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Chapter 1

Introduction

1 Preliminaries

1.1 Topological manifolds

EX 1.1 (HINRIE). o BIFRBILLEF

e Hausdorff
o BTH

8. o Hausdorff #iE Cauchy 3k 2| °E— &
o FERILERRIERT 0 H M
o HEEH—ANBI TR IR—TAE N, HbBmHmL P _THHE

o BN Spivak 49 % —MEY 459 MM R A, = HFHLAHE FE, THESHY LMY H T
# % BHAXYE paracompact

o paracompact: H—NFF EZAH —ABIA Ram@miL, refinement 89 & LRI T EE %
ARBAGFT R R AZRKGTE,

e paracompactness & KAV AL R 49 B AETE

1.2 Smooth manifolds
EX 1.2. An atlas {(Uy,24)} on a manifold is called differentiable if all chart transitions
zvgox,  wa(Uy NUg) — 25Uy NUp)

are differentiable of class C™ in case of U, NUsz # O.
A maximal differentiable atlas is called a differentiable structure.

A differentiable manifold of dim d is a manifold of dim d with a differentiable structure.

I8, dim< 3 differentiable structure is unique.
Milnor 1956 exotic 7 sphere.
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1.3 Partition of unity

5138 1.3. Let M be a smooth manifold, (Uy)aca an open covering. Then 3 a partition of unity
subordinate to (Uy). That is 3 a locally finite refinement (Vg)gen of (Ua)aca and C5° functions
wg: M — R such that

(1) suppps C V3,V B € B

(2) 0< pp(x) < LVzeMV BEB

3) Y psla)=1YzeM

BeEB

1.4 Tangent vector

Smooth curve v : (a,b) - M
z€QCR

z=(al,- 2%

T,0 = {vi (9‘ =}, 0,0 eR}

ox?
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2 Riemannian metric

v:(a,b) - M
b

17 (t)|dt = length(7)
Hilbert space=> Riemannian geometry
Banach space== Finsler geometry

Just for the purpose of

Y (t), (v,2)
0!

VD) = gijv'v! = (W' 0% (gn) . | bilinear form, (g;;) positive definite,symmetric
ol

matrix 5 557 8
. . 0x?
Uy) w'—— =w'-—5—
( 7y) ayz ayz ax]

hii((p)) = 9u (@) 57 5.5

(9i) (0,2) tensor! And we assume its coefficients are smooth on z(U)
EX 2.1. A Riemannian metric g on a smooth manifold M is a smooth (0,2)-tensor satisfying
9(X,Y) = g(Y, X), ¢g(X,X) > 0&g,(X,X) =0 X(p) =0

for any smooth tangent vector field X,Y .

A Riemannian manifold is a smooth manifold with a Riemannian metric.

fBl+F 2.2. R"
o (9i5) = (0i5)

o HREILF (gi5) = 1

(RS SMEI R

4
(= SAREDDE

o WHILFT (g;5) =

2.1 Existence of Riemannian metric
EIE 2.3. A smooth manifold has a Riemannian metric.

Ezxtrinsic proof. Whitney embedding
f:M"™ — N™* smooth immersion (df, is injective)
Let (N, gn) be a Riemannian metric
Pull-back metric f*gy on M

(f7gn)p(Xp, Yp) = gn(dfp(Xy), dfp(Y))
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Intrinsic proof. U, coordinate neighborhood.{U,,p € M} open cover.
paracompact=— WLOGlet {U,} be a locally finite covering of M by coordinate neighborhood.
Partition of unity {¢,} subordinate to {U,}.
x: Uy, - 2(U,) CR"
Gp(X,Y) =Y 0a(p)(ga)p(X,Y). O

EX 2.4. Let (M, gy), (N, gn) be two Riemannian manifolds. ¢: M — N is called an isometry
if @ is a diffeomorphism and ©*gn = gur-
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22 REEFEKE - HE

EX 2.5. A function d: M x M — R is called a metric if
(i) d(p,q) 2 0, and d(p,q) =0 <= p=gq.

(i) d(p,q) = d(q,p).

(iii) d(p,q) < d(p,r)+d(r,q), ¥V r e M.

Let (M, g) be a Riemannian manifold, for any p,q € M, consider
Cp.qg = {7 : [a,b] = M | v piecewise smooth regular curve with v(a) = p,v(b) = q}.
Define d(p, q) = inf{Length(y) | v € C, 4}

The following questions are immediate
(1) Is C,,, empty?
(2) Is d(p,q) < +00?
(3) Is d a metric?
(4) Can the infimum be attained?

Let E, = {¢ € M : p,q can be connected by a curve € C,, ,}. It is easy to show by connected-
ness argument that £, = M. So C, 4 could not be empty.
Take v € C, 4, we can cover it by finite coordinate charts. So we just need to show any piecewise

smooth curve contained in a coordinate chart has finite length.

i J
Length(~y / \/gwax 0y dxJ ont

5|32 2.6.

Next we show d(p, ¢) is a metric. It is obvious from definition that d(p, ¢) > and d(p, q) = d(q, p).
Because we consider piesewise smooth curve, triangle inequality is also easy. If p # ¢, we can find
a coordinate chart U of p such that g ¢ U.

2.3 EE - REE=K=E

https://mathoverflow.net/questions/45154 /riemannian-metric-induced-by-a-metric


https://mathoverflow.net/questions/45154/riemannian-metric-induced-by-a-metric

Chapter 2
Fix =L

EX 0.1. K c:[a,b) > M R—5ABHX. c 89— (LK) ToRE—NAFRS
F:[a,b] X (—e,e) = M, (t,s)— F(t,s)

" B L OF o\ OF O\ (s sisiros s AN\ o
#HE F(,0) = c(t). L = =dF (at> Loy = dF (83) Gz EiZLAE 5% de <dt> A C(t)

SRR | A ¢ W0RH V() = %F( 0) HEN.

