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Abstract The Lagrangian of Einstein’s special relativity with universal parameter c (SR.) is invariant under Poincaré
transformation, which preserves Lorentz metric n,,. The SR. has been extended to be one which is invariant under
de Sitter transformation that preserves so-called Beltrami metric By, . There are two universal parameters, ¢ and R, in
this Special Relativity (denoted as SR.r). The Lagrangian-Hamiltonian formulism of SR.r is formulated in this paper.
The canonic energy, canonic momenta, and 10 Noether charges corresponding to the space-time’s de Sitter symmetry
are derived. The canonical quantization of the mechanics for SR.r-free particle is performed. The physics related to it

is discussed.
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1 Introduction

Finstein’s special relativity is the cornerstone of
physics. The theory indicates that the space-time met-
ric is n,, = diag{+,—, —, —}. The most general trans-
formation to preserve metric 7, is Poincaré group (or
inhomogeneous Lorentz group ISO(1,3)). It is well known
that the Poincaré group is the limit of the de Sitter group
with sphere radius R — oo. Thus a natural question aris-
ing from this fact is whether there exists or not another
type of de Sitter transformation with R — finite that also
leads to a special relativity theory. In 1970’s, K.H. Look
(Qi-Keng Lu) and his collaborators pursued this question
and obtained a positive answer.['"2] In the recent years,
some interesting studies on Lu’s theory in Refs. [3] and
[4] were stimulated by the recent observations which show
that there should be a positive cosmological constant. 56!
In Refs. [3] and [4], the length parameter R in Lu’s theory
has been identified as 1/3/A, where A is the cosmological
constant. In the present paper, we try to study and reex-
amine Lu’s theory in Lagrangian—Hamiltonian formalism.
Lu’s theory will be called as the de-Sitter Invariant Special
Relativity hereafter.

Inertial motion law for free particles is the foundation
of mechanics. This law states that in the inertial reference
frames the free particle (i.e., without any force acting on
it) will move along straight line and with constant coor-
dinate velocities. The Newtonian mechanics is the first
mechanical theory built on this foundation and without
any universal parameters. The Lagrangian for free parti-

cle is

1
LNewton = §mOU2 , (1)

where my is the mass of the particle, v = & is the velocity,
and v? = v2. We may regard it as a parameter-free real-

ization of the inertial motion law. The second mechanic
theory realizing this inertial motion law is the Einstein’s
Special Relativity with one universal parameter ¢ (the ve-
locity of light). Denoting it as SR., the Lagrangian of
free particle is (e.g., see Ref. [7])

s VN dzt da
L = — _ =
c mopcC di mopcC dt
_ 2 &t 2/ v?
= —mMmyopcC 1+672——moc 1—67, (2)
where Lorentz metric 7, = diag{+,—,—,—}, da* =

{d(ct), da!, d2? da3} and 4,5 = 1,2,3. By means of the
Lagrange-Hamilton mechanics formulation, the particle’s
momentum and Hamiltonian reads

L 8LC - —moj:jmj (3)
MR T -
H =pii' — L. = C\/_W”Pipj +mic?. (4)

It is easy to check that when ¢ — oo the Special Relativity
goes back to the Newtonian mechanics, i.e.,

Lc|c~>oo = LNewton -+ constant . (5)

An interesting and challenging question is whether a
mechanical realization of the inertial motion law with two
universal parameters can be formulated or not. Surpris-
ingly, the answer to it is confirmative, and actually such a
theory has already existed in literature even though it is
still less known so far. About thirty five years ago, K.H.
Look (Qi-Keng Lu) found out that the velocity of motion
of the free particle along the geodesic line in the de Sit-
ter (dS)-space with Beltrami metric is constant, and the
geodesic is straight line.['2] This theory is just the de Sit-
ter invariant special relativity mentioned above. In Lu’s
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theory, there are two universal parameters: the light ve-
locity ¢ and the de Sitter sphere radius R (or original no-
tation A = 1/R? used in Refs. [1] and [2]. The coordinate-
transformation to preserve the Beltrami metric has also
been derived in Refs. [1] and [2]. This means that the re-
alization of the inertial motion law with two universal pa-
rameters has been formulated. The theory will be shortly
denoted as SR.gr due to the existence of two universal
parameters ¢ and R in the theory. In the present paper,
we try to provide a Lagrangian—Hamiltonian formulation
to illustrate the free-particle mechanics in the de-Sitter
invariant special relativity.

It is well known that the Lagrangian—Hamiltonian for-
mulation in the mechanics theory provides a sound foun-
dation to discuss the particle’s motion, to deduce the par-
ticle’s canonical (or conjugate) momenta and the canon-
ical energy (or Hamiltonian), to derive the Noether’s
charges corresponding to the symmetries, and to over
the classical mechanics for constructing the quantum me-
chanics, and so on. In the previous works on SR g,
the free-particle-motion in the space-time with Beltrami
metric was discussed by means of solving the geodesic
equation, and it has been found that the velocity of the
particle is a constant. This remarkable claim should
be reconfirmed in Lagrangian—-Hamiltonian formulation.
Especially, because any reliable quantization procedures
of a classical mechanics theory rely upon the theory’s
Lagrangian—Hamiltonian formulation, it is a basic task
to determine the system’s canonical momenta and the
Hamiltonian. To SR, the particle’s canonical momenta
and Hamiltonian are unusual and somewhat subtle, which
have to be derived. Furthermore, the Noether’s charges in
SRer, which are the quantities in physics, should also be
derived in this formulation. For all these purposes, a sys-
tematic and careful study on the Lagrangian-Hamiltonian
formulation for SR.g is necessary.

