FU IN),
= F{B N, N

= SO IN + 1) (26)

Similarly,

FIN); = f({bJ}) IN = 1),. (27)
Clearly,
FIF|N); = FUR({BY) IN = 1)g = F{BIN) IN) = IN)
FFTIN), = [N),. (28)
We have required commutation relations [b,, FT] =
[IA):S,FT] = [by, F] = [l;g,l:“] = 0. If we extend the

discussions with different modes n # 7/, {]3'7;r ,Fn/} =

{E,, Fy} = {FJ, FJ/} = 0, which will correctly treat the
anti-commutation relations of the field operators intro-
duced in the following sections.



IV. BOSON FIELD AND BOSONIZATION OF
FERMION FIELD

A. Boson field operators

Let us introduce Boson field operators as follows

1 A agq
On(x) = — ——e "% 2, (29)
. g e by
~t — et it =%t
Phx) = =) ——e"ble (30)
! q>0

where a is the infinitesimal positive length cut-off param-
eter. Real (Hermite) field is defined with these boson field
operators,

&,(x) = @yl2) + @) (2), (31)

which has a clear physical meaning by following discus-
sions. Particle density operator at x is defined by

W () B () *
Z ik~ “”*c cki (32)
k,k

plx) =

T

Be changing variable k' — k — ¢, we have
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q<0

1 . —iqr] iqry
= EZz,/nq(e @hy — " b:;)—l-f. (33)
q>0
While if we take the derivative of &, (),
A 1 LA A
0, Pp(x) = — Z —(—ige™" b, + iqezqzbg)e_7

Vg

Z _/—Zq ( _iqwi)q -
q>0

- f TN i g(em b,

q>0

eiq”l;g)e_%
eiqmi)g)e_%. (34)

Therefore, in the limit of a — 0,

4

and since N /L represents average particle line density,
9., (x)/(21) shows the fluctuation of the particle den-
sity. In particular, kinks of the amplitude of 27 in the
function @, (z) represents localized 1 charge fluctua-
tions.

Let us examine the commutation relations of Boson
field operators, clearly

[n(x), &y (2")] = [@}(2), &} ()] = 0, (36)

[P (), ¢} (2")] = Z \/7 Z(q':c’—qx)e—%(11+q’)[[;q7(}Zl]

q,9'>0

-y 1 g’ —x)—ag

q>0 Nq
_ Z 7671 * (¢—a'—ia)n
n>0
— —mn {1 _ e*i%”@*z'*iﬂ , (37)

where we used the series expansion In(l — a) =
_Zn>0%' Using this relation, we ?Valuat? spatial
derivative of the commutation relation [®,(z), ®,(z’)],

0o [ @y (2), & (w’)

]
= 9o {[pa(@), @] + B} (@), 2 (2}

= am,{, n [1 —e —i2E (z—x fw)} +1n [1 _ efi%(w',z—ia)}}
2 672—(x ' —ia) efizfﬂ(l’/fxfia)

o Zf 1— e*if"(xfz’fia) + 1— efi%"(z’fmfia)
2w 1 1

o Zf |:€i2£'(a::1;’ia) -1 T ei%’(m’fmfia) _ 1:| . (38)

Now we take the limit L — oo with keeping x — 2’ finite.
Using the relation for |¢] < 1,

1 1
et —1 (I+ie+ L(ie)2+---)—1
1 1 i
ie(l+ % 4--) e 2

L1 + O(e), (39)
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we have the limiting form,
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Finally, taking the limit a — 0T, we obtain

D [y (), Dy (2")] ~ 2mi {5(1‘ —a2') — }l . (41)

In the literatures, following conventional form is often
used,

[®,(x),®, ()] = —niSgn(z — '), (42)

where Sgn(s) function is 1 for s > 0, -1 for s < 0 and 0
for s = 0.

