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Abstract

This lecture notes give an introduction to Calabi’s program about finding
“canonical” metric on a given manifold. We will begin with Yau’s famous
work on Calabi Conjecture. We outline GIT analysis of stability of bundles
and variety, and their connections to the theory of Kälher-Einstein(KE) met-
rics and constant scalar curvature Kähler(cscK) Metrics, also briefly sketch
out some recent developments.
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Introduction

What is “nice” metric? Geometric analysts always want to find a “nice”
metric on a given manifold, which seems to be canonical. The definition of
“nice” might be a subtle problem. A natural idea is that it makes some com-
mon functional, such as scalar curvature functional, achieve its minimum.
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Scalar curvature is a higher dimensional analogue of Gauss curvature.
Yamabe set up a problem that if we can find a metric such that its scalar
curvature equal to a given smooth function, moreover, in a given conformal
class. In [Yam60], he attempted to show that any Riemannian structure on
a compact manifold of dimension not less than 3 could be pointwise con-
formally deformed to one of constant scalar curvature. Trudinger [Tru68]
pointed out a serious gap in Yamabe’s proof, and the assertion is in doubt.
Kazdan and Warner [KW73] had proved that, as long as the function is neg-
ative somewhere, there is a metric whose scalar curvature coincide with the
given function. With this in mind, finding a metric whose scalar curvature is
positive at every point sounds easy, since it is only one scalar inequality on
the entire metric. However, there is a topological obstruction to the existence
of metrics with positive scalar curvature.

Actually, Some manifold can not have metric with positive scalar curva-
ture everywhere. For example, the torus Tn does not admit any metric with
positive scalar curvature everywhere [SY79] [GL80b]. In dimension 2 [KW74],
we have considered the problem of Gaussian curvature on 2-manifolds. The
key to our study of Gaussian curvatures was the Gauss-Bonnet theorem which
imposes sign restrictions on the Gaussian curvatures of compact 2-manifolds
depending on the Euler characteristic. There is also a topological implication
of scalar curvature which provides an obstruction to positive scalar curva-
ture for certain special manifolds. Lichnerowicz has shown [Lic63] that if
the scalar curvature is nonnegative, but not identically zero, on a compact
even-dimensional spin manifold, then there are no harmonic spinors. From
this fact, using the Atiyah-Singer index theorem [AS68] he concluded that the
Hirzebruch Â genus of such a manifold must be zero. Thus one cannot have
a metric with nonnegative scalar curvature, except possibly identically zero,
on a compact spin manifold whose Â genus is not zero. Examples of such
manifolds arise in the theory of spin cobordism, see [Mil65].

There is a generalization of Â which has been shown to completely char-
acterize when a (simply connected, spin) manifold admits a metric of positive
scalar curvature. It is usually denoted α(M), and was first introduced in
1974 by Hitchen [Hit74] who showed that if there is a metric with positive
scalar curvature, then α(M) = 0. The converse was established by Stolz in
1990 [Sto90]. For our purposes, its most important property is that it can
be nonzero only in dimensions n = 0, 1, 2, 4 mod 8. (This assumes n > 4.)
So there is a possible obstruction to positive scalar curvature only in these
dimensions. Even in these dimensions, this obstruction only applies to spin
manifolds: If M does not admit spinors, then it always admits a metric of
positive scalar curvature [GL80a].

In view of Yamabe’s problem, the “nice” metric can be thought of witch
has constant scalar curvature. It seems to be special. But the constant can
not be arbitrary. Yabame invariant µ(g), which is a conformal invariance
characterize this constant. Nontrivial solution of its Euler-Lagrange equation

− 4
n− 1

n− 2
∆gf + S(g)f = µ(g)f

n+2
n−2 (1)

whose existence guaranteed by the solution of Yamabe problem [Sch84], gives
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rise to the so-called Yamabe metric f
4

n−2 g, which has constant scalar curva-
ture µ(g).

Calabi’s program. In 1950s, Calabi first proposed to study the constant
scalar curvature Kähler (cscK) metric problems. His ideal is to find the best
canonical metric in each given Kähler class [Cal82] [Cal85], which results in
a 4th order, fully nonlinear partial differential equation. The relative PDE is
very difficult for one cannot use maximal principle from PDE point of view
and also can not have much control of metric from the bound of the scalar
curvature. When the first Chern class has a definite sign (positive, negative or
zero), the cscK metric in the suitable multiple of the first Chern class reduces
to a Kähler-Einstein metrics, which is the center of the field for the last few
decades where all efforts and techniques of many mathematicians are devoted
to, leading to the final resolution of this difficult problem.

In 1958, E. Calabi published the fundamental C3 estimate for Monge-
Ampére equation [Cal58] which later played a crucial role in Yaus seminal
resolution of Calabi conjecture [Yau78] in 1976 when the first Chern class
is either negative or zero (In negative case, T. Aubin has an independent
proof [Aub76]) . This work of Yau is so influential that generations of experts
in Kähler geometry afterwards largely followed the same route: Securing a C0

estimate first, then move on to obtain C2, C3 estimates etc. In the case of
positive first Chern class, Gang Tian proved Calabi conjecture in 1989 [Tia89]
for Fano surfaces when the automorphism group is reductive. It is well known
that there are obstructions to the existence of KE metrics in Fano mani-
folds; around 1980s, Yau proposed a conjecture which relates the existence
of Kähler Einstein metrics to the stability of underlying tangent bundles. In
1997, Gang Tian introduced the so-called K-stability (via special degener-
ation) and showed that the existence of Kähler-Einstein metric necessarily
implies the K-stability of the underlying polarization through special degen-
eration [Tia97]. In 2002, S. K. Donaldson reformulated it into a notion of
algebraic K-stability [Don02]. This conjecture was settled in 2012 through a
series of work [CDS12b] [CDS12c] [CDS12d], which is itself quite involved as
it sits at the intersection of several different subjects: algebraic geometry, sev-
eral complex variables, geometry analysis and metric differential geometry etc.

With the existence problem of Kähler-Einstein metric settled eventually,
perhaps it is time to discuss how to attack Calabis original problem in full
generality.

Conjecture 0.1 (Yau-Tian-Donaldson) Polarized Kähler manifold (M,L)
is K-stable if and only if there exist a cscK metric in c1(L).

In 2015, X. X. Chen propose a “new” continuity path in a given Kähler
class to solve the cscK metric problem [Che15]. Also in 2018, X. X. Chen and
J. R. Cheng derived apriori estimates for constant scalar curvature Kähler
metrics on a compact Kähler manifold, and proved Donaldsons conjecture
on the equivalence between geodesic stability and existence of cscK when
Aut0(M,J) ∕= 0 [CC18a] [CC18b] [CC18c]. This deep result generalizes Tian
Gang’s Properness theorem, the Mabuchi energy is proper if and only if there
is a metric of constant scalar curvature in the class [ω]. On the other hand,
Sean Paul gives a complete description of the behavior of the Mabuchi energy
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along all degenerations. Under the assumption that Aut(M,J) is finite, this
gives the equivalent between analytic stability and algebraic stability.

Theorem 0.1 Let (X,L) be an arbitrary polarized manifold. Assume that
Aut(M,J) is finite. Then (X,L) is asymptotically K-stable if and only if
there is a constant scalar curvature metric in c1(L).

The most important idea is to identify a norms conformally equivalent to
the standard L2 norms on polynomials. Since the conformal factors are contin-
uous, they are bounded by reasons of compactness. The conclusion was that
the Mabuchi energy is almost the distance between the orbits in Hilb. That
is, the distance in the usual Fubini Study metric induced by L2 up to some
(unknown) error that depended on the degree of the embedding. Based on
work by J.M.Bismut, Henri Gillet, and Christophe Soulé [BGS88a] [BGS88b]
[BGS88c] , Paul [Pau12a] recently found a more sophisticated path to the re-
lationship between the Mabuchi energy restricted to the Bergman metrics and
the resultant and hyperdiscriminant of the subvariety which revealed that the
error was in fact the difference between the L2 norm and another well known
L0 norm, i.e. the Mahler measure. The boundedness of the error, initially
attributed to compactness, is just an expression of the fact that these norms
are comparable. The outcome is that the norm on the space of polynomials
which connects the Mabuchi energy to stability of the pair (R,∆) is exactly
given by the Mahler measure. Now asymptotic stability and global bounds
on K-energy maps follow almost at once from Tian’s Thesis [Tia90a].

