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WH(E) 2 Y u(BNA)+u" (Em <|_| Ak> ) > (Em |_|Ak>+u* <Em <|_| Ak> ) > i (E).
k=1 k=1 k=1

o WHIRIINME. £ BRI CAEMNERERES F 153
Ak:) ) )
1

w(E) :Zu*EﬁAk + (Eﬂ(
k=1

s

k

REEIE = | | Ay, #4553

k=1

k=1 k=1
O
R 2.1 (MEHER)
o u(@)=0
o Itk p (El Ak) = iu(z‘lk)
=1 ps

o« ¥iAM: X ECF, W F=EUF\E, M u(F)=u(E)+ uF\E) > uE

o M—fREEET) {AL),, THELZEST (B, = {Ak\ 4 } st. |JAv=||Bs.

k=1 k=1
[eS)

k=1



CHAPTER 2. LEBESGUE ] & 26

Lebesgue & ZHEEINUIE
PEBSAMEE : MO EEXS T 7853 43 B ISR & B TNk
dist(A,B) > 0= m*(AUB) = m*A+ m*(B)
. WL m* (AU B) = m*(A) + m*(B), W# m*(AUB) < +00 O
EIE 2.3 (Lindelof \IHFE G EH). 4 ECR" WEEFEE, 2AETHTEE
Rl 2.2, EEEMEQSRTMES (Stein P45 32(b),m*(G) > 0)
5 2.1. RE...

iEs. B E AHL W E = {2}
=1
T ;) AHE, Wil B &5 —HE.
MR SE R RN, {2} R ML BAVERE LA, MEUWENHBANT. MERRNT, o 5t
NN R, HLE {x} &I, FHE U 1E B hIF i O
JEIE. ARX ] T LS8R0 RIR K R a9 2R A Baire % — R £,

. SMEEM ke N, 1214F ny, [H15
1
| fro () — f(2)] < o1
AW ny <ng < - <mny, HE

+oo

f(])) = Z[fnk+1 - fﬂk (JJ)]

k=1
7 g(x) = O

5132 2.1. #% {fi} C Bi(R), Y M, <+oo, My >0, #EE xR

k=1

5l 2.2. 29 A& T Bi(R), 124 T By(R).
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3 ME
o WEERIE X
o WP
— i
— Ak

BN 3.1 (W, WEERND). % X REZES, M A X L& o-REM e gL — Tk
p: M — [0, 400] i#HE
s (@) =0;
+o0 oo
p(||Ar) =D nlA).
M%ugiﬁmé,%ﬁuiugaaAw B,
EHE 3.1. % Ec Z(R"), A2EEN >0,
. BEOAL EHFE G, #F m(G\E) < e
. BEAT EHNE F, 43 m(E\F) <.
TEHH.
o« HHHEE m(E) < +oo KITETE.
HIE UL, T70E B TS (1) 1515 i [Ii| < m(E) +e. 4 G = G I, WM GREBEEM
ok, JEH )

|I| < m(E)+e,m(G) —m(E) =m(G\E) < e

WK

= m(U I) <

Ut m(E) = 400 M. 4
Ey,=ENB(0,k),k=1,2,---

k=1

W E = Ex. BA m(Ey) < m(B(0,k)) < o0, FIRERM e > 0, FFERST By T,

57 m(Gp\Ey) < 2%. fEsite G =) G W G AT B, A
k=1

G\E C G(Gk\Ek),

M

Mg
82| ™
I

k=1

k=1

o AREEEIWR G REE B L, Ba G 28T E MWL, HH G\E° = E\G.



Chapter 3

R R 2

1 AR
o T BRI SR TR B R T AR
o SEEREIN

HELERR AN E X TR JFUR R TT 5

s« FATAT DA T BN S A a8 SRS PE & 410380 A5 2 A 3.

« PRI RAR A TR R 1R AR LRI g 4 X

— TR T I DU 4R 4, PTINAEHR T B o4k

— I o AREHS R 4 B S I I S5 4

— XTIELLR A, ATEREE R _ERIPRAES

— XT AR, FATEIUR 2 R L Borel o-fR%

— AILESR], WHiER R A Lebesgue o-A0HL, AF7EEE 52 R EUN A2 7] I R £

— AT DA A ek ZNE a4, a3 1T 20 SRR, e tndk /7 ) SR AR R TR

— [AFER]T A AR ook 2 o-AH, 3 2 1 ] 0] R 2

— DRI EAEZ Borel o-fREUN A TG, R RT I pR 20 S 20 . JF AR 1 B AR 2 Tl 4R

* T A% B={(a,b)|a <b}.

« L b B AN T BN EAARMERI, NHEHIE AT IHELEZ EITFX
(B SR e B AR TR W] DAME— RO~ N 2 2 AT BN PR AN SZ I T X ] 5. AT B
1t o-REBEH T FEFEREAE R T, A4 Borel £

* T HTHS = {(a,+0), (—o0,a)|a € R}, BIFFHHE 4K, WASE—3Cmt B E R (a, b).

w HE, INHE {(a,+o0)]a € R} WAMEREARK o-REL X FABAG AR MZEEZ
B, BEUBRENEE. (FeERRETIRENIZE, 87K EBRE
WzE & 2Zs )

Al b—— +00) = [b, +o0)
n=1

FHHUREMER] (—oo,b).

28



CHAPTER 3. ~T &4 29

« [AREHL, U {[a, 400)|a € R}, {EH
U [a + %, +00) = (a, +00), [a, +00)° = (=00, a).

x X H {[a,b)’a <b,a,beR}

EI 1.1 (Lusin). f: F R T E ARG ERE ¢ >0, HEWE FCE #% m(E\F)<e, &
17 f], RESHK.

o E HIRERIE Lebesgue HJlI4E
o M F M9RJ2 Lebesgue nJ &

o Bt B\F B, B m(E\F) F—ER%F m(E) —m(F), EAETREHI +oo M +oo
HIREE. TR m(E\F) < e RAERES B 27 NIEARERNREEE, 408 B L
R, MRS m(E) — m(F).



Chapter 4

A A R 2

1 Lebesgue F3HIENX
2138 1.1 (Fatow). & {f,} A—F1k f TEH, LFAAICEKE f, AKX
f< liminf/fn.

WP 1.1, 3% {f,) A—FIHARIE A TAREHK, JLFALIEKE f, 2

JEIR. EosAR R H P B T AR 28 S H — TUAR VT AR,

30
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2 Lebesgue FA57 A4 R

BE 2.1 (B3 ORI a5tk & B, € S AARK. % f(z) £ E= By LR, U

/Ef(x)dxzz : f(z)dx

SES. AR S R BB R ORI TR, R
*(x)dr = *(z)dx < d
ZEkf o= [ P < [ 1@l < .

