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It is both a blessing and a handicap.
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KT IR B ELE — AR I 18w AAE A2 A U B il R 4R B SRR R IF AN B A RIR KRR,
EX 2.1 RV, W, Z #AZ R-GZZH. daR f:VXW = Z #HE
A1 4+ vz, w) = Af(v1,w) + f(v2, w)
fv, Awr +wa) = Af(v,wr) + f(v, w2)
WAR f R R-SUE MBS, Bk 449 SR M st 2kt Z2(V, W, 2).

EX 2.2, ZUV,WHEZRmEZE, f1 VWU 2 RREHBS. wRFEZH R-GEF
B 7 Fo R-EMBA g: VX W — Z, ARAEAEE—8 R-EMMRI h: U > Z 18F hof=g

WA f AV 5EW £ R E&KREAR.
LMK EAR A E A, BATERERTEIR 215 2 -

o FKEBPZPERRA S T A AAAENERE SO, BT U e Ve w, % f(v,w)
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o L(V,W;Z)=Hom(VeW,Z), i, 24 Z BCN R i, AVEE] L (V,W;R) = (Ve W)*.
e VW)=V eW* N\l L(V,W;R) =V @ W* I\l Ve W = 2(V"W"R).
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PRIt — 645 (BN T FIACERAR P E D 23X B e S5k S A

EX 2.3. X feV,geW, 23
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FEIE v @ w WRIVREMERBIXMU AT, BHED V@ W = Hom(V,W).


http://home.ustc.edu.cn/~tysun/Commutative_Algebra.pdf

CHAPTER 1. R A%

KERE



CHAPTER 1. R¥ k&
3
fERRERBBEHKE
ZMRENX

EX 3.1.

SSHL AR
SRR R AR T A AR R

19 iR 2 B9 HEAA



Chapter 2

TIN5

1 FhilR



CHAPTER 2. #ew%

2 Eni

Bl 2.1, &V R n &R,

5] 2.2, THRA L.
STHAS =

10


https://math.stackexchange.com/questions/3479227/can-a-lie-group-be-discrete-or-even-finite
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d@om) _doplopoyn)

_ _ o -1
T - & =D(op )

d(pom)
dt

»(p) t=0

ﬁiEEi}_'i 2.1. Tp(Ml X Mg) = Tlel X Tp2M2
IEBA. BATARB AR — X .
VXL (Ula Qpl)v (U27 902) éj\%lj% P1,D2 l}ﬁﬁﬁgﬁé*ﬂ?—ﬁ, %B/Z\ (Ul X UQ, ©1 X (pg) @% p lgﬁflﬁﬁ/‘:lﬁé*ﬂ?‘lﬁ‘
0

nﬂﬁﬁ~ﬁ%{a a}@ﬂ@ﬁ~ﬁ%{£)

oxt day ozl oz [
0 o 0 0
Vox M) sl 909 9 9|
Tp( 1 X 2) ﬁ Hi {ax%ﬂ 6x1f’ 81‘%7 8]}5@}

PIAL 1 % HARFE—DHR, HEAMIHFE—ME S, BOVEAIREA BB [ — R 1!
1
A& LIRS, BAVRE 5 S WA 7 F R R 2 524 4. O



CHAPTER 3. /&3f32it

3 ARYIZIg

2R T A B AT A ) 2 ) SO D)2 8] B a3 8] 3% LA TR A o5 — g X

B pe M, 12,6, & p mALCHRECF AT, B2 p mrE ik,
€ XX

(,): 6, xT, =R

] 5 v H&itﬂfOV'

— g d o — " Of , dxiony
AR 0.0, W | sov=3 o)t

o LUESE SOFAMKH [f] IARERITIIEEK.

B HEM
t=0
'Qﬂﬁ%=QW€Fp¢¢g£@y:Qw:L“.m.

(U1 1f).7) = 0.y € T} i &, BoT28 00, FATRIZ NI T2 M, FKIE p SAbi A2 .
B fe (M), f1E p SAMEERTE

£@) ~ 1) = 9Lt~ at) + g(a)

PIAAE S
of

_dz?
ox? v

df =

15



CHAPTER 3. /&3f32it

4 1REH

B f R R _ERDEIE R, ¥ort R e SR ST A A A BRI Y

Hifpz=z=rly=1" 0 ¢=1d.
i 2L o wnemaa - g 2L 200
oz oz

of 0foo!
0 ort
_9fo¢tog™
i
0ot o) 0f oot ()
or! or! or? or!
_9faeT) | of o)
T 9x  Or! dy Or!

-1

a(¢~")' Ae~H)! 99" 99! o 0%
grl ar? _ | ort 877;2 _ %Tl %TQ
Ae~")? a(e ') 09°  9¢* Oz

ort or? ort  or? ort or?