Equation (2) shows the Lagrangian of free particle
in SR. (i.e., ordinary Einstein’s special relativity) is
time- and coordinate-independent (or x* are cyclic coor-
dinates). So, both Hamiltonian and canonical momenta
are motion of constants. Furthermore, the most general
space-time transformation preserving 7,, in SR. is sim-
ply the Poincaré transformation group (or inhomogeneous
Lorentz group) ISO(1,3). Therefore conserved Noether
charges are just its Hamiltonian, canonic momenta, the
angular momenta (and plus three Lorentz boost charges).
All of these are well known. To SR g, however, the sit-
uation is much more complicated than in SR.. Because
the Beltrami metric is time- and coordinate-dependent, we
face a mechanical system with time-dependent Hamilto-
nian and without any cyclic coordinates. The space-time
transformation preserving Beltrami metric is a sort of de-
Sitter transformation. In this case, a careful enough revis-
iting to the classical mechanics with time- and coordinate-
dependent Lagrangian is necessary for getting convincible
conclusions. It will be found out that the Hamiltonian (or
canonical energy), canonical momenta are different from

the conserved Noether charges corresponding to the exter-
nal space-time symmetry of SR.g. The latter are energy
and momenta in physics, and the former are the canonical
quantities which are also useful for mechanics, especially
for the quantization of the system.

Following SR, in the framework of SR g, the wave
equation of relativistical quantum mechanics is derived in
this paper by means of the standard canonic quantization
procedure: i) The Hamiltonian mechanics leads to quan-
tum canonic equations, then Hamiltonian operator H and
canonical momentum operators #; are defined; ii) By the
mechanics again, the dispersion relation between H and
7r; is obtained, and hence we achieve the wave equation
for the SR.r quantum mechanics. Due to existence of
z'#;-terms in the time-dependent Hamiltonian H, the op-
erator ordering has to be taken care. In our quantization
scheme a generalized Weyl ordering is taken, in which the
external space-time symmetry of SR g is preserved. This
indicates that SR.r is consistent with the principle of
quantum mechanics.

The contents of this paper are organized as follows: In
Sec. 2, we show explicitly that the Euler-Lagrangian equa-
tions are equivalent to the geodesic equations for generic
metric g,,. In Sec. 3, we construct the Lagrangian for
SR.r by means of the Beltrami metrics, and solve the
equation of motions of free particle. The Hamiltonian
and the canonical momenta are also derived. Section 4 is
devoted to calculating the Noether charges corresponding
to external space-time symmetry of SR.z. In Sec. 5 we
discuss the quantization of the system. Finally, we sum-
marize our results briefly. In the Appendix, we show how
to derive space-time transformation to preserve Beltrami
metric following Refs. [1] and [2].

2 Equation of Motion for Free Particle in
Space-Time with Metric g, (x)
The motion of a free material particle is determined in
the special theories of relativity from the principle of least
action,

08 = 5/L(t,azi,dsi)dt = —moc5/ ds=0, (6)

where S is the action integral, ds = /g, dz#dz is the
space-time interval. g,, = 7., for SR, but for SR¢r,
g, should be Beltrami metric. Generally, from Eq. (6),
we have

. ds dzr dxv
L(t,a* ") = *moca = —mgcy /g#l’ﬁﬁ . (7

By variation of the action with respect to z# we get a
four-dimensional Euler-Lagrangian equation, where vari-
ables 2° and ©° emerge as independent variables,
oL _doL_, ©
ox>  dt oz
where t serves as a parameter rather than the physical co-
ordinate time, #* = d*/dt, and ) runs over all the space-
time indices including A = 0. Obviously, they are equa-
tions of motion, but not the standard Euler—Lagrangian
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equations in the Hamiltonian formalism of mechanics be-  where
cause here t is independent of z0. At this stage, therefore 1

P 86, ’ F)\,;Lu = g)\pPZV = 7(a,ug)\u + augk,u - a)\g;w) . (11)

we cannot derive the canonical momentum and Hamilto-
nian by means of L, 2° and i*. If we choose the parameter
t such that

2
In order to derive the equations of motion in the Hamil-
tonian framework, we have to fix the parameter

_ 0
ds = cdt, (9) t=2 or 2%= ct, (12)
c
and substitute Egs. (7) into Egs. (8), we get the standard  and write
geodesic equation, g — /L(.’I]Z i t)de. (13)
d2z+ da# dx” 1
I 12 T ds ds 0, 10 From Eq. (7), it is obvious that
|
;o 9 _ o1 N
L(z*, 2", t) = —mgoc™y/ goo (2, t) + 2g0j(xl,t)gx1 + gjk(xz,t)c—zxﬂa: , (14)
where 4 only runs over the space indices. Then, by varia- | = —moc /BW(x)jﬂ‘jJ” , (18)
tion of the action with respect to both z* and ¢, we have
the desired Euler-Lagrangian equations as follows: where ¢# = da*/dt, B, (z) is Beltrami metric,[1—4
oL d 0L 7 1
- = — 15 = [ AgP
ox? dt ot (15) By () o(z) + R20(x)? NuANypT™ T
d oL _, oL . v
—|L - ,'1]27. 16 with o(z) =1 - —=n,,2"z", 19
3l G an (16) (=) R 19)