NGRSt
. + _ + _ _
Z kz_:{ Ekf x)dz Ekf dx} /f x)dx /f z)de = /f

k=1 1



CHAPTER 4. &4

3 LENTELME

32



Chapter 5

RN E

1 HENE
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CHAPTER 5. A% & 34
2 FFEMNE

EX 2.1 % X A—Meil@@ 2. ik T RAEHE, RA8 ) o FFPEEE 2 X WX

el
o d8ARE Iy={ic |z, #0} TH
o M Iy ={in}oo, METER oLy o RE D 2oi,) = D Ti-
k=1 =

Rl 2.1, A RAE® 2 2 R FARSF N Tshiisk, L% %mE = aAF K085 T eexhiisk.

}

EX 2.2 & (X,%) £TMER.(X,8) EG—NFFMELZ—MNHH v: 8 = [—o0, 00| A
o V(&) =0;

o I Z:fg]ﬂﬂ’ﬂiﬁ‘] +o0
o AR (B} AN P O—FITKES, A2 Y v(Ey) s, (|

J=1

> u(E

Jj=1

SEIT. A B AT AR A OIS BR AR 5L A AT RS o 455 R RS a2 K
 BAENERRC XD GAMERAWEFTAEHRLTHEL, BRECRF LA EXT
UE }: Ey) ¥, BHXFHEMFAREHMT {E;} $EH.

Jj=1

zﬁfrubiﬂﬁﬁﬁiﬁﬁ%"mw&ix‘#éﬁ%—fﬁ REAANCR—RIZERGE. BPERNL XA
TXAENY L HH v, BRAVET AR CH ZA RA —ANFTNEH . st A n e N

W an, EF Y a, S, CHRTRY AN N LOFSME, BA v(N) GERRE!

n=1
TR 7 A9 B E L B o
B, WU i R S O IE L A — AR IR, T4 v = i — o R AR,
U WUR RS ERE, f X—a[mﬁaﬂ%ﬂ%@ﬁ%%%mﬁ‘A/fmuj
/fdumﬁ@% %/mu()‘/ﬂm%xm%A B R AR,
H9r b, AR IEE BRI LM — 9B T A A T ER % 2T X PRI 2

?Cg
rt

Rl 2.2, R v R (X,X) EOFTME. X {E;} £ X Pa#E3], A
V(U E;) = lim v(E;).

j—o0
1

R {E;} A S PeiEs L v(E) RARY, B2

V(ﬂE ) = lim v(E}).

— 00
1 J

R v (X,D) ERSGSIE, £4 E e S BT v RIEFIME v(F) >0 X% T Fex
H FcFE @ior.
KM, 7E TR U (B L/ﬁM%W?* FREMMENY f>0# B _FJLTAbkb



CHAPTER 5. %0 & 35
JE B
. — R, B m((f < 0)) = a > 0, ZEHEAA] B, = {f < —} 0l B, MimHbEGET

8% > ST @ 1 _la
{f <0}, E'JJZ?EN@E@XT%n>NE}Z¢m(En)>2,UlU/EnfdM< n/Endu< n2<0,
X!

e &= FCFEHFeY, V(F)—/fdﬂ}().
F

513 2.1, FEERGOTAUTERER, ERESWTIHFREM.

IEY. B RTE E SUR R,
% {P,} RIEM&EAE AEH F C | P, BBV m(F) >0, RAREGBEAN P, 5 F

n=1

FIZR UL, 5 {P,} WIPIZ IR AT e &, bl EAT el 20 F& Q. = P, U P; RAG E A5

RAEEEMELEAIE (Qn)r A Qn C Py NIIRIER. FIL v(F) =) v(ENQ,) >0. O
n=1



CHAPTER 5. A% & 36

3 Lebesgue-Radon-Nikodym EIE

EX 3.1, R vAep 5 A% (X,8) LeFFMEF BN, v X F p 83558 REM Ec S
WA W(E)=04#% v(E)=0, T v<p.

Rl 3.1. T EH
(1) v < s
(2) vl < ps
B)vht<u Lv < p.
0o} SRR AN S PR A LA TR LT A, R vip B v <, A v =0.

EIE. BAVRER LT R SRS IR) B p AFFTRANOEN, B r<py TERY v < |p|, 224K
A2 ZA £ — A4S

RIGLXESOR AT LB, W TARTSMENEL, e FESBAN S — %04

EE 3.1 K v p pAR (X,D) LOARAETMNEFENE. RA v<p B HAS ST TEEN
e>0, BEI>01EFRE u(E)<§ A [v(E)| <e.

TR

o — HFKM, MTAEREM >0, fE1E >0 FHBRE wF) <d #FH [v(B)| <e WBLXNT E
WE u(E)=0, A [v(B)| <e XMEE e L, Bk [v(E)| =0, B v(E)=0.

e = HT v<p ¥EMHY v <y XBH [V(E)| < |p|(E). Bre AT IENEE v UERH 1 4y,
ERTLMER) |v] 1338 v THEMYE. T v 240 RN E.
B PHEARAL, IBAAELE e > 0, MEAMMERK n e N, FATGIKE] E, € S L nw(E,) <

on
HU( >E ?Fk UEn’F ﬂF %B/ Fk <Z - ,F’ﬁ’U\V( )_O{El
(Fk)>gﬁﬁfﬁﬁﬁaﬁkm4, .ﬁvmﬁﬁﬁ{)ﬂ}# v(F )— l1m V(Fk)>e EHv<p !
O

i, Lebesque 7 & € 3264 — AN PR 25 51 & 5 R R T 4 Fr 3% 42 0 e 35 ) L.



Chapter 6

Fubini EIE

1 SFNE
TEURBEHEAT 2 TR B — A A b 1 3 7

B3 1.1 (IHTIH). ok o 2 X FEN—ARK, MAY o ERWEREL C fol of &
R ORI M R— .

DUEFRATRE] T AN EELER, v X xY FMBSE X MY ERBSER Tk

EIR 1.1, & (X, M p) Ao (Y, N v) R o-ABRMEZR. mR EecM@N, RAHK z— v(E,)
oy w(EY) pAE X fo Y TG, HE

pxo(B) = [v(Eduta) = [ u(Enaviy).

37



CHAPTER 6. FUBINT % 32

2 Fubini EZ

EIE 2.1 (Tonelli SEH).

JE B

(1) HEfk

(2) JF4E: HifAKIH. S0 Stein EH 1.4

(3) Bk JHEME

(4) T FEBHEEME, W46 T4 1 5]
(5) —MRAIIMLE: EAEMLIEHIE LTk

EIE 2.2 (Fubini jEH).
Fubini-Tonelli 52 P W F #7535 #h
o Tonelli EELIGUE f AT RRME.