16



CHAPTER 3. /&3f32it

5

BB 5

17



CHAPTER 3. /&3f32it 18

6 BRFEA
ERERAER TR f M — N R—MUS T, B4 df, : T,M — Tip)N 8 & — 2k
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I 6.1 (WML ER). & f: M - N R—NRFBRFHL df, : T,M — Tp,)N £—ANEHER
H, AL f R p WIER—A BRI RIE, B p 89 EAAE U, A RIS ¢ = f(p) X
AR f(U).

B df, AbkbRZeERN, BATBARERH f 2B R, KoY f rTREA R R, S8
b, FATIAE RERIE — N E R AIB T B f ST — S f(e?) = 2 XANAUR — AN R E A FIIE.
EARE ), IR df, ARLRVEFIRINE? 20k 5 a1 2 Rk s .

EX 6.2. % f: M — N Z2—AKFm4.
(1) # f & p RRE—AEEZ R df, : T,M — Ti,)N ik
(2) # f £ p RAE—ANEAR Af, : T,M — Tj,)N ZF4.
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o MR fR—MEE, A dimM > dim N
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https://math.stackexchange.com/questions/2760371/why-do-i-care-that-smooth-vector-fields-over-a-smooth-manifold-have-a-lie-algebr
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PROGHRRIE M ORI ERR © Nzh i RS N i 3AIHT T i e B BTAE R 8 1 R 4t
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d * o (e’e)
qi|, 1 = X1 vec=(n,

JER. EEIRATE M — T XA A,
61 (f)(p) ZEMWEL 10, (p)) LEEL £y, (1)),

FITBARE TR E 1 p, f (1)) ZRT ¢ AR 2] R RIR8%, AIEATAT BARIE X ZR BT ¢ £t =0
AR AL
d
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G| o =g| s
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= df,(X,) Tu An introduction to manifolds Page 191
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BEENX

ATBLEN

EIE 2.1, 8 M & m #ARAEH, WEARE——A R-AMBRH d: QM) - QM), %47
d(QF(M)) € Q¥ (M), FB#H AT 3 &4

(1) T feQ(M),df(X)=Xf.

(2) T feQ(M),ddf)=0.

(3)

EF.

o SEUEBIAARCE, R R T
o FIEI] R BRI ME—ME, LAUE A4
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1 Pliicker f2 A\
L FRAT TR 7T — N LS
k
VxooxV— AV
(a, -y am) — ar A Ay
ﬁﬁ 1.1. Bri <ﬂ15"' aﬁk) = (alv"' 7ak)A} j[ll]
BiA- A By =det(A)ag A Aay.
S 1.2, % o A-ap = B Ao A B, TRAKAE A #R det(A) = 1 1273
(ﬁh"' )61@) = (ala"‘ 7ak)A-
JEBH.

O=a; Aoy A~ ANag =a; AN\PL A+ A B =>span{ay, -+ o} =span{f1, -, Ok}.
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1 ZFEE
EX 1.1, S G REH wR L LRAABLEMIAFLEHN, TH
1:GxG =G, (91,92) — g1 - g
P R 3
Fie.
o LHARAEGEH R, BRIEG BT AR F LT MN.

o A RAAHF A FAL, [Gleason and Montgomery-Zippin,1950’s]: % G RALZF 4l 2, LK = 1)
R—NBIARF, IRA G LA —ANRFEMEFC R —ANTE.

o FREHFNFHAMALMATN. AW, £EFH G LYW —NAREMNOE T E——ANER
M EEA.

5] 1.2. H— %K K65

o FILHWMEAIIRKT T Hiioil s 7.
do RIZBHLERE L TH, MACREY T, AMEBH IR

o R", hoik#.

o R* =R - {0}, fek?.
o S', Rk

o BRMEEF SEMFF K.

GL(n, ={X e M(n,R)|det X #£0}, —A&MH
SL(n,R) = {X € M(n,R)|det X =1}, #HFRKWH
O(n) {XeM R)|XX"=1,}, EXH.

o R Gy Ao Gy REFH, MACHNMAMR Gy x Gy LAFZH,
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JEIE.
(2) NRBANRBATAA FHEM. Plde, AEHEMOGRAR SO S 42 S3; BRGNS Y

Y HEHEMGAHA T? =S xS, THEMBEG AR LWIEITLFR 1, (G) LAZ
Abel #9.

PAER G 2 —NFRE IMER TR a,b e G, AW HIRBLGS, £3fe
L,:G—G, g—a-g

A 3
Ry:G— G, g—g-b.

L, &Y B RN E v AR E Y i T i B &
LG axaG2Sa
gr— (a,9) —ra-g.

Kt Ry, = pod, RGN, BE L' = Lo M Ry' = Ry fTBL L, M1 R, #BRHS FIAE.
WA, Ly A1 Ry BUEAEHR, Bl LoRy = Ry L.