These equations are the equations of motion in the time-
dependent Lagrangian—Hamiltonian framework, and the
corresponding Lagrangian can be used to deduce the mo-
mentum and energies of the system. It is easy to check
that under 2° = ct, equations (15) and (16) are consistent
with four-dimensional Euler-Lagrangian equation (8) (or
the geodesic equation (10)).

The equivalence of the two sets of equations comes
from the fact that the original action has a reparametriza-
tion symmetry of ¢ and so the space and time coordinates
are mixed together. That is to say,

oL
= A ,

Oz
A runs over all the space and time indices,

L=
(17)

which states that L is homogeneous of degree 1 as a func-
tion of &*. It is a special property of Eq. (7) but also a
general requirement for the action to have parametriza-
tion symmetry of ¢ before z¥ is set to be ct. From this we
know that the above discussion for the equivalence of two
sets of Euler-Lagrangian equations does not apply to the
general Hamiltonian system but a special nice relation for
the free particle moving in the space and time described
by theories of special relativity.

3 Lagrangian, Canonic Momentum and
Hamiltonian of Free Particle in de-Sitter
Invariant Special Relativity
According to the discussions in previous sections, sim-

ilar to L. (see Eq. (3)), the Lagrangian for free particle in

SRCR is

ds B, (z)dzrdzv

L.p=— — =_
cR mOCdt moc di

where the constant R is the radius of the pseudo-sphere in
dS-space, and it can be related to cosmological constant

via R = /3/A.B4 Setting up the time ¢t = 2°/c, B, (z)
can be rewritten as follows:
ds? = By, (z)dz"da”

= good(ct)? + gi;[(da’ + N'd(ct))(da? +N7d(ct))]

= (a1 oo+ (Lo +N) (a7 489)], (20)
where

goo = 0‘(33)(R]§2—021€2) ; (21)

Gij = % + #Wnilnjmxlmmu (22)

Ni= % (23)

Substituting Eqgs. (19) ~ (23) into Eq. (18), we obtain the
Lagrangian for free particle in SR g,

1.. N /1o .
Len = —WOCQ\/%O + Gy (a0 + V) (Sa9 + NI ) (24)

By means of the explicit expressions of Egs. (21) ~ (24)
and doing straightforward calculations, we can prove the
following equation:
OL. 0?L. 0?Ler
R =R R i (25)
ox' otoxt  OxIoi?
Substituting Eq. (24) into the Euler-Lagrangian equation
(15) and using identity (25), we have
0%?L.r . mchR4
=
Qitdad L3, RS¢?03(x)

M;# =0,  (26)
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where M,;; is a matrix that satisfies det [M;;] # 0. We
conclude
(27)

7 =0, 47 = constant.

This result indicates that the free particle in the Bel-
trami space-time B = {z#,g..(z) = B, (z)} moves
along straight line and with constant coordinate velocities.
Namely the inertial motion law for free particles holds

As an essential advantage in the Lagrangian—
Hamiltonian formulation over other formulism, both
canonical momentum 7; conjugating to the Beltrami-
coordinate x' and canonical energy H.r (or Hamiltonian)
conjugating to the Beltrami-time ¢ for free particles in the
inertial reference frame can be determined rationally by
the mechanism principle. By Eq. (24), the canonical mo-

mentum and the canonical energy (or Hamiltonian) reads

true in the space-time B, and hence the inertial reference 0L B ik 98
frame can be set in . Thus, by means of solving Euler— T e —moo (2)T Byyd”, (28)
Lagrangian equations in the Lagrangian—Hamiltonian for- oL
mulation, we have reconfirmed the claim in Refs. [1] and H.g = 3 ClR &' — Leg = moco(x)I' By d*,  (29)
[2] on the velocity of motion of free-particles based on -1 7
solving geodesic equation originally. where
1 i LD (ni;x'27)?
= E = \/ — N xﬂ)<1 ]c ) + 2tn;xt i — natait? 4+ JT (30)
Under the motion equation (27), we have the following | where v; = —n;;47. Furthermore, at the original point of
relation, ) space-time coordinates t = = 0, but R = finite, we
Iliizo =0, (31)  have also expressions like Eq. (34),
whose corresponding one in SR, is Tilemaico = mov;
' B d 1 i|t=x*=0 = (’U2/02) )
dt\.,/1 — '1)2/02 v=constant m002
It is easy to check that Hepli=vi=o = 1- (02)2) (35)
1
hm I'=limI'=y= —. (33) In Table 1, we list some results of Lagrange formalism both
210 1— (02/c?)