[ lrteylasay = [ ( f(ar,y)ldy) de < +o00 — f € 2
Rn+m n R™

 Fubini EHIIH f F9E
fe =

Rn+'rn

B 20 f(00) = o (00) € (01] X 0,1

5] 2.2. % fe L' R), B
/R f(@)p(x)
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3
o MFEAEIRHH Fubini & #

o Vitali B 5|

EIE 3.1 (Fubini ®#). & (X,Tx,u), (Y,Ty,v) & o A EEREZ ],

fFELTX xYV)ULHX XY, uxv),

/XXY fduxv= /X </Y f(x,y)du(y)) du(z)

)

- [ ([ stemau) ) avioy

M RO IO R ? HE S T 2 AR 7 2
-/f@wmwwﬁﬁ%?xmﬁﬁ%ﬂﬂm
Y

3.1 Vitali BEEHE
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Chapter 7

WD EREE

1 title
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CHAPTER 7. #hAsnft Az 41

2 WMRPEREE

2.1 Lebesgue = EIH
W f € La,b), HERSSFEAE BEPRAT RN IE

flfi%h/

AT EAT B E IR A Lebesgue miEH, R

h—>0 h/ z)ld

AR B 5 R B AR BORAS B e (HAn R R E E R AR A E B, RSEPr B
EE T —A @ =z, SREXTEREL | f(2) — fzo)| ARAR M EAE R, AIMTASE

zlfi%h/

XERKAH, BIFH =29 RN ER, B zo MRS DS REZRM LR, EEE EX
RS LA AL o BRAL, P IRIFAREWT E XT3 2 = 2o RMILHY, WABER MR HIRA 2%F T
JUFAEAEI) 2o 52 MOLIN GRS AL R 222 T8 1, RIASREHRRR LR EAE R 20
I, AL ZFIE o PR T I [ E 1 2o R OL) .

TR trick, EABUE = zo BHEOLT, HAERRES « XK.

BreQ W) - f@)] <[f@) —r|+|f(z) =7l

— f().

() = f(o)l-

%li%h/ ~ f@)ldt < T / £) — v+ |f(z) — rldt
—}nggh/ £) — rldt + () — 7]
—,{lggh/ £) = rldt + | f(z) — 1]

) =7l
BUE 2 LA © = 20, 2 r — f(x0), 53]

:Do+h
}lll_r)%h/ f(zo)|dt =0,

%ﬁ%h/

)




Chapter 8

2P Z3|g]

1 title

EX 1.1 BV RERBRF Leyqesh, V EH—AEHAR—ASEALE p:V >R HL
(1) KTtk /ZARFK: p(z+y) <plx)+ply), EEz,yeV.
(2) @35t p(sx) =|s|p(z), £F 2V, seF.
(3) Extt: HEE 2z eV, W% plx) =0, 2 z=0.

RV Aok EAGTEE p A LA T ]

WA S T A EE,
d(z,y) = llz =yl

IXAEAFAT R MR 2 2 1A S oA FE & s [), AT RS 4 4 2 ).
H b, A2 R E (why?) .

ENX 1.2, R A E TR ZEW, NARZKELZEST A Banach = 18],
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Chapter 9

+
SRA

MRS

o —/)Z: Lebesgue MIfZit5 Lebesgue F7 it
— Lebesue 12
*
— Lebesgue 143
* Lebesgue FF ISR (xa,8T, 2T, L")
x ZOHNEE: A T ) A 3
— Lebesgue M EEILA Lebesgue FH73 #1412
* FIE R 2L
- cvapuasull)is
x R e 4RI
o B RO E IR A S A S
o I MERAR R —BHET
— [AIEAE M ETE I
— WA TR W, W, 4R, ToRR4EAE ] R AL
o MBI

Now this is not the end. it is not even the beginning of the end. but it is perhaps the end of
the beginning
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1Al

44



CHAPTER 10. fk 45

1 $—8&

JE RS SRS AR B P13 AU 1. 2. 3 f
L f:R=R, A8 fi(z) = f(x), fa(2) = f(facr(@)(n=2,3,- ). BHILE ng, H1G [, (x) =z,
m R E FR) ER——mi.

TEBH.

o WL EAFLE 21 xos HH f(21) = f(ee) = @ A fug(@1) = fug(w2) = frgr(@s). B
fno( )_xlafno(x2)_x2’ .JJ:[: Ty = T2.

7B, (Map(R,R),0) #& XX 8, MALAMRGELAN " =10 f T,
2. NEAE R FIESREL f, EfELHEEZE R\Q FE&——m, M7t Q AR ——Bu.

IER. BORAF R AR SRR f, WIAFAE pg € Q) WAL p < q H f(p) = f(a).
RN f S EL, Ll fAE [p,q] LREMBIRIAEMGRME. 15 f DRER LN RZ A
PIAS, B, AP TR KA R EE A B R ME R, X f R R\Q B —— WU P,
B [p,q] TRARRE A LHEL =, RFENMEEHE, —ETLUKB S Dy € [pq, T
f(x) = fly), By BAEEHE. HAFRRTLHEE = AREXNARFR y (H, RIS T [p, qf
FIEEEEE (BB EZ AR A HEBENENTEZEN— XN, ZXRAFRER. O

IR BRBAE f R R FRESRE, R fleo ERRN, flQ EAR, WAHE a,be Q, i1
fla) = f(b) = yo» EX

A={z€lab], f() =yo} =[a,b] N f {wo}

oo
U A,y ﬁk
k=1

3f X =Y BHMEHYHMNYMIENETHE BCY, i
f(f~1(B)) = B.
EB.
o HY RMpLE

- EMETERATSE, HTEEmE f(fY(9)) = o =R,
— A Y WA f X — Y RISTAE o

o MY AR,



CHAPTER 10. fk 46

-«
FABGIET:, ¥ f ARBEST, WAEE yo € Y, 18 f (yo) = 2, T f(2) =2 # {0}
ZidEy!

fTH(B1UBy) = f71(B1) U f71(Ba), f(A1 U Ag) = f(A1) U f(Ay).

AL FESHMER y € Y IERA
FU W) =v,
ME f AR X A2 BT .

JRURA TR T AR AT BN AN S T X 8] (4.

E. AT R FHE U, Bz c U, & J,={lopenjz € ICU} # @
(J., Q) HmTEE, SMER S C J, THERTF &, £ U I &S J, m—4LER JFRE

IeS

FeITIXIE, o Zorn 51H, fAE—NRAIC Ix, HEFREWMY I, 5 1, AWM, EAAHL. &R
Z, I, Ul, D1, 51, #IKITTE. O
P20, 1 12 f:R - R, E = {xER: lim:—l—ooy}

Yy—x

iEH. & g(z) = arctan f(x), E = {x € R,;iir:lﬁg(y) } M55 E <

n ) 1. -
E—{xe[nn]ylrrglc 2}

N g(x)ax € [—n,n]\En -
EX gly,z) =< - Ktk B, 72 g,(z) 78 [—n,n] BPREARKRE S, H 55—
5.’1) € Ly,
B R f o la,b— R], W f R EAS R ORAE KU TN

SHMERM 6 >0, &
={tea,b]: f(t) > f(z),x €[t —0,t+ ]\ {t}}

Wrs BEs — €A MRE
k2, Wty & Es BI—MHRBR A, O

oo

1% z € (0,1), %x:ZZ—" Z FPAE N 513 an # by, W2 H —MREARER.

n=1

a, —
EH. Z 2n _Z =0, ¢, ={£1,0}

1
2m0




CHAPTER 10. 4
2 HEZ[F
LW f: XY, ACX,BCY, Rin: FHIZER R ?