B. Fermion field operator by boson field

In this subsection, we express Fermion field opera-
tor W, (x) with boson field operators gbn(x),cﬁj](x), and

@, (x). First we check the commutation relation

. —i
by, én] = el, ew,e
[bg; éx] \/n—q%l[k—qk’k]
_ i (At LA A N
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/T
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1
= — &, 43
\/n—qclc—s-q (43)
Therefore,

7 1 ikx [ A
[bg, Wy ()] = ﬁzk:e_l [bg, ]

1 —ikx i PN
= e ——Ck+q
i
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—_— e Cr
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— ay(@) ¥y (@), (44)

where we defined a complex function

and used the relation [AB,C] = A{B,C} — {A,C}B.
Similarly,

~ N i R . R
[bjp Cr) \/77 E [C£,+qck/,ck]
k/
Z’ ¢ ; A - ~ ~
= \/77(1 Z (C]Jrq/+q{ck/70k} — {CL,+q’ Ck}ck’)
k/
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= 75 Ok’ 4,k Chr
V nq k'
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Therefore,

= a(z)¥,(2). (47)

Let us apply the operator Eq.(44) to the vacuum of N
particles |N),,

oo Uy @)] [N}y = ag(@)¥,@)|N)y,  (48)
where the left-hand side is

by Uy (@) [N)g = Wy (2)by [Ny = bWy (@) [N)g - (49)
Therefore, the state |ay(z)) = W, () |N), is the eigen-

function of the bosonic annihilation operator b, with the
eigenvalue ag4(x),

b lan(z)) = ag(@) lan(z)). (50)

It is well-known that such a state is a coherent state ex-
pressed with bg,

lan(@)) = AeTazo @b Ny (51)

where A is a phase factor which commutes with Bq and
bj. This can be proved as follows: by setting A = b, and
B= > >0 aq(x)lA):g, the commutator

[A,B] = > ag(@)bg,bl] = ag(x),  (52)

q'>0
is a c-number and by applying Eq.(A1), we have
[by, eXa>0 4@V = q(z)eXeo @b (53)

We apply this operator to the state A |N),, then we ob-
tain

by lan(z)) = ag(@) lan(z)). (54)

(Q.E.D.)

Introducing Klein factor, we set the state |ay(z)) as

F)\(x)ezwo ag(2)b] IN),
n —i¢l(z
= FA(z)e @) |N), . (55)

by (2) [N)q



The factor A(z) is determined as follows: from Fermionic
representation,

o (N| BV, () |N), o<N|F% S emikre, V),

kon <0

e~ thone (56)

5=

where koy = 25(N —
Eq.(55), we get

5 . . .
% ). Using Bosonic representation

o (N|EV,(2) [N)y = o (N| ETEA()e™ 0@ |N),
= o (N|e %@ x(2) |N),
= Aa), (57)

where we used the relation o (N| e = (N] since
0 (| @L(m) = 0. Hence,

MNz) = —=e thone, (58)

Now, we had the bosonic expression of \iln (x), which gives
the same state if it is applied to [N),.

Then we search more general bosonic expression of
\iln(x), which gives the same state if it is applied to a
general N particle state [N), = f({l;:;}) |IN),. By set-
ting A = bf and B = W, (z), [A, B] = [b}f,¥,(z)] =

ag (), (v), Eq.(47), we apply Eq.(A2),

FO)Oy (@) = Uy (@) (B + o (@), (59)

then

Therefore,

B,y (@) f(B)) IN)g = F(BE — az(@) () [N),
= [} — ai(@) EA(@)e 0@ |N)

q q

= F)\e_wg(m)f(i)g —ag(x))|N), (61)

where in the last equation, we note that @Il(x) and l;g
commute. o A

Then, by setting A = b} and B = i@y, (z), the commu-
tator

[A,B] = [b},ipy(x)]
1 N SIPSTIN
q'>0 V nq/
_ (5, )

—1 e
(1/2) nq/
—i —iqT *
= ——me % = —aq(x), (62)

is a c-number. Then we apply Eq.(A3) and obtain

FOh = aj(2)) = e @ bl (63)

q

By putting this in Eq.(61),

T 7 [ —ipt (z) —ip, (x 7 i@y (x
\Ifn(w)f(bE)IN% — e %n () o—idn( )f(bg)e @l )|N>O
- —ipT (z) —ipn(x 7
= PAe @@ £(b1)[N),, (64)

where we used ¢,(z)|N), = 0. It can be seen that
all these arguments are valid for more general function

F({bE}). Then with |N) ; = F({b5}) V),
U, (2) [N, = Fe @@= |N) - (65)

