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https://en.wikipedia.org/wiki/Principal component analysis




Algorithmic Description

Let X = {z1,22,...,2,} be a random vector with observations z; € R?
1. Compute the mean u
1 n
= Zl Li
1=

2. Compute the the Covariance Matrix S

S= 3w = )"

3. Compute the eigenvalues \; and eigenvectors v; of S
Svi = )\ivi,i = 1,2,...,7’1,

4. Order the eigenvectors descending by their eigenvalue. The k principal
components are the eigenvectors corresponding to the k largest eigenvalues.
The k principal components of the observed vector x are then given by:

y=W"(z—p)
where W = (v1,vs,...,v%) . The reconstruction from the PCA basis is given by:

r=Wy+pu



Eigentaces method for face recognition by:

1. Projecting all training samples into the PCA subspace
Projecting the query image into the PCA subspace

3. Finding the nearest neighbor between the projected training images and the projected query
image.

first class
second class
e third class

XTX’UZ' = )\ivi — XXt (X’U,L) = )\7, (X’l)z)7




Experiments: Eigentfaces
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Experiments: Reconstruction

Eigenfaces AT&T Facedatabase
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Experiments: Accuracy

The correct rate in each category as Testingdata such as glasses,lights
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Fisherface

maximizing total scatter under
the constraint of minimum
within-class scatter
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Fisherface

Ditferent lighting direction, different facial expression affect the
judgement of images.




Algorithmic Description

< T wisw
Sp = ENJ-(‘UJ. N Ju)(lui o au’) Wopr = arg max ‘ = - ‘
i W ‘W SWW|
Sw = z z(xk = .uj)(xk i -uf)T = [wl Wy .o Wi,
i=1 x, eX,

Idealized!



Algorithmic Description

T T yx/T
Wapr N Wﬂdwpca

W, = arg II‘ﬁX‘WTS W|

‘W Wr.Ss WPCHW‘

Wy, = arg max =
pcaSW pr:a



Eigentaces method for face recognition by:

1.

Projecting all training samples into the Fisherface subspace.
Projecting the query image into the Fisherface subspace.
Finding the nearest neighbor between the projected training images and the projected query
image.
e first class

e second class
@ third class




Experiments: Fishertaces

fisherfaces yaleA Facedatabase
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Experiments: Reconstruction

fisherface #1
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Experiments: Accuracy

Eigenfaces yaleA Facedatabase
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PCA Algorithmic Implement

components

: num_compo nents ] . COp




LDA Algorithmic Implement

num_component
np.asarray(y)
np.unigue(y)
(num_components <= @) (num_components > (
num_components = (len(c) - 1)
n_total = X.mean(
np.zeros((d, d) —np.dtype(np.floa

1%

np.zeros((d, d) =np.dtype(np.1

np.where(y == i)[8]
Xi.mean( =0
w + np.dot((Xi - mean_class).T, (Xi-mean_class))
- mean_total).T, (mean cl

g.eig(np.linalg.inv(Sw) *

ralues[idx], eigenvectors[:, idx]

num_components].real =np.dtype(np.float

J:num_components].real

[eigenvalues, eigenvectors]

=np.dtype(np.float32)




Improvement

https://en.wikipedia.org/wiki/Kernel method



Distance Function We want to see the difference of Euclidean Distance and C
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Cut off one vector: FEigenface

All Eigenvectors Cut off the first vector
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We can see that the accuracies in the
third and sixth categories are improved
which coincide with illumination.



Cut off one vector: Fisherface

All Fishervectors Cut off the first vector
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We can see that the accuracies in the
third categories are improved which
coincide with illumination.



Kernel method: Kernel PCA
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Kernel method: Kernel PCA

Cf = 7 0(X) [¢(T)]T = % Lita 0 (1) ¢ (x1)

$(X)[P(X)]Tp =311, ¢ (xi)d(xi) p=Ap

l

p=1>1", (cb (x:) [qb (x:)" pD

|

p=>N @i (x) = p(X)ax

~

24ty = O(X)Tpa = d(X)Td(X)a = Kag = A\gaia

K=K-K - 1y—-1In - K+1n K- -1y

iHINEAY
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Ktest - gb (Xtest )T ¢(X) — Ktest — Ktest 1IN — 1§L K+ 1£L K- 1IN



Kernel method: Kernel PCA

def CalculateK(X,Y) def Kernelpca(X,tX,num components = 8)

K = np.zeros({(X.shape[1], Y.shape[1]), np.dtype(np.float32)) if num_components 9
num_components = X.shape[1]-1