(i) [T \B) = f(V)\fTH(B):s
(if) F(X\A) = F(X)\F(A).

Py

(i) AOL.
TRz € f~HY\B), W f(z) € Y\B. Zif z € f YY)\ f 1(B).

47

BRE ze f7U(Y), RFIEx ¢ f~Y(B). iz € f~4(B), W f(z) € B, X5 f(z) e Y\B

T

Bz e I\ THB) W f(z) €Y H f(z) ¢ B, B fz) e Y\B, Wae fTH(Y\B).

(ii) AL
REAFE v € A2’ € X\A, 115 f(z) = f(2') =y, &AL,
BEHBAE y € F(X\A) H y ¢ fF(X)\f(A).

2. % ECR EZIFFZEE REWNEER 2 E, ffEyec B, 15 2 —y NIEHH

. R EE s e B, WEEN yec E, i v —y NAEBEE. Yy Ay B, o —y1 # 7 —yo. IXHE

AL TN E Ron R BEEE RS il 49 T0F 1 AT AETS LN EEII N ¢, TE.
3. Wk z = 11 J&T Cantor £

4’13
2 1+i+i+ —1
9 92 93 4

2 i+i+i+ —i
27 272 278 13

TE B

O

O

4.Cantor sets of constant dissection. Consider the unit interval [0, 1], and let £ be a fixed real

1
number with 0 < & < 1(the case £ = 3 corresponds to the Cantor set C in the text).In stage 1 of

the construction, remove the centrally situated open interval in [0, 1] of length &. In stage 2,remove

two central intervals each of relative length £, one in each of the remaining intervals after stage 1,

and so on.

Let C¢ denote the set which remains after applying the above procedure indefinitely.

(a) Prove that the complement of C¢ in [0, 1] is the union of open intervals of total length equal

to 1.

(b) Show directly that m.(C¢) = 0.
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N
k—1
(a) B k 548 21 KN (155) € WP, KRy
S S 2 R O
Y2 ) e=e) 1-9tt=1
k=1 k=1

k

(b) % k BEET 2 KRN (1;§> B, KN (1— 6, Fibl
m.(Ce) < (1— &), Vk

O

5.Cantor-like sets.Construct a colsed set C so that at the k" stage of the construction one removes

2F=1 centrally situated open intervals each of length I, with

l1+2l2+-'-+2k_1lk<1

(a) If I; are chosen small enough,then 221@71% < 1. In this case, show that m(C) > 0, and in

k=1
00

fact, m(C) >0=1— ZQk_llk.

k=1
(b) Show that if z € C, then there exists a sequence of points {x,, }°°, such that z,, ¢ C,yet x,, — =

and z,, € I,,, where I, is a sub-interval in the complement of C with |I,| — 0.
(c¢) Prove as a consequence that C is perfect, and contains no open interval.
(d) Show also that C is uncountable.
TE B
(a) HIUWEERIA]Z AT I,

m(C) =m([0,1]) = m([0,1\C) =1 - 25711,

1
=, %
n

G o FERPAIXI, AP ER AL o SRR o, TSI A — A
FEIR 178 F— M, IR IEEN L, (EB— o, G TR,

(¢) AHERE 2 € 6 B € C R E—Fh I, M35, W 20— 20 T C Hy5aath.
# CAEIFIH (ab) WA 0 FAKMER o <b—ar WA (0,5) C G J0b Gy R m
R TP, (AR RERAT o T

(d) ¥ C 5 C PRSESLEIUN, K5 kD gdsm i o ANIFIX IR ZC /A7 SR xT iRk, el
C A HHE s C tATTHL.

(b) 4 k 5, B 28 AMEKMARXE, KRR 2i SHERE n > 0, PRIk (78 2ik -

k

O
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3 F=A
1. WE S (AR ARETE ape™ + an_12™ '+ -+ arx +ap = 0 B HIFEEGE c

. WS BRETE a,2" +ap 12"+ - Farx + ao = 0 FIRIIZEEGE N,.

FREAAE n RBERBOTRE. BATTREEA n MR FTRREANECE AT 5N, B DR Et 2
A BIA 1)

FEA RN R TTREIEER, AR B A] FFFIL 2 T H1 . 430k O

2. W {fu(x)} W F C R ERESRES, W f.(x) £ F _ERWRSUSER F,s 2.
. X ERE n,m, k 1E A4

1
E?S{f,)n = {.T eEF: |fm(x) - fn(x)| < k},
W B8 R HE. Fid BY = ﬂ E® W B® R 4 ER = U E®, m B® £
m=n+1 m=1
F, % WA E = ﬂE<k>, Bl E & F,s 4. -

3. W f(z) /£ R FEAMEME. HMEER r € Q, S {zeR: f(z)=r} LAWE, HIEH
feCR).

B, B f NS, WAFAE 20 € R, FTE g0 > 0, LK o, 815 |2, — 0] <= 15 |f(z)— f(z0)] = eo.
RYGFEEAH AT TN FARELS f(x,) — flzo) > 00 BEFHSNL,2,--- .0,
fH1E r € Q, 13 f(zn) = f(wo) + 20 > 7 > f(x0).
AT, T €, 488 16, — ool < lmw — w0l < 0 F(6) = 7 B & - w0, BN
E={zeR: f(z)=r} NAE, il zye E, B f(zo) =7, FJE! O

4. % f(x) A XAE R LRI, HXHMTEREM t e R, S5 {x e R: f/(z) =t} W4, WIEH
fl(x) & R EHIESLREL

iEH. i Darboux FEBNEEHA f'(x) /£ R LREAMEMNF, HRES LB IGHIT. O
5. % ECR, HfffE q: 0< q< 1, fHEME—IXI] (a,b), #AHFXIEL] {1,}:

n=1 n=1
WIUER] m(E) = 0.

PER. N FREH m(Em (0 1) =0, WEHZE m(E) =0 Eﬁﬂﬁmbuﬁﬁﬁk
EN(0,1) U In,Zm (b—a)q. Bk m(EN(0,1)) < (U L) <Y m(l,) < (b—a)q.

3

EX’EEE'\ IZ'; Eﬂ[i C U Im,Zm Im <m( )q, JH:HT% Eﬁ U in? JJ:[:

n=1 n=1 n=1

m(EN(0,1)) <m U Iin) < sz in <quI)<(b—a

i,n=1 =1 n=1
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FEATE m(EN(0,1)) < (b—a)g®, FHMEE k Bor. BT 0< ¢ <1, Bl m(EN(0,1)) =0. O
6. VXL A1,A2 CR", A C Ay, Ay %ﬂ%)ﬂﬂ%, H m(Al) = m*(A2> < +00, iﬁlEEE Ay %ﬂuﬂﬂ%
‘Lﬂ:—ﬂ}:] m*(Ag) = m*(A2 N Al) + m*(AQ\Al) — m*(AQ\Al) = 0.

