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Landauer conductance of Luttinger liquids with leads
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We show that the dc conductance of a quantum wire containing a Luttinger liquid and attached to nonin-
teracting leads is given by e ih per spin orientation, regardless of the interactions in the wire. This explains the
recent observations of the absence of conductance renormalization in long high-mobility GaAs wires by
Tarucha, Honda, and Saku [Solid State Commun. 94, 413 (1995)].

I. INTRODUCTION

For noninteracting electrons, the conductance of narrow
ballistic quantum wires connected to wide reservoirs is quan-
tized in units of e /h. ' When the effects of interactions are
included, this result is expected to be modified. In particular,
when the electrons in the wire form a one-dimensional (1D)
Luttinger liquid, the conductance is believed to be Ke /h
per spin orientation, where K is the interaction-dependent
parameter characterizing the Luttinger liquid. For noninter-
acting electrons K= 1. For repulsive interactions K(1, and
the conductance should be reduced.

A recent ex eriment on very long GaAs high-mobility
quantum wires casts doubt on this picture. It is known that
the same parameter K enters the temperature dependence of
the impurity correction to the conductance, and using this the
authors of Ref. 7 were able to estimate K to be about 0.7 for
the electron gas in their wires, implying a conductance re-
duction of 30% in the ballistic limit. The actual reductions
observed are only a few percent of e /h, however.

This observation leads us to reassess the conventional
analysis of the charge transport in Luttinger wires. In this
paper we will argue that the conductance of a quantum wire
attached to one-dimensional noninteracting leads (which are
intended to model the higher-dimensional Fermi-liquid res-
ervoirs) is e /h regardless of the interactions in the wire
itself. This is because the finite resistance of a ballistic wire
is a contact resistance and comes entirely from processes
that take place outside the wire, when the electrons are not in
the Luttinger-liquid state [cf. Fig. 1(a)]. When the umklapp
scattering is negligible (which is the case for the low-density
electron gas in semiconductor heterostructures), the interac-
tions in the wire conserve the total momentum and thus do
not change the resistance.

While it is generally asserted in the literature that

g =Ke /h is the correct result for interacting electrons (at
least for wires longer than the Fermi wavelength), we must
remark there have been previous comments supporting the
result g =e /h. In their earlier paper, Fisher and Kane re-
mark that the ac conductance will cross over to the noninter-
acting value at frequencies lower than to= v~/L, where vF is
the Fermi velocity and I. is the wire length. Matveev and

Glazman make a similar remark when discussing the con-
ductance of multimode interacting wires. '

In this paper we will first calculate the conductance for a
wire containing a homogeneous Luttinger liquid with param-
eter K~ attached to leads which are also homogeneous but
have parameter Kz. We will see that the conductance is
given by Kte /h. We will then prove a general theorem
showing that even when K and the density-wave velocity U

vary arbitrarily in the Luttinger liquid, the conductance is
determined by the asymptotic value of K only. As we assume
that the electrons do not interact in the leads, this implies that
Kt. = 1 and the conductance is given by e2/h.

II. KUBO FORMULA CALCULATION

We start with the simple case of an infinite Luttinger liq-
uid (LL) which contains three regions: the wire (0(x(L)
and two leads (x(0 and x)L, respectively). The interaction
parameter is assumed to change abruptly from KI in the
leads to Ktv in the wire (Fig. 1(b)j. As the one-dimensional
leads are supposed to model two- or three-dimensional
Fermi-liquid leads, we will set Kz= 1 at the end of the cal-
culation. In a real system with wide leads, the applied elec-
trostatic potential difference V —V+ produces an inhomo-
geneous electric field E(x) which is concentrated in the wire
and decays rapidly towards the open ends of the system. In
the one-dimensional model we imitate this behavior by as-
suming that the field is zero outside the wire. Thus the cur-
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FIG. 1. (a) The quantum wire containing Luttinger liquid (LL)
and connected to Fermi-liquid (FL) leads. Finite resistance arises
from the scattering of FL electrons at the contacts. (b) Effective 1D
model for the situation depicted in (a).
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rent I=ej is related to the field by

I- p dc'
I(x, t) = dx' e '"'o.„(x,x')E„(x'),

p J 2m'

where E„(x) is the time Fourier component of the electric
field and o„(x,x') is the nonlocal ac conductivity. In the
Matsubara representation, cr„(x,x') is expressed via the
(imaginary time) current-current correlation function by the
usual Kubo formula,

lim rr„(x,x') = K~e2

277

For a static electric field, E„(x)= 27r6( pi)E(x), and Eq. (1)
gives the x- and t-independent current

G„-(x,x') becomes x and x' independent in this limit and is
readily found to be equal to —KL /2p~ in all regions. Thus the
dc limit of the nonlocal conductivity is

e2 pp
o.„(x,x') = —— (T,*j(x, r)j (x',0))e

CO "o (2)