And, in the R — oo limit, m; and H.g go back to the
standard Einstein Special Relativity’s expressions,

‘ mov;
f 1— (12/c2)
2
o mocC
HCR‘RHOO_W ) (34)

in the ordinary special relativity SR, and in the de Sitter
invariant special relativity SR.r. Comparing the results
in SR.g with ones in well-known SR., we learn that as
an extending theory of SR., SR.r can simply be formu-
lated by a variable alternating in SR.: 1) 0, = Buy;
ii) v = oI'. This is a natural and nice feature for the
Lagrangian formalism of SR.gr.

Table 1 Metric, Lagrangian, equation of motions, canonic momenta, and Hamiltonian in the special rel-

ativity, SR., and in the de Sitter special relativity, SRcr.

The quantities v~' = /14 (ni;4%%7/c2) and

I™'= RW(R2 — miyaiad)[1 + (nijaidd [c2)] + 20237 — 0y 2132982 + (ni;2149)2/c2 (see Eq. (30)).
SRC SRCR
Space-time metric Nuw B (z), (Eq. (19))
Lagrangian L. = —moc?y~1 L.gp = —moc?o—1T"1
Equation of motion v? = &% = constant, (or ¥ = 0) vl = ¢ = constant, (or I = 0)

Canonic momenta T

Hamiltonian

= —moYNiptH T =
He = mocynopdt

—mool' Byt
H.r = mocol'By, "

Combining Eq. (28) with Eq. (29), the covariant four- |

momentum in B is

H, .
(——R, wi) = —mool'B,,&"
c

dz¥
ds ’

T = (7o, m;) =

—mocB, —— (36)

and
B"m,m, = mic?. (37)
From Eqgs. (24), (28), (29), and (37), we have
Hor = /Goo\/miet — 2giimm; —emiN',  (38)
where joo and N? have been shown in Egs. (21) and (23),
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and gV = o(x)[n — 2’2’ /(R? — ®t?)] from Eq. (22). Itis  the physical momentum and the energy of the particle

straightforward to get the following canonical equations: respectively.
i chR o
x om; = {Hep,z'}ps, 4 Space-Time Symmetry of de-Sitter
OH.p Invariant Special Relativity and Noether
M= = {Hcr,mi}pB (39) Charges
where the Poisson brackets e space-time transformations preserving the Bel-
h he P brack Th i f i i he Bel
{xiﬂ"'j}PB — 5;',7 {z',27}pp =0, trami metric were discovered about 30 years ago by Lu,

(40) Zou, and Guo (LZG)[1? (see also Appendix). When we

{mi,mj}pe =0, [ ;
transform from one initial Beltrami frame xz# to another

are as usual. It is also straightforward to check %! = ) - o
constant by Eq. (39) Beltrami frame Z*, and when the origin of the new frame

Finally, we would like to mention that generally, the is a* in the original frame, the transformations between
canonical momenta 7; and the Hamiltonian H.r are not , them with ten parameters are as follows:

ot LECG L e :I:U(a)l/za(a,:r)fl(x” —a")DE, Db =LK+ R7277upapa)‘(a(a) + 01/2(a))71L’/< ,
1
L:=(LY)eS0(1,3), ox)=1- ﬁnwx”x”, ola,z) =1— ﬁnlma"x”. (41)

It will be called as LZG-transformation hereafter, and we prove it in the Appendix by means of the method in Ref. [2].
Under LZG-transformation, the B, (z) and the action of SR.r transfer respectively as follows:

LzG ~ .. 0z Oz _
Buole) 2% B, (3) = 2007 () = Bu@), (12

\/W -
S’cRE/dtLCR :—moc/dt = e 7S

cR = SCR . (43)

By the mechanics principle, this action invariance indicates that there are ten conserved Noether charges in SR g like
the SR, case. For SR, the Noether charges are (e.g., see pp. 581-586 and Part 9 in Ref. [8]):

Noether charges for Lorentz boost :  K! = mgyc(x® — ti')

Charges for space-transitions (momenta) : P! = mgyi®,

Charge for time-transition (energy): E. = moc’y

Charges for rotations in space (angular momenta) : L’ = ez»kxj P*. (44)

Here v =1/4/1 — (v%/c?). Note the Noether charges here are the same as the corresponding canonical quantities,
because the Lagrangian for SR, is time-independent and all the coordinates are cyclic, while in SR.r there are no
cyclic coordinates and the Lagrangian is space-time dependent.

When space rotations are neglected temporarily for simplify, the LZG-transformation both due to a Lorentz-like
boost and a space-transition in the z! direction with parameters 3 = i'/c and a' respectively and due to a time
transition with parameter a® can be explicitly written as follows:

a’ — Ba' a%ct — alx! — (a°)? + (a )}

ct — Bzt —a® + Ba +
R? o(a) ++/o(a)

2o U(a)'y[ajl —ﬁct+ﬁa0 R a' — Ba® a®ct — alz! — (a0)2 + (al)z} |
o

(a, ) R? o(a)++/o(a)
2 -2 Vo(a) e B J < o(a) 23
v ola,z)” "’ o(a,r)” (45)

It is easy to check when R — oo the above transformation goes back to Poincaré transformation. Notice that in
the LZG-transformation there are three boost parameters 3' = i'/c = v'/c, four spacetime transition parameters
(a®,a',a?,a®) and three rotation parameters §° = 0. Here (a°,a', a?,a®) is the origin of the resulting Beltrami initial
frame in the original Beltrami frame.