MEMEAZTNEE, FIt Ay = A U A\ A, 2 RT4E. O

7. % {Ep} 2 R" PHITTES], HF om <U Ek> < +oo, RIEY

k=1

m (m Ek) > k@m(Ek)

k— o0

TE B

() = (. U

k=n

= lim m(U Ey)

n— o0
k=n
o0
= lim m U E;
n— o0
k=n

> lim m(E,)

n—oo

8. W {E.} /& [0,1] HEIRT IS, m(Ey) =1(k=1,2,---), IEH

IER. XM T8 m(ED) =0, ZHE m (U E;) = 0. HI0EE B AT Z1 AT in e 4R O
k=1



CHAPTER 10. 43k 51

4 FEEE
L#EC01]. % mE) =1, &KiEW E=[0,1; & m(E)=0, RiEW £ =o.

IEH. W om(E) = 0. & E # o, WEETFIXE (a,b) ¢ E, W m(E) > m(E) >b—a. FE! Bt
E=o. % B =[0,1\E, W m(E°) = m([0,1]) —m(E) = 0. W] Ec =&, N E = (E) =0,1. O

2. % {A,} REAMZHIWNES, B, C Ap, BIEY

iER. HFE m* <

(G
=
~
\Y}
[]e

S*
C
3/

Il
-
3
Il
-

n

3-)(—

3
18
W
N———
I
3-)(—

s
™
3
D
C
=
N———
+
3*
R
3
S
D)
PR
C?r
P
N———
-

3
Il
—
3
Il
-

*

=
Sy
S

I
3*
/_\/: ~N ~
1
W
N——— —
_|_
S*
3
%CS@
W
N—————

\Y
3

3
I
-

I
M o~
3*

G

3
Il
—

4 ki&aTIT, 1HiE. O

3. W ECR, HO<a<m(E), WiEHME E FHRAERAL F, 158 m(F) = .
JEHA.

o HIUEWAAE E FHIAERE E, #1580 <a<m(E) <m(E).

% B, = EnN|[—tt], W E, &r %I H tlim m(E;) = m(E).
MXHMEER e >0, fF7E A>0, LRt > A, Wi2E m(E) >m(E) —e.
B e 80 /MER m(E) — e > a, W—MHNK B, icH E.
o WEHIfEAE B RIIALE F AES m(F) = .
FFE4 B, = EN|[—t,t],t €[0,t0], % f(t):=m(E,),
[f(t) = f(t2)| = Im(Ey,) — m(Ey,)| < 2[t — taf,
Rl f(t) RELLREL. HANEEHE, 715 € €[0,t] 15 (&) = a.
W Ee = EN[=¢€,€ W REK.
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4. %W Ey,Ey,--+ By 72 [0,1] HHIATILE, HAE

k
1=1
k
RIEH m (ﬂ E) >0

k
TE B, Zm Y=k — ZmEc>k—1:>Zm(Ec)<1

=1
<QE>_1—m<UEC> Zk:m(Ef)>0. O
i=1
5. % A n[il, B cR", iEH
m*(AU B) +m"(ANB) =m*(A) + m*(B).
JEH.
m* (AU B) = m*(A) +m*(B\A)
m*(B) =m*(ANB)+m*(B\A)
BT R4S PP IE . O
6. ¥ {By} & R LT MES], m*(A) < +o00. & Ey=ANBy(k=1,2,--+), E= ﬁ Ey, it

k=1
EH
lim m*(Ey) = m*(E).

k—o0

1EB. lim m*(Ey) = lim m* (AN By) = m*(A) — lim m* (AN By)

k—o0 k—o0 k—o0

m*(Ey) =m* (AN lim )=m"(A) —m*(An | Bf)

k—ooBy b1

HIEAE lim m* (AN BY) = U AN By, HIANIEENE B -

k—o0
k=1

7.% ECR", H>E H H 2l & H\E YTl F4ER RAENE, K. H 2 E WS
RN

IEW. CRIATTIEE N BRI AEHOE T IAE, i AT S 431
W H=NUI[23], E=][23]. M m*"(N)#0, &l N Al

Fig. X H ORET
(|

8. WIEW] fidE E AT 78 0 b Bk WAESS € > 0, fA{EITEE G1, G2 : Gy C E,G, C E°, f#
15 m(G1 N Gg) < E.

. XN TS G, W GS i3 G5 C E C Gy, 37 H m(G1\G2) <&, XIERZ E ATIK
I WELAT O
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5 FhHH
L% f(o) @ XAEE ECR™ b 35 f2(x) £ E L0lll, H {z € E: f(z) >0} &[4, 1
f(z) £ E v,

k8. BA f2(x) £ E LR {z € E: f*(z) >a >0} ={z € E: f(z) < —a < 08if(z) > a >0}
RAME. X {z € E: f(z) >0} ML, FHIL {z € E: f(z) < —a < 0F f(z) >a>0}n{z € E: f(z) >0} =
{reE:flx)>a>0} BUMNE {z € E: f(z) < —a< 0} HEMNE. Kt {z € E: f(z) > —a,a > 0}
SR T f AE E R AT O

2. % f € C([a,b)). #EEXLE [a,b] LIERE g(x) : g(z) = f(x), a.ex € [a,b], Wi): g(x) 1E [a,b]
SR LT b A S g 2

WAL W f(x) & [0,1]) ERIEN 0 k%L, ¢ J& Dirichlet pREL, BRI AR M. O

3. W 2 = fla,y) & B LIELEE, ¢1(2),0(2) £ [a,b] C R LESETMEE, WRiEy]
F(z) = f(g1(x), g2(x)) 2 [a,b] EIRIATIIEEL.

PR, RIE {z € [a,b] : F(x) > a} &Rl MI£E.

T f &SR, TUES A= {(z,y): f(z,y) > a} ~IFEE.

{z €la,b]: F(x) > a} ={x €a,b] : (9:(x), 92(x)) € A}.

BATATLAFRE] R? LR —RATEEEA (c,d) x (f,e) HHF c,d, fe € Q, HATHTFEX TR
1 (c,d) x (f,e) C AUEH {z € [a,b] : (g1(x),g2(x)) € (c,d) x (f,e)} &R MLE.