There is also another approach, called Kähler-Ricci flow, to study the ex-
istence problem of Kähler-Einstein metrics on Fano manifolds. In general
two key ingredients are needed, namely the partial C0-estimate and the con-
struction of a de-stabilizing test configuration. The first is analytic and the
second is algebraic in nature. For the partial C0-estimate, it is proved by
Székelyhidi [Szé13] for the classical Aubin-Yau continuity path, by adapting
the results of [DS14] [CDS12c] [CDS12d]. For the approach using Ricci flow,
this is proved by Chen-Wang [CW12] in dimension two, Tian-Zhang [TZ13]
in dimension three, and by Chen-Wang [CW14] in all dimensions as a conse-
quence of the resolution of the Hamilton-Tian conjecture. We note that these
results together with the work of Sean Paul [Pau12a] [Pau12b] [Pau13] already
imply that on a Fano manifold without non-trivial holomorphic vector fields,
the existence of a Kähler-Einstein metric is equivalent to the notion of stability
defined by Paul. About the second ingredient, Datar and Szëkelyhidi [DS15a]
have adapted the results of [CDS12d] to the Aubin-Yau continuity path,
which gives a new proof of the theorem of Chen-Donaldson-Sun. Chen-
Wang [CSW15] give yet another proof using the Ricci flow, which means
that technically they will address the issue of constructing a de-stabilizing
test configuration. Notice this can not be naively adapted from [CDS12d]
and requires new strategy to understand the relation between the asymp-
totic behavior of the Kähler-Ricci flow and algebraic geometry. Their work is
motivated by [DS15b] which studies tangent cones of non-collapsed Kähler-
Einstein limit spaces.

When consider about cscK metrics, there is a flow, called Calabi flow
which is supposed to be used to get cscK metric. Motived by Donaldsons
theorem relating balanced embeddings to metrics with constant scalar curva-
ture [Don01b]. Joel Fine [Fin10] prove the parabolic analogue, balancing flow,
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which can approximate the Calabi flow using Donaldsons techniques [Don09]
with an asymptotic result of Liu and Ma [LM07]. But I guess the long time
existence problem of Calabi flow is still open. For the limitation of space, we
will not discuss the geometry flow method in this article.

1 Calabi Conjecture

Let’s start with the Calabi’s initial conjecture, that was a conjecture about the
existence of certain Riemannian metrics on complex manifolds with given Ricci
curvature. Let M be a Kähler manifold with Kähler metic g = Σgαβ̄dz

α⊗dz̄β

and fundamental form ω of g, ρ is the Ricci form of ω. It is well known that
1
2πρ represents the first Chern class of M . Eugenio Calabi made the following
conjecture in 1954 and proved by Shing-Tung Yau in 1977.

Conjecture 1.1 (Calabi) If a 1-1 form 1
2π !ρ represents a first Chern class,

then there is a unique Kähler form !ω ∈ [ω] ∈ H1,1(M,C) ∩H2(M,R) lies in
the same De Rham cohomology class of ω such that its Ricci curature is !ρ.

Remark 1.1 Yau received the Fields Medal in 1982 in part for this proof.
Calabi transformed the conjecture into a non-linear partial differential equa-
tion, it is called complex Monge-Ampére equation, and showed that this equa-
tion has at most one solution, thus establishing the uniqueness of the required
Kähler metric. Yau proved the Calabi conjecture by constructing a solution of
this equation using the continuity method in the middle of 1976. This involves
first solving an easier equation, and then showing that a solution to the easy
equation can be continuously deformed to a solution of the hard equation. The
hardest part of Yau’s solution is the estimates up to second and third orders
for the derivatives of solutions.

Proof of Calabi Conjecture by continuous method: Let !ρ is a 1-1
form such 1

2π !ρ represents the Chern class, it was well known that !ρ − ρ is
exact, then by ∂∂̄-lemma: ∃ F ∈ C∞(M,R), we called it the Ricci Potential
function, such that

!ρ− ρ = −
√
−1∂∂̄F (2)

In the local coordinates, we can write this quotient as a volume form

!ρ− ρ = −
√
−1∂∂̄ log

det !gij̄
det gij̄

(3)

If there exist !ω ∈ H1,1(M,C)∩H2(M,R) lies in the same De Rham cohomol-
ogy class of ω, by ∂∂̄-lemma, ∃ ϕ ∈ C∞(M,R) such that

!gij̄ = gij̄ + ∂ij̄ϕ (4)

Normalize F , we now transfer the Calabi conjecture to the question if the
equation below has a unique solution.

det (gij̄ + ∂ij̄ϕ)

det gij̄
= eF (5)
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This is Monge-Ampére equation. The uniqueness part is simple by using max-
imal principal. See Theorem 2.2 for details.

Now we claim that the equation above has a solution ϕ ∈ C∞(M). we are
going to prove this claim using continuous method. Consider the set

S = {t ∈ [0, 1]|equation det (gij̄+ϕij̄)

det gij̄
= V ol(M) etF!

M etF
has a solution in

C∞(M)}

Obviously 0 ∈ S for ϕ = 0 is a solution. If we can show the set S is both open
and closed, this will imply that 1 ∈ S.

To see S is open, we consider a map G : A → B. Where

A := {ϕ ∈ C∞(M)|
"

i,j(gij̄ + ϕij̄)dz
i ⊗ dz̄j defines a metric on M and#

M ϕ = 0 }

B := {f ∈ C∞(M)|
#
M f = V ol(M) }

G(ϕ) := det(gij̄ + ϕij̄) det(gij̄)
−1

and it is not difficult to compute the differential of G at the point ϕ0

d
dt |t=0G(ϕ0 + tϕ) = det(gij̄ + ϕ0,ij̄) det(gij̄)

−1∆ϕ0ϕ .

By Hodge decomposition theorem, det(gij̄ + ϕ0,ij̄) det(gij̄)
−1∆ϕ0ϕ = f have

a unique solution ϕ ∈ C∞(M) if we require
#
M f =

#
M ϕ = 0. Hence the

differential of G at ϕ0 is invertible, that means G maps an open neighborhood
of ϕ0 to an open neighborhood of G(ϕ0). This proves S is open.

We also need to prove S is closed. Let {tq}∞q=1 is a sequence in S where
limq→∞ tq = T then we have a sequence ϕq ∈ S such that

det (gij̄ + ϕq,ij̄)

det gij̄
= V ol(M)

etqF#
M etqF

(6)

We want to show that the sequence have somewhat convergence, maybe in
subsequence. To see this we need a prior estimate of the equation.

C0-estimate: We use the method of Nash-Moser iteration [Cao85]. Let’s
introduce J energy function

J(ϕ) :=

$
ϕ([ωn

ϕ]− [ωn]) (7)

Denote v = ϕ− supϕ− 1, we can prove

J(
(−v)p−1

p− 1
) " 1

n

$

M

4

p2
|∇(−v)p/2|2 (8)

for p " 1. Use Sobolev inequality

||(−v)p/2||
L

2n
n−1

! C1||(−v)p/2||H1 (9)
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Then, we have
||v||p

L
np
n−1

! C2p||v||pLp (10)

Let γ = n
n−1 and p = γj where j = 0, 1, 2 .... Then by induction on j, we get

||v||
Lγj+1 ! C

1

γj

2 γ
j

γj ||v||
Lγj

! ......

! C

"j
k=0

1

γk

2 γ
"j

k=1
k

γk ||v||L1

! C

"∞
k=0

1

γk

2 γ
"∞

k=1
k

γk (C3 + 1)V ol(M)

= C4 (11)

Let j → ∞, we have
||v||L∞ ! C4 (12)

C1-estimate: By interpolation inequality, we have the following estimate.
We refer to [GT98] as an introductory textbook for those who are not famil-
iar with this in PDE.

||∇ϕ||L∞ ! C(||ϕ||L∞ + ||∆ϕ||L∞) (13)

C2-estimate: Yao [Yau78] proved the following result in his paper

∆ϕ[e
−Cϕ(m+∆ϕ)] " e−Cϕ[∆F −m2 inf

i ∕=j
(Rīijj̄)− Cm(m+∆ϕ)]

+ e−Cϕ[C + inf
i ∕=j

(Rīijj̄)] e
F/(1−m)(m+∆ϕ)m/(m−1)

(14)

Choose C large enough such that C + infi ∕=j(Rīijj̄) > 1 and we can assume

e−Cϕ(m+∆ϕ) achieve its maximum at a point p. Then∆ϕ[e
−Cϕ(m+∆ϕ)] ! 0

at the point p. Consider the right-hand side of the equation, (m+∆ϕ)(p) has
an upper bound depend only on M and F . Also since m+∆ϕ = gij̄!gij̄ > 0,
we get the following inequality

0 < m+∆ϕ ! C5e
C6(ϕ−inf ϕ) (15)

Thus, we get C2-estimate.

C2,α-estimate: We use the theory of Evans-Krylov estimate [Eva82]. Let
F : Rn2 → R be a smooth convex elliptic function, u be a smooth solution of

F (D2u) = 0 (16)

on a bounded domain Ω. Then there exist a constant C(Ω′, ||D2u||L∞ , F )
such that

||D2u||Cα(Ω′) ! C(Ω′, ||D2u||L∞ , F ) (17)

where Ω′ ⊂⊂ Ω.
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Now we are ready to complete the proof. Differential the equation in S
we have

det(gij̄ + ϕq,ij̄)g
ij̄
q (

∂2

∂i∂j̄

∂ϕq

∂zp
+ ∂pgij̄) = V ol(M)

∂p(e
tqF det gij̄)#
M etqF

(18)

The operator on the left-hand side of equation is uniformly elliptic and the
sequence of coefficients are bounded in the norm |• |0,α by the estimate above.