Finally, by setting A = —z@ll(x) and B = —ipy(x), the
commutator

[A,B] = —[g}(x), ()]
= —In {1 — eii%ﬂ(*ia)]
= —In {1 —6_220}
T

(66)

—1
- H[L

for a — 0%, is a c-number. Then using Eq. (A4),
e 1Ph(@) p—idn(z) _ ,—i(#](2)+@]) o~ In[2F2]/2
L

= _ién ()
c 2mra

(67)

Therefore, we have the final bosonic representation of the
field operator

y(z) = Phemih@)ien(@)

.1 ) . L
- —ikonz ,—1P, (x) o
ﬁe € 2ra
1 -
= Fe=i®n(®) 68
V2ma (68)
where we defined &, (z) = ®, () + koyz. Similarly,
T, 1 Pt i®, (x
\I/;r](:c) = —[lei®n@), (69)

2mwa

The real field operator én(x) is called a phase operator.

V. BOSONIZATION OF HAMILTONIAN WITH
LINEAR DISPERSION

The discussions in the previous sections only assumed
monotonic properties of the energy € as a function of the
wave number k € [—o00,00]. In the following, we fix the
energy dispersion to be linear, ¢, = hAvpk, where Fermi
velocity vp characterizes the dispersion at the Fermi



point. Then the free Hamiltonian without the interac-
tion is
Ekin = h’UF Z ]{iéléki
k=—o0
L/2 " "
= hvp/ dx * 17( )id, W, (z) % . (70)
—-L/2

It is clear that the following commutation relation holds:
[Hiin, N] = 0. (71)

The ground state energy of N electron Hilbert space
HN is

EY = o (N| Hyn [N),, (72)
which is for N > 0, hlup22 SN (n — %), for N < 0,

0
ﬁ’UF%T

nenNt1(=1)(n— —) and zero for N = 0. There-
fore,

27TN(N+1—61,)
L 2

h’UF

EY = (73)
Let us try to derive equivalent expression of Hiin by
bosonic operators. First we study the commutation rela-

tion:
[Hyin, bY]

thZk— Z

i
ckck, Crr i qCrl

kk’
*

pr— k:*
VI
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hvp— k . c%ck c£ Cr) *

AT 4 AT
<5k k' +qCrpCrr — O k'Ckuquk)

N A “ *
Z k (ck{ck, ck/+q}ck/ CL/_‘_(I{CL7 ck/}ck)

We can check the equivalence by examining

[HE,. b = ) hopd [bf by, b
q’'>0
= hord ( lbgr, B3] + (b1, Bg]éq,)

q’'>0

-1 (78)
We introduce bosonic normal order,

“AB...x = AB... — (0| AB---|0),, (79)
where A, B ,...are bosonic creation and annihilation op-

erators, {l;q,lgg}. Then we evaluate following integral
with using the relation Eq.(34),

X ((%Ci)n(x))g x

. . _ala+ad’)
E Z‘/nq E (3 ane 2

q’'>0

Y& s
[}

x {e—z‘(q+q')x3q5q, — i) b,

—em i = DThiG 4 ei(q+q')z8Tl;T/} X

a(q+f1 a(a+q’)
g Vhgng e

q,9’>0

dz { i(q *Q)ﬂlb 5 _,_ei(qfq/)l‘f)gz,q,}

*
X
— b"ﬁ
Dt
l\D
:1

nqefanZA):;lA)q =2 Z qefqal;:;l;q,
q>0

(80)

where we used | dzexp[+i(¢+¢’)z] = 0 since ¢+¢ > 0.
Therefore,

HE, (81)
:FwF—Z{(k‘—i—q)—k}éLrék 7 dal - 2 % 27TN(N+1—6)
o q e [[} 24 ) R
’ a7 hvp /{3 —g * 0Py (z)) *+ 7 5
= hvpgb,. (74) 00 T 5%
) ] ) . — 2mhvp dx—= * p(x)” *, (82)
Then, if we consider any energy eigen-state of Hyiy, oo 2
Han |E) = E|E), (75) where the limit L — oo is taken, and it reduces to the

The state l;g |E) is also the energy eigen-state, since

Hyinb} |E)

{b} Hyin + hopgbl } | E)

(76)

where we used the commutation relation Eq.(74).
Since any state |N) , in Hy can be generated by F(bh),

Hyiy can be written with bosonic operator with the op-
erator with IV representing ground state energy:

. 2r N(N+1-46
HE, = hopgblby + hvr ”% (77)

q>0

familiar form of the bosonized Hamiltonian in the litera-
ture. This shows that the density modulation p(x) costs
extra kinetic energy.