REANEARTTIE {2 € [a,b] : g1(x) € (¢,d)} FAJIMEE {x € [a,b] : go(x) € (f,e)} WIZL, M
SRR, A3 O

4. ¥ f(z) 7F [a,b) FAEEA SR, RIEWA SR ) (x) & [a,b) ERIATINER %L
EH. 0

5. WAEATIAE EC R L, fo(z)(n=1,2,--) JLFRWESE T f(z), BARMERST g(x), .
reBH KRN
g(x) = f(z), aex€E?

IEH. O
6. Ik f,(z) =cos"(z)(n=1,2,--+) & [0, 7] MM EEW S50 2

IEH. O
7. W {fe(x)} 5 {gr(x)} £ B EERNEZEECTE, UEW {f(x) - g(2)} /£ E LRSS T2,
IEH. O
8. W f(x) & R LJLPAKES: MR, W ZBE g c C(R), 17

g(z) = f(z), aexelR
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6 SN
P119.5 % fo(z)(n=1,2,---) £ E =R EARMEWST f(z) =0, W)

nhﬁrr;om({ac € E:|fu(z) >0}) =07

. E=10,1], fu(z) = =, KMERKRST 0 H m({z € E: |f.(z)] > 0}) = 1.

S|

P119.6 X E C R AT e s { fi(x)} 2
fe(@) 2 fen(@) (k=1,2,--).
H fr(x) /£ B ERMEERSEE] 0, Wi: fi(z) £ E LRSI LFAEAEE] 07
LR, 1 Riesz AN {fr(x)} HOBAIRME: B AR
P123.1 W f(z) 2 R ERSERTIRE, olin: ZEFE g € C(R), 13

m({z € R:[f(z) —g(z)| > 0}) = 07

A

54

IER. WA 121 U423 Lusin EEH P IRARELCN “ f(2) /&2 E\Z LREsms, Hd m(Z2)=0".

(B A RS R, DR A o RS T B R
H97 LA AR B, By B

P123.2 % f(z) 1E [a,b] BT, WiEAAEZ IS {P, ()}, 15
lim P,(z) = f(z), a.e.x € la,b].
IEH. AR 3.20, fF1E [a,b] LITELSLRES {g(x)}, 15

lim gx(x) = f(x), a.ex € E.

k—o0

B [a, 0] MR, XASOR )L — B0t
i Weierstrass ®H#, f71E [a,b] LRIZTA {Pe,}, F15

lim Py, (z) = gp(z), = €E,

n—oo

I Hax Ao — 2l
NERESE H 2 W LF—BUSE] f(x), MR LA Ak it

FERE 6 > 0, 171 [a,b] OATHITHE B (43 m(Es) < 6 30 {go(e)) — BT f(a).
tﬁﬁﬁﬁ%mﬁﬁK R k> N, 24 |ge(z) (N<%EEM NE > M, T4

| Pem () — gi(2)] <— » K IXFER P i8R Py W {P,} 1E [a,b]\Es L—808E] f(2). FIE. O

Fig. & EJEJF#Lﬁﬁ‘S/ﬁ'Jﬁ
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P189.1 % f(2) & B C R I JLTAbhb AT E A aT il s, Lk 2 / F(z)dz = 0, BIEW m(E) = 0.
E
. & m(E)=a>0, # A={z € E: f(z) =0}, HEE m(A)=0. 1 m(E\A) =a > 0.

B, — {x cE: f(z)> ;} 1 ko 673 By, > 0, B0

m(E\A) =m([ )) <) m(E) = 0.

k=1

" /Ef(:z;)dx > %m(Ek) S0 FIE 0
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7 $£tHE
P143.9 % {fi(2)} & E LREAERATIR S, 55
lim fi() = f(z), fil#) <f(2) (€ Bik=1,2,"")
Wt B AR — AT e, H
Jim. e fi(x)de = / flx)dx
. R, 4 /fk g/f, WIS Tim /efk S/ef.
i Fatou 5|3, ﬁ/f<hm fr- Mﬁﬁﬁi“éo/ef’“:/ef' O

k—o0

P149.3 % f € Z(E), N

m{z € B:|f(z)] > k}) = O (;) (k — o0).

. W By ={z e E:|f(x)] >k}
/ = / fxi, > km(Ey).

m(E) < 1L, s [ 5 mtms, i s = 0 (;) ko oo. .

P1594 W f € Z(E), iE,Ek:{JJEE:U( )| < = }, RIERA

lim/ |f(z)|dz = 0.
k—o00 By,

hm/ |f(z)|dx = hm/|f |XEkd=’U

P190.9 % f(z) 72 [0,1] ERE#IG R E, WIEWxs E C [0,1), m(E) =t f f(z)dz < / f(x

[0,£]

TE B O

TR

/ lim |f(z)|xg,dz = 0.
E k—oo

P159.3 & f € Z([0,+00)), RIUE I REL
_ f(t)
g(a) = /[Om) I ar
£ (0,+00) FiEELEL.

P160.6 & f, € L(E)(k=1,2,---), H fi(z) {£ B E—ZET f(z). & m(E) < +oo, KW

tin [ i@ = [ f@

P190.10
P190.12
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8 H/\A

P191.18
P191.19
P191.20
P191.21



CHAPTER 10. 4 58
9 FEhAE
P189.3 ¥ f(z) & E C R* EMAESTTMREL. HE By C E, m(E\Ey) <

kli_)ngo /Ek f(z)dx

» fEAS AR

T =

175, WIEW f(o) 7 E EIRL

JERR . RIS NAZIE A B O SET B, R e RN S Sl e B
BIRATTLLE S B, 1) ERIR, AHEEMEFEEEAZHZE E. AN J18H Borel-Cantell 513, O

P189.4 % f(z) /& R LMHER TS, 4

# Fe ZR), ik /f(x)dx =0.
P189.5 ¥
P189.8
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10 E+3
P184.1 ¥ f(x,y) 7£ [0,1] x [0,1] EA[FR, RIERA

/0 (/Ox f(:c,y)dy> de = /01 (/yl f(x,y)dx) dy.
/01 </Ox f(a:,y)dy> dr = /01 /01 f(@, y)xy<adyde = /01 </y1 f(%y)d:v) dy

TR

O
P184.2 i A, B /& R™ " ull4E, ik
/ m((A —{z})N B)dz = m(A) - m(B).
an
1E B .
/ m((A —{z}) N B)dx
= ( xa(zr +y)xsy )dy) dx
R R™
= ( xa(z +y)xs(y)de )dy
R™ R
(XB XA(.CL' ) dy = m(A) - m(B).
O

P193.29 & f(z),9(z) & E CR LM MREIH m(E) < +oo, & f(z)+9(y) £ Ex E £V
i, WRUIER f(z), g(x) #2& E LRI R L.

iERA. HH Fubini B, X y € E\Z, F,(x) = f(z) +g(y) Z2XKT = BRI Rk%, Hrh Z F.
B yo € E\Z 55 |g(yo)| < +oo. B Fy,(x) FIRL, %5 XA / |f(x) + g(yo)|dz < +o0.