The Schauder estimate shows that |∂ϕq

∂zp |2,α that are also bounded. From this
information we know that |ϕq|3,α is bounded, then the coefficients are bounded

in the norm |ϕqij̄ |1,α. The Schauder estimate again provides that |∂ϕq

∂zp |3,α is
bounded. We go on this way

· · · ⇒ | ∂ϕq

∂zi∂z̄j
|k,α ⇒ |∂ϕq

∂zp |k+2,α ⇒ |ϕq|k+3,α ⇒ | ∂ϕq

∂zi∂z̄j
|k+1,α ⇒ · · ·

We will have ∀ k the sequence {ϕq}∞q=1 is bounded in the norm | • |k,α. By
Ascoli’s theorem the sequence has a pointwise convergent subsequence and
the limit lies in Ck(M). For the arbitrariness of k, we get a smooth solution

ϕT of
det (gij̄+ϕij̄)

det gij̄
= V ol(M) etF!

M etF
where t = T . This prove S is closed.

Proof of Calabi conjecture by Ricci flow method: [Cao85] Let M be

a kähler manifold with metric g and T =
√
−1
2π Tij̄dz

i ∧ dz̄j represents the first
Chern class c1(M). we consider the complex version of Hamilton equation of
the following type

∂!gij̄
∂t

= Tij̄ − !Rij̄

!gij̄(0) = gij̄

(19)

Where !Rij̄ denote the Ricci curvature of !g. If we can prove the solution
of the equation above exists for all time and !gij̄(t) convergent to the limit
metric !gij̄(∞) as t → ∞ then we will get the metric that we want. By global
∂∂̄-lemma there exists f ∈ C∞(M,R) such that

Tij̄ −Rıj̄ = fij̄ (20)

Also, we have a smooth real value function u ∈ M × [0, t0), 0 < t0 ! ∞, with
u(0) = 0 such that

!gij̄ = gij̄ + uij̄ (21)

Then we can rewrite equivalently

∂u

∂t
= log det(gij̄ + uij̄)− log det(gij̄) + f + ϕ(t) (22)

In which ϕ should satisfy the compatibility condition
$

M
e

∂u
∂t

−f = eϕ(t) V ol(M) (23)

Now we reduce the problem to the following nonlinear parabolic equation

∂u

∂t
= log det(gij̄ + uij̄)− log det(gij̄) + f

u|t=0 = 0
(24)
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where u is a solution on the maximal time interval [0, t0), and !g defines a
Kähler metric on M for ∀ t ∈ [0, t0), define a normalization !u such that

!u = u− 1

V ol(M)

$

M
u (25)

then t0 = ∞ and !u is uniformly bounded. This makes no difference with
continuous method.

The main result is that !u(t) converges in C∞ topology to a smooth function
!u(∞) as t → ∞. And ∂u

∂t converges to a constant in C∞ topology. From this,

we conclude that !Rij̄(∞) = Tij̄ . This prove the problem. We know that ∂u
∂t

satisfies the equation

(!∆− ∂

∂t
)
∂u

∂t
= 0

∂u

∂t
(x, 0) = f(x)

(26)

By the maximum principle for the parabolic equation that for 0 < t1 < t2

sup
x∈M

∂u

∂t
(x, t2) < sup

x∈M

∂u

∂t
(x, t1) < sup

x∈M
f(x)

inf
x∈M

∂u

∂t
(x, t2) > inf

x∈M

∂u

∂t
(x, t1) > inf

x∈M
f(x)

(27)

We define

ϕn(x, t) = sup
x∈M

∂u

∂t
(x, n− 1)− ∂u

∂t
(x, n− 1 + t)

ψn(x, t) =
∂u

∂t
(x, n− 1 + t)− inf

x∈M

∂u

∂t
(x, n− 1)

ω(t) = sup
x∈M

∂u

∂t
(x, t)− inf

x∈M

∂u

∂t
(x, t) (28)

We need to give an estimate of ω(t).

Oscillation Decay: The following Harnack inequality of parabolic equation
on compact Riemannian manifold is just a modification of Li-Yau’s work. See
more details in [LY86].

Theorem 1.1 (Harnack inequality) Let M be a compact Riemannian man-
ifold with dimension n. gij(t) de a family of Riemannian metric on M such
that ∃ C1, C2, C3,K > 0

C1gij(0) ! gij(t) ! C2gij(0) (29)

|∂gij
∂t

| ! C3gij(0) (30)

Rij(t) " −Kgij(0) (31)

If ϕ(x, t) is a positive solution for the equation

(∆t −
∂

∂t
)ϕ = 0 (32)

on M × [0,∞), then for ∀α > 0 and 0 < t1 < t2 < ∞ we have

sup
x∈M

ϕ(x, t1) ! inf
x∈M

ϕ(x, t2)(
t2
t1
)n/2e

C2
2diam(M,g0)

2

4(t2−t1)
+[ nαK

2(α−1)
+C2C3(n+sup ||∇2 logϕ||)](t2−t1)

(33)
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It is easy to see !gij̄ satisfies (31) , also ϕn and ψn in (28) satisfy (32) and
are positive. Using Harnack inequality, we get

sup
x∈M

∂u

∂t
(x, n− 1)− inf

x∈M

∂u

∂t
(x, n− 1

2
) ! γ[ sup

x∈M

∂u

∂t
(x, n− 1)− sup

x∈M

∂u

∂t
(x, n)]

sup
x∈M

∂u

∂t
(x, n− 1

2
)− inf

x∈M

∂u

∂t
(x, n− 1) ! γ[ inf

x∈M

∂u

∂t
(x, n)− inf

x∈M

∂u

∂t
(x, n− 1)]

(34)

hence we have

ω(n) ! (
γ − 1

γ
)ω(n− 1) (35)

Denote a = log( γ
γ−1) and by the fact ω(t) is monotone decreasing, then we

can choose a constant C4 > 0 such that

ω(t) ! C4e
−at (36)

Energy Decay: Let us define

ϕ(x, t) =
∂u

∂t
− 1

V ol(M)

$

M

∂u

∂t
dV#g

E =
1

2

$

M
ϕ2dV#g

(37)

Let t large enough such that supx∈M ϕ(x, t) < ω(t) < 1
2 We can directly

compute

d

dt
E =

$

M
ϕ
∂ϕ

∂t
dV#g +

1

2

$

M
ϕ2 ∂

∂t
(dV#g)

=

$

M
(
∂u

∂t
− 1

V ol(M)

$

M

∂u

∂t
dV#g)[

∂2u

∂t2
− 1

V ol(M)

$

M

∂u

∂t

∂

∂t
log det(gij̄ + u;ij̄)dV#g

− 1

V ol(M)

$

M

∂2u

∂t2
dV#g]dV#g +

1

2

$

M
ϕ2 ∂

∂t
log det(gij̄ + u;ij̄)dV#g

=

$

M
(
∂u

∂t
− 1

V ol(M)

$

M

∂u

∂t
dV#g)[!∆(

∂u

∂t
)− 1

V ol(M)

$

M

∂u

∂t
!∆(

∂u

∂t
)dV#g]dV#g

+
1

2

$

M
ϕ2 !∆(

∂u

∂t
)dV#g

=

$

M

∂u

∂t
!∆(

∂u

∂t
)dV#g +

1

2

$

M
ϕ2 !∆(

∂u

∂t
)dV#g

=

$

M
(−1− ϕ)|!∇∂u

∂t
|2dV#g

! −1

2

$

M
|!∇ϕ|2dV#g

! −1

2
λ1(t)

$

M
ϕ2dV#g (38)

This implies that we can choose C5 > 0 such that

d

dt
E ! −C5E (39)

Since dV#g is uniformly equivalent to dVg, there exists C6 > 0

$

M
ϕ2dVg ! C6e

−C5t (40)
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Now we are in the position to prove the main result. For any 0 < s < s′,
we have

$

M
|!u(x, s′)− !u(x, s)| dVg !

$

M

$ s′

s
|∂!u
∂t

(x, t)| dt dVg

=

$ s′

s

$

M
|∂u
∂t

− 1

V ol(M)

$

M

∂u

∂t
| dVg dt

!
$ s′

s

$

M
|ϕ| dVg dt

+

$ s′

s

$

M

1

V ol(M)
|
$

M

∂u

∂t
dV#g −

$

M

∂u

∂t
dVg| dVg dt

!
$ ∞

s

%
V ol(M)

&$

M
ϕ2dVg dt+ V ol(M)

$ ∞

s
ω(t) dt

! C7

$ ∞

s
e−C5t/2dt+ C8

$ ∞

s
e−atdt (41)

The computation above shows that !u(x, t) converge in L1 norm. If !u does not
converge in C∞ topology, then there exist ε > 0 some integer r > 0 and a
sequence {ti}∞i=1 with limi→∞ ti = +∞

||!u(tn)− !u(∞)||cr " ε (42)

for any n. But !u(tn) are bounded in C∞ topology, so there exists a subse-
quence that converge to !u(∞) in C∞ topology. It is a contradiction.