5138 1.3. FEBS 1 G x G — G RS AE
dptap(Xa, Ys) = (dRp)a(Xa) + (dLa)p(Ys)-
EMEZARAT PSet2 $HRAH 0: T,G x TyG ~ Tup)(G % G).
TEBH.
(dpap(Xa, Y5)) f = (Xa, Y5)(f o p)
= Xao(fopoiy) +Yp(fopoja)

= Xa(f © Rb) + Yb(f o La)
= (de)a(Xa)f + (dLa)b(}/b)f
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2 [
B2 HE G BB H MRS ¢ G — H 48— 2
?(g1 - 92) = d(g1) - ¢(92), V1,92 € G.
X2, AR BRI EDR U o KB
EX 2.1, X G H ZFH. mRB4 ¢:G— H ZAFHNHRS, Nk ¢ T—NFHRS.
A HEFRATT AT LA AR A A
ENX 2.2, K g h AERK. wREBRH L:g—bh Bl
(1) L R& st
(2) L([X1, Xo]) = [L(X1), L(X,)], VX3, Xy €.
MAR L #FRERZE.

WAEME ¢ : G — H B—AFHER, BAELE e 0B TVIBG ¢, : T.G > T.H
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3 EAEEES
AT RIG5E S,

o

EX 3.1. XV REqETH, #L EHA-A_xiE
[, ]: VXV =V
i#h
(1) (&M [aX; +bXo, Y] = al[X1,Y] + b[ X5, Y]
(2) CRAAR) [X,Y] = -]V, X].
(3) (Jacobi 2% X) [X,[Y,Z]] +[Y,[Z,X]]|+ [Z,[X,Y]] = 0.
MARV A—AERE K[ AV LeyTHE5EE

Bl 3.2. HEAT R & = 1] EARAE —ANFLa FERELEHM: (X, Y] =0.

5 3.3. REAM M LeybHRERmES I°(TM) B —NERK.

5l 3.4.
3.1 BESYFEEARSHTHE

veT.G XEREZREY)

|

Pp:R>G+——p:RxG—-G

5. GREHE X AGEIHNAREREY, N

o
=
&
w

(2) L p:RxG—G A X kZOELFTIE O() = o(t,e), 24 o(t,g) =g- ()

HFHH,g:R— G RE—HL ¢(0)=X, WEHRL.

TE . FRATVRE AR 7 w1 2k =) #0047 AE P SR BROL Y, TR A B AR AN AN AR R B IR IR 2 A AE T
FATTAT LAA A 22 ety BEAL A AR 70 T 2R 2 53— Ab U2 AR i 2k A R IRA THR A Kz, B AR
Iy HHERARAZ, A8 BATTRT LU FH I — P W 5 3 P AR 2 i 2 mT LB 21—, AT AR AR 7 i 28 18 3 X
BRAAZE Ro A M e AR R E KRR L, BATRIIZ AR T R AR 73 th 2 A =
MEKRZ, RE-NEFR, MRBAIUED e FPRKRRD ML o(t) FEkdE, Mol g PR
k2 g - o(t), TR EARF e AR B S B et R ] s AR 7 W R g 1), IR 2RI ¢ X M

Iy RIARRIE AT 3R o(t).
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3.2 1E¥RRGt
o FRECMRSSLEIRA TR LANZEAEAT B 1) SR F A
o TREWILT BAFAE M AR AR BN R ) TR — AN AR A
o FUHTR TR BT R G N IE LR LB R R I T
THE TR R £ %
o WIWHHE G, B SAEL g, (EBUTR X eg
o Mt ¢ :R— G, iR

— ¢(0) =e
- ¢'(0) =X
— ¢ RFREAZ, B o(t + 5) = ¢(t)p(s)

. exp(X) = 6(1).
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1 Maurer-Cartan 23\
o BRI A EFATRE B
— H, mERPERE ST R TR
— AT B IRA1E EUE B ST B — AN FEIR 2 B2 2T ML ?
« WIRAWNESCTIFAITRE .. — MBI TEsRS g T — MRS EN P17
51, VI GIRA D ML
H—AE SO IR B R SC NPT S, Y1 EF LT,
« T B I BT R A B 4 T AT 4, PAZAMUAGRAEE N s A ) 25 4] 1 —
AR o
s« RAVINIX XA S SEAERE LS M ORUE IR, (AR S UX A T . i e T
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groups
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o Lawrence Conlon [f] Differentiable manifolds
e Aleksey Zinger [] note

o« GTM65

1 [E=EM

ENX 1.1. % M,E RXBAEN, 7 E > M ALF#H, ke N, =44 (1, E,M) #2

el

(1) & pe M, E,:=7"'(p) & k EEWEZMN.
(2) E&Epe M, A& p AR U AMHFE op: m1(U) —» U x R* 1243 F B ik

) — 2 U xR*

(3) B&E peU, pu: E, — {p} x RF Z&MREIH.

WA (r, B, M) R—AE18Mh, f E HAEW, & M HREN, & 7 HARY, & E, H p R4
Yo, oy B E 8 —ABEF LI, AEEK kK E A

YESAE, (AR AR SN BOR UCBEME PR ), BB AKE B R 2 XS AT Lz Ak
FEWRE. I E ARy, A MR RN E,, ARAF DN EE CRREHR, P2
BAERR R, WRARELAIF UE,. HRIEEALEAHER & B LA, JEBm 7 204
SRS L. eI, 3T — AN BONMARE U Ml p e U, ik E, 5 {p} x R J—Fx$ Ry
X, BERIKE Upev B, B U x RF IBRHER. Gl ! R LEREOT NERT AL, EEA L
0T KT REZ R ZHE.