VI. TOMONAGA-LUTTINGER LIQUID

A. Free part

We first discuss spinless one-dimensional fermion sys-
tem with the energy dispersion

h2
7(]62 - k%‘)a

o (83)

€k



where the corresponding Fermionic field is

. 1
U(z) = — Z ek
\/Zkz—oo
1 o, _; ;
= —= Y {e7Me 4 etey) (84)
\/Zk:O
R : :
_ —i(k+kp)x 4 i(k+krp)x 4
e CrL + € C ,
=3 " -

k=—Fkp

where the first term is left-going wave and the second
term is right-going wave. We have shifted the wave num-
ber relative to the Fermi wave number kr and defined
Cky = Cq(kptr) for v = L/R. We also define the dis-
persion relation for the mode v, e;, = e(F(k + kr)) =
P (k4 kp)2—k2) = Z(kpk + £) for k > —kp
and €, = —€(0) + hwp(k + kp) for k& < —kp, where
€(0) = h;’::F which satisfies the condition of monotonic
dispersion. (Approzimation I) Now the Fermionic field
operator is made of two terms

\TITL(x) = e’ik”\ilL(x)+eik”\ilR(x), (85)
R 1 & )
U,(z) = —= Y eT*e,, (86)
\/Zkz—oo

for v = L and R.

Repeating the procedure in the previous sections for
R mode, where the sign of k£ and 0, is opposite and we
have the expressions for bosonic field operator

2 1 ag . N
b, (x) = =3 ——e T[T, + X0} ], (87)
q>0 'V nq

where ¢ = 2mn,/L and upper/lower sign represents L/R
mode, which satisfies commutation relation

[®,(z), ®,(2))] = —7id,,Sgn(z —x')s,, (88)

where s; = 1 and sp = —1. Then the Bosonized
Fermionic field operator for L — oo is

and the particle density operators are

po(z) = i%@m@y(x)—i—lj\h. (90)

~

If we are only interested in the low energy physics much
21,2
smaller than €(0) = hZZF = ep, we are justified to lin-

earlize the dispersion eg, ~ hvpk where vp = hkp/m.

(Approzimation II) Then the free Hamiltonian is

Hgn = hop

where in the last expression we took the limit L — oo.

B. Interaction part: spin-less case

There are two kinds of interaction process,

e Inter-mode scattering

This process is with transferred momentum
p (|p] < kr), the electron k' in the R mode is
scattered to &’ + p and at the same time, the elec-
tron k in the L mode is scattered to k — p, like
éL_pLékL6£,+pRék/R. The amplitude of the scatter-
ing is defined as g2(p). For simplicity, we neglect p
dependence of the coupling strength and this term
is expressed by go [ dx x pr(z)pr(T) X

e Intra-mode scattering

This process is that for each mode v, the electron
k' is scattered to k' + p and at the same time, the
other electron of the same mode k is scattered to
k — p, like éLqUék,jéL,quuék/,,. The amplitude of
the scattering is defined as g4(p), while we neglect

p dependence. This term is expressed by % ga [ dx x
*
Py () *.

Therefore, the interaction Hamiltonian is

i = [ % |auin(2)pn(o) + j0a(i (o) + ()] F02)

C. Diagonalization by Bogoliubov transformation

The total Hamiltonian is
ﬁO = ]:Ikin +Hinta (93)

which can be diagonalized with so-called Bogoliubov
transformation. Let us define new density operators as
pr(x) = (Pr(z) + pr(2)), (94)

(Pr(z) — pr(x)), (95)

b)

P

>

Il
S-Sl



where p; represents average density fluctuations and p_
represents ‘current’ fluctuation. Then the total Hamilto-
nian is

o = [ dok [TREEI G ) 4 (o)

* A
* |:(27ThUF + 94+ gg)pi(x)