In terms of the standard procedure (e.g., see Ref. [8] pp. 581-586), the Noether charges corresponding to the LZG

transformation (Eq. (41)) invariance can be derived.

(i) Space transitions:

i _ , o .
ot — ot =t + %TQICCH —a'dt, G, = —W;p x40y = mel'a" . (46)
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(ii) Time transition charge:
ctxt T
at — =t + Fao —a%l, Guo =a° 22 n°tr,, = mocl’ (47)
(iii) Lorentz boost charges:
ot — " = (y(ct — Bat),y(z* — Bet), 2%, %), G% = —a'mg — 2%; = mocl' (2" — ti?). (48)
(iv) Rotation charges:
ot — 3 = (ct,xt +02% 2* — 0z, 2%), G = —moFeijka:jj:k. (49)

Some Remarks

(i) For a free particle that moves with a constant speed
#' = 0, we have already proved (see Eq. (31))

d
—I'=0.
dt
By using Eq. (50), we can check that those charges derived
above are indeed conservative:

d
EG)JA:aO,aﬂﬁi,w’" = 0 .

(50)

(51)

(ii) In the limit R — oo the Noether charges in SR.r
are the same as those in SR, see Eq. (44).

(iii) The mechanical (or physical) momenta and en-
ergy in the Lagrangian—Hamiltonian formalism are defined
as the Noether charges corresponding to the space tran-
sitions, therefore the particle’s momenta and energy in
SR.g read

(52)
(53)
which are conservative quantities. We address that distin-
guishing from the SR, in SR g the physical momentum
p* of the particle is different from its canonical momentum
;. The former is conservative and the latter is space-
time-dependent. Combining Eq. (52) with Eq. (53), we
have the four-momentum in SR g as follows:

i i .
pip = G, =mol'd",

Eep = cplp = cGao = moc®T,

n
T 0 i _ it — mocC dx
Pcr = {pcR’ pcR} mol X O’(:L') ds
1 v
= 7@ H Ty, (54)

which is consistent with energy-momentum definition in

Ref. [2].
(iv) In general the boost Noether charges for SR g are

Kip=Gh=a'plp+a’plgp = mocl(z" —ti'), (55)
while the angular momentum is
=Gl = —mol"eijkxj;ick . (56)
From Eq. (54) we have the dispersion relation
0% () BuvPeppin = moc” - (57)
And we can rewrite it using the Noether charges
2
¢
Elg = moc +pln + ﬁ(LgR - KZp). (58)

Here E¢r, p.p, Lcr, and K. are conserved physical en-
ergy, momentum, angular-momentum and boost charges
respectively.

5 Quantum Mechanics for One Particle in

SRcr

Lagrangian—Hamiltonian formulation of mechanics is
the foundation of quantization. When the classical Pois-
son brackets in canonical equations for canonical coordi-
nates and canonical momentum become operator’s com-
mutators, i.e., {z,7}pg = (1/ih)[z, 7], the classical me-
chanics will be quantized. In this way, for instance, the or-
dinary relativistic (i.e., SR.) one-particle quantum equa-
tions have been derived. To the particle with spin-0,
that is just the well-known Klein-Gordon equation. In
the canonic quantization formalism for SR g, the canonic
variable operators are x?, #; with ¢ = 1,2, 3, and due to
Eq. (40) the basic commutators for the free particle quan-
tization theory of SR g are the same as usual, i.e.,

[Ii7ﬁ-j] = lhéév [ﬁzvﬁj] :Oa [‘Tiaxj] =0. (59)

The Hamiltonian operator ﬂcR = —cmy represents the
generator of time evolution, i.e.,

t, H.g]) = —ih, or [z° %] =ih. (60)

Since the time evolution is independent of the space coor-
dinate displacements whose generators are 7;, we always
have

[H(:Rvﬁ'i] = Oa or [ﬁ07ﬁ7] = Oa (61)

which is independent of the dynamics (or the dispersion
relation).[! Combining Eqs. (59), (60), and (61), we have
(hereafter the hat notations for operators are removed)

[z, m,) = ihéy,  [o",2"] =0, [mu,m]=0. (62)
The general solution of Eq. (62) is
T, = —ihd, + (0,G(t, 2)), (63)

where G(t,z) is a function of ¢ and x'. Now, the dy-
namical Hamiltonian H.gr = —cmg is (mx)-product term-
dependent (see Eq. (38)), and the ordering of x* and *
has to be taken care of. Generally, the most symmetri-
cal ordering (i.e., Weyl ordering) is favored for realistic
quantization scheme. To SR.r, we prefer the quantiza-
tion scheme that protects the de Sitter symmetry SO(1,4).
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This requirement will lead to fix the function G(¢,z) in

Eq. (63). By this consideration, we takel10:11]

, r
T = —ihDy = —=ih(9,+) = —ihB~/49,B'*, (64)

where B = det (B,,,), I',, = I';,,. Equation (64) indicates
G(t,x) = —ihlog(B'/%).
quantization discussions to the theories in curved space
only,['%M] our treatment presented here is suitable for the
theories in generic curved space-time, in which the four-
dimensional metric is time- and space-dependent. The
classical dispersion relation (37) can be rewritten as sym-
metric version B_1/47rNBl/4B“”Bl/47rZ,B_1/4 = m3c?,
and then the SR g-one particle wave equation reads
B~Yix, BYABr BYAr, B~V 4 (x, t) =m3cPp(x, 1), (65)
where ¢(z,t) is the particle’s wave function. Substituting
Eq. (64) into Eq. (65), we have

- o o,

VB h?
which is just the Klein—Gordon equation in curved space-
time with Beltrami metric B,,,, and its explicit form is

In contrast with the ordinary

2

9,(B"*'VBa,)¢ + (66)

L, xhav z m3c?

which is the desired SR.g-quantum mechanics equation
for free particle.