1 fF

Euclidean geometry

(r,0)
g=dredr+r’dd®do

v la, b]—>M7( ) =p,(b) =
Length(~y / \/7dt

(r(1),000), 7" (1) o +0'(1)

Length(vy / \ g ))dt

= holds iff '(t) == 0,~(t) monotonic.
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S? c R?
™ T
@E(—§7§)7 -
{(0.0) ¢ (-5.5).0€0.2m)]
g =dp®dp + cos? pdf @ df

10
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2 WKEESHBEE

EX 2.1, BRAFEX ~v: [a,b] - M ZENGH R ||y ()] £0,Vtel.

SECEE (END Hhzgk

EX 2.2. If y: I — M is a smooth regular curve and if p: I' — I is a smooth map with non-zero
derivative, then we say that yop: I' — M is a reparametrization of v: I — M.

It is easy to check that any reparametrization of a smooth regular curve is still a smooth regular
curve and this defines an equivalent relationship on the space of all smooth regular curves to M.

We will use parametrized curve to refer to a smooth regular curve and curve without
parametrization to refer to an equivalent class of smooth regular curves under reparametrization.

Let ~y: [a,b] = M be a parametrized curve, we can define its length

L(y) = / I ()|t = / VI O ).

It is easy to check that
5138 2.8. Ifyop: I' - M is a reparametrization of v: I — M, then L(yop) = L(v).

So we can actually define length for curves without parametrization.

MK S

There is always a canonical representative element for any equivalent class of smooth regular

curves under reparametrization.

Rl 2.4. Suppose v: I — M is a parametrized curve.

t
(1) p: I = [0, L(y)],t — / 17 (s)||ds is a smooth map with non-zero derivative.

(2) Suppose v ~/, then yop™' =~"op'™' as maps from [0, L(7)] to M.
We call vop~! the arclength reparametrization of ~.

Wl 2.5. v: [ — M is parametrized with arclength iff ||¥'(t)|| = 1.
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3 BEEZRMLS I
(M, g) R—MREBRE. & v: [a,b] = M &—%NEML, F 2~ B—135.
R4 y(t) ?WE y(a) = y(b) =0,
d . ) d . )
2810 = [ gue(®) + <p(6) 210 +5yz(t>>a<xj(t> e (B)a

b b b i 1.
dz? da’ dy’ da’ dz* dy?
2E e) = ij ij i\ X)) = —
(7e) /agm(w)y T @ /agj( VW @ /agg(f@ Fr
b b b k i b 2.4
dx dy’ d dz i dz"® dz’ i / d*z'
/ 95(@) g qr 4 = /a dt (g”( )dt>y dt = /a 9 @) g ¥ i 935 (@) gz 't

b b b b 2
dy da’ d dx dz® da? d 2
i —dt = — ” y'dt = i ——y'dt— i ‘dt

0=

dz’ da? da? dz’ da’ da? d2z"\
_/a (g”"( DV ar I g 9w (@) g gy 29(@) dt2> d
dzt da’ dz? da’ dz® da’ d2z!
9u(@) gy g~ 9a ) gy~ 90 gy~ 2()
d2z! dz?® da’
lek(x)ﬁ + (gik,j + 9kj,i — YGij, k) dt dt =
A2zt 1 dz® da?

kl
_ A i =0
de2 +2g (gzk,j +gka gjk) dt dt

EX 3.1, % (M, g) RERAM, (Uz) R—ALIEF, g & (Uz) THIEETH (g;), XU
1

oy —sk ol & Fk = (gjl it 9, — gij,l), S £ Christoffel F5.
Rl 3.2.

k _ 1k
(1) Fij_Fji

(2) giju = gLl + 9Tl
e o ont 0 o

M oxt 0xd QxY  OxY OTPOTI
~m d2z* , Azt dz?

ry——-
de? Ty dt dt

U RS B8 T AL

F‘S

=0 &%

EX 3.5. A parametrized curve v: [a,b] — M satisfies the equation above is called a geodesic.
A

il 3.6. Geodesics are parametrited proportionally by arclength

TEHA.
d dz’(t) dz7 (¢) da! da’ d?z da?
- | 9ij i 29ij———
at (gﬂ(m( V" @ ) T e Y @
_ g detdetdad o datdet do?
T A ar Y\ TR @ ) e
do! dz? da?
—(g::7 — 20, TF) = -
(9:50 = 2061%0) 5737

Claim g5, = gi; I + gikré‘cl

1

1
RHS = gkjg P(Gpi + Gips — G, p) + §gikgkp(gpl,j + 9ipi — Gitp)



CHAPTER 2. F#&®4iE%K 13

1 1
= 5(911,1' + Giju — i) + i(gil,j + Gjia — 9j1i) = Gij

EIE 3.7. Vpe M,FUys = {(q,v) | p,qg € V C Mopenv € T,M, ||v|]| < 5,5 > 0}
and a € >0 and C* map v : (—¢,e) x Uy,s = M s.t. Y(q,v) € Uy, the curve t — ~(t,q,v) is
the unique geodesic satisfying r(0,q,v) = ¢,7'(0,q,v) =v € T,M

3H4H22D21H

5138 3.8 (Homogeneity of geodesic). If the geodesic v(t,q,v) is defined on t € (—e,€), then the

geodesic y(t,q, \v),\ € RT is defined on the interval t € (— and

E £
N

Y(t, q, Av) = v(At, q,v).
EiE

Consider the length functional L: C}, ;, — R.
WEK L/ ME R — D REORB S IR v RIS p M g WEJEL, Mae i
EBILE p,q ZIEE P RURIESELL. DRIRBA T AT LUKE )= b !