R *
+@rhor + g1 - g2)2 (2)] *

3 1
= mhy dz & [Kﬁi(x)—FKﬁQ_(l‘)] iv (96)

L

2

where we defined renormalized velocity v and the inter-
action parameter K by

— 4 vo 92 o
Vo= \/(UF+ 27rfz) (271'71) ’ (97)
2nhvg + g4 — g2
K = _ == 98
\/27Thvp+g4+gz (98)

As can be seen easily, for non-interacting system, v = vp
and K = 1. And in general cases with repulsive inter-
action go,g94 > 0, K < 1. It should be noted that the
denblty operators p+ is made of linear combination of
b b,,7 Ho is the operator binary in b bl,. Therefore,
we can diagonalize it and exactly solvable even with ﬁnite
interaction!

We will do this explicitly in the following. Rewriting
the Hamiltonian with the phase operator,

Hy = whv/_i da % [[1(; (pr(z) + pr(x))?
FE (prle) — pr(@)?] &
- _1dwi[(;{+K)( (2) + 4 (x))
+2 (}{ - K) pr(@)pr(@)] * (99)

I
NS

Q

S
Q

Ay

S
2

AN

where we used Eq. (80) and noting

0, Pr(x) =

77‘1 ] 7 . — 7

2 [ige'®byr — ige qubgR]
q>0
271' aq

- g — e,
q>0
(101)

we have
L *
. dx x pr(x)pr(x) *
% dr * A
= - 5 * {0001 (2)0:Pr(w)} +

algt+a’)
E ,/nqnq/e 2

q,9'>0
X * - A~ A ; N ~ *
) / 2" {eZ(q “D%bgrby  + €' )xbszb;/R} i
om\? L x /. - PN *
= - <L) Z"qeﬂqrﬂz * (qubqR—’_b:;Lb:;R) *

1 * a0 A T *
= —%Zq* (qubqR—l—b;Lb;R) *

I
vl /\
[N~}
=[5
\_/

Therefore,
- h 1 2 PO I
Hy = %{ (K + K) Py q;)q (bngqL + b:;quR>
1 2 IO PO
(e K) 2 X0 (b))

L ( +K) (b o, + B pbore)

q>0

1 P P *
_ (K _ K) (berber + b;Lb;R)} X, (103)

= 8qq' 00, and [byy, by = [bF,, 01, ] =

where [bg,, b! v Dgrr

! /]
q'v
0. We then introduce

by+

(104)

by

(105)

and bTi are also defined. [bgu, bgrur] =
[IA):SM,I;Z,U,] = 0 and [bqu,bgu] = 04q'0uw where u,u’ is

+/—. Then we can show that

Clearly,

b Lbar + bl pbor = bl gy + b by, (106)

.. o 1 /. .
borbor + )bl = 5 (82 — B2+ bl — 0} )ao7)



Then

ﬁ():%Zth

q>0

* 1 P 1/1

e (K)o 5 (5 - K) @+ B} E
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Then the coefficient of diagonal part is

(108) have

Each +/— part can be diagonalized by Bogoliubov trans-
formation,

b = ua+val,

bt = wal + va,

(109)
(110)
where G and a' are new bosonic operators that satisfy

[a,a'] = 1, u and v are (in general complex but here
we set real) constants that satisfy u? — v? = 1. This last

property guarantees the commutation relation [l;, i)T] =1.
Now, the Hamiltonian with real parameters A, B (with
A>|B]),

ho= % {AbTb+ %B(bQ + b”’)} 5, (111)

is rewritten with the operators a, af,

N *

ho= Ak (ua’ +va)(ua +val)
B

+5 x {(ua® +va)* + (ua +va')?} x

[A(u? + v?) + 2Buv] a'a

+ Auv+§(u2+v2) (aTal +aa). (112)

Then we require the last term to vanish, by the condition

Auv + g(u"’ +0?) = 0. (113)
Using v2 = u? — 1, we get the equation for 12,
w(u? — 1) — % = 0, (114)
where a = B?/(A? — B?) > 0. From the solutions
u? = %(liM), (115)
we take plus sign since o« > 0. Then v =