K~e ~L KLeI= dx'F (x') = (V —V+),
27T g p 277

from which we see that the conductance is
where t = i r and cu is defined by up = i pT+ e. The (Euclidean)
action of the spinless Luttinger liquid is

1 ~ fP 1 1
S~= dx d7 (&,$) +u(x)(&, @)87rJ p Kx u x

CO
o.„(x,x') = —e —G „-(x,x'), (4)

where

iP dr
G„-(x,x') =

2 (T,*P(x,r)$(x', 0))e '"' (5)
Jp 27r

is the propagator of the bosonic field. According to Eq. (1),
we need to know G„-(x,x') only for O~x'~L. The propa-
gator G„-(x,x') satisfies the equation

( u(x) 1 Qp—8, 8 +
)

G„-(x,x') = 8(x —x'),

(6)

which leads to the following boundary conditions: (i)
G„-(x,x') is continuous at x=0, L and x=x'; (ii)
[u(x)/K(x)]B, G„-(x,x') is continuous at x=0, L; but (iii)
undergoes a jump of unit height at x=x', i.e.,

u (x)
, 8,G„-(x,x')i," ', p=1.

K(x) (7)

In addition, we assume that the infinitesimal dissipation is
present in the leads, so that G„-(~~,x') =0. (In a real-time
formulation this corresponds to outgoing wave boundary
conditions. ) The solution to the problem defined above can
be written in the form

In the bosonized form, the particle-number current is
j= i 8,@/2m, and Eq. (2) reduces to

I e
g=——=KL

V 2m'

We have been using units where fi, = 1 or h =2m so, restor-
ing fi, we have g=KLe /h. Thus the conductance is deter-
mined by the value of KL in the leads and does not depend
on the value of Kz in the wire.

Notice that in this calculation we have implicitly taken the
limit co~0 before the q~O limit. The traditional order
of limits is q —+0 before cu~O. The latter yields the Drude
formula, which has a divergent dc limit for perfect systems.
The former produces a finite Landauer dc conductance even
for a perfect system. It furthermore corresponds to the ex-
perimental situation where a static field is applied over a
finite region.

From our assumption of Fermi-liquid leads we have
Kt = 1; consequently g= e /h. This result is independent of
the wire length —at least until the wire is so long that impu-
rity scattering becomes significant. Similar calculations can
be done for two Luttinger-liquid wires connected in series
and separated by the Fermi-liquid region. Again, the dc con-
ductance is found to be independent of the interactions in the
wires and is given by e /h, even in the case when these
interactions are of different strengths.

III. CONDUCTANCE THEOREM

We can get some further insight into the result of the
preceding section, and establish a general theorem, by con-
sidering a generic inhomogeneous system and asking how it
responds when an electric field is switched on at some par-
ticular moment. Let 0 be a finite segment of the wire and
assume that the Luttinger liquid has values of K and U that
vary smoothly and arbitrarily within A but take constant
values KL, UL in the leads outside A.

The real-time effective action for a spinless Luttinger liq-
uid 1S

x/v for x~O

F —
l
calx/v for x)I.,

ggel~l /" + ( e l~l~/" for O(x(x'
G -(x,x') = &

Del~l / +Ee l~l / for x'&x~I. (8)

1 "~ 1
2

1S= d x u(x)(B P) — (8,@)

We have chosen to normalize the P field so that

(12)

where A —F depend on x ' and c3 and are to be found from
the boundary conditions. As we are interested in the dc limit
of o.„(x,x'), the frequency r0 can be set to zero in all bound-
ary conditions except for in Eq. (7). Consequently,

1 . 1
1=2

The interaction with an external electromagnetic field A is
given by
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t

S;„,= d xt —A08„/+A i8,$),27K'g
(14)

The requirement that the linear portions of P(x, t) move out
at speed vL then gives

so the equation of motion for the field (classical or quantum)
is

Pb

uL8. gib KL „Ja
(22)

1 i 1 i t'u ~ e
8, 8,$ —8„—8„$ ~ = E(x,t), (15)

where E= 8+0—8+, is the electric field.
We seek a solution to this equation when the electric field

(which we will assume to be nonzero only in the region
0) is switched on in some manner at time t = 0 and remains
constant (but not necessarily homogeneous) thereafter. We
will select a particular transient time dependence for the Beld
in a few lines, but remark here that if the conductance is to
be well-defined then it must be insensitive to this choice.

We find the solution by first solving the time-independent
problem

1 i v(x)——8„8,$ =eE(x).

2

K~ t E(x')dx' for xi[A(t), B(t)]
I(x) = & (23)

, =0 elsewhere.