2 KE metric with c1(M) ! 0

We know that a Kähler manifold is Kähler-Einstein if and only if ρ = λω,
moreover we can reduce to the cases λ = 0, 1,−1. The conjecture is that
when λc1(M) is a Kähler class, if there is a Kähler form such that ρ = λω.

When λ = 0. It is just a corollary of Calabi conjecture. We now discuss
the case λ = −1. In this case, we should consider the equation

det (gij̄ + ∂ij̄ϕ)

det gij̄
= eF+ϕ. (43)

The equation have a unique solution such that gij̄ + ∂ij̄ϕ defines a Kähler
metric.

Theorem 2.1 Let (M,ω) be a Kähler manifold, −c1(M) is a Kähler class,
then there is a Kähler form such that ρ = −ω. This means M is Kähler-
Einstein.

11



Prove Theorem 2.1 by continuous method

To prove Theorem 2.1, we need the following consequence about a Monge-
Ampére equation.

Theorem 2.2 Let M be a compact Kähler manifold with Kähler metric g
dimM = m. Let F (x) be any smooth function defined on M . Then for any
constant k > 0, there exists a unique smooth function ϕ up to a constant such
that

det(gij̄ + ϕij̄) = ef+kϕ det(gij̄) (44)

and !gij̄ = gij̄ + ϕij̄ define a Kähler metric.

First of all, let us prove the uniqueness of the solution of (44) . If ϕ and
!ϕ are two solution, denote F (x, t) = f + kt, ∂F

∂t " 0. Then we have

det(gij̄ + ϕij̄) = eF (x,ϕ) det(gij̄) (45)

and

det(gij̄ + !ϕij̄) = eF (x,#ϕ) det(gij̄) (46)

Choose a normal local coordinate of gϕ, such that !ϕij̄−ϕij̄ = δij . By AM-GM
mean inequality, we have

eF (x,#ϕ)−F (x,ϕ) =
det(gij̄ + !ϕij̄)

det(gij̄ + ϕij̄)

=

m'

i=1

[1 + gīiϕ(!ϕīi − ϕīi)]

! [1 +
1

m
∆ϕ(!ϕ− ϕ)]m (47)

By the mean value theorem

F (x, !ϕ)− F (x,ϕ) =

$ #ϕ(x)

ϕ(x)

∂F

∂t
(x, t)dt

=
∂F

∂t
(x, t̄)[!ϕ(x)− ϕ(x)]

(48)

where t̄(x) ∈ [ inf{ϕ(x), !ϕ(x)}, sup{ϕ(x), !ϕ(x)}]. Assume !ϕ(x) − ϕ(x) take
its maximum at x0, if !ϕ(x0) − ϕ(x0) > 0, then ∆ϕ(!ϕ(x) − ϕ(x)) " 0 in a
neighborhood of x0. By maximal principle and M is compact, !ϕ − ϕ is a
constant function. We interchange the roles of !ϕ and ϕ and go through the
above discussion again. Combining the consequences, we can deduce ϕ− !ϕ is
a constant function. This prove the uniqueness.

Now, let us prove the existence. We are going to prove this using contin-
uous method. Consider the set

S = {t ∈ [0, 1]|equation det(gij̄ + ϕij̄) = etf+kϕ det(gij̄) has a solution in
C∞(M)}

12



Obviously 0 ∈ S for ϕ = 0 is a solution. If we can show the set S is both open
and closed, this will imply that 1 ∈ S.

To see S is open, we consider a map G : A → B. Where

A := {ϕ ∈ C∞(M)|
"

i,j(gij̄ + ϕij̄)dz
i ⊗ dz̄j defines a metric on M}

B := {f ∈ C∞(M)|
#
M f = V ol(M) }

G(ϕ) := det(gij̄ + ϕij̄) det(gij̄)
−1

As we have discussed in previous section, that G is an open map. Also
G1(ϕ) = e−kϕ is an open map. Thus, G2(ϕ) = G(ϕ)G1(ϕ) is open map.
This proves S is open.

To see S is closed. Let {tq}∞q=1 is a sequence in S where limq→∞ tq = T
then we have a sequence ϕq ∈ S such that

det(gij̄ + ϕqij̄) = etqf+kϕq det(gij̄) (49)

Differential the equation we have

det(gij̄ + ϕqij̄)g
′ij̄
q (

∂2

∂i∂j̄

∂ϕq

∂zp
+ ∂pgij̄) = ∂p(e

tqf+kϕq det gij̄) (50)

Let ϕqij̄ achieves its maximum at x0, we have

etqf+kϕq =
det(gij̄ + ϕqij̄)

det(gij̄)

! 1

(51)

This immediately implies ϕ(x0) ! − tq
k F (x0). Similarly we can draw an esti-

mate of infM ϕ. Then we get ϕq is bounded in | • |0,α norm. Go through the
process in previous Section, we can prove ϕq is bounded in | • |0,α norm. This
shows that the sequence of coefficients of (50) is bounded in the norm | • |0,α.
The Schauder estimate shows that |∂ϕq

∂zp |2,α that are also bounded. From this
information we know that |ϕq|3,α is bounded, then the coefficients of (50) is
bounded in the norm |ϕqij̄ |1,α. The Schauder estimate again provides that

|∂ϕq

∂zp |3,α is bounded. We go on this way

· · · ⇒ | ∂ϕq

∂zi∂z̄j
|k,α ⇒ |∂ϕq

∂zp |k+2,α ⇒ |ϕq|k+3,α ⇒ | ∂ϕq

∂zi∂z̄j
|k+1,α ⇒ · · ·

We will have ∀ k the sequence {ϕq}∞q=1 is bounded in the norm | • |k,α.
By Ascoli’s theorem the sequence has a pointwise convergent subsequence
and the limit lies in Ck(M). For the arbitrariness of k, we get a smooth solu-
tion ϕT of det(gij̄+ϕij̄) = etf+kϕ det(gij̄) where t = T . This prove S is closed.

Now let us prove Theorem 2.1 . The condition shows that there exist a
Kähler form ω such that −ρω ∈ c1(M). By the local computation and ∂∂̄-
lemma, we get a smooth function f such that

∂∂̄ log det(gij̄) = gij̄dz
i ∧ dz̄j + ∂∂̄f (52)
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By Theorem 2.2 we can solve the equation

det(gij̄ + ϕij̄) = eϕ−f det(gij̄) (53)

and !gij̄ = gij̄ + ϕij̄ defines a Kähler metric. Combine those, we have

− ∂∂̄ log det(gij̄ + ϕij̄) = −
√
−1(gij̄ + ϕij̄)dz

i ∧ dz̄j (54)

Hence we have found the metric that we are looking for.

The metric is unique. Otherwise, let ḡ be another such metric, by ḡ, !g ∈ [g],
that is they are lied in the same De Rham class. We can find a smooth function
ψ ∈ C∞(M), such that ḡij̄ = gij̄ + ψij̄ and ψ also satisfies the equation (53)

det(gij̄ + ψij̄) = eψ−f det(gij̄) (55)

and (54)

− ∂∂̄ log det(gij̄ + ψij̄) = −
√
−1(gij̄ + ψij̄)dz

i ∧ dz̄j (56)

Combining (53) (54) we have

det(gij̄ + ψij̄) = eψ+C−f det(gij̄) (57)

for some constant C. That means ψ +C is also a solution of (53). So we gat
ϕ− ψ is a constant, ḡ = !g. The Kähler-Einstein metric is unique.

3 Stability with GIT analysis

As we have seen, KE and cscK metrics minimize or maximize some functionals
which means they are local stable. In this section we will see their relationship
with algebraic stability, and we will explain why forming moduli of algebraic
varieties should be a GIT problem.

We want to form a moduli space of polarized algebraic varieties [Mum77].
The polarization allows us to embed X into a projective space by Kodaira
[Huy05]. In fact for X smooth, a theorem of Matsusaka tells us that r can
be chosen uniformly amongst all (X,L) with the same Hilbert polynomial
P(r) = χ(X,Lr). Moreover we can also assume that all higher cohomology
groups H!1(X,Lr) vanish so that H0(X,Lr) has dimension P(r), and that
any two (Xi, Li) are isomorphic if and only if their embeddings differ by a
projective linear map. Then (X,L) defines a point in the Hilbert scheme of
subvarieties of CPn, we must divide out the choice of isomorphism, i.e. take
the GIT quotient of Hilb by SL(N + 1,C).

So by abstract GIT, any choice of SL(N + 1,C)-equivariant (anti-)ample
line bundle on Hilb gives rise to a notion of stability for (X,L). There are
many such; we describe some of those whose associated weights can all be
characterized in terms of weights on the fibre at the point in Hilb. The
Hilbert-Mumford criterion requires us to consider C∗ < SL(N+1,C) orbits of
X ⊂ CPn . This gives rise to a C∗-equivariant flat family, or test configuration,
(X ,L) → C. The weight wr,k of the C∗-action on fibre is

wr,k = an+1(r)k
n+1 + an(r)k

n + · · · (58)
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where
ai(r) = ai,nr

n + ai,n−1r
n−1 + · · · (59)

Hilbert-Mumford criterion requires wr,k ≻ 0. Donaldsons refinement of Tians
original notion, requires one to pick a test configuration first, and then choose
r ≫ 0. The coefficient an+1,n > 0 is Donaldsons version [Don02] of the Futaki
invariant of the C∗-action on (X,L).