(VI+a+1)/2. The sign of v = £Vu? — 1 is deter-

mined to achieve the condition, Eq.(113). Hence,

1 A2
15 5 +1

B |1 A2
15l 2{ M_l}. (117)

(116)

S
\

A(u? 4+v?) +2Buv = /A% — B2
(118)
K ) (33 L+ I;Li)} and the Hamiltonian is diagonalized
h = /A2 — B2ifa. (119)
With putting A = K~'+ K and B = F(K~! — K), we
A2 —B? = 2, (120)
1
= —q—= 121
R 1t L] I
1

v = +-{—= VK 122
e VEp )

then the Hamiltonian reduces to
Z hvg { g Ggy + aT aq,} . (123)

q>0

Therefore, the Hamiltonian is expressed with the sum of
independent bosons (Harmonic oscillators) Hamiltonian.

Let us rewrite the total Hamiltonian in the standard
form. We introduce

0w) = ¢lon(x) — dr(a)] (124)
Ba) = Slbne) + dr (o) (125)
then the commutation relation reads
0),0(2)) = 1 {[®a(), Bale)] - [B12), 812"}
= i {imSgn(z — ') + inSgn(z — 2’)}
= 71gSgn(x —a'). (126)
Moreover,
0,0(z) = %[azéR(x) — 0,0 ()]
= Sl-2mpn(a) — 2mpr ()
= —7lpr(z) + pr(z)]
— Vo (), (127)
Qop(a) = —V2mp_(a). (128)
The total charge pr(z) = pr(z) + pr(x) is given by
pr(z) = —~0.6(z). (129)

Therefore, we get the total Hamiltonian expressed with
the phase operators,

Hy = hv / -+ Ll(@mé(x))?uc(amamf

(130)



Corresponding Fermionic field operator is given by

U(r) =

Fikpx —id, (z)
TﬂaZe FTE e

_ F oFilkpa—0(2))—id(x)
T

(131)

D. Fermion with spin

We then discuss Fermionic particles with spin 1/2.
Then we have the modes n’s represented with {v, s},
where v = L/S and s =7 / |. For simplicity, we
do not discuss the effect of external magnetic field
(Zeeman term). Four density fluctuation operators
pr1(z), pri(x), pr1(x), pr)(x) obey following Hamilto-
nian:

e Kinetic term

Kinetic energy is just the sum of each contribution
of spins,

A 1
Hyin = Zzwm/ 3 * [P7s + P x. (132)

e Inter-mode scattering

There are two types of inter-mode scattering, ga
and go , and hence

A~ * N N R R k
Hinter = Z/ dx * [g2)pLsPRs + Y21 PLsPRs) #.33)

where § is opposite of s.

e Intra-mode scattering

There are two types of intra-mode scattering, gy
and g4, and hence

. 1 R R
Hintra = Z/ dJL‘i |:§g4\| (pQLs +p?¥s)

1 o A *
+-941 (Prsprs + pRspRE)} * .

5 (134)

e Backscattering

For large momentum @) ~ 2kp, a particle of k in L
mode with spin s is scattered to k + @ in R mode
with spin s. At the same time, another particle of
k' in R mode with spin s (8) is scattered to k' — Q
in L mode with spin s (5). The process between
the same spin s has the amplitude g, and is rep-
resented with

At . At A
CL k' —Q,sCR.E ,sCR k+Q,sCL.k,s

_ N A
= TCLk-Q,sCLksCR k+Q,sCRK ;5

- _/SLsﬁRm (135)

11

where we used anti-commutation rule. For spin-less
system, this term is equivalent to g, process, and
was absorbed to the go term. The Hamiltonian is

.\ * %
ch” = - Z dx * 91||PLsPRs *
s

The process between opposite spins has the ampli-
tude g1, and is represented with

(136)

At . At R
CL k' —Q,sCR.k",sCR k+Q,5CL.k,5

- éJ}r%,lc-ﬁ-Qjéz,k’—Q,séRkaSéL,k,@ (137)
which cannot be expressed by the density opera-
tors. The Hamiltonian is

o = 3 [ T [0 )], ()0 )i

+h.c.} , (138)
where h.c. represents Hermite conjugate. Since this
term makes the Hamiltonian not diagonalizable, we
set aside this term until an adequate occasion.