Mﬁ/mmm=/um+mmﬂmmm</vm+mmm+mmmwx+m O
E E FE
P193.30 i+ N AR % -

/ / dzdy ]
s0Jys0 (L +9)( 1+$2y)’

+oo 1
(i) / Sl 1Y
0

2 —1

i

(i) Flz,y) = L

(1+y)(1 + 2%y)

dzdy teo oo O e 1 72
- — _dp)dy=2 [ ———dy=".
250 Jy=0 (L + ) 1"‘»'53/) 0 1+y \Jo 1+ 2%y 2)o Vy(l+y) 2

7 (0, +00) x (0, +00) EHIAEG AT K%L, FrLleh Tonelli &,
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(i) FEEH

dxd Foo oo 1 oo
/ / Y 5 :/ / 5 dydx:2/ ;lidx.
250 Jyso (1 +y)(1 + z%y) 0 o (I+y+a22y) o x*—1

+oo 2
At mz g, -
o x2-1

4
OJ
P193.31 & E Cc R &R, H m(E) >0, f(z) & R _ERAEFA AR, 5%
:/ flxz—t)de
E
£ R _Er#E, WUEH f € Z(R).
E. WE f(r—t):Rx - R, (z,t) — flzx—t) ZMEE (why?)
Fz) 5T, B X / Pla)dz / / F(z — t)dtdz < +oo. H Tonelli E3,
R RJFE
—t)dtdx = —t)d dt = d dt = FE d
[ [ xeste - naaa /(/f( ) x)xE /R</Rf(w> a:)xE m(E) [ )i
H m(E) >0, 13 / f(z)dz < +oo. O
R

P162.7 & f(z) £ [0,+00) FIEMATH, HA E C (0,400), NI

/Ef(x)dx — 1= /Ef(x) cos zdz # 1.
SE. B /Ef(x)cosxdx — 1, /Ef(:c)(l ~ cosaz)dz = 0. BN f(x)(1 — cosz) . ik
f@)(1-cosz) % E EJLTFRNE, BHit f 7 B EILTRARE, K5 /E f@)dz =1 FJF. O
P162.8 ¥ f € Z(R), f,c ZR), HH

/|fn p)lde <

P2 Z/m ~ f(a)dz < oo, MBIV EI, /Zm(x ~ f(@)ldz < +o0r MT
Zm AR, AT LT A A TR, U\ﬁ’ﬁz Fal@) = f(2)) JUPAEARHS, NI lim £, () -
F(r) = 0 JUTALAL AL, . O

P163.9 WA {a,} W2 |a,| <Inn, n=2,3,---. N
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PR, W f(x) = Zann_’;dx, fu(z) =a,n™".
n=2

oo

o0 fe'e) ) 1
Z/ |[fn(2)|dz = Z/ la"|n""dx < Z/ Innn=*dr = Z — < +o0.
n=2 E n=2 [2’+°°) n=2 [ n

2»"!‘00) n=2

BT e B, f () ATAR E

o0 0 a
f(z)dx = g / fo(z)dz = g " n72,
/[‘2,+<>o) n=2 " [2,+00) n=2 Inn

P163.10 % & X E x R™ BIERE f(x,y) W2:
(i) WA y e R", f(z,y) & B _ERTIESG
(i) SNz e B, f(z,y) & R" FHESREL
B g€ LRY), B3 |f(z,y)| < glz) X 2 € B JUFAA ST, Tk %k
F(y) = /Ef(:v,y)dx
& R™ ISR
PE. ARHL {y,} W8KE] yo, HI Lebesgue Ffhilliesiie 2,

lim Ef(:c,yn)de/ggrgof(:c,yn)de/f(rv,yo)dx-

n—oo
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11 E+ZH

P218.8 WiEW] f € BV([a,b]) H HAUHAFELE [a,b] EHBIGREL F(2), {E15
[f(@') = f(@")]| < F(a") = F(2')(a < 2" < 2" <b).

TR

e = & f € BV([a,b]), H Jordan 7 fEEHE, fF1E [a,b] LRNEERE f1(x) F folx) fHi15
f=f—fo WF=fi+/f, N

[f(&") = F@")] < [/1(@") = fi(@")] + [ fo(2) = fo(a")| = F(2") = F(2').

o —fFH N Ea=2o<x1 < Tp1<xp,=20 M

n n

Do) = flar-) <Y Flay) = Flag-) = F(b) = Fla).

k=1 k=1

b
Bt \/ f < F(b) — F(a) < o0, Bl f € BV ([a,b]).

b

P218.10 ¥ f € BV([a,b]). #H \/(f) = f(b) — f(a), WIEW f(z) 1€ [a,b] L2314

. AL () > fla), BNCETE.
BOEAFE a < o1 < 20 <R f(21) > f(x2), WHZMAEL,

fb) = fla) < [f(a) = f(z1)| + fa1) — fla2) + | f(z2) — f(D)].
B\ = £(b) - fla), FTLLLHEARATREERE 4 A5, HREISE S, (HIXEER

fla) = f(z1) > f(z2) = f(b),
T . O

P222.1 % E C [0,1]. HAE(E 1: 0 <1< 1, 5% [0, 1] FAEREBIT XA [a,b], ¥H m(EN[a,b]) >
I(b—a). IEH m(E) = 1.

. xp(r) = hm / xe(t)dt > 1> 0 JL A ik T
H xe Rﬁ%ﬁxﬁ 0 8¢ 1. Bk xp(z) = 1 JUTARAL AT O
P222.2 %§+ [0,1] L[ Dirichlet Bi%L xq(z), BiH: [0,1] H1H) Lebesgue m2ftA?

JEH. Wi E [0,1] HY Lebesgue s /& o3 A,

x+h
o W ATCHEL, W lim / ft) — f(z)|dt = lim ;L/ Xodt = 0.
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1 z+h 1 z+h
o W ATCHEE, N }llin%h/ |f(t) — f(x)|dt = lim 7 (1 —xq)dt =1.
- x x

h—0

P232.2 W f(x) & XAE [a,b] L. HH
[f(y) = f@) < Mly—=|, =y¢€lab],
hl
If'(x)] < M, ae. z€lab].
. W RS AT < A E 0 = 0 U Y m(fan b)) < 608 3 1 (b)—F(a0)] <

i=1 =1

MY “m(lai,bi]) < e. I f'(x) JUPAMAAEEE. 3T £ (x) FEAER 2,
i=1

<M

h—0 |h|

O

P232.3 B f () A& [0, 8] LHMEARDELERHIS]. 5 S fulw) 76 [0,6] LUCEL MIABHELE [0,1]
st et "
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)RR

1 FE—XIEE

64
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2 FEITRIIEIR

65
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3 =X

AR

SR

66
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4 FIR IR

EX 4.1 (FIfk).

FE 4.1 (SRiAZER).

EE 4.2, & & C P(X), BHZ
(1) 9,X € o,
(2) o AR, AMBH I,

E e 2 o(f) ERGME, B R

67
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5 SERIRIIMIR

68
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AR

69
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7 BEXITIR

70
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8 HJURIIFIR

71
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9 FHRIFIR

72
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10 SE1XIEIR (5.18-5.20)

5l 10.1 (RFREMED). & fe LT(0,+x)), T |z =

| #tiaham(a) = nm(B0,1)

0

+oo

2
x$+ a2,

(r)r"~tdr.