K = CalculateK(X,X)

for i in range(X.shape[1])
for j in range(Y.shape[1])
K[i,5] kepnelfunclXEs ol YEoal K = Training NormalizeK{k)
return np.matrix(K) [eigenvalues, eigenvectors] np.linalg.eigh(K)
idx = np.argsort(-eigenvalues)
Training NormalizeK(K) eigenvalues eigenvalues[idx]
for i in range(len(eigenvalues)-1,8,-1)
i1f eigenvalues[i]>@
num_components = min(num components,i)

break

OnelNOne = np.ones(K.shape[8], np.dtype(np.fleoat32)) eigenvectors - eigenvectors[:, idx]

OneN np.matrix(OneNOne).T.dot(np.matrix(OneNOne)) K.shape[@] eigenvalues eigenvalues[8:num components].copy()
return K - K.dot(OneN) OneN.dot (k) +OneN.dot (k) .dot (OneN) eigenvectors = eigenvectors[:, @:num components].copy()
eigenvectors eigenvectors/np.sqrt{eigenvalues)

W = np.array(eigenvalues) np.array(eigenvectors)

W = np.matrix(W)

K test = CalculateK{£X,X)

K _test = Testing NormalizeK(K_test,K)

Testing NormalizeK(K _test,K training)

OneNOne = np.ones(K fest.shape[1], np.dtype(np.float32))

OnelOne = np.ones(K_test.shape[8], np.dtype(np.fleat32))

OnelNL = np.matrix{OneNOne).T.dot(np.matrix(0OnelOne)) K test.shape[1]
OneN = np.matrix(OneNOne).T.dot(np.matrix(0OneNOne)) / K test.shape[1] W_test - K_test ° np.matrix(eigenvectors)

return K _test - K test*OneN - OneNL.T#*K training + OneNL.T*K_ training*OneN return [W,W_test]




Kernel method: Kernel PCA

We did a lot of testing,
but the best result is
this. We are very

Unfortunately, the effect is not satisfactory.

predicted disappointed.
predicted
predicted return 1/(1+pow(np.linalg.norm(xi-xj, 2),0.5)/0.1)
predicted 2
predicted 4
predicted 5
predicted 3

redicted 7 : :
4 df‘: R But we insisted
predicte ! .. .
it = f1.n1sh1ng. the. Kgrnel
Bradiceed = Fisher Discriminant
predicted 5 Ana].YSiS.

predicted 4

predicted 4

R =0 . . 1

pr edicted 12 CauChy Kernel. k’(%, y) - ||£I3—y||2/0'+1




Kernel method: Kernel Fisher Discriminant Analysis

Multi-class KFD [edit]
The extension to cases where there are more than two classes is relatively straightforward./217] Let ¢ be the number of classes. Then multi-class KFD involves projecting the data into a (¢ — 1)-dimensional space using (¢ — 1) discriminant functions
v = wi ¢(x) = Lyaagit—els
This can be written in matrix notation
T
y=W qf’(x)a
where the w; are the columns of W%l Further, the between-class covariance matrix is now
[
T
85 = > li(m{ —m®)(mf —m?)",
i=1
where m? is the mean of all the data in the new feature space. The within-class covariance matrix is
i oy ¢
. . T
Sy =D > (#(xh) — mf)($(xh) —mf)”,
i=1 n=1

The solution is now obtained by maximizing

WIS W|
JW)= ————.
(wisi w
The kernel trick can again be used and the goal of multi-class KFD becomesl’]
. |ATMA |
A" =argmax = ——
A |ATNA|’
where A = [ay, ..., 0. 1] and

[

M=Y"1;(M; — M,)(M,; — M,)"

j=1

[

N=) K;(I-1,)K].
1

j=

The M; are defined as in the above section and M, is defined as
1<
(ML); = 7 3 k(i xx)-
k=1

A* can then be computed by finding the (¢ — 1) leading eigenvectors of N =" MLUI Furthermore, the projection of a new input, x;, is given by!’)
y(x) = (A*)TK,,
where the i" component of K; is given by k(x;, x; ).

https://en.wikipedia.org/wiki/Kernel Fisher discriminant analysis




Kernel method: Kernel Fisher Discriminant Analysis

def kernellda(X,y,num components=@
f ( ¥ a LI ) def kernelfisher faces(X,y,num components=8)
¥ np.asarray(y) y = np.asarray(y)
[n,d] X.shape [n, d] = X.shape