The total Hamiltonian, excluding erx 1, is?

HO = Hkin + I:Iinter + ﬁintra + Hex“
* 1,. R
— Z/ dx * [(27rhvp)§ (P1s + PFs)

+92||PLsPRs + 921 PLsPRs

1 . . 1 o A
+§94|\ (PLs + Phs) + §g4J_(pLspL§ + PRsPRs)

*

g PLsprs] - (139)
The following discussion assumes usual Coulombic po-
tential occurring in the same one-dimensional subband,
which satisfies g4 = g41 = g4, g2 = 921 = g2 and
g1 = 91 = g1- Note that this may be changed if one
discusses other systems, for example, two or more edge
channels closely situated but separated with a thin insu-
lating region. In order to diagonalize the Hamiltonian,
we first introduce charge (p,) and spin (6,) density op-
erators of mode v,

1
Al/ = —F= AI/ + AV ) 140
p ﬁ(p 1+ pul) (140)
1
6, = —(pur — pu1)- 141
ﬂ(p 1= Pvl) (141)
By using the oppose transformations
bt = (o + ) (142)
vt = —=\Pv Ov),
Pvt NG P
1
o) = —=(py — G, 143
b = 75l =) (143)



in the Hamiltonian, we obtain

. x 12rhop + 294 , . R
/ dx x [f(p% +p%) + (292 — g1)PrAL

=
I

*

2mhv A
F( —i—aR) glaRaL}*

2
= ﬁp—l—ffg,

(144)

where the spin and charge parts of the Hamilto-
nian are decoupled (spin-charge separation), which is a
generic property of the one-dimensional interacting sys-
tem (without Zeeman term). Following the same pro-
cedures as in the spin-less case, these Hamiltonians are
diagonalized

A 1
i, ﬂhvp/ dz % [KﬁiJerpQ} 5 (145)
P

g

. 1
i, whva/ dx * [K6i+KU62] %, (146)

where the average charge (spin) density fluctuation ‘+’
and charge (spin) ‘current’ fluctuation ‘—’ are introduced

1
. = —(pr+prL), 147
P+ ﬁ(pR Ar) (147)
1
- = —(pr — pr), 148
p \/E(pR L) (148)
1
o4 = *2(5R+5L)7 (149)
. 1. .
o_ = —2(03—013). (150)
Effective velocities are
_ 94)2 292 — g1
= =) - 151
Y \/(UF+7rh ( 21h ) ’ (151)
2
= 2 _ 971) 152
Vo = F (27rﬁ ’ (152)
and the coupling constants are
27h 294 — 2
K, = ThUp + 294 92"*'917 (153)
2rhvr 4+ 294 + 292 — g1
27 h
K, = L—’_gl (154)
2nhvp — g1

In most cases, v, < vp < v, and K, < 1 < K, is
satisfied. SU(2) symmetry requires K, = 1. Then,
Tomonaga-Luttinger liquid is characterized with three
parameters K,,v,, vs.

We introduce Boson field operators, éus, which are
related to the density operators by

Ny, (155)

S

. . 1 -
pus(x) = i%amq)w(x)"F

12

which satisfy commutation relations

[@,5(x), Pyrs(2))] = —Tid, s Sen(x — 2')s,,

(156)

where s; = 1 and sg = —1. Then we introduce

charge/spin operators for mode v,

b,, = % [éywéyl}, (157)
b, = % (@01 — By (158)

These satisfy commutation relation
[fih,p(x), fi%,/p(x/)]
1 o o o A
= 1 @), By ()] + (s (). B (0]
= —mid,Sgn(z — z')s,.

(159)

Similarly,

(Do (), ®pro ()] =
While,

—7Ti5uu'8gn(fﬂ — xl)sl,. (160)
b, (x), &0 (2)]

{810 1 ()] = B (@), B, )
0.