AR A 18 AT 1 B B RN RERT TR H Rk BN E o F MAEA B X T4
4t B, M F,, BATHHKEM E, @ F,, BUERBN E, 1TRSEHEBCT 208 F, (1R E807 3
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AT AL H AR ME X B, @ F, IR m07 0. B3 A 1 € 1 [F]4
Wip: By — {p} xR*, op,: B, — {p} xR".
oK SR AR R E T Rl
pup: By ® F, — {p} x RM

HEX AR ERA TR EA B, @ F, BT U x RM fIEMA B S, R e mh oy 2 sz
Tl PONRMNERRME, REE, RMEHZ T LK. RERZRZET LK E M F A ERK
FEF FLRIEEAR K, XA AR LR S5 K SCERE L R E T DL —Ff R 8 L -1 PLER 77 3058 SCHE R
E @ F ABF AR SG . FGEA5A 1X L8 N 2nT R 2 O BB S A 461 7 ig !

5 1.2. M RRBAM,E=M xR 7: E=M xR = M, (p,v) — p. #& (7, E,M) Z-F LA,
EX 1.3. & (75, E,M),(rp, F,M) @&, BN [ FE - F RARSWRE TRES

E— 71 . F

N

A& pe M A 1 B, > F, REMYI. 0B [ R LI MR, WA f AR,

B E MM FERS MR AR MR, HEYS dg: E — B 2AES. FHHEERE M Erif
PR 4 1) B AAE A [R5 H A R, A8 AE Vi

W 1.4. % 1 E—F RARS, o f R, N f RARHM.

EX 1.5. &% (m,E,M) AmgA, UCM AFE. ZLBEWS s: U - F #HZ mos=1Idy, WA s
& EEULE—AF@. EE£U LGHAR@ILA T(U;E).

W fE— FRNEE W fiFST 4 0(M)-LetEms
fo:T(E) — T(F), s— fos.
BZoEL (Idg). =Idrg) M (fog). =Y. 0@, FTEAT Z—MHAK T
T: Vi~ Modges (ar) -

T R B

W (m, B, M) s&REMN, &F RS- e
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Pa,p © SOE;: R* — Rku v ga,@(p)v



CHAPTER 11. %% 4155 44
H gos(p) € Aut(RY) = GL(k, R). HHILFRAIEE]— A mst
gap: Ua NU5 — GL(E,R).
Jop G, BUNELEE k FUR W TR M E S
U N Us %5 Ua N U x B* “2% U, AU, x RE 22 RE
p (p, ex) — (P, gas(P)er) — gap(p)en
Gy gap W52 cocycle 261, B gapgsa = Id H. gapgsygra = Id. S5 L, ATATBAM gop EEE E.

Wl 1.6. R M RABAN, (U} £ M 9—AFEE, £ U, NUs # @ B8 —ANRE RS
Gop: Ua NUz = GL(r,R) BiEA cocycle 5, M A G (1, E,M) VA {gos} 754 HH%.

TEEH. e TEX
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2 EEMANIE

b A SR TR R T AT LIRS B B R R R A AL S B S E TR M (s, B, M)
Rl (np, F, M), WENEREE IR {98} A1 {gfs} TS 3RATAT LUE L M3 A R 1 F 88 e 8
52 SCH IR A S N A5, (ELCR TR B — AN B, BV 7 28 3% 00U sk B A P £ 4
[FIH TP i R, BAT RN T B, AL E, © F, WES—i, 1EHeilmE by
BRI, ISR R . DA RS IR RO A R A B B, TR 3 7 A B (e
B R 05 I H RS B MR i 1) T AR PR RS B B 4 —BE, T LA Rk 7 AR £,

G138 2.1. % M RABAK, m: E— M Zi#HH, ke N, &
(1) & pe M, B, & k &I,
(2) £& pe M, Ak p AR U ABH py: 7' (U) - U x R 25T B

) — 2 U x R*

(3) B&E peU, pu: E, — {p} x RF Z&AMREIH.
(4) pu oyt LB BAT.
N EAVT AR T E — ANt iyfe — A RFLEMBEEF 7 E > M REE L.

THRAE S A HARIIHE T IAE oy o o' FDEIETE, XTI EIIAE guyv BGIETE.

xH1E

up: By — {p} x R* = 9y, = (¢},) " Ep — {p} xR”

*

huv (p) = Yup o by, = (©0,) " 0@y, = (v o vpy)* = (9ov ()
=kl

@g,p:EPH{p}XRk’ @E,p:FPH{p}XRl

Pu,p = Ep @ Fp — {p} X Rk X Rl) (v,w) — (905,17(1})3 @5,;;(“’))

gE

- uv

guv = QPup° SOV; = o
Juv
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SKER

$Up: By — {p} xRY, ¢, B, — {p} xR
pupi=E,@F, — {p} xREQR, v@wr— ¢f,(v) @ ¢p,(w)
guv = 9iv @ gy
Heig M IUERA A PAE Lawrence Conlon [1) Differentiable manifolds 55 k15 # 7.4.1

EE 2.2, KERGB@EM T HR@OKER.

