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1 Proof
与随机过程中的情况相类比
moment expansion:

⟨𝑒𝑖𝑘𝑥⟩ =
+∞
∑
𝑛=0

(𝑖′𝑘)𝑛

𝑛! ⟨𝑥𝑛⟩ (1)

cumulant expansion:

⟨𝑒𝑖𝑘𝑥⟩ = exp [(𝑖𝑘)𝑙

𝑙! 𝜇𝑙] (2)

力学量平均值可表达为
⟨�̂�𝑒−𝑢⟩
⟨𝑒−𝑢⟩ (3)

其中, 分母部分

⟨𝑒−𝑢⟩�̂� = exp [
+∞
∑
𝑙=0

(−1)𝑙

𝑙! 𝜇𝑙]

= exp [
+∞
∑
𝑙=0

(−1)𝑙

𝑙! ⟨𝑢𝑙⟩𝐶
�̂�]

(4)

即
1

⟨𝑒−𝑢⟩ = exp [−
+∞
∑
𝑙=0

(−1)𝑙

𝑙! ⟨𝑢⟩𝐶
�̂�] (5)

而分子部分

⟨�̂�𝑒−𝑢⟩ =
+∞
∑
𝑛=0

⟨�̂�𝑢𝑛⟩ (−1)𝑛

𝑛! (6)

对于其中第 𝑛 项, ⟨�̂�𝑢𝑛⟩ 可分解为

⟨�̂�𝑢𝑛⟩ ∝ ⟨�̂�𝑢𝑙⟩
𝐶

�̂�
⟨𝑢1⟩𝑛1

�̂� ⟨𝑢2⟩𝑛2
�̂� … (7)

𝑙 + 𝑛1 + 2𝑛2 + 3𝑛3 + … = 𝑛 (8)

下面计算权重因子
2𝑛2 个形成 ⟨𝑢2⟩𝑛2

0 配对, 𝐶2
2𝑛2 𝐶2

2𝑛2−2…
𝑛2! = (2𝑛2)!

(2!)𝑛2 𝑛2!

3𝑛3 个形成 ⟨𝑢3⟩𝑛3
0 配对, 𝐶3

3𝑛3 𝐶3
3𝑛3−3…

𝑛3! = (3𝑛3)!
(3!)𝑛3 𝑛3!

以此类推

𝐶𝑙
𝑛𝐶𝑛1

𝑛−𝑙𝐶
2𝑛2
𝑛−𝑙−𝑛1

1
(2!)𝑛2𝑛2! …

=(−1)𝑙+𝑛1+2𝑛2+…

𝑛!
𝑛!

𝑙!(𝑛 − 𝑙)!
(𝑛 − 𝑙)!

(2𝑛2)!(𝑛 − 𝑙 − 2𝑛2)! …

=(−1)𝑙

𝑙!
(−1)𝑛1

𝑛1!
[(−1)2]𝑙2

(2!)𝑛2𝑛2! …

(9)
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将会与分母部分抵消.
故

⟨�̂�𝑒−𝑢⟩
⟨𝑒−𝑢⟩ =

+∞
∑
𝑛=0

(−1)𝑛

𝑛! ⟨�̂�𝑢𝑛⟩
𝐶

�̂�
(10)
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