& np.unique(y) ¢ = len(np.unique(y))
if (num_components 8) or (num_components > (len(c) 1)) L » elgenvectors pca, mu_pca] - pea(X, v, (n -~ <))

t (l ( ) ) [eigenvalues_lda, eigenvectors lda] kernellda{project(eigenvectors pca, X, mu_pca), y, num components)
num_components enyc 1

M I Zepos((n’ ‘)’ np.ct}'De(np.float:“;Z)) return [eigenvalues_lda, eigenvectors_pca,eigenvectors_lda, mu_pca]

Mi = np.zeros((n,1), np.dtype(np.float32))
np.zeros({n, 1), np.dtype(np.float32))
Sw = np.zeros((n, n), np.dtype(np.float32))
Sb = np.zeros((n, n), np.dtype(np.float32))
for i in c
Xi = X[np.where(y==1)[0],:] class KernelfisherfacesModel(BaseModel)
o . def __init_(s=if, X-None, y-None, dist metric-EuclideanDistance(}, num components-0)
fOJ" 1 in P:.-ge(n) super(KernelfisherfacesModel, Yo dnak (X, v=w, dist metric,
Mi[j,@] =}
M[3,8] 8 F compute(s=1f, X, y)
[D, .W_Pca, W, .mu] - kernelfisher faces(asRowMatrix(X), v, .num_components)
for k in range(Xi.shape[@]) ey
Mi[j,6] kernelfunc(X[j,:1,Xi[k,:1) -new_x = project( .W_Pca, asRowMatrix(X), -mu)
for k in range(n) ;?,'L:l : ne;njtx
M[3,8] kernelfunc(X[j,:1,X[k,:1) Xj - np.zeros((new_x.shape[©],1), np.dtype(np. float32))
Mil5.0 Xi.shape[® for k in range(new x.shape[8])
[.JT 1 pe[@] SR e e e 1)
M3, @] n .projections._append(project ( W, Xj.T))
Xi.shape[@]“np.dot((Mi - M), (Mi - M).T)
= 2 = predict( . X)
k in r“c'\ge()(l.shape[t-]) minDist = np.finfo('float').max
for j in range(n) minClass = -1
Pk[],-‘] Seirot Bl .J’-'[j, ],Xl[k, ]) Q = project( .W_Pca, X.reshape(1, -1), .mu)
. X Xj = np.zeros(( .new_x.shape[8], 1), np.dtype(np.float32))
Sw np.dot((Pk-Mi), (Pk-Mi).T) G [ Srrrmmee s e
eigenvalues, eigenvectors - np.linalg.eig(np.linalg.inv(Sw) Sb) Xj[k, @] = kernelfunc(Q.T, -new_x[k, :])
= 7 project( M,XG.T)
idx = np.argsort(-eigenvalues.real) i rareetiont reiohoary
eigenvalues, eigenvectors eigenvalues[idx], eigenvectors[:, idx] dist .dist_metric( .projections[i], Q)
TI‘UE’) if dist < minDist

eigenvalues np.array(eigenvalues[8: num components].real, np.dtype(np.float32), T d'
minDist ist

eigenvectors = np.array(eigenvectors[®:, ©:num compor np.dtype(np.float32), True) e il

return [eigenvalues, eigenvectors] return minClass




Kernel method: Kernel Fisher Discriminant Analysis

Also, the effect is not satisfactory.

predicted 14
/ predicted = 14

all the same. Maybe our parameters Rusas

expected

expected / predicted
expected / predicted
expected / predicted
expected 3 / predicted
4 [/ predicted .
L Er..edicted _ Polynomial kernel: k(z,y) = (ax'y + c)d
& / predicted
7 / predicted
expected 8 / predicted expected 5 predicted 14
expected 9 / predicted expected ; predicted 14
expected 18 / predicted = expected 2 predicted 14
expected 11 / predicted = expected 3 predicted 14
2 / predicted 13 III t11€3 1)63§;illIliIlg’,‘A’€3 tl1()11€;11t tllfit expected 4 / predicted 14
>/ predicted = 13 the Gaussian kernel will work well ficcEed S Bl o
expected P 3 expected 6 predicted 14
CoPvEcE rate = 0.93 33 but the fact is that the predicted is expected = 7 / predicted = 14
8
9

are worse.

(oY
@

expected / predicted = 14
/ predicted 14
/ predicted 14
expected 13 predicted 14

expected 14 / predicted 14

=
=

expected

expected 12

correct rate:



Future

1. 3D EIGENFACES
2. CNN
3. ...