BB 70 € Cpg & L KIBMERL A TAER —RHIZ .2 (=0,0) = C(p,q), #NA

d d?
dE L(’YE) 07 d€2 EZOL(PYE) = O

e=0

SEIR. 4. LA AT AR ? TR L(v.) &4 T 52

Localizable

Suppose 7 is the shortest curve connecting p and ¢, then it is also the shortest curve connecting

any two points on v between p and q. WLOG, we can suppose p, g are in one coordinate chart.

FiE. BRXERAREEZWHAEMNAE ZHEBARLIGE p g BEGHLIFFHRLHE, RFEQ
S L ARF R AGAR B &

Energy functional

— ’ io zJ o
L(v:) = / \/gz‘j(m o %(t))dm d;Ya(t) d dt%(t) dt
1

b
TR S AL, AR AR B(y) = & / (' (8), 7 (1)) dt.

2
5138 3.9. Vy € Cpy, 7v:[a,b] = M, we have

L(v)* < 2(b— a)E(v).

and ““ =" holds iff |¥'(t)|| = const.
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L) = [ I @l < ( / mt)

BHEAE E(y) RAEFSELMLE v: [a,b] — M 2, XH5KEZ REANFM.
If 7 is arclength parametrized, then L(v)? = 2L(v) - E(y) = L(v) = 2E(y).
Let us fix some notations. Suppose

TE B

[SE

(/ |7'(t)|2dt> = Vb —a\/2E(y).

x

v:la,b) — U C M"™ — z(U) CR"
t— y(t) € U — x(y(t)) =: z(t)

where v : [a,b] — M is a parametrized curve and (U, x) is a chart.
Given y: [a,b] — R"™ a parametrized curve such that y(a) = y(b) = 0, define v, (t) = x(t)+ey(t).
You can belive that for sufficient small 4, 7. is contained in z(U), V e € (—4,).

AR, —ANFE R XD R . RERTA NI RLT.
SEIC. A ER A RMAH, WE R Eim!
il 3.10 (6 + WL + FITIK S — BeEZRINI ). If v is a C° shortest curve from

ptoq (A—@ESERNALX, BE—8iEL R T —N5KN) Then v with a parametrization

d
v:la,b] = U C M s.t. ||/ (t)|| = const is a critical point of E,i.e.,d—| _E(e)=0.
€=

JEic.
o BN ERMRAAXZEIASBABGHI TR, ABEHARER — AT,
o ETESEANFIGRFRBRGEHT, LE@GAEFRN, REKK T 7 TRKGA
H—r Rz Rk s,
B itde FXMERAEEZZHGER S, R RARERIEEN.
TEBH. v shortest = L(7) < L(7.)
L(y) = V2(b—a)E(v)
L(v:) < vV2(b—a)E(7e)
= %(7) < E(7.)
= EE}E:OE(’YE) = 0. [

ALK SHGE I A ml, A SR AR IS He 17, W,
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4 ISHBRET

TG — RN M ZR HI TR BT, SRAE — N ARAR R, AR A A X A AR AR T IR R

(X 3 Jm 2 LK.
LSz 5 ) 2 (AR A AL BR X IR 22 AN BE EARAENE,  BEFE DDA Al AZ A ) — B e P o)

exp, : T,M — M
v (1, p,v)

o JEEL 1 RSB AEIMLEEE HKTE ST (o],

R EARETHYE M5
3H4H527% 301
V, :={v € T,M | the geodesic (t,p,v) is defined on [0, 1]}.
NT exp, BOVAEFRBUR, FATHE V, ZOEELL O il —IFER!
3H 4 H 557 45 1

Rl 4.1.

(1) V,, is star-shaped aroud O € T,M, i.eN v e V,,V XA € [0,1], then v € V,,.
(2) V p,3e=c(p), s.t. y(t,p,v) is defined on [0,1] once ||v|| < e.
3H4AH 1/ 120/, REHEH
3H4H1/MNS}28
Rl 4.2. dexp, = Idr, u-

HIEBO E B, AP1E p RN — DB U 15 exp, ' U — T,M 255 L.
PER exp, ' BCOAABRRBUE R 22 T,M 2 R™ 19— R, AEET,M If)— 4RI

i

@ 4.3. I'};(p) = 0.

W 4.4, BR T,M a9—mk {vy,- v} W g EEIFRH exp, ' U - T,M =R" Ta90%
£ O RABL g,;(0) = g(vi, ;).

ES 4.5 HIRT,M 69—k ERk, RITH (exp,’,U) #4 p ty—A k4.

3H 4 H 1 /00174 45 B

d2zt ) dxd dzF
WER. 0= —— + I t))——— O
] TGOl v
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AL FR
A curve c(t) = (r(t),gol(t), c L")
c(t) = (32 di a dfiﬂ = (v}, 0%, - o)
I’ @)l = gij(e())v'v’ = ( ) "zf Jte? dc;i dcﬁj

>0

3H 8 HE B 11 4 20 ##

#iL 4.6. For anyp € M3 p > 0 s.t. V q with d(p,q) = p, there exists a unique shortest curve
€Cpq-

HEBH. 3 p > 0 s.t. B(p,2p) lies in a Riemannian polar coordinate neighborhood.
For any curve c € C) 4
c¢:[0,T] — M,c(0) =p,e(T) =¢q

HEIL 4.7, RAZKALTY.
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5 —EHeRE
3H 8 H 2574 20 %
3 H 8 H 28 4 56 #
EX 5.1. totally normal neighborhood.
VpeM,if Wsp, W is a normal neighborhood of every point ¢ € W, then W is cassled a
totally normal neighborhood.
5.1 totally normal neighborhood BY7F7EM
SHSHE 3B n4F