Hom

EIE 2.3. N E 2 F 69ARAE LS Hom(E, F) 698 &@ Z 18 A — AN US4

EAvAC]
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3 mEmM=EMREHE
15 B A AR B A

5 2) — R UEHIFAE R A8 DG R BUCE e B BT . HEF A IR Rt

Wil 3.1. R sel(UE). ME& pelU, BEW #HLpeW CU # 5 (E) 14 5|, = 5|,

tan: (—

EEET

EX 3.2. & a: [(E) - I(F) & R-Z&H B,
(1) A o R=ARIFT, R s|, =0=a(s)|,=0. £ s €T (E), UcC M ZF%.
(2) #ra A—ARLT, 2R s(p) = 0= a(s)(p) =0. £F s € T(E), pe M.

WEk 3.3. % a: [(E) - T(F) & Z-&M8, R4 o ZEHNRET.

. B s, =0 fEBpe U, BUMKTEL fe.F WL f(p)=1 HsuppfCU.

fs=0=0=qa(fs) = fa(s) = a(s)(p) =0 = a(s)|U =0.

BEMEFIREZIFE L

ANFEATR IR R T o REIZDTE U L. B o(s) /£ U LHMEATH s /£ U _E#
EREIGE, HEHEAXARE, KRN DU, E) PAAFEA — A Rel i B Aok i 10 BR #1 ok 15 2
R, FATLIVE o BERHIFEX L TR B /e,

FIH 3.4. & a:T(E) = T(F) R—ANRIHET, BASENTFE U C M AEE—H R-EHEA
ap:T(U,E) = (U, F)
i#h

=a(t)|,, Vtel(E).

TEBA. O
F -t M5 MGt
R 3.5. K a: T(E) > T'(F) & F-&Mk8y, A2 a REHLT.
JER . FATEAE IR s(p) =0, WA a(s)(p) =0. & E £ pe U AR {61, ,e.}. &
=Y de;, a'€C™(U).
B s(p) =0 FTLAE o' (p) =0, W4
a(s)(p) = au(s],)(p) = av(D_d'e))(p) = O d'av(e:))(p) = > a'(p)av(e)(p) =0
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Wl 3.6. X a: [(E) > T(F) & ZF-&Mey. W3t Vpe M HEE—RWRS ¢,: B, — F, #HL
ep(s(p)) = a(s)(p), VseTl(E).

TEBA. O]

T 3.7. HAE——HE

{hBeSt o1 E = F} «— {F-&hst a: T(E) - T(F)}
2 — P

By, BEREP, IEUR AR ER.
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4 mEEMN ERERS

B4R
EX 4.1. & (m,E,M) Amzh, & V:I(E) > T(T"M @ E) #2
(1) V(s1+ s2) = Vs + Vsa.
(2) V(fs)=df ®s+ fVs.
M V & E Eey—AFss. B LA mesMmaEsich AE).
5 4.2.
5l 4.3.

51 4.4.
5132 4.5. % (1, B, M) R® A, V' € A(E), f; e C®(M), Y fi=1, M V:=> fiV' € A(E).
i=1 i=1

Wl 4.6. % (7, B, M) 2&q=A, W] AE) =,
. % (UL} & M I—MFERMERE U, L E AR UL
Ga: T H(Us) — Uy x R,
W {fu} RABT (Ua} BARAME. 78 7' (Us) b5E X
Vs =@ dpas, Vs€ T (Uy;n H(Uy))
W Ve R a (UL) E—AEEE. f5IH 45 6 V=) f,V* € A(E). O
5138 4.7. X A:T(E) - T(F) & Z-2H&, WHEE acT(E*®F) 4% A(s) = (a,s).
JEB. O
W 4.8. % (m, E,M) &a® A, & Vc AE), N
(2) & V € A(E),a € Q' (Hom(E, E)), W V +a € A(E)

(3) & V,V € A(E), WAL ac Q' (Hom(E,E)) 4 V-V = a.
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5 [EIEEMITEN

RIS O el BAE M B, BB AN B AN K B AR R %2 [ — [m] <.
¥

f4
ARV R LA, S BB I AR 0

50
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7 YN
R, LT 7N (p) R B TR, R

EX 71, & E=(E,m,M) A, F REBARN. AR & RAF HRAFRGF RN o FHEE
€M, BEAIB U F445 F &
o:m N U) = UxF

1% 13
mop=m| .
A WA 178 -
o LPYENZ IAASHRAT A7 3 E BT [RIE 2 2 A TR 255
o A7 T A, BT LLUFRIAL. FRA il B AN 7] B Jey 81 LA 15 o 45 A B AN [F] R 21 4E L 2

WHAT R A, BONEF4ENZ A S 82 underlying MM Z RIS, 5 /RECT AL
e K.