(161)

Therefore, we have

[@uu(), Rorpr ()] =

where p, i/ are p or o.
Moreover, we introduce

— M0y O Sgn(x — ') 5(162)

A~ 1 - N
ap/a = 27\/5 |:(I)Rp/z7 - (I)Lp/0:| ’ (163)
A 1 - o
(z)p/a = Tﬁ {(I)Rp/a =+ @Lp/a} . (164)

Then the commutation relations are

[0p(@), 3y(a")]
1

= GUaR {[@no(@), ®1p(@)] = B, (2), Br,(')]}

_ % (2miSen(z — 2')} = %Sgn(x _ ), (165)
and [3,(2), 0p(+")] = [9p(2), (")) = 0. Similarly,
bo(0),bo(a)] = TSam(z—a'),  (166)

and [0, (2),0,(2)] = (95
ing theA relation Eq( 6A)
[0p(2), 00 ()] = [9p(2), &5

( ) ( /)] = p Fir}ally, not-
, we haVe [0,(2), 0 (x")] =
(@)] =



Then the charge density/current operators are

7(/31% +pr)

Sl- 5l
[\ [\

2 2

Rt + PR, + PLt +PL))

Il
N~ DN —
Q; 33\“ /’3

o (—V2br, +V201,)

(2v24,)
)

pow) = 4 (~VBbn, — VEbL,)
)

5=

B \f
- 7Eaﬁ£

o (—‘i’m - ‘i’m + ‘im + ‘i’Ll)

and the spin density/current operators are

(}(ﬁm +pry) + %(ﬁm + ﬁLl))

(167)

(168)

(169)

R 1 .
6o(x) = E(UR‘FO'L)
= L (Ltm = r+ Lt =)
= V2 \\/2 PRT — PR| /2 PLT — PLY)
1 . R
= 5(9 1= PR+ PLt — PL))
11 - A . N
~ 558 <_(I)RT+(I)RL+P]“LT_‘I)LL)
= Eam (_\/i(bRo"i_\/iq)La)
B a
= 0 (2\/590)
1 .
- *;6z00(:17)7
1 - R
5'_(1) = ?(7\/5@]%0‘7\/5@[/0‘)
1 .
- _;am(ﬁa(l’)'

Therefore, the final form of the phase Hamiltonian for

charge and spin is

. dx *
Hyo = h”p/o/ P

p

LK, (anBP/U(@)Z} o

[Kl/a (0.0

/o@))

(170)

(171)

We express the phase operator d,, with ép/g and ép/o.

Since

(iRp/o =

(i)Lp/a = \[((bp/a_

f(ép/a + ép/a)
0p/c),

(172)
(173)

we have
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where we have introduced

% (chp + éLg)
= ¢p—0,+ P — 0, =1 — 6, (174)
I
= ¢,—0,— o +0, =0, —0,, (175)
= % (cimp + éRa)
= ¢p+0,+ 05 +0,=0y+0;, (176)
= ¢p+0,— s —b0,=0+6,, (177)
dEs = %p +sii3a, (178)
Os = 0,+ 50, (179)

where s = £ corresponds T / |. Although we do not need
them, their commutation relations are

[és (l’), ¢s’ (LE’)}

and [és(x), 0y (z)] =

= [0p(x) + 365 (x), dp(a’) + 5' 0o (2')
= [9( 2), $p(a")] + 55'[05(x), do (2)]
= Z(lJrss’)Sgn(x—:z:’)

= %5SS/Sgn(x—x'), (180)

[&s(x), b (z')] = 0. Corresponding

Fermionic field operator is given by

VII.

VIII.

1 . . &
e:FlkF‘xF e_z‘bus (z)
V2ma VZS .

1 . ) N =
Fuse:FZ(kF‘rfes (z))—ids(z) ) (181)
V2ma ;

CORRELATION FUNCTIONS

CONCLUSIONS

Acknowledgments

I thank useful discussions with T. Fujisawa and M.
Hashisaka.

APPENDIX A: OPERATOR IDENTITIES

In this Appendix, we introduce various operator iden-
tities, where A and B are general operators and c is a c-
number f(A ) is an operator-valued function. The proof
of these theorems are found in Ref.!.



Th. I If the commutator is c-number, [/L B] =c,

[A,eB] = ceP (A1)
Th. II If the commutator satisfies [A, B] = ¢B,
f(AB = Bf(A+c¢). (A2)
Th. III If the commutator is c-number, [/L B] =c,
e BrAd)eB = f(A+o). (A3)
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Th. IV If the commutator is c-number, [1217 B] =c,

(A4)
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