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Abstract

Hodge theorem is the theorem about elliptic differential operator on com-
pact manifold. In this article, we will talk about Hodge decomposition the-
orem on compact Kähler manifold. That is any De Rham class can be rep-
resented by a harmonic form. The proof is based on an essential theorem
of elliptic dierential operator, and the fact Laplace-Beltrami operator is self-
adjoint and elliptic. We will see how this theorem be constructed and give an
example of complex torus that We can compute its Hodge diamond. Hodge
decomposition theorem is special instance of a more general notion, Hodge
structure. We will introduce the reader to some basic aspects of this abstract
notion, which is perfectly suited to study compact Kähler and projective man-
ifolds. Finally, we discuss about the cup product and the Hodge structure
under cup product.

1 Hodge decomposition theorem

Hodge decomposition theory on Riemannian manifold.
Let M be a smooth differential manifold, dimM = m. “ ∗ ” be the Hodge−∗ opera-
tor, dp : ApM → Ap+1M , Hp(M) ∈ ApM is the harmonic p-form. the dual operator
of dp is defined by d∗p = (−1)m(p−1)+1 ∗ dp∗. Then we have the following orthogonal
direct sum decomposition

Ap(M) = Hp(M)⊕ Im dp−1 ⊕ Im d∗p+1 (1.1)

Similarly, we have complex version of Hodge-Decomposition theorem in Kähler man-
ifold below

Dolbeault-Decomposition theorem
M be a Kähler manifold, then the space Ap,q(M) have the following orthogonal
direct sum decomposition

Ap,q(M) = Hp,q(M)⊕ Im ∂̄p,q−1 ⊕ Im ∂̄∗
p,q+1 (1.2)
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Before we proof the Hodge decomposition theorem, we need some some basic
notation.

Definition Let E and F be two (real or complex) C∞ vector bundles over a man-
ifold M , we say P : C∞(M,E) → C∞(M,F ) is a differential operator of order k if
in the open set U and P can be written in the following form in any trivialization

βj =


I,i

PI,i,j
∂

∂xI

αi (1.3)

where (α1, · · · ,αp) and (β1, · · · , βq) represent the trivialization of E|U and F |U . The
coefficients PI,i,j are C∞ and |I|  k.

The symbol of P is a section σP ∈ Hom(E,F ) ⊗ SkTM whose coefficients in
trivialization are given by

P k
i,j =



|I|=k

PI,i,j
∂

∂xI

(1.4)

We can also view σP as a homogeneous map of degree k from ΩM,x toHom(Ex, Fx)
at each point x ∈ M . We say that a differential operator is elliptic if for ∀αx ∈
ΩM,x, σP,x(α) ∈ Hom(Ex, Fx) is injective.

If E and F are Euclidean or Hermition, then by Von Neumann theory there is a
unique different operator P ∗ : C∞(M,F ) → C∞(M,E) called the formal adjoint of
P such that

< Pu, v >=< u, P ∗v > (1.5)

for ∀u ∈ C∞(M,E), v ∈ C∞(M,F ).

Now we can state the essential theorem on elliptic differential operator below

Theorem 1.1
E and F are Euclidean or Hermition C∞ vector bundles over a compact manifold
M , dimE = dimF . P : C∞(M,E) → C∞(M,F ) is an elliptic differential operator,
then dimKerP < +∞ and we have the following orthogonal decomposition

C∞(E) = KerP ⊕ P ∗(C∞(F )) (1.6)

Remark: This theorem is proved by Demailly in 1996 and we omit here. The main
step in the proof is that the equality in the sense of distributions P ∗α = β, where β
is C∞, implies α is C∞.
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Now we can obtain the Hodge decomposition theorem by the following theorem

Theorem 1.2
(1) Laplace-Beltrami operator on Riemannian manifold M is an elliptic differential
operator, and the symbol of ∆ is

σ∆(α)(ω) = −||α||2ω (1.6)

where α ∈ ΩM and ω ∈ Γ(End(TM)).
(2) M is a Kähler manifold, then

∆∂̄ = ∆∂ =
1

2
∆ (1.7)

Thus, we get ∆,∆∂ ,∆∂̄ are all elliptic differential operators.

We know that ∆ is self-adjoint and the harmonic form is the kernel of ∆. By
Theorem 1.1. we have

Ap(M) = Hp(M)⊕ Im(∆Ap(M)) (1.8)

This prove the Hodge decomposition theorem.

Also, using Theorem 1.1, we can get the Hodge decomposition theorem in more
general case.

Hodge decomposition theorem on compact Kähler manifold
M be a Kähler manifold, E be a holomorphic vector bundle together with an her-
mitian structure h, then the space Ap,q(M,E) have the following orthogonal direct
sum decomposition

Ap,q(M,E) = Hp,q(M,E)⊕ Im ∂̄EAp,q−1(M,E)⊕ Im ∂̄∗
EAp,q+1(M,E) (1.9)

and Hp,q(M,E) is finite-dimensional.

The proof is same, just use the fact that ∆E is self-adjoint and elliptic.

2 An example: complex torus

Let M = V/Λ be a complex torus, where V ∼= Cn is a complex vector space with
standard metric, and Λ ∼= Z2n is a lattice in V . Let


|I|=k fIdz

I ∈ Ak(M), we can
directly compute

∆(


|I|=k

fIdz
I) =



|I|=k

(∆fI)dz
I (2.1)
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For the reason M is compact, that ∆f = 0 equivalent to f = C is a constant. Thus,
we have

Hk(M) = {


|I|=k

CIdz
I ∈ Ak(M)} (2.2)

Also, we have

dimHk(M) = Ck
2n (2.3)

Similarly, consider the p− q form of Ap,q(M), we have

Hp,q(M) = {


|I|=p,|J |=q

CI,Jdz
Idz̄J ∈ Ap,q(M)} (2.4)

Thus

dimHp,q(M) = Cp
nC

q
n (2.5)

Denote hp,q = dimHp,q(M) be the Hodge number, we have the following Hodge
diamond.

h0,0

h1,0 h0,1

...

hn,0 . . . h0,n

...

hn,n−1 hn−1,n

hn,n

(2.6)

Where hp,q = Cp
nC

q
n.

3 Hodge decomposition of product manifolds

Let Y and Z be compact Kähler manifolds. Then the Künneth formula gives

Hn(Y × Z,Q) =


p+q=n

Hp(Y,Q)⊗Q Hq(Z,Q) (3.1)
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By Hodge theorem

Hn(Y × Z,C) ∼= Hn(Y × Z,C)

=


p+q=n

Hp,q(Y × Z,C) (3.2)

For the reason

Hp,q(Y × Z,C) ∼= H̄q,p(Y × Z,C) (3.3)

Thus, this decomposition defines a Hodge structure on Y × Z.

Also, let α ∈ Hr,s(Y ), β ∈ Hu,v(Z), πi, (i = 1, 2) denote the projection of Y ×Z
onto Y and Z. Then the cup-product π∗

1α∪ π∗
2β is a class of (r+ u, s+ v)-form and

harmonic. Thus we get

Hp,q(Y × Z) ∼=


r+u=p,s+v=q

Hr,s(Y )⊗Hu,v(Z) (3.4)

This prove the Hodge structure of two sides of (3.1) are actually coincide.
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