FELFEMNTE L R o E — M R, I 7" (p) BERCN TRE.
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8 G-M

G REAREN SRR S R T ML {Ua, o} FIEHUA R, LEIF FLA, B RIZE R T DL
{e}. EARFEARZRS LA S A LA T UL, RS HREANGERZ {e}.

3 H AL L 7T AT e A% pR K i HH 2T 4E A

LL G RSB AT I, ENGE E BARBOVE G .

Y|

For fiber bundles with structure group G and whose total spaces are (right) G-spaces (such as
a principal bundle), bundle morphisms are also required to be G-equivariant on the fibers. This
means that ¢ : E'— F is also G-morphism from one G-space to another, that is, ¢(zs) = ¢(x)s for
allzx € F and s € G.
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1 21FPSet2Partl

(2)[Extending polynomials to S?]

Let pn(2) = anz™ + @p_12" "+ --- + a1z + ap be a complex polynomial with a,, # 0 and
n > 0. By identifying C as S* — {N} via stereographic projection, the map p gives us a map
p:S* —{N} = S* — {N}. Define p,(N) = N and thus we get p,: S* — S2.

(a) Prove: p,, is smooth.

(b) For which points x, do we have (dp,), = 0?7 In particular, prove that there are only finitely
many z with (dp,), = 0.

TR

(a) R LM p, £ N mALITE.

S\ {8, N} S\ {S, N}
SN\{S}, N —— S\ {S},N
Cz ————— C",pa(2) l l
l l C,0 — C,0

1 w"
(C*,U) = - *7

z apw”™ + -+ -+ ay,

FAARRE L)

v |
o S\ {S} AN KA, WA 2 - ~ ReE RS 0 1) — 4Rk
i

. we v 650 MHIE S8R 2 1.
apw™ + -+ ay,

(b)
O

(5)Let M, N be smooth manifolds with atlases A = {(¢n,Us)} and B = {(¢g,Up)} respectively.
Define an atlas A x B on the product space M x N to be

Ax B={(¢a x ¢p, Uy xUp)}.
Prove:
(a) A x Bis an atlas on M x N, thus define a smooth structure.
(b) The nature projections m; : M x N — M and my : M x N — N are smooth.

(c) If P is any smooth manifold, then a map f: P — M X N is smooth if and only if both 7 o f

and m o f are smooth.
(d) Tip,)(M x N) ~T,M x T;N.

TR
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(a) o {(UaxUs)} BRE M x N T %,

o 4 (Ua x Ug) N (U, x Up) # @, N

(0 X @) 0 (6o X 0) " = (¢ x ¢') 0 (65" x ¢57) = (o 0 05") X (S50 ¢57)

MxN——"— s M

ld’a X ¢)B lﬁba

Qba(Ua) X ¢B(UB) L ¢a(Ua)

P M x N

¢+ (U5) ba X P5(UB)
(d) PRILYERAHIE, BARFERY (5
ATERATTAT LGS R i 5 S R R g
0:T,M xTyN — Tp,q)(M x N)
(u,v) — w
Hrwf =uf(,q) +vf(p,-), BAHWUEZBG RIFE X.

o BHIIE 0 LA,

o kerf = {(0,0)}. % u £ 0, MATLFRE] f,: M — RIHL ufy #0, Al ufi >0, f1(p) >
0, BN, HJE —f1 + C, Hrp C BRI RIFEIEHL X v # 0 MFEFEHRBIREH—
fo, v =0 fo =1. X

f:MxN-—R
(p,q) — f1(p) f2(q)

M wf = fa(q)ufr + fr(p)vfs > 0.
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2 21FPSet2Part2

(1)[Submersions are open maps]
(a) Let f: M — N be a submersion. Prove: f is an open map.

(b) Prove: If M is compact and N is connected, then any submersion f: M — N is surjec-
tive. Conclude that there exists no submersion from any compact smooth manifold M to any

connected noncompact smooth manifold.
TEHH.

(a) AEEL W c M 2T, TATEIEH (W) BIFE. TR g € f(W), ITLARE] p € W 1§ f(p) =
q. BA R, BTLLRATATLURE] p Al ¢ (A5 (o, U, V) A1 (4, X,Y) {645 o fop™!
R, RIS I, IR THE pe U cUNW BW/INE g€ f(U) C f(W)
(¥ F(U) RIFE. FFLL f(W) ZFFE.

(b) o H (a),f RIFWES, BTl f(M) T4

o f(M) RE&E, BN N & Hausdorff (11, FTLL f(M) 2 HI4E.
o EMEMBEIT A TERAEEEMELE, FTLL f(M) = N.
|

(2)[Compositions of submersions/immersions/constant rank maps|] We assume all maps

are smooth.

(a) Is it true that the composition of two submersions is still submersion? What about the

composition of immersions? What about constant rank maps?