As before, we have been working with units where A, = 1, so
again restoring h in Eq. (23) gives

We can make this solution valid at all times by switching on
the field in the manner given by substituting Eq. (18) in Eq.
(15).This is the particular transient behavior for E alluded to
above. If we do not switch the field on in this way then there
will be a region at the head of each outgoing wave where the
solution will be different from Eq. (18), but this transient
behavior will not affect the dc conductance.

Since the electric current I is given by
I= ej = —e8,@/2m, our solution has

Call the solution to this problem 4(x). For example, if
v =K=1 and E(x) =E, x E [0, L], E(x) =0 otherwise,
then

2

I= —Kt (V —V+). (24)

for x&J

@(x)= ~
—eEx(x L) for x e [—0, L]

, —eEL(x L) for x—)L.
(17)

In general, being the solution of a second-order equation,
the function 4 contains two constants of integration. One is
simply an additive constant and the other will be chosen to
ensure, as we have done in Eq. (17), that the outer, linear,
portions of the solution have equal and opposite slopes. With
this choice it should now be clear that

will solve

P(x, t) = max (0,4(x) + at) (18)

1 ~1 ~ tu
8x 8x4m 'iKv '

g
'(K E(x)

V
b ~b

2K '-& eEdx.J. (20)

The magnitude of the slopes are therefore

+L pb
l8 Pl, , b eEdx. —

VL Ja
(21)

at late enough time, provided n is chosen so that the points
of intersection of 4(x)+ nt with the x axis move out in the
~x directions at velocity ~vL. The time must be late
enough that there are only two such intersections [we will
call the one on the left A(t) and on the right B(t)] and they
take place outside Q. The two points of intersection will
move at the same speed but in opposite directions because of
the opposite slopes of the linear portions of the solution. We
may find a by integrating Eq. (19) over an interval [a, b]
containing Q, but itself contained in [A(t), B(t)]. We find

Physically, what is occuring is that once the electric field
is switched on there are different equilibrium densities on the
left and right sides of 0, since these regions are at different
potentials V+ . The extra charge Bp= —8„$/2m
= ~ (eKL /mvL) BV flows into and out of the "reservoirs'* or
asymptotic leads in the form of a "shock wave" whose head
moves at ~vL. This Sow of charge provides the current in
the leads which is obviously equal to J= BpvL. The current
is therefore determined only by the asymptotic values of v
and K. As we said above, different ways of switching on the
Geld will lead to transients at the head of the wave of charge,
but will not alter the current following the head.

The analysis of this and previous sections can readily be
generalized for the case of electrons with spin. In this case,
the conductance per spin orientation is obtained from Eqs.
(9,24) by replacing Kt.~KL~, where Kf = 1 parametrizes the
charge part of the Luttinger liquid in the leads.

IV. DISCUSSION

We have shown in Secs. II and III that the conductance of
a ballistic wire containing Luttinger liquid and connected to
noninteracting leads is not renormalized by the interactions
in the wire. It remains at the noninteracting value g=e /h

per spin orientation.
We now discuss some experimental implications of this

result. At low temperatures (T(1.2 K), the temperature de-
pendence of the conductance of quasiballistic GaAs wires
appears to be described reasonably well by the theory of
disordered Luttinger liquids. ' The value of the K parameter
extracted from the exponent of this dependence is =0.7.
This suggests that at higher temperatures, when the disorder-
induced reduction of the conductance is not pronounced yet,
the conductance should be 0.7e /h, i.e., significantly smaller
than the conductance quantum. The observed higher-
temperature value of the conductance is very close to e /h,
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however, whereas the total change in the conductance in the
whole range of temperatures is 1—5 %, depending on the
length of the wire. Although we have considered only the
case of a pure wire in this paper, it would be reasonable to
expect that reduction in the conductance due to disorder in
the wire would depend on the K parameter of the wire. We
thus can conclude that the two experimental results —the
Luttinger-liquid-like temperature dependence at lower tem-
peratures and absence of the conductance renormalization at
higher temperatures do not contradict each other.

Finally, we note that the transport in quantum wires in
zero magnetic fields is very different from the edge-state
transport in the fractional quantum Hall effect system. ' In
the former case, electrons in the wide leads are necessarily
not in the Luttinger-liquid state and the finite conductance
e /h arises from the scattering of Fermi-liquid electrons at
the contacts. In the latter case, strong magnetic field binds
electrons to the edges even in the leads (at least in the two-
dimensional electron gas parts of the leads adjacent to the
constriction); thus both incoming and outgoing electrons are
in the Luttinger-liquid state, with the parameter K given by
the filling fraction v. In this case one expects to have both

the conductance renormalization in the absence of tunneling
between edges (g= ve /h) and the temperature-dependent
tunneling rate.

Recently, we learned of a recent unpublished paper by
Safi and Schulz, who also conclude that the conductance is
not renormalized by the interactions in the wire.

Note added in proof. An assertion that reduction in the
conductance of a disordered wire depends only on the K
parameter of the wire has recently been confirmed by one of
us 2i
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