332 5.2.
dexp(p,0,) : Ty, (TM) — T, ,(M x M)

is mon sigular.
3 H 8 HEE B 1 /Mt 3 43 54 £

EIE 5.3. For any p € M, 3 a neighborhood W of p, and a § > 0 such that Yq € W, exp, is a
diffeomorphism on B(0,,6) C T,M and

3 H 8 HE B 1 /pIf 14 4y 7 %

iR 5.4.
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6

Cut locus 1

3 H 8 HEE B 1 /NI 25 73 32 #b, gk

Mt &% Y B K77 72 (X (8] 493 . 2 FF Y

pb

EX

EX

AR

e

3 H S HE B 1/Nif 28 23 5 %
ME pe MuveT,M, HIMHL (t,p,v) = exp, tv.
% [0,0] 2 v S RAAAEXE. 128 ¢ = v(b, p,v),w = s v(t, p,v).
—b
FHELI ) UL w RV D) R A 5, 5 XX (—e,e) LA X

735 |y WORCEESS A HURBEHAEL g JRRA, LA —w PRI RO,

3o e QO U 5 00 s 2 75 )R L DRAIE £
HAAAEME— 1o v 5 4 IEAIE SR EEE. X5 [0,0] 52 v BB KAFAEX AT E.
KRB R XXEREXN LN &R X FEXE AR

3 8 HE B 1 /M 31 43 7/

H R 2 R JE I AR R P A B B R 2, R 24 A R 2 ) AN X T
A={t>0]d(p,~(t) = tlvlls} ZHIH.

Either A = (0,b) or A = (0, a] for some 0 < a < b.

6.1.
o A= (0,a], WA v(a) & p &ML v 695 &,
R A= (0,b), WA p LML v XA E K.

B B4R H p B9B)E, T Op).

. a if exp,(av) is a cut point of p
ZX 7 {veT,M | ||U||g:1}4)R,T(U):{ f p( ) f

6.2.
Define a map 7 : S, - RU {oo}
a if exp,(av)is a cut point ofp

Yo e S, (v) = {

oo ifphas no cut point alongt — exp,,(tv)
E(p)={tv|vesS,0<t<7(v)}

Clp) ={tv|ve Sy t=r(v)}

C(p) = {cut points ofp} = exp,(C(p))

[0,b) is the maximal interval on which ¢ ~— exp, tv is defined.

6.3. V p,q € M,3 two shortest curve connecting p and q,

6.4. exp, : E(p) — exp,(E(P)) C M is injective.

b if p has no cut point along t — exp,(tv)

18
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IEH]. Suppose IV, W € E(p) s.t. exp, (V) = exp, (W) = q.

v
t— exp,, tm

w
t— epr tm

Contradiction.
#EIL 6.5. exp,(E(P))NC(p) = @.

JEH. Suppose v e C(p), W € E(p) s.t. exp, V =exp, W = q

Contradiction.

Question: exp,(E(p)) UC(p) = M?

R*\ {0}
Vq € exp,(E,) UC(p) = M?

19
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7 Hopf-Rinow Theorem

3H 11 H27 4 14 7

1E25 po,q € M,d(po,q) = ro. IATEEIR po, ¢ Z M FI R LE.
PATHNIE JR 6 b 2 mT DS, 82 po,  PTRE R ARz,
Mg —A k.

EHLLL po NHCEI—AN normal ball B(pg, po)» # q € B(po, po)s 45iK.
4 q ¢ B(po,po)s X po,q ZIAAFERFLZ v, DA

s YN IB(po, po) = {pt} =: {p1}.

e d(pg,q) = min d(p,q).
(po q> PEIB(po,po) (p q)

M pr &, FATATEAK—A™ normal ball B(py, p1), FHER LIRERE.
L (1) po B po MBI ZGR RTINS ? (2) IAREISH] ¢ 5?2

 d(p1,q) =10~ po
— BN d(p1,q) < ro—por AT LIKRE]—3KESL po, ¢ KIKENT ro FIBHZ, TJE.
— B0 d(ps, q) > ro — po. HEIEERE po,q KIHZE v, Length(v) = po + d(p1, q)-
EX‘FE%ﬁ’ ?%l‘ Ty = Po +d(p1,q) > T %}E

o d(po,p2) = po + p1

— d(po,p2) < d(po,p1) + d(po,p2) = po + p1-

- d(p0,p2) P d(pO,Q) - d(P%Q) =Tr-—- (7” — Po — P1) = po + p1.
Kk, E£7T nBZJE, po M p, ZIERIELRAE HIER.
3 H 11 H 55 4y 24 M4 : JFInREIERE, 1EHBREMmS.
T2 — S 1T (2) AL, SEIRATE I — Lok 251
3 H 11 H 59 % 19

EX 7.1
o injective radius at p € M : i(p) = sup {,0 >0 | exp, |B(O o is a diﬁeomorphz’sm}.

o injective radius of M : i(M) = inﬂgi(p).
peE

M compact = i(M) > 0.
3H 11 H 1 /hI 4 75 52
Given p € M,

1. Assumption I: B,(r) is compact(<=-All closed bounded subsets of M is compact).

2. Assumption II: (M, g) is a complete metric space.

3. Assumption III: exp,(p) is defined on the whole space T}, M.
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X =AN AR AT UARIE (2). NIIA Assupmtion IIT #E (2).
3 H 21 H 1 /K115 43 8

B p,V € T,M c(t) = exp, tV
Aim:c(r) = epr(TV) =gq
Consider the set I :={t € [0,7] | d(c(t),q) =7 — t}

1 /N 24 53 33 B
Hg b, R URMBCE &SR, XAt Hopf-Rinow 7 B
315025317

EIE 7.2 (Hopf-Rinow,1931). Let (M, g) be a Riemannian manifold, TFAE

1) (M,d,) is a complete metric space.