Moment map. Fix a metric on CN+1 and so gFS on CPN and an in-
duced hermitian metric on O(−1). This induces the symplectic form ωFS

on a smooth X ⊂ CPN . This induces a natural symplectic, in fact Kähler,
structure on (any smooth subset of smooth points of) Hilb:

Ω(v1, v2) :=

$

X
wFS(v1, v2)

ωn
FS

n!
(60)

where the vi are the normal components of holomorphic vector fields along
X ⊂ CPN . This is also (a multiple of) the first Chern class of a natural
line bundle on Hilb coming from the Deligne pairing of OX(1) with itself
(n + 1)-times [S.Z96]. Let m : CPN → su(N + 1)∗ denote the usual moment
map. Then Donaldson [Don01b] defined the moment map for SU(N + 1) ↷
(Hilb,Ω) takes X ⊂ CPN to a multiple of its centre of mass in su(N + 1)∗:

µ(X) :=

$

X
m
wn
FS

n!
(61)

The zeros of moment map correspond to balanced varieties X ⊂ CPN .

Asymptotics of Bergman Kernel. Fix a metric on (X,L) (e.g. by
picking a metric on H0(L) and then inducing the Fubini-Study metric on
X ⊂ P (H0(L∗)) and L = O(1). This then induces one on Lr for all r, and so
L2-metrics on H0(L∗) for all r. Picking an L2-orthonormal basis si ∈ H0(L∗),
we can then define, for each r, the Bergman kernel:

Br(x1, x2) := Σisi(x1)⊗ si(x2)
∗ (62)

on X ×X. This is the integral kernel for the L2-orthogonal projection of C∞

sections of Lr onto holomorphic sections. Restricting to the diagonal gives
Br(x) := Σi|si(x)|2. So the balanced condition is equivalent to Br(x) being
constant on X.

The importance of Bergman kernel come from Tian Gang’s thesis [Tia90a].
His idea is approximating Kähler metrics by projective embedding. Let ιk :
X → CPNk be the embedding induced by a given basis of H0(X,Lk) then the
projective metrics ωk = 1

k ιkωFS in the same cohomology class as ω.

Theorem 3.1 (Tian-Ruan [Rua96]) For any polarized (X,L,ω), we can
choose ιk such that ωk converge to ω in C∞ as k → ∞.

As r → ∞, Br(x) has an asymptotic expansion [Tia90a] [Zel98] [D.C99]
[Rua98] [Lu00]

Br(x) ∼ rn +
1

2π
s(x)rn−1 +O(rn−2) (63)

Roughly speaking then, balanced metrics should tend towards cscK metrics
with [w] = [c1(L)]. What we have seen so far should motivate the following
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results.

Theorem 3.2 (Donaldson) Suppose that Aut(X,L) is discrete and (X,Lk)
is balanced for all sufficiently large k. Suppose that the metrics ωk converge
in C∞ to some limit ω∞ as k → ∞. Then ω∞ has constant scalar curvature.
The converse is also true. Suppose that ω∞ is a Kähler metric in the class
2πc1(L) with constant scalar curvature. Then (X,Lk) is balanced for large
enough k and the sequence of metrics ωk converge in C∞ to the limit ω∞ as
k → ∞.

We hopes that the existence of a constant scalar curvature metric should be
related to some appropriate algebraic geometric notion of stability. The the-
orems stated above show that this question can be reduced to, on the one
hand, the finite-dimensional issue of the relation between the balanced condi-
tion and stability and, on the other hand, to the question of the convergence
of the metrics ωk as k → ∞. In principle one might be able to prove the
existence of constant scalar curvature metrics by showing directly that the ωk

converge, avoiding PDE theory, but it is hard to see how one might go about
this. Even in the classical case of Riemann surfaces it is hard to see how one
could obtain this convergence without knowing the existence of the constant
curvature metric.

This result is due to Donaldson [Don01b]. Tian had previously proved
K-semistability for KE metrics [Tia97], and a related convergence result for
sequences of Fubini-Study metrics [Tia90a], following a suggestion of Yau
[Yau87]. Using [Don01b] Mabuchi proved that cscK manifolds with auto-
morphisms are Chow polystable if the automorphisms satisfy a certain sta-
bility condition [Mab04]. Donaldson [Don05] then showed that cscK =⇒
K-semistable without any condition on automorphisms. Uniqueness was orig-
inally proved by Bando-Mabuchi [BM87] for KE metrics, by Chen [Che00] for
cscK metrics when c1 ! 0, then by Donaldson in the general cscK case with
finite automorphisms. Again the finite automorphisms condition was relaxed
by Mabuchi, and, in the more general setting of extremal metrics and Kähler
non-projective metrics, Chen-Tian [TC04].

Moduli of bundle. Before we work on the stability of variety, let see
a very similar theory which is nearly completely worked out. Just as most
mathematicians had done. When a theory is in its infancy, we always seek
for motivations from other similar theory witch is ripe and has been proved.
We have the following picture that illustrate how we can do GIT analysis on
moduli space of bundle over a polarized variety.

stability of bundle Bananced X → Gr(N(r))

slope stable HMY

Kempf−Ness

Hilbert−Mumford

Wang

r→∞

Donaldson−Uhlenbeck−Y au

MGMS Donaldson
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The formal infinite dimensional (gauge theory) was described by Atiyah-
Bott [AB82]. Fix a compatible hermitian metric on L, inducing a Kähler
form ω on X. Then A := {∇ is linear connection |∇(g) = 0, F 0,2

A = 0}
inherits a natural Kähler structure, with symplectic form given by Ω(a, b) :=#
X tr(a ∧ b) ∧ ωn−1 for a, b ∈ Ω1(End E) tangent vectors to A. The action
U(E) ↷ A has a moment map

m(A) = F 1,1
A ∧ ωn−1 − λIdωn ∈ Ω2n(su(E)) (64)

here λ = 2πiµ(E)/
#
X ωn is a topological invariant and µ(E) is the slope of

E. The zeros of the moment map are Hermitian-Yang-Mills connections. An
infinite dimensional version of the Kempf-Ness theorem would be that in a
polystable orbit of GL(E) there should be a HYM connection (i.e. a met-
ric whose associated Chern connection is HYM; we call this a HYM metric),
unique up to the action of U(E), as conjectured by Hitchin and Kobayashi.

we wanted form an algebraic moduli space of bundles E over (X,L) of
fixed topological type. More generally, to get a compact moduli space, we
have to consider coherent sheaves E of the same Hilbert polynomial χ(E(r))
where E(r) := E ⊗Lr have no higher cohomology and are generated by their
holomorphic sections for r ≫ 0. We use its monic version, the reduced Hilbert
polynomial

pE(r) := rn +
a1
a0

rn−1 + · · · (65)

then E is stable if and only if for all coherent subsheaves F → E, pF (r) ≺
pE(r) in the following sense (depending on the line bundle chosen on the Quot
scheme):

• Gieseker stable: pF (r) < pE(r) for all r ≫ 0.

• Slope stable: µ(F ) < µ(E).

Gieseker and slope stability coincide on curves X. Slope stability corresponds
to taking a certain semi-ample line bundle on the Quot scheme. Roughly
speaking given by restricting sheaves to high degree complete intersection
curves in X and using the usual line bundle for moduli of bundles on the
curve. GIT needs amending for this situation; so far this has been carried out
only for surface [HL97].

As in the varieties case, we can also talk about balance. Fix compatible
hermitian metrics on L and E inducing a Kähler form on X and an L2-metric
on CPN ∼= H0(E(r)). Then there are actions of SU(N) < SL(N,C) on
Gr (Grassmannian of quotients of CN ), inducing a moment map m : Gr →
su(N)∗ and an action SU(N) ↷ Maps(X,Gr). Its moment map is the inte-
gral of (the pullback of) m over X, so we can again talk about balanced and
asymptotics as r, N → ∞.

Proving conjectures of Donaldson [Don99], Wang [Wan02] shows that the
existence of a balanced map is equivalent to the Gieseker polystability of E.
Slope stable bundles (which are therefore Gieseker stable) admit balanced
maps X → Gr for r ≫ 0 [Wan05], and pulling back the canonical quotient
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connection on Gr and taking limit r → ∞ gives a conformally Hermitian-
Yang-Mills connection on E (which is HYM after rescaling). Unfortunately,
this is not how the results are proved; Wang uses the Donaldson-Uhlenbeck-
Yau theorem to give an a priori HYM connection which can be compared to
the sequence of balanced metrics.