Substituting Eq. (64) into Eq. (54), we obtain the
physical momentum and energy operators (noting the sub-
scripts ¢R for pl,, L7 in Eq. (54) will be moved here-

after),
s T

p* together with operator L*” = xFp¥ — x¥pt form an
algebra as follows:

v 1 v
[pﬂ’p ] = ?LM )

(L, p"] = n"Pp —n/**p",
[LMY LP7) = /P LM — /O LM 4 gl [VP — ghP LV7

which is just the de-Sitter algebra SO(1,4). This fact
means that the quantization scheme presented in this pa-

(68)

per preserves the external space-time symmetry of SR g.

6 Summery and Discussions

In this paper, we have provided a systemic study to
the de Sitter invariant special relativity with Beltrami
metric in terms of the Lagrangian—-Hamiltonian formal-
ism. In this theory there are two universal parameters
c and R, and it was denoted as SR.r. Distinguishing
from the Minkowski metric 7,,, the Beltrami metric is
space-time dependent. Therefore the principle of least ac-
tion for space-time dependent Lagrangian is reexamined
in order to make sure the Lagrangian equation is consis-
tent with the geodesic equation in Beltrami space-time

B. Following standard procedure in the ordinary special
relativity and by means of the Beltrami metric we con-
struct the Lagrangian L.gr (¢, x, ) for SR.g. The inertial
law has been reconfirmed in SR.r by means of solving
its equation of motion in the Lagrangian—Hamiltonian for-
malism, which leads to well-defined inertial coordinate ref-
erence frame in Beltrami space-time B. The canonic mo-
menta and canonic energy (or Hamiltonian) are derived.
It is found that both of them are space-time dependent,
which is due to that there are no cyclic coordinates in
L.r and the L. is time-dependent. The canonic equa-
tions and the corresponding Poisson bracket expressions
are obtained. The canonic formulation is useful for quan-
tization of the mechanics in SR.r. The de Sitter trans-
formation in space-time B (i.e., LZG-transformation) has
been used to derive the Noether charges of SR.z. Ten
conservative charges are obtained. They are three boost
charges, four momentum-energy charges, and three angu-
lar momentum charges. In this way and by the symmetry
principle, the physical momenta, the physical energy and
the physical angular momenta in SR.r are determined
in the Lagrangian—Hamiltonian formalism. It has been
found that the Hamiltonian is not equal to the energy,
and the canonical momentum is also different from the
physical momentum, i.e., H # E and 7@ # p. This is a
significant property for SR.r. When R — oo, all results
of the de Sitter invariant special relativity goes back to
the ordinary special relativity.

By means of the canonic formulation, the quantum
mechanics of SR g is achieved. The one particle quan-
tum equation is just the Klein—-Gordon equation in curved
space-time with Beltrami metric B,,,. The quantization
scheme with proper (7 —x)-ordering preserves the external
space-time symmetry of SR.z. When R — oo or x — 0,
the theory goes back to ordinary one particle quantum
equation of the Einstein’s special relativity, i.e., the or-
dinary Klein—Gordon equation in flat space-time. A fur-
ther discussion on the solutions of the equation of SR g-
quantum mechanics would be interesting, which, however,
is left to be in our coming works.

Physically, since R in the SR g could be a very large
distance parameter, say the “radius of universe horizon”,
the existing experiments cannot justify or rule out SR g.
Therefore, how to design experiments to detect the ef-
fects of the de Sitter invariant special relativity would be
remarkable. We speculate that careful studies on the solu-
tions of SR.r-quantum mechanics may bring us ideas for
this aim. For instance, the master equation for the pho-
tons emitted from very far away star should be the equa-
tion of SR.g-quantum mechanics Eq. (67) with mg = 0
instead of the ordinary KG-equation of SR., because the
distance |z| ~ R. This difference may lead to reveal some
effects to distinguish SR . from SR..
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Finally, we would like to briefly mention the Double
Special Relativity (DSR)'? in comparison with SR.g.
DSR is an interesting theory, and is another modified spe-
cial relativity with also two universal constants: ¢ and
Planck length I, = /iGN /c® (or a length | = h/(ke)
near l,, where K ~ mp Vhc/Gyn ). Obviously, the
length parameter of DSR is drastically smaller than one
of SR.r: lp/R ~ 10712, This indicates that the physics
discussed in DSR is very different from one in SR g:

DSR is inspired by quantum gravity and by a space-time
quantization treatment for over the ultraviolet tragedy in
quantum field theory,!'®! while SR,z is motived by nat-
urally extending the space-time and the dynamics theory
of Einstein’s special relativity SR., and the correspond-
ing remarkable physics is related to the cosmology, say
the propagation of photons emitted from far away stars
with distance |z| ~ R. In other words, like SR., SR.r
preserves a specific space-time metric (i.e., By, ) and the
inertial frames are well-defined. And then like SR. fur-
ther, SR g has well-defined Lagrangian—Hamiltonian for-
mulation too. Consequently, a consistent quantum me-
chanics of SR g exists and can be derived by means of
the standard quantization procedures relied on the first

conflict with the principle requirement of quantum me-
chanics (see Egs. (59) and (62)), and hence there are no
Lagrangian-Hamiltonian formulations for DSR yet, which
can be constructed consistently. If the length scale for
both DSR and SR.r were denoted as R, then DSR is a
theory for x| > R (=1;), and SR.g is for |z| < R (= R)
(see Eq. (All)). Therefore, there is no overlapping part
for DSR and SR.gr, and the theory structures of two the-
ories must be independent each other.

Appendix: Space-Time Transformation to
Preserve Beltrami Metric
Now we prove that under the LZG space-time trans-
formation Eq. (41) in the text the Beltrami metric is in-
variant.
We define the field D5 (m,n) to be all m x n matrix X
such that

I-)XJX' >0. (A1)
Here, I is an m x m identity matrix, J = diag][l,
—1,...,—1] is an n x n matrix, A = 1/R? # 0 is a real
number. A real matrix A > 0 means that A is positive-

definite. Let A, B, C, and D be m X m, n X m, m X n,
n X n matrices respectively, satisfying

principle of quantum theory. However, the models of A C I 0 A C /_ I 0 (A2)
DSR are all different from SR.r in these aspects. Ba- B D 0 —AJ B D) \0 -\J)°
sically, DSR theories can be understood as particular =~ Writing the entries we get
realizations of deformed rs-Poincaré algebra in momen- AA' — NCJC' —=I. AB' = \CJD'
tum spaces,[M] or of a de Sitter geometry in momentum , , ’ ’
space.['d] Due to this structure, the space coordinates in BB = ADJD = —AJ. (A3)
DSR are non-commutative, i.e., [##,2"] # 0, (which is in ~ Equation (A2) is also equivalent to
|
A 0 A C\' (1 o0 (10
B 0 -AxJ)\B D) \0o -xt7) \o I
o (! A c\ (I o0 A C\ (I 0
0 -AJ)\B D) \0 -x'J)\B D) \0 I
0 A C I 0
@ =
0 —A"1tJ B D 0 —ALJ
- A0 A C\ (A 0
B D 0o -J)J\B D) \0 —-J)°
Writing the entries we get
M'A—-B'JB=X, MC=BJD, X'C-DJD=-J. (A4)
Therefore, equations (A3) and (A4) are equivalent. Observing that equation (A1) can be written as
I 0 I
I X 0 A5
@ x(y ) ()0 (A5)
we use Eq. (A2) and get
(IX)ACIO AC’I>O
B D 0 —AJ B D X’
& (A+XB)(I Y) Lo ! (A+XB) >0
0 —-AJ Y’
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s (1Y) (é _iJ) (;,) >0.

Y =(A+XB)"'(C+XD). (A6)

Here

Therefore the transformation (A6) maps Dy(m,n) to itself and is an automorphism. We can define a metric on
Dxr(m,n)
ds? = tr {(I = AXJX")"'dX(J - AX'X)"tdX'}. (A7)

We claim that this metric is invariant under the transformation (A6).
Proof Note that from the above discussion we have

(I -XXJX')=(A+XB)(I-)XYJY')(A+ XB)". (A8)
Since X = (AY — C)(D — BY)~!, we also have

o —A 0\ (YN ., A C\ (=X 0\ (A C\ (Y
oo (G 5) ()= 0 ) (00 9) (6 b) ()
=(D-BY) (X' —I)<_S\I 3) (;XI)(D—BY):(D—BY)’(J—AX’X)(D—BY)7
d((A+XB)" " (C+XD))=[-(A+XB)"'d(A+ XB)(A+ XB)"Y(C + XD) + (A+ XB)"'d(C + XD)]
=[-(A+XB)"'dXBY +(A+ XB) 'dXD] = (A+ XB) " 'dX(D - BY),
dY'=d((A+ XB)"Y(C+ XD)) =(D—-BY)dX'(A+XB)'.

Hence

dYy

tr {(I =AY JY")"tdY (J — \Y'Y)"tdY'}
=tr{(A+XB)(I-AXJX')"Y(A+ XB)(A+ XB)"'dX(D - BY)

x (D —BY) " (J-AX'X)"Y(D - BY)"Y(D-BY)dX'(A+XB)"'}
=tr{(I - AXJX")71dX(J - A\X'X)"tdX'},

which states that the metric (A7) is invariant under transformation (A6). O
If we let Xg = —CD™!, then

Y =(A+XB)""(C+XD)=A"'I+XBA )Y Y (X+CD ")D.
The conditions in Eq. (A4) are equivalent to the following;:
BA™' = (\CD L)Y = AJX(), (AA)'=A"YHAA-NBIB)AT = (I - )\X,JX]),
(DJD)' =D'"'JD™' =D'"Y(D'JD - \C'C)D™! = J - A\X{ X
We get the formula