(b)

(3)[The fundamental theorem of algebra] Let p,,(2) = a,2" + ap_12"" " + -+ a1z + ag
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3 21FPSet3Partl

(2)[Morse functions| Let U C R" be an open set, and f € C*°(U). We say a critical point p € U

of f is non-degenerate if the Hessian matrix

Hesss(p) = ( 8fi28ij> (p)

is non-degenerate. A function is called a Morse function if every critical point is non-degenerate.

Prove: Given any f € C*°(U), for almost every a € R", the "linear perturbation” of f,
forU—=R, x> f(z)+az +-- +apa”

is a Morse function on U.
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4 21FPSet4Part?2

(2)[The commutator of two vector fields|

Given two smooth vector fields X,Y € I'*°(T'M), we consider the commutator
[X,Y]:=XY -YX.

Note that neither XY nor Y X are vector fields. In this problem, you are supposed to use three

different methods to prove that the commutator [X,Y] is a smooth vector field on M.

(a) Show that in a local chart (¢,U,V), if X = X'0; and Y = Y79, then we have [X,Y] =
(X'0;,Y7 —Y'9;X7)0;, which is a vector field.

(b) Check that X, oY —Y, 0 X is a tangent vector at p which depends smoothly on p.
(c¢) Show that [X,Y] is a derivation on X*°(M).

(4)[Examples of smooth vector fields]

Construct smooth vector fiedls satisfying the given constraints:
(a) A smooth vector field X on S*"*' such that X, # 0 for all p.
(b) A smooth vector field X on T" such that X, # 0 for all p.
(c) A smooth vector field X on S? such that X, = 0 for exactly two points.
(d) A smooth vector field X on S? such that X, = 0 for exactly one point.
(e) Three smooth vector fields on S® that are everywhere linearly independent.

(6)[The Hessian]
(a) Given any X, € T,M. Prove: there exists X € I'>**(T'M) so that X (p) = X,,.
(b) Let f € C*°(M), and suppose p is a critical point of f. Define
Hessp: T,M x T,M — R, (X,,Y,)— Y, (X[f),

where X € I'*°(T'M) is any vector field so that X (p) = X,. Prove: Hess; is well-defined,

bilinear and symmetric.
(c) For M =R", what is Hess;?

(d) A critical point p is called non-degenerate if Hessy is non-degenerate at p. f is called a Morse
function if every critical point is non-degenerate. Prove: On any smooth manifold, one can

find Morse functions.
TEH.

(a) JaEf EEEREIE R, SR 5 F ARk bR B 4 2.
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(b) o REM AFIEHE

o XWZEME. BAR.
o TR

(c) Hess;(X,,Y,) = XY/

(d)

X(p) =0, M Y,(Xf)=0.

neen = x5 vx (k) o

POyt

K?(Xf) - X;D(Yf) = [YvX]pf =0.

0*f
OzidxI

62



CHAPTER 13. ffi 63

5 21FPSet5Partl

(1)[Plenty of diffeomorphisms]
Let M be a connected smooth manifold of dimension m > 2, and let {p1,--- ,p,}and {q1, - ,qn}

be two sets of points in M.
(a) Prove: there exists a diffeomorphism ® such that ®(p;) = ¢; holds for all i.

(b) Let X; € T,,, M and Y; € T;, N be nonzero vectors. Prove: the diffecomorphism ¢ above can be
chosen so that d¢,, (X;) =Y; holds for all 7.

TR

(1) & X ANE@EMHEHTE~ 8 X EREN KRR HEE 2 € X, AR U 18 EE p,q e U
Hp~q B2EE pge X B p~g.

(3) B
~={p ~q| I s.5. o(p) = g} .
B (1), BAESHER p,g € M A p~ g, ATREIETRE pe M, FHEAR U, SHERM g U
1 o € Dif f(M) 158 o(p) = ¢. WU & p WHERIAFASERER U B RAET B, T U

BT BT BT p,q MLE, ERBR—AME, EHE SRS Y (p - qi)%

(3)[p-related vector fields]

(a) Let ¢: M — N be a smooth map. We say two vector fields X € I'*°(T'M) and Y € I'*°(TN)
are @-related, if for any p € M,

dp,(Xp) = Yo(p)-
Prove:
(i) If X and Y are p-related, then X (¢*g) = ¢*(Yg) holds for any g € C*(N).
(ii) If X; are @p-related to Y; for ¢ = 1,2, then [X;, X»] is ¢-related to [Y7, Ya].

(iii) If X and Y are p-related, v: I — M is an integral curve of X, then po~y: I — N is an

integral curve of Y.
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(b) Now let p: M — N be a diffeomorphism, one can define a "push-forward” operator ¢, : T*(T'M) —
I°(T'N) by
(s X)o(p) = deop(Xp).
Prove:
(d) (9 X)g = (¢~") X"y for any g € C=(N).
(e) f XY € I'*(T'M), then ¢.([X,Y]) = [0 X, 0.Y].

(6)[Commuting vector fields]

(a) Let (¢,U,V) be a chart on M. Prove: [0;,0;] =0 for all 1 <i,j < n.