Moduli of variety. There is a very similar story of variety below

stability of varieties Bananced X ∈ Hilb

slope criterion cscK

Kempf−Ness

Ross−Thomas

Zhang

r→∞

???

Hilbert−Mumford Donaldson
Donaldson−T ian

Instead of letting the dimension N of our quotient problem go to infin-
ity, Donaldson [Don97] gave a purely infinite dimensional formal symplec-
tic quotient formulation. The group of Hamiltonian diffeomorphism acts on
X and so on the space of complex structures which make (X,ω) Kähler:
Ham(X,ω) ↷ J := {ω-compatible complex structures on X}.

The Kähler structure on X induces one on J by integration. This is
preserved by Ham(X,ω), and we can ask for a moment map. Considering
C∞
0 (X) (the functions of integral zero) to lie in the dual of the Lie algebra

C∞(X,R)/R by integration against ωn, and setting S0 to be the topological
constant, average of scalar curvature. Fujiki [Fuj90] and Donaldson [Don97]
show that moment map is S−S0. Thus zeros of the moment map correspond
to cscK metrics.

We know that differential of log-norm function is moment map, we want to
set up an infinite dimensional analogue. Consider an orbit ih i.e. in the family
of Kähler form ωt = ω + 2it∂∂̄h, we seek for a function such that dM

dt = mh.
By integration on time

M(ωs) =

$ s

0

$

X
(St − S0)h

ωn
t

n!
dt (66)

This is precisely the Mabuchi functional or K-energy [Mab86], defined up to
a constant (equivalent to the ambiguity in the choice of a lift of a point to the
line bundle above it). It can indeed be written as the log-norm functional for
a Quillen metric on a line bundle over the space of Kähler metrics [MW99].
Its critical points are cscK metrics, and one expects such a metric to exist on
(X, J) if and only if M is proper on the space of Kähler metrics on (X, J),
which is the infinite dimensional analogue of quotient of group action. This
actually is the original definition of the Futaki invariant [Fut83] for a smooth
polarized manifold (X,L) with a C∗-action. Noting as above that it is the
weight of the induced action on a line led Donaldson to give the more general
definition an+1,n described earlier, for an arbitrary polarized scheme (X,L).
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As Donaldson explains in [Don01a], the finite dimensional problem of bal-
anced metrics can be thought of as the quantization of the infinite dimensional
problem of cscK metrics, which emerges as the classical limit as r,N → ∞.
He proved a quantitative Kempf-Ness theorem that SU(N + 1) really ap-
proximates Ham(X,ω) in the sense that its finite dimensional moment map
converges to the infinite dimensional one. The symplectic structures and the
natural norm functionals and weights tend to their infinite dimensional ana-
logues (the Mabuchi functional and Futaki invariant) as r → ∞ [Don01a].
Also the space of algebraic metrics (the restrictions of the Fubini-Study met-
rics SL(N + 1)ωFS from CPN ) becomes dense in the space of all Kähler
metrics as r,N → ∞ [Tia90a]. Thus the quantum picture tends to the classi-
cal one as r → ∞.

By analogy with the Kempf-Ness theorem in finite dimensions and by
taking the infinite limit of r → ∞. It is natural to conjecture a Hitchin-
Kobayashi correspondence. That is a variety should admit a cscK metric if
and only if it is polystable in a certain sense. In fact Yau [Yau93] first sug-
gested that there should be a relationship between stability and the existence
of KE metrics. Tian [Tia90b] proved this for surfaces, introduced his notion
of K-stability, and building on his work with Ding [DT92], showed it was sat-
isfied by Kähler-Einstein manifolds [Tia97]. The definition of K- stability was
generalised to more singular test configurations by Donaldson [Don02] who
also showed that cscK implies K-semistability [Don01b]. So it was thought
that K-polystability, as defined above, should be the right notion to be equiva-
lent to cscK. Recent explicit examples [ACGF05] in the extremal metrics case
where there is a similar conjecture due to Székelyhidi [Szé04] suggest that this
should be strengthened to analytic K-polystability, allowing more general an-
alytic, instead of just algebraic, test configurations. In particular one should
allow the line bundle L over the test configuration to be an R-line bundle: an
R-linear combination by tensor product of C∗-linearised line bundles. So the
most likely Yau-Tian-Donaldson conjecture as things stand at the end of 2005
is the following.

Conjecture 3.1 (Yau-Tian-Donaldson) (X,L) is analytically K-polystable
⇐⇒ (X,L) admits a cscK metric. This is unique up to the holomorphic au-
tomorphisms of (X,L).

This would be the right higher dimensional generalisation of the uniformi-
sation theorem for Riemann surfaces. There is very little progress on this
conjecture in the =⇒ direction except for projective bundles [BB88] [Hon02]
[RT04] and Donaldsons deep work on toric surfaces [Don02]. In the KE case
there are sufficient conditions for existence given by Tian’s α-invariant [Tia87]
and Nadel’s multiplier ideal sheaf, but no one has successfully related these to
stability. Part of the problem, quite apart from the analytical difficulties, is
that we do not have a good intrinsic understanding of stability for varieties i.e.
no one has successfully analysed the Hilbert-Mumford criterion for varieties.
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4 YTD Conjecture on Fano Manifold

The most ideal theory we might expect would be every compact manifold
with c1(M) = λ[ω] has a unique KE metric. But an example of Mat-
sushima [Mat57] showed that c1(M) = [ω] can not derive ρ = ω. We wish
to add some condition on M such that the conjecture become true. We have
discussed the motivation of the KE and cscK metrics. In this section, we
outline the idea and technique of the existence of KE and cscK metric.

Let (M,ω0) be a kähler manifold with c1(M) = [ω0], then as we have
discussed in section 1 that the conjecture of Calabi can be reduced to solving
the following complex Monge-Ampére equation

det(gij̄ + ϕij̄) = det(gij̄)e
F−tϕ

ω0 +
√
−1∂∂̄ϕ > 0

(67)

where F ∈ C∞(M) is a given function.

By a slight modification of Yau’s proof, we reduced the equation to C0-
estimate of solutions. But unfortunately it doesn’t always exist. Tian Gang
finally solved the Fano cases in dimension 2 [Tia90b]. Generally, which Fano
manifolds admit Kähler-Einstein metrics? The idea that the appropriate con-
dition should be in terms of “algebro-geometric stability” was proposed by
Yau about 20 years ago, partly by analogy with the “Kobayashi-Hitchin cor-
respondence” in the case of holomorphic bundles. Over the years various
different notions of stability have been discussed in literatures, both in the
Kähler-Einstein case and in the more general situation of constant scalar cur-
vature Kähler metrics on polarised manifolds.

• Futaki: Futaki invariant, 1983.

• Bando, Mabuchi: Mabuchi functional, 1985.

• Tian Gang: α-invariant, 1987.

• Tian Gang: Lie(Aut(M)) is reductive, 1990.

• Yao: Test-configuration, algebraic stability, 1990

• Ding Weiyue: Ding functional, 1992.

• Tian Gang: K-stability, 1997.

• Donaldson: K-stability (formally), 2002.

• Sean Paul: Stable pair, 2012.

The condition proposed by Tian in 1997 first gives the equivalence. Donald-
son extends the definition of K-stability introduced by Tian. This extended
definition has two good properties: (i) It is purely algebraic; (ii) It does
not require smoothness (or normality) of the limit cycle. Sean Paul’s Stable
pair [Pau12a] also (iii) completely captures the behavior of the Mabuchi en-
ergy along the degeneration. In the case of a smooth limit cycle, his definition
of the generalized Futaki invariant agrees with the original definition of Ding
and Tian [DT92]. The generalized Futaki invariant (and the corresponding
notion of stability) proposed by Donaldson in 2002 [Don02] only satisfies (iii)
in the special case of reduced limit cycle.

20



Gromov-Hausdorff limit with non-collapsing condition. We sup-
pose the metric satisfies fixed upper and lower bounds on the Ricci tensor
−C1g ! Ric ! C2g. For V, c > 0 let K(n, c, V ) denote the class of all
such polarized Kähler manifold such that the volume of X is V and the non-
collapsing condition V olBr " cπ

n

n! r
2n holds. The connection induces a holo-

morphic structure on L and for each positive integer k there is a natural L2

hermitian metric on the space H0(X,Lk). Consider the minimum of Bergman
function

.(k,K) := min
x∈X

B(x) (68)

Kodaira embedding theorem asserts that for each fixed X we have .(k,K) > 0
for large enough k. A famous result [DS14] can be thought of as an extension
of this well-known statement which is both uniform over K(n, c, V ) and gives
a definite lower bound.

Theorem 4.1 Given n, c and V , there is an integer k0 and b > 0 such that
.(k,K) " b2 for all X ∈ K(n, c, V ).

The proof involves a combination of the GromovHausdorff convergence
theory developed by Anderson, Cheeger, Colding, Gromoll, Gromov, Tian
and others over the past thirty years or so, and the Hörmander technique for
constructing holomorphic sections. When n = 2 the theorem was essentially
proved by Tian in [Tia90b] and the overall proof is similar. We remark that
the original conjecture of Tian in [Tia91] is stated for Kähler metrics on Fano
manifolds with a uniform positive lower bound on the Ricci curvature, and
this amounts to removing the hypothesis on the upper bound of Ricci cur-
vature in the above theorem. This remains an interesting open question to
study in the future.