Y =AY - AXJXo) HX - Xo)D, (A9)
where the matrices A and D satisfy
AA = (I - XoJX}))™', DJD = (J - XX} Xo) *. (A10)
For the special case D (1,4) in our paper, X = (X, X1 X2 X3), ©,(1,4) is just
1= Anata” >0. (A11)

The metric (A7) now takes the form

o _ AX(J - AX'X)7'dX’ Nyuw ATt 2P

ds 1 A\XJX' = gurdatda®, g =3 Mgz 2P (L — Ajagz@aP)2 (A12)
Comparing Eq. (A7) with Eq. (19) in the text, we see g, | stants, satisfying
is j.ust th.e Beltrfxm.i r.netri§7 ie., g = Bu,(z). By our .
?fgl;)n” v;c}}llllshrrllli‘i;mb elioﬁzzmant under the transformation nApDﬁDﬁ . W . (A14)
v_ o\ Du
v = WW ’ (A13) By using the notations in the text: ## = y*, o(x) =1 —

where we denote Xo = (a’,a',a?,a®) and {DH} are con-  A\ppr®2?, o(a,2) = 1—Masa®s?, we rewrite Egs. (A13)
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and (A14) as follows: we finally obtain
v _ UV DM ~ 1 — v v
= J(a)(:r(a))l,, (A15) i = +\/o(a)o(a,z) " (a¥ —a”)
ola,z
’ 1
-2 PAANTH
A o>l X (Lﬁ—i—R ———=n,,a’a L/\), (A19)
MapDADE = 1, + % . (A16) o(a) ++a "
. where A = R™2 has been used. Equation (A19) is just
Taking ansatz .
N Eq. (41) in the text.
DY = £(LY + Apyaa”a”Lhy), (A17)

where A is a constant which is determined by the normal-
ization constraint Eq. (A16),
1

ola) ++o
Substituting Egs. (A16), (A17), and (A19) into Eq. (A15),

(A18)

Acknowledgments

One of us (M.L. Yan) would like to acknowledge
Profs. Han-Ying Guo, Qi-Keng Lu, and Yong-Shi Wu for
stimulation discussions. The authors also thank Dr. Shao-
Xia Chen.

References

[1] K.H. Look (Q.K. Lu), Why the Minkowski metric must be
used?, (1970), unpublished.

[2] K.H. Look, C.L. Tsou (Z.L. Zou), and H.Y. Kuo (H.Y.
Guo), Acta Phys. Sin. 23 (1974) 225 (in Chinese).

[3] H.Y. Guo, C.G. Huang, Z. Xu, and B. Zhou, Phys. Lett.
A 331 (2004) 1; Mod. Phys. Lett. A 19 (2004) 1701; Chin.
Phys. Lett. 22 (2005) 2477; hep-th/0405137; H.Y. Guo,
C.G. Huang, and B. Zhou, hep-th/0404010.

[4] Y. Tian, HY. Guo, C.G. Huang, Z. Xu, and B. Zhou,
Phys. Rev. D 71 (2005) 044030.

[5] C.L. Bennett, et al., Astrophys. J. (Suppl.) 148 (2003) 1,
arXiv: astro-ph/0302207.

[6] M. Tegmark, et al., arXiv: astro-ph/0310723.

[7] L.D. Landau and E.M. Lifshits, The Classical Theory
of Fields, 4th ed., Oxford, New York: Pergamon Press
(1994).

[8] Edward A. Desloge, Classical Mechanics, John Wiley,
New York (1982).

[9] In the ordenary non-relativistic quantum mechanics, it is
obvious that the time evolution and space displacememts

are independent of dynamics. Namely, H = ihd; and

7 = —ihd, are always true to any dynamics system with

H =72/2m+V (z,t, 7). As commutator between genera-

tors of space-time displacements, [H, #] = h2[d;,,] = 0.
[10] B. Podolsky, Phys. Rev. 32 (1929) 812.

[11] See, e.g., Hagen Kleinert, Path Integrals in Quantum Me-
chanics Statistics and Polymer Physics, World Scientific,
Singapore (1990) pp. 29-44.

[12] G. Amelino-Camelia, Int. J. Mod. Phys. D 1 (2002) 35
[gr-qc/0012051]; G. Amelino-Camelia, Phys. Lett. B 510
(2001) 255 [hep-th/0012238)].

[13] H. Snyder, Phys. Rev. 71 (1947) 38.

[14] G. Amelino-Camelia, D. Benedetti, F. Dandrea, and A.
Procaccini, Class. Quant. Grav. 20 (2003) 5353 [hep-
th/0201245]; J. Magueijo and L. Smolin, Phys. Rev. Lett.
88 (2002) 190403 [hep-th/0112090]; J. Magueijo and L.
Smolin, Phys. Rev. D 67 (2003) 044017 [gr-qc/0207085].

[15] J. Kowalski-Glikman and S. Novak, Phys. Lett. B 539
(2002) 126 [hep-th/0203040]; Class. Quant. Grav. 20
(2003) 4799 [hep-th/0304101]; P. Kosinski, J. Lukierski,
and P. Paslanka, Phys. Rev. D 62 (2000) 025004.