2) All closed bounded subsets of M is compact.

(
(2)
(3) 3p € M, exp, is defined on the whole T, M.
(4) Vp e M, exp, is defined on the whole T, M.
Moreover, each of the statements (1) — (4) implies

(5) V p,q € M can be joined by a shortest curve.
JEIB. R4 L Ueber den Begriff der vollstindigen differentialgeometrischen Fliche.
TE B

e (3)=(2)

Claim:V r > 0,B(p, r) is compact.

For any bounded closed subset K, 3 r such that K C B(p, ry).

FACT:B(p,r) = epr(B(OZ% 7))

— exp,(B(Op,7)) C B(p,7)

Vv e B(Oy,r),d(p,exp,V) <r=exp,V € B(p,r)

- Vq € B(p,?"),
)=
« ()= 1)

Suppose 3 p € M and v € T, M such that the geodesic ¢ — exp,, tv is defined on the maximal

interval [a,b),b < oco.

For any {t,} C [a,b) such that t, — b, d(exp,t,v,exp,t,v) < ||[v]l4|tn — tm| and then

{expp tnv} is a Cauchy sequence.

dpy € M, lirf exp, t,v = po,i.e. Y6 > 0,3N such that exp,t,v € B(po,d),¥n > N.
n—-+0oo

ST 7.3. NA...


https://sci-hub.se/10.1007/bf01601813
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8 Cut locus 2
3H 15 H 397y 24 ¥
EIE 8.1. Let (M, g) be a complete Riemannian manifold, then
M = exp,(E(p)) U c(p).

EIR 8.2. Let (M,g) be a complete Riemannian manifold.
Let 7y: [a,b] — M be a normal geodesic with p = ~(0), v

1E#]. Choose a sequence of parameters

ap > as > az > -, lim a; = a.
11— 400

By completeness, Jv; € T, M, ||v;|| = 1 such that
7i(t) = exp,, tv;, t € [0, b;]

is a shortest curve form p to v(a;), where b; = d(p,v(a;)).
Notice that v; # v.

lim p; =
i——+o00 pi

22
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9 REBEMY
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10 Existence of shortest curves in given homotopy class

o isometry: ffsrFIM, RS T HiH

3 A 15 H 1 /N 26 43 15 7

EIE 10.1. Let (M, g) be compact.
Then every homotopy class of closed curves in M contains a curve which is shortest in its

homotopy class and a geodesic.

3138 10.2. Let (M, g) be compact, Ipy > 0 such that for any vo,71: S* — M be closed curves with
d(vo(t),71(t)) < po,V t € S1 we have vy and v, are homotopic.

5138 10.3. A shortest curve in a homotopy class is geodesic.

JEBH. Let ()nnen is a minimizing sequence for length in the homotopy class.
All are parametrized proportional to arc length.
We can find 0 =ty < t; < --- < t, < tp41 = 27 with the property that
Po

ti,ti+1) < ?

Length(vy,

11 title

11.1  AtEEmR
Riemannian Covering map

7 (M,7*g) — (M, g) smooth map

locally Riemannian isometry

isometry ¢: (M, gpn) — (N, gn) is called an isometry if ¢ is diffecomorphism and gy = ¢p*gn

locally isometry ¢: (M, gy) — (N, gn) smooth map, Vp € M3U € psuch that <p|U: U— oU)
is an isometry [\@: X o(U) AHAHER

locally Riemannian isometry ¢: (M, gn) — (N, gny) smooth map, V p € M,dy, : T,M —
T

w(p) N is a linear isometry.

Wl 11.1. Let o: (M, gy) — (N, gn) be a locally Riemannian isometry.
(1) ¢ maps geodesics to geodesics.
(2) For any p,v € TzM, we have
p o (exp; ) = expy ;) (d(p) (9))-

M Le@), TN

| |

M—2 N
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(3) ¢ is distance non-increasing.

(4) ¢ is bijective, then it is distance preserving.

EIE 11.2. (M, gy) complete Riemannian manifold, p,q € M. Every homotopy class of paths from

p to q contains a shortest curve.

JEH. Assume that (M, gy) complete= (M, 7*g) is complete.

O

#ER 11.3. Let w: (M, §) — (M, g) is a Riemannian covering map, then (M, g) complete iff (M, §)

complete.
TEHA.
te = (M,g)complete VpeM,ve Tsppst = expy to
p=m(p),v=dn(p)(0)
geodesic t — exp,, tv is defined on [0, o)

path liftying, 35 a path in M such that 'y(O) =p,Toy =7
dy

E|t=0:f)

ete = (M, g)complete Vp € M,Vv € T,M,t + exp, tv

#ER 11.4. Let m: (M, §) — (M, g) is a local Riemannian isometry. Suppose (M,§) complete.

Then (M, g) is complete and 7 is a Riemannian covering map.
HEBH. (1) 7 is surjective.
VpeM,p=n(p)eM
Vq € M ,3 a shortest geodesic -y from p to q.
Let 4 be the lifting of v starting at p = 4(0)
Toy =7,q="(to), moF(to) = (to) = ¢
(2) evenly covered
peUrm 1 U) = |_| U,
a€A
7: U, — U diffeomorphism
Normall ball B(p, ¢)
Uy = B(pa, €) metric ball
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(a) U, NUz = @,Ya # B
d(ﬁavﬁﬁ) 2 2e

() =) = |J T

. V(jEUa for some o € A
d a geodesic 4 of length < ¢ from

d2z'(t) dz’ dz*
dt?

dt dt

+ Dl (a(t) ==~ =0,i=1,---

26
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12 BEEZHRBIT S 11

5 _1 [0 or or,
ds 2J, os\ ot ot

b b
0 /OF OF oF
= aat<as’at>dt‘/a <as’v

3 29 H 1/pKF 35 4 41 #

12.1 Gauss 5|IE

3 29 H 1 /MK 36 4 33 #

12.2 F_THAK

3 H 29 H 1/pE 51 4 30 #

oF
a%at>‘“

%fwwaﬂﬂazﬂ@, VR

OF . . . _
a%ﬂ”’EYQFE‘J Ef=#7]

27



Chapter 3

R TR TS

d

1 5B ER

r,s TS

Aim: Given A € F(® TM), define the derivative of A along X, € T,,M which lies in ® T,M.