0l

73
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11 FE+—X iR
5] 11.1. E F 2 R J:éﬁﬁﬂi:*;’c, W F 3]

(1) F € BV([a, b]), sup\/ f) < 4oo #HiEFE a<beR R,

@)ﬁﬁ?ﬁA,&ﬁ/umwhyfmmm<mmﬁ&%heRﬂi
R

|/ D <A, L o BEAH suplp(e)] < 1 6 EAE L8 TR 5.
xER
JEBF .
c ()=
(J+1)|h]
/WFx+h 2)\dz M“TEZ/’ f@+h) — f(2)|de
jez Jlh|
[h|
=§j/ @+ G+ DR) — fo + jh)ldz
jez /0
MCT ‘hl . .
/ SO+ G+ Dh) — f@+ jh)lde.
0 JEZ
TR F|
N z+(N+1)h
Y lf@+G+Dh) = fx+ih) <\ f<prU'<+w
j=—N x—Nh

e (2)= 3) 1IE p &L, suplp(z) <1,
reR
1 , e ,
nF(@)(p(x + =) — p(a)) 2= Mg i € L' (R).

/R F2)¢/ ()de

lim n/RF(:t)(gp(a: + 1y~ po(@)dz

n—00 n

= lim
n— oo

n [(Fla = 1) = F)e(oyia

N

lim [ n|F(z— % — F@)|lo(z)|dz

n—oo R
< A.
-($:$mﬁﬂﬁﬂ,E%¢6%W®’AF@M%><MMM

H Riesz &N, FAEME—T u, H13
[ F@)s @)= [ o
R R

1((0, z]), x>0

i
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M p=pue H GeBV.

/R F(z)y' (x)dz = /R o(z)dG = /R G/ (z)dz

/R (F(z) - G())¢ (2)dz = 0,Yp € E(R).

F(z) = G(z) a.e. z € R.
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12 IR
o P 2| Banach 20, H 1 < p < +o0.
o P HBE T, H 1 <p< +oo.

— HATHRE Banach 2[R0 LA AN R, X 27 BIERRIDN d(f,9) = IIf —9ll,-
FESEIAN T,

— AT PR RAR B R AR,
LP(R") ARAH], BeALFATE B —AIE]

TR
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Chapter 12

Stein

1 E—E
5.Suppose F is a given set, and O,, is the open set:

(’)—{a::d(x,E)<1}.

n
Show:
(a) If E is compact, then m(E) = nhjr;O m(O,,).
(b) However, the conclusion in (a) may be false for E closed
13.The following deals with Gs and F, sets.
(a) Show that a closed set is a G and an open set an F,.
[Hint:If F is colsed,consider O,, = {w td(x, F) < :L} ]
(b) Give an example of an F, which is not a Gs.
[Hint:This is more difficult; let F' be a denumerable set that is dense.]
(c) Give an example of a Borel set which is not a Gs nor an Fj,.
Eie.

« A X FHE: A

I
S

o A° A& A°
16.The Borel-Cantelli lemma. Suppose {E}},-, is a countable family of measurable subsets of
R? and that

Zm(Ek) < 0.

Let
E={ze R : x € E, for infinitely many k} = limsup(E}).

k—o0

7
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(a) Show that F is measurable.
(b) Prove m(E) = 0.

TR

(2) BE= () U Bx» ATMSEREXAIFIEMATSIAZSE A, i B R,

n=1k=n
m(E) =m(() | Be) <m({J Ex) <D m(Ex)
n=1k=n k=n k=n
O
17.Let {f.} be a sequence of measurable functions on [0, 1] with |f,,(z)| < oo for
TEFF . O

25.An alternative definition of measurability is as follows: E is measurable if for every € > 0 there
is a closed set F' contained in E with m*(FE — F) < e. Show that this definition is equivalent with

the one given in the text.

IR, E ORI HACY B¢ 4. #4558 XMHER e > 0, fAEFEE G D E° ffiff m*(G\E°) <
e, WA F:=G Wi FCEIFHm*"(E\F)<e. O

26.Suppose A C E C B, where A and B are measurable sets of finite measure. Prove that if
m(A) = m(B), then E is measurable.

JEB. B\A ZAIEEIEH m(B\A) = m(B)—m(A) = 0. ZIMEM TELFNE, Nk F\Ac B-A
A H m(E\A) =0, Hit BE=AUE\A ZAEFH m(E) = m(A). O

27.Suppose E; and FE, are a pair of compact sets in R? with E; C E,, and let a = m(E;) and
b = m(E>). Prove that for any ¢ with a < ¢ < b, there is a compact set F with F; C E C Fy and
m(E) = c.

IEBA. SR PATR M AT AGA. By By 2RI, ITUAEETSE U D By {18 m(U\E) < b—c. 3
A ByNU® f& B I HEHIME m(EyNUC) = m(E,\U) = m(E;\(FaNU)) = m(Ey) —m(E,NU) >
m(Ey) —m(U) >b—(a+b—c) = c—a. WRFATREKRBN—NEL K C E.NU° liE m(K) =c—a,
WA KUE, $tZ& Es MEN ¢ KR T

IXREERATRE i) AL VAR T XA — AW, e —NEE F CRY, HIERN m(F) =p, %
FEEWR0<E<pu, EFR—NETEF CFHEm(F)=C¢

KA BRI PR & f(y) = m(F N By(0)). B4 f(0) =01 fly) = p MFARFKE y.
Bbah, fy) BRELM: B y Ml e > 0, m(B,(0)) MIELMERFRAIKE]—4 6 > 0 g HEH
ly' —yl <& 8 |m(B,(0)) —m(B,(0)] <e. HA |f(y) - f(y)| = m(F N (By(0)AB,(0))) < e. X
RN TR RZE T4, MR ZERWENT e Bl f2Esn, FkmAEEEEA — v
18 f(yo) = €. O]

32.Let N denote the non-measurable subset of I = [0, 1] constructed at the end of Section 3.
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(a) Prove that if F is a measurable subset of N,then m(E) = 0.
(b) If G is a subset of R with m*(G) > 0, prove that a subset of G is non-measurable.
TR O

33.Let N denote the non-measurable set constructed in the text. Recall from the exercise above

that measurable subsets of A/ have measure zero.
Show that the set N* = I — N satisfies m*(N°) = 1, and conclude that if £} = A and E; = N°,

then
m*(El) + m*(Eg) 7é m*<E1 U EQ),

although F; and Fs are disjoint.
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B &

1 @ 4

5. % fr(z) /&2 R™ LRIER AR EA. R HMEEATIEE E Cc R, #F
/ ful@)d < / fur (z)da.
E E

T UE B

lim /}Efk(x)dx:/lfklirgofk(x)dx.

k—o0
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