The above theorem provides the foundations for a bridge between the
differential geometric convergence theory and algebraic geometry, leading to
the following result (as indicated by Tian).

Theorem 4.2 Given n, c and V , there is a fixed k1 and an integer N such that
any X in K(n, c, V ) can be embedded in a linear subspace of CPN by sections
of Lk1. Moreove, if Xj be a sequence in K(n, c, V ) with GromovHausdorff
limit X∞. Then X∞ is homeomorphic to a normal projective variety W in
CPN . After passing to a subsequence and taking a suitable sequence of projec-
tive transformations, we can suppose that the projective varieties Xj ∈ CPN

converge as algebraic varieties to W .

Many of the ideas and arguments required to derive this are similar to those of
Ding and Tian in [DT92] who considered Fano manifolds with KählerEinstein
metrics. Then the limit is a “Q-Fano” variety, as Ding and Tian conjectured.

Cheeger-Colding theory. The study of the structure of spaces Y ,
which are pointed Gromov-Hausdorff limits of sequences, {(Mn

i , pi)}, of com-
plete, connected Riemannian manifolds whose Ricci curvatures have a def-
inite lower bound systematically presented by Jeff Cheeger and Tobias H.
Colding [CC97] [CC99a] [CC99b]. Most of results are applications of the
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“almost rigidity” theorems for manifolds of almost nonnegative Ricci curva-
ture [CC95] [CC96]. The techniques is the use of generalized splitting theo-
rem, “volume cone implies metric cone” and (implicitly) integral Toponogov
theorems, together with tangent cone analysis of the sort employed in geomet-
ric measure theory. The continuity of the volume (of balls) under Gromov-
Hausdorff limits also plays a direct role in the discussion. The continuity
of the volume in the case was conjectured by Anderson-Cheeger and proved
in [Col97].

Conical KE metric. Now, we look at a pair (X,D) where D is a
smooth divisor in a Kähler manifold X, and study the existence of Kähler-
Einstein metrics on X with cone singularities along D. This problem was
classically studied on the Riemann surfaces [LT92] [McO88] [Tro91], and was
first considered in higher dimensions by Tian in [Tia91]. Recently, there is
a reviving interest on this generalized problem, mainly due to Donaldsons
program [Don12] on constructing smooth Kähler-Einstein metrics on X by
varying the angle along an anti-canonical divisor. There are many subsequent
works, see [Ber12] [JMR15] [Li11].

The strategy to study Kähler-Einstein metrics on a smooth Fano manifold
with cone singularities along a smooth divisor, witch is proportional to the
anti-canonical divisor, is “interpolation-degneration”. By “interpolation” we
show the angles in (0, 2π] that admit a conical Kähler-Einstein metric form
an interval, and by “degeneration” we figure out the boundary of the inter-
val [LS12].

KE metric on Fano manifold. The following excellent result is proved
by Chen, Donaldson and Sun [CDS12b] [CDS12c] [CDS12d].

Theorem 4.3 (Chen-Donaldson-Sun) A Fano manifold X is K-stable if
and only if it admit a Kähler-Einstein metric.

The strategy of proof of the existence of KE on Fano manifold follows
that suggested in [Don12]. We fix some λ > 0 such that the linear system
|λKX | contains a smooth divisor D. we consider Kähler-Einstein metrics on
X with a cone singularity of cone angle β along D, where β ∈ (0, 1] is a
variable parameter. Of course when β = 1 these are just smooth Kähler-
Einstein metrics. Such metrics with cone singularities were discussed in gen-
eral terms some years ago by Tian Gang in [Tia91]. More recently, follow-
ing [Don12], a detailed theory has been developed, both on the differential
geometric side [Don12] [Bre11] [DS14] [SW12] and the algebraic-geometric
side [Sun11] [OS11] [LS12].

The fundamental point is that modified Futaki invariant Futβ(X ) is lin-
ear in β, so if we know that Futβ(X ) = 0 for some β ! 1 and we know that
Futβ′(X ) " 0 for some β′ < β then we can deduce that Fut(X ) ! 0 and so
X is not K-stable. The existence of a Kähler-Einstein metric with small cone
angle is well-understood. So the problem becomes to show that if we have
an increasing sequence βi → β∞, with β∞ ! 1 such that there are Kähler-
Einstein metrics ωi with these angles then either there is a Kähler-Einstein
metric with cone angle β∞ or there is a test configuration X with Futβ∞(X ).
Same remark as above about the small complication when X has automor-
phisms. This strategy can be regarded as a variant of the standard “continuity
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method”, in which one perturbs the Kähler-Einstein equation using a positive
(1,1) form.

Stable pair. Let G be one of the classical subgroups of GL(N + 1,C),
(V, ρ) be a finite dimensional complex rational representation of G. Let H
denote any maximal algebraic torus of G. By Peter-Weyl theorem and Fourier
analysis on Abelian Lie group, algebraic homorphism λ : H → C∗ form a
lattice in RN , we denote the lattice and its dual by MZ, NZ. Use standard
representation theory, we can decompose V into weight space

V = ⊕λ∈supp(V )Vλ. (69)

For v ∈ V \{0}, define the weight polytope of v is the compact convex integral
polytope N (v) given by convex hull of the lattice points {λ ∈ supp(v)}. The
reader who is not familiar with representation of Lie group can take [Bum] as
a reference.

Definition 4.1 Let V and W be finite dimensional complex rational represen-
tations of G. Let v ∈ V \{0} and w ∈ W\{0}. The pair (v, w) is K-semistable
if and only if for all H, N (v) ⊂ N (w). Pair (v, w) is K-stable if and only if
for all H, there exist m0 ∈ N such that (vm−1 ⊗ uq(V ), wm) is K-semistable
for all m " m0, where u is any H-generic vector and q(V ) is degree in the
standard representation of G.

Remark 4.1 The reader may easily verify that Hilbert-Mumford stability is
a special case of K-stability. In particular, it provides many examples of K-
semistable pairs.

A nontrivial special case of K-stability arises in connection with complex pro-
jective varieties. In order to proceed, let us first recall the Hilbert-Mumford
stability theory. The core of this theory consists in associating to a vector
bundle E over a subvariety X → PN , a projective geometric gadget that en-
codes the object up to projective equivalence. More precisely one associates
to these data an orbit G · v of some nonzero vector v in a finite dimensional
complex rational G module E. For example, to E → X one associates the
Gieseker point, and to a subvariety X → PN one associates either the Hilbert
point or the Chow form. Similarly, in order to apply K-stability to a smooth
projective variety X → PN we must associate to our embedded variety X a
pair v(X) ∈ V \{0}, w(X) ∈ W\{0}, where V and W are finite dimensional
rational G-representations. The notation is intended to suggest that X is en-
coded by the pair (v, w). As the reader shall see, each vector is projectively
natural.

Let Xn → PN be an irreducible, linearly normal subvariety of degree d.
The Cayley-Chow form of X, denoted by RX , is the defining polynomial
(unique up to scaling) of the divisor

{L ∈ G(N − n,CN+1)|L ∩X ∕= ∅} = {L|RX(L) = 0} (70)

When the dual variety X∨ is indeed a hypersurface, we have the defining
polynomial ∆X , unique modulo scaling. Just as in the case of classical re-
sultants and discriminants of polynomials in one variable, we may view the
general X-discriminant and Cayley-Chow form as homogeneous polynomials
on spaces of matrices: ∆X ∈ C[M1×(N+1)], RX ∈ C[M(n+1)×(N+1)].
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Definition 4.2 We call that X is K-semistable (Definition 4.1) if and only

if the pair (R
deg(∆X)
X ,∆

deg(RX)
X ) is K-semistable for the action of G; X is K-

stable if and only if the pair (R
deg(∆X)
X ,∆

deg(RX)
X ) is K-stable for the action of

G.

Sean paul proved that the Mabuchi energy of (X,ωFS |X) restricted to the
Bergman metrics is completely determined by the X-hyperdiscriminant of
format (n − 1) and the Chow form of X. As a corollary it is shown that
the Mabuchi energy is bounded from below for all degenerations in G if and
only if the hyperdiscriminant polytope dominates the Chow polytope for all
maximal algebraic tori H of G.

Theorem 4.4 Let Xn → PN be a smooth, linearly normal, complex algebraic
variety of degree d " 2. Then there are norms such that the Mabuchi energy
restricted to the Bergman metrics is given as follows

νω(ϕσ) = deg(RX) log
||σ ·∆X×Pn−1 ||2
||∆X×Pn−1 ||2

− deg(∆X×Pn−1) log
||σ ·RX ||2
||RX ||2 (71)

The norms which appear on the right-hand side of are conformally equivalent
to the standard norms on the respective spaces of polynomials. These norms
were first constructed in [Tia94]. With this theorem in mind, we reduces
the problem of bounding the Mabuchi energy from below to the problem of
analyzing the simultaneous G orbit of the resultant and hyperdiscriminant
polynomials inside certain irreducible G modules Sλ.(CN+1) and Sµ.(CN+1)
respectively. We are now prepared to state fundamental corollary, it provides
the first complete algebraic characterization of the existence of a lower bound
for the Mabuchi energy on the space of Bergman metrics.