(0,0) tensor field

34 22H10 % 27 #

Given f € C™(M), X, € T,M. Suppose v: (—e,e) — M satisfies v(0) = p,+'(0) = X,. Then .

Yot — 1 FOUD = OO w0, () = F ) a"(0) _0F | de
t—0 t 0 t Ozt |,_, di

(1,0) tensor field

3H2H14 0/
Y e I(TM)

Dx@Y = lim

M = R", directional derivative
(1) DoY =aD,Y,Va€R
(2) Dyy44,Y =D, Y +D,,Y
(3) Dy(Y1+Y2) = D,Y1 + DyYs

(4) D,(fY) = v(f)Y;D,Y (Leibniz)

28

t=0
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3 H 22 H 21 % 36 %

29

EX 1.1 (Affine connection). An affine connection V on a smooth manifold M is a map:

V:T(TM) x T(TM) —s (T M)
(X,Y)— V(X,Y) = VxV

satisfying the following properties

(1) VixigvZ = fVXxZ+gVyZN f,ge C*M v XY, Z € T(TM),i.e. V is tensorial in X.

(2) Vx(Y + 2)

3) Vx(fY) =

=VxY +VxZ,ie V isR linear inY

X(f)Y + fVxY

The vector field VxY is called the covariant derivative (WrE %) of Y along X with respect to

the connection V.
3H22H30%37H
Fie.
(1) covariant differentiation (V4% 5")
V:[(TM) — T @T(T*M)
Y s VY: D(T* M) x D(TM)
(, X) — VY (o, X) = a(VxY)

(2) R™, directional derivation
(3) M, (Ua, Xa)

VxY(p) =

€ (U,x), (V,y)

= directional derivative

X
Y=/

1t

n (U, x)

0

VXY(P) = DX(p)fi%

oy’ axk 0 oy 0
= Dxn(MM) 575757 + [ Dxe) <8 > 9

P o o\ 0
= DX<p>fka % +fl Dx ) (W) ps

— R
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ox* Oy’
= f'(Dx(p) (ayzaxl> — Dx) ()

oy’ oxF\ 0
4l
= galxw <ayj) Dt
Existence

3 H 22 H 454 33 %

M, (Uy)aca

partition of unity (Vs)sen
locally finite refinemetn (¢3)sen

VxY(p) =Y ¢s(DYY)

peB
Vx(fY) = Y walp) (X(H)Y + FDYY)
peB
=Y esX(HDY () + VXY = Xf-Y + fVxY

BEB

k
513 1.2. If VW, ... V¥ are affine connection on M and fy,-- - , fr € C>(M) such thatz fi(z

i=1
k

1,V xe M. Then Z eV is an affine connection on M.

=1

Locality
3 H 22 H 1/h8 0% 58 #
vl 1.3. For any open U C M, ifX|U = X’|U and Y|U = 17|U Then
VxY|, =VY|U
Y. Aim VY|, = VY|, =VgY|,
(1) Claim If X’U = 0, then VXY|U =0.
V peU, 3 compact V C U such that f € C;°(U),f=1onV
We have (1 - f)X =X
VxY(p) =Vu-pxY(p) =1- f(p)VxY(p).
(2) Claim If Y|, =0, then VxY|, =0
1-/)Y=Y
VxY(p)=Vx(1-f)Y(p)=X(1 - )p)Y(p) — (1 - f(p)VxY(p) =0

0 )
Y=Y —
oxt’ Oz

.0
ViV 0) = Ve, (Vo ) 0)

VxY(p),p€ (U)X =X

30
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A A QY , A
— XV (V) = X KOV T )

Oxd Oxt OxJ B
oYk 0
= [ YyJ k —_—
(X ozt Xy a”) ok
@ 1.4. If X(p) = X(p), then VxY (p) = VY (p).

VveT,MV,Y(p) =VxY(p) such that X (p) = v. iW#: WR Y FEHELSEAF, SHlsRHE
FHUE AR T 145 .
il

nRll 1.5. Let v: (—e,e) — M be a C* curve on M with v(0) = p,~'(0) = v. Suppose Y (v(t))
)

Y (y(t),t € (—&,¢), then VY (p) = V,Y (p).
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2 m[EEM_ERELLE

2.1 BBERPIRETHRT: KRELR

32
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3 FEEHEK
3.1 BHZIhTEH

ENX 3.1 % C° B c:a,b] > M, # V:ija,b) > M & c 9@z, WX V(t) € T.yM.
BAVR V ZAE, e R3ERL fe O°(M), [FK V()f RARE. TG c YRFREH LK
A T(TM|,), €RBARZE C>®([a,b]) #.

FE— MR (U 2) 1, V() ReiBhiRiEN

Vi) = Vi)

c(t)
BHWIE V RGN < V(1) R, 1<i<n.