(b) Let X, -+, Xk be a smooth vector fields on M that arelinearly independent on a region W
of M, so that [X;, X;] = 0 for all 1 < ,j < k. Prove: For any point p € W, one can find a
local chart (p,U, V) near p so that X; = 9; on U for all 1 <i < k.
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6 21FPset7Partl

(2)[The canonical symplectic form on R*"|

n
Denote by (z*,--- ,2",y",---,y") the coordinate functions on R*". Let w = Z da’ A dy'.
i=1

(a) What is dw?
(b) What is w”" =w A -+ Aw?
(¢) Find ¢*w for the following three cases:

(i) ¢: R*"7? < R*" be the embedded submanifold of R*" defined by z" = y" = 0.
(ii) ¢: R™ < R®" be the submanifold of R*" defined by y' = --- = ¢y™ = 0.
(iii) ¢: T™ < R®" be the submanifold of R*" defined by (2%)* + (y")* = 1,1 < i < n.

(d) For any f € C*°(R*"), find a vector field X; so that tx,w = df.
(e) Let Xy be as above. Prove: Lx,f =0 and Lx,w = 0.
TR

(a) dw = Z d (dxi A dyi) = Zdei Ady' —dz* Ad?y' =0

=1 i=1

(b) w" = Z dz® Ady"D Ao Adz®™ A dy™ = nldat Adyt A A da™ A dy™.

o

n—1
(¢) (i) 'w= dei Ady'.
i=1
(ii) t'w=0.

(iii) o* (2'da’ +y'dy’) = 0,1 <i < n. FiLh do’ 5 dy AAEEMERER, FEL cw = 0.
(d)
(e)

(3)[Cartan’s lemmal]
Let wy, -+ ,wy be 1-forms on U C M that are linearly independent point-wise. Let 0y, ,
be 1-forms on U so that Zwi Amn; = 0. Prove: there exists smooth functions A4;; on U, satisfying

A;; = Aj;, so that n; = E:zAijwj.
TR O
(5)[Orientable manifolds]

(a) Prove: For any smooth manifold M, the tangent bundle T'M is orientable.

(b) Prove: Any Lie group G is orientable.
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(c) Suppose M is orientable, f: M — N is smooth, and ¢ € N is a regular value of f. Prove:
f'(q) is orientable.

(d) Let f: R® — R" be the map f(z) = —z. Is f orientation-preserving?
(e) Let f: S™ — S" be the antipodal map f(z) = —x. Is f orientation-preserving?
(f) Prove: For any k, RP?* is not orientable.

TR
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7 18FPSet5Partl

(5)
(a)

(b) Let G be a Lie group. Prove: G is abelian if and only if g is abelian.

(b) =
— Y G EERHN, BE X = -X.
L m:Gx G — G Rk, A% 5%k

dm(@e) : T(e7e)(G X G) 2TGeT.G —T.G
(X, Y)— X+4Y

I8 R At

0:G— GxG—G

gr— (9,97 ") — e
1E e AbTHE o Wy, mEE=UENE
0 = dme. (id X, i, X) = X + i, X,

M i, X = —X.
— 2 G & Abel #ERT, 75 5 AF BOL WU BRI, 72 0T HCECE AR Ex2.4.
— WM G 2 Abel 258, SLH UL @ OB BRI, BIZRERA, W i, 2%
REFIZS, H4

[X,Y] = [-X,-Y] = [i,X,i.Y] = i.([X, Y]) = —[X, Y],

HEAHEAN 2 I, A (X, Y] =0.


http://home.ustc.edu.cn/~tysun/Abstract_Algebra.pdf

S22 3Rk

(1] A AR A B O (I i o] [P



	目录
	代数准备
	对偶空间
	张量积
	楔积

	流形范畴
	拓扑流形
	光滑流形
	光滑映射
	单位分解

	局部理论
	光滑函数芽
	切空间
	余切空间
	偏导数
	光滑映射的微分
	淹没和浸入
	Sard定理
	临界点和临界值


	子流形
	光滑子流形

	向量场
	向量场
	向量场上的李代数结构
	单参数变换群与完备向量场
	Lie导数

	微分形式
	微分形式
	外微分
	de Rham上同调

	定向
	Plücker嵌入

	流形上的积分
	 n -形式在光滑流形上的积分
	Stokes公式

	李群
	李群
	同态
	左不变向量场
	单参数子群作为单参数变换群
	指数映射

	伴随表示
	李子群
	闭李子群
	李群作用
	覆叠映射


	Maurer-Cartan形式
	Maurer-Cartan形式

	向量丛与主丛
	向量丛
	向量丛的构造
	向量丛的截面
	向量丛上的联络
	向量值微分形式
	联络的曲率
	纤维丛
	 G -丛
	主丛

	商流形
	作业
	21FPSet2Part1
	21FPSet2Part2
	21FPSet3Part1
	21FPSet4Part2
	21FPSet5Part1
	21FPset7Part1
	18FPSet5Part1