5

fH 3.2, X M RAFRAN, VAL LGRS, AEE— ’J — P(TM|C) — T(TM|.) #Hx2

D(V+W) DV DW

U= ~a*a
D(fV) df -
) DUV _ 4y BV g e o (lat)
(3) 4R A2 X € X(M) #IF V(1) = X(e(t)), M4 T = Vo X

3.2 ESEE

W M, N Z2NHWRIE, o N — M ZGHEES. RV N - M 2 o KInEY, R Vie) e
To@M. (M, V)
E’V vector field along a curve ¢

induced connection
c: (—e,e) > M
Let o: N - M C* map.
A C™ vector field along .
reNw=V(x)e TymM
<p( ) € M, frame field E; in a neightborhood
= Y Vi@)Eilp() b VI B{E N LR
Given u € T, N, VUV = Z u(VHYE;(p(z)) + V(@) Vage)w Eile())
induced connection

B2 NEASHEXIZIN 18 FEHIEIRAR


http://staff.ustc.edu.cn/~spliu/2018RG/18Rie_Geom_Excercise_4.pdf
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4 FITHBE
LA O A R TS T AT .
DV

EX 41 ABEE e [ab] > M HEEH VAR =0,

SH2HE_BE 8 8P

s — AR V, € T M, R REI— A ¢ (TR RS V 2 V() = Ve &
MHERTIA N V, WL ¢ EATHES AR T ot) Ay VL),

RATA V REE? ELRMGEE N XS0 T =R DY DV 0.

FHZ I 77 B — AN E4HE ODE, ﬁt?ﬂafl]/\ﬁﬁq:ﬁﬁ)%nliﬁfﬁ. % 5 % 0 R—A
PRI RR, AT AT S AR P 7

e 4.2. % c¢: [a, ] — M RABEE. E V) € Tou)M, to € [a,b], IRABLEE—E c FIT0R
Y VAERZ V(ty) =
WA, c(]) C (U, z) O

3 H 22 HE =B 14 4 35 ¥

Wl 4.3. Let ¢ be a C™ curve with ¢(0) = p,c'(0) = X (p)
Let Y € T(TM)

P Y(c(h)) = Y (c(0
Then Vx )Y = lim conY (c(h))) (¢(0))
h—0 h

1E#]. Let V4,---,V,, be parallel vector fields along ¢ which is linearly independent.
Y(c(t)) = fit)Vi(t), ﬁ%fﬁﬂlﬁ%ﬁ@m$ﬁ
iz = i OO 7OV _ 47

h—0 h }h 0 (O)
D
=4 (OVi®)],_
DY
= 0=Vl =VxpY H
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5 SKEHHTESFH

EEE 5.1. 1)1 M K?’Dlﬁ] /nL,ﬂ'/, \V4 K}j—‘.]'—éﬁ/{ﬁgigk«n y IQZZ‘?’E—V&"QIJH%E*

V:T(TM) x T (@TM) -7 <®TM>
i#h
(1) VixisyA=fVxA+gVyA
(2) Vx(A1+ Az) = Vx A + Vx4,
(3) Vx(fA) = (Xf)A+ fVxA
(4) & Ae C®(M) & T(TM) &, V 5% ey s —.

(5) Vx(A1®Ag) = (VxA1) @A, + A ®Vx Ay
r—1,s—1
(6) C(VxA) =Vx(CA), % C: F(®TM =T Q) TM)
Y. AeT(RQTM)
A=AM2""Y, Q7,00 Qw'®- - @uw

132+ s
VxA= ZVX

= D XA

2814, Leibniz

M — 4] T e e ke 1 TR 2

we QM) =T(T*M)

Vxw?

VY € T(TM),w(Y) € C*(T M)

X(w(Y)) = Vx(w(Y)) = Vx(CwrY)) = C(Vx(w®Y))
C(Vxw®Y +w@VyY)

Vx(w)Y +w(VxY)

(Vxw) = X(w(Y)) —w(VxY)

= uniqueness O

7E18. (1) is a consequence of the other assumptions.
TR LANTT, ERARALEIRS R, MIAREGHIKEGRME LT LEZ SR
VX,Y,Z € T(TM)
f.g € C=(TM),w e D(T*M)

YL (fX +9Y)w(Z) = Vixigyw(Z) + w(Vixigy)Z

= [X(w(Z)) + 9Y (w(2)) =
it 5.2. VA T(RTM),w, e T(T"M),a =1,2,--,1,Y; ED(TM),j=1,--- s

We have (VxA)(w1, -+ ,ws; Y1, , Y5)

:A(wl"" 7w7"7}/17"' JY;J)
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locality
V xA(p) only depends on X at pand Y in U > p.
(M, V)

p: V — W isomorphism

©*: W* — V* isomorphism ,a — @™ ()

Yo € V, " (a)(0) i= alp(v))

P.o: Tc(o)ﬂfsﬁ ToiyM

U1®"'®Ur®wl®“'@wr'_>Pc,0,t(vl)®"'®

. P
Define VX(p)A = }Llil(l) —

EX 5.3. A tensor field is called prarllel if VxA =0, VX € I(TM).

c(t) = (c'(t), -+, c"(t))
Dc(t) D (de(t) 0
e dt ( dt axi>
_ d2ci(t) 0 dci(t)v ‘ 0

de2 o dt €35 Oxi

:<d%’“<t)>£k

36
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6 Levi-Civita BX%&

EX 6.1. % (M,g) REZ RN, i LG HFEL V A Levi-Civita %4 %
(1) V RS, B ViV - VyX =[X,Y].
(2) V AK AR, B Vg=0.

Wl 6.2. V RARN — T}, =T,

. BOFEH T =T < V,,0; = Vy,0;. M4

VXY - inai (Yjaj)

_ iy g .
= 97 Dy + XY Vai(')]
= VyX +[X,Y].
O
ﬁTEI:J; 6.3. V %&%*EEQ’J <~ Giji = gik].j?l +gkjF§l-
JEB. O
EE 6.4 (BB EAER). &R LA (M,q) LA EE—E Levi-Civita 3%
5 . Epau. NN 1
AR AT A9 BUEAFERE. Sl PRREVEN] T = 0™ (90 + 950 — 90)- O
I~ R A AR694ERA . Suppose existence.
Given X,Y € I'(T'M), we can determine VxY by determine (VxY, Z) for any Z € I'(TM).
(VxY,2) 2 X (¥.2) = (Y, VxZ)
X (Y, 2) ~ (V,V2X + X, Z))
= X (Y, 2) — (V,[X, Z)) - (¥, V,X)
QX (Y, 2) — (V,[X.Z)) - Z(Y.X) + (VY X)
DX (Y, 2)~ (V,[X.Z)) - Z(Y.X) + (VyZ +[2.Y]. X)
D X (v,2) — (V,[X, Z)) = Z(Y, X) + (X, [Z,Y]) + Y (Z,X) — (Z,Vy X)
O X (v,2) — (v,[X,2]) - Z(V, X) + (X, [Z,Y]) + YV (Z,X) — (Z, VY + [V, X))
O

3138 6.5. i (M,g) RREAM, VRLLE g MEMKE. 3% o (0,0) > M AEFHE, > 2

de
Vo F sl R E FRL R V() W) RS ¢ MABEE, A

G Voo = (S owo)+ (vo. 2 o).
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SEH. BAEARAER (U, ) b V() = Vi) 88 | =i A
T e T et
d 3} 0
LHS = — (Vl( )Wj(t) <axz Ol >>
c(t) c(t)
dV’ dwi =9 N 0
— _ ? J _ -
={ g ¢ 8351 @) )+ V), —5 O35 +VIOWI () o o
c(t) c(t) ) e(t)
dV’ dwi =9 d 0
— __ ? J _ -
- < (02 C(t)’W“)> + <V<t>, 05 Cm> HVOW 0G| | 5 m)
dV’ dwi 9 . , o 0
= - 7 i ] / v
< (05 C(t>’W(t)> + <V<t>, 05 C(t)> SO0 (5 o )
dV’ dwi =0 : J 0
_ i i J , i
< dt c(t)’ W(t)> * <V(t)’ dt ®) O c(t)> TVOWE Ve ((%”’ 8:cj>
B l)lf IDDV
T\ dt Y a

Fic.
Rl 6.6. & (M,g) AR ZAN, VAL LOGHKL. AV 5 g MY AREEEFTH
A FIBRIH.
1EBH. ¢: [a,b] = M curve
7)c,a,it: Tc(a)M — Tc(t)M

e R XY, Z e (TM),Ype M

AN 6.7. XV A M LWL, X s:REoMeC™®, VAL s 9iBae. LA

0 ~ 0
Vaars*ay Va%s*ax.

IEH. ELIRAE R A AAAR T THEL. [
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7T REZEMESESARSMEKS
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8 WMTMS 5 Ricci [EFR
4 7 1H1 /MK 23% 16 #

8.1 JEERALAR FHYH RS

40
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A i

9 Bif7

9.1 Hessian
9.2 HUE
9.3 HE

9.4 FIERH

41
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10 Bianchi B3
o #— Bianchi [HZ53UH global A, 1IE BN & 8 i A
o % Bianchi 1EZEU[ global A iEBH AN f5 3 i A

R 10.1. & M RAEBARN, VAR ELBEOGHIEYL, RAMEMHHERE. RANTHESE
XY, Z,W e T(TM), &AMH

(1) (% — Bianchi % X) R(X,Y)Z+R(Y,Z)X + R(Z,X)Y =0.

(2) (%= Bianchi 8% X) (VxR)(Y,Z)W
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11 Riemann HXRIKE

43
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12 &EEER

13 Syl EE

14 Ricci B

15 #EHE

16 Bochner 223\
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Jacobi 1%

1 Jacobi 17

EX 1.1. & v: [a,b] = M 2—5M3&. 35T to,t; € [a,b], 2w RGEE v TEBARY Jacobi
S U®t), #2Z Ulty) =U(ty) =0, WAR to,t; AL v 69E5AE. FPTH XA Jacobi B EEAR
88 161 B M T AR R B bk R ) G S AR L Aoty AE A EBAE A EHL AR y(to) Ao () ALy R
Lo

45
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2 Morse EFREIE
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3 Cartan-Hadamard EIE

47
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4 ZFEEER
EN 4.1. HFEBOHEGZERZ AN AT A,
BI3E 4.2. H&E...

EIR 4.3, & (M), g;) A¥ER, BadEH c 9= MA. X p e M, {e, - e} & T, M; 4%
BEZHR, ARABAEBRE—GRIENS o My — My 14%F 0(p1) = p2, e ple]) = €},
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5 BREBTEFNNIFER
5.1 R"
WER 5.1. Iso(R") = T(n) x O(n).
IEB. FE f € Iso(R™) W2 £(0) =0, BWHEE f=f— f(0).

(1) f RN BN f REFIESS, FTUXMER 2,y e R™, f

1f (@) = FWI?* =z = ylI* = (f(2), f(y)) = (z,v).
(2) f RZMER.
o |If(az) —af (@) = [|f (az)|* +|laf (2)|* — 2 (f(az), af (2)) = [laz|* + ||az|* - 2[|az|* = 0.

s M@ty f@) — f@)IP = = EE a by 2 -y =0
(3) f€O(n).
O
JFIC. EU T AR R E: 3B — W4t
52 S"
R 5.2. Iso(S™) =2 O(n+1).
#EBA. https://math.stackexchange.com/questions/130193/isometries-of-mathbbsn O

5.3 H"


https://math.stackexchange.com/questions/130193/isometries-of-mathbbsn
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6 Killing-Hopf EIE
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7 HEEEH

o1



Chapter 5

FEAR EIE

1 Sturm EEEEIE

52
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