Corollary 4.1 The Mabuchi energy is bounded below if and only if

G · [(Rdeg(∆),∆deg(R))]
(

G · [(Rdeg(∆), 0)] = ∅ (72)

Remark 4.2 It follows from this corollary that the asymptotic expansion of
the Mabuchi energy along any algebraic one parameter subgroup of H (a max-
imal algebraic torus of G) is completely determined by the Chow polytope
N (RX) and the hyperdiscriminant polytope N (∆X×Pn−1). As t → 0, we have

µ(λ(t)) = FP (λ) log |t|2 +O(1) (73)

where

FP (λ) := deg(RX) min
x∈N (∆X×Pn−1 )

lλ(x)− deg(∆X×Pn−1) min
x∈N (RX)

lλ(x) (74)

This gives a complete description of the behavior of the Mabuchi energy along
all degenerations, that µ(λ(t)) has a logarithmic singularity as t → 0 and the
coefficient of blow up is an integer.

Analytic stability of cscK. With the existence problem of Kähler-
Einstein metric settled eventually, it is time to discuss how to attack Calabis
original problem in full generality. The cscK metric equation can be rewritten
as a pair of coupled equations

log det(gij̄ + ϕij̄) = F + log det(gij̄)

∆ϕF = −R+ trϕRicg
(75)
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To attack the existence problem of cscK metrics, we have to study a 4th
order PDE above. Chen [Che15] propose a “new” continuity path in a given
Kähler class to solve the cscK metric problem. Module out the profound dif-
ficulty in analysis, this idea shed light on the existence problem from direct
PDE approach.

For any positive, closed (1,1)-form χ, define a continuous path t ∈ [0, 1] as

t(Rϕt −
[c1(M)][ω0]

[n−1]

[ω0][n]
) = (1− t)(trϕtχ− [χ][ω0]

[n−1]

[ω0][n]
) (76)

A Kähler metric is called twisted cscK metric if its scalar curvature satisfies
Equation above. We call it twisted extremal Kahler metric if the left hand
side of the Equation gives rise to a holomorphic vector field.

When t = 1, this reduces to the equation for cscK metrics. Let I denote
the set of time parameter t ∈ [0, 1] such that the Equation can be solved at
time t. As usual, our goal is to first prove that I is not empty which usually
means finding a starting point where we can solve this equation. Then, to
prove I is open which is crucial for this program to be viable. The hard part
is of course to prove I is closed which involves hard a priori estimate.

The conspicuous and memorable feature of CDS’s proof is the heavy use
of Cheeger-Colding theory on manifold with Ricci curvature bounded from
below. The apriori bound on Ricci curvature for KE metrics make such an
application of Cheeger-Colding theory seamlessly smooth and effective. How-
ever, if we want to attack this general conjecture, there will be a dauntingly
high wall to climb since there is no a priori bound on Ricci curvature. There-
fore, the entire Cheeger-Colding theory needs to be redeveloped if it is at all
feasible. On the other hand, there is a second, less visible but perhaps even
more significant feature of CDS’s proof is: The whole proof is designed for
constant scalar curvature Kähler metrics and the use of algebraic criteria and
Cheeger-Colding theory is to conclude that the a C0 bound holds for Kähler
potential so that we apply the apriori estimates for complex KE metrics devel-
oped by Calabi, Yau and others. Indeed, this is exactly how Chen and Cheng
make use of Cheeger Colding theory and stability condition in CDS’s proof
to nail down a C0 estimate on potential. Unfortunately, such an estimate is
missing in this generality for a 4th order fully nonlinear equation. Indeed, as
noted by other famous authors in the subject as well, the difficulty permeates
the cscK theory are two folds: one cannot use maximal principle from PDE
point of view and one can not have much control of metric from the bound
of the scalar curvature. Recently, Chen and Cheng have an estimate about
cscK [CC18a], which makes Yau-Tian-Donaldson conjecture likely resolvable.

Theorem 4.5 If (M,ωϕ) is a cscK metric, then all higher derivatives of the
Kähler potential function ϕ can be estimated in terms of upper bounded of#
M log(

ωn
ϕ

ωn
0
)ωn

ϕ.

As a consequence, it shows that all higher derivatives of ϕ can be estimated in
terms of ||ϕ||0. This estimate gives an equivalence between cscK metric and
analytic stability [CC18b] [CC18c].

Theorem 4.6 (Chen-Cheng) The polarized Kähler manifold (M, [ω0]) is
geodesic stable if and only if the Kähler class [ω0] admit a cscK metric.
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Completion of the proof of Yau-Tian-Donaldson conjecture. Now
we are in a position to give a complete proof of YTD conjecture. Given a
homogeneous degree d polynomial P on CN+1 we identify it with a section of
canonical bundle O(d) over CPN . For any p ∈ [0,∞] we define the Lp norm
by using the Fubini-Study metric. When p = 0 it is defined by

log ||P ||0 :=
$

CPN
log |P |hd

FS
ωN
FS (77)

log ||P ||0 is called the logarithmic Mahler measure of P . By a well known
proporsition [BGS94] [Fil91] [Lel94], we have

− d

2
(

N)

j=1

1

j
) + log ||P ||p ! log ||P ||0 ! log ||P ||p (78)

We assume that X is smooth and linearly normal, Choose any Lp normal-

ized R,∆, then the Lp distance between the points (R
deg(∆X)
X ,∆

deg(RX)
X ) and

(R
deg(∆X)
X , 0) is defined by

log tan distp(σ) := log ||σ ·∆deg(RX)
X ||p − log ||σ ·Rdeg(∆X)

X ||p. (79)

The Lp distance between the orbit closures is defined to be

log tan distp(OR∆,OR) := inf
σ∈G

log tan distp(σ). (80)

The point is that all of the Lp distances measure the same thing: any one
of them detects the semistability of X. What is extraordinary is that the
infimum of the Mabuchi energy restricted to the Bergman metrics at level k
is exactly the distance between the orbit closures in the L0 distance.

Definition 4.3 A polarized manifold (X,L) is asymptotically semistable if
and only if there is a uniform constant C = C(h) " 0 such that

dist0(OR∆,OR) # e−Cd2 (81)

for all sufficiently large Lk-embeddings of degree d = kn. A polarized manifold
(X,L) is asymptotically stable if and only if there are uniform constant m ∈
Z+ and C = C(h,m) " 0 such that

dist0(O(v,w),Ov) # e−Ck2n+1
(82)

for all sufficiently large k (the power of the embedding). Where

(v, w) := (Iq ⊗R
(km−1) deg(∆X)
X ,∆

km deg(RX)
X ) (83)

As in the definition of asymptotic semistability, both RX and ∆X have been
scaled to have length one in the norm || · ||0. The reader should observe that
the speeds of approach of the orbit closures in the definitions and asymptotic
stability and semistability differ by a single factor of k.

The norm appearing in Theorem 4.4 was first considered by Gang Tian in
his early works on CM stability [Tia94] [Tia97] [Tia99] [Tia00a] [Tia00b]. This
norm is conformally equivalent to the L2 norm with a continuous potential
|| · || := eθ|| · ||L2 . It seems there is little one could say about θ beyond it’s
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Hölder continuity. However, for families of divisors, the situation considered
here, can be described explicitly, which allows us to significantly improve
Theorem 4.4.

νω(ϕσ) = deg(RX) log
||σ ·∆X×Pn−1 ||20
||∆X×Pn−1 ||20

− deg(∆X×Pn−1) log
||σ ·RX ||20
||RX ||20

(84)

We identify the space of homogeneous polynomials of degree d with a section
of canonical bundle O(d) over CPN , let B denote the corresponding complete
linear system and Xd the universal family of hypersurfaces over B. An explicit
description of θ is obtained by noting that Xd is a divisor in B × Pn+1 cut
out by a section Ψ of p∗1OB(1)⊗ p∗2OPn(d). The following crucial observation
was shown by Tian Gang.

Lemma 4.1 There is a uniform constant C such that for all sufficiently large
k ∈ N we have

C +
1

k
log(

||σ||2
Nk + 1

) !
$

X

Ψσ

k

ωn

V0
(85)

We compare the Mabuchi and Aubin energies of the reference metric with
the restrictions of the Fubini-Study metrics coming from the large projective
embeddings, then we have

Jω(
Ψσ

k
) =

1

k
JωFS |lk(X)

(ϕσ) + o(1) (86)

The comparison formulas (86) and the lemma 4.1 imply that

Jω(
Ψσ

k
) =

1

k
F 0
ωFS |lk(X)

(ϕσ) +
1

k
log ||σ||2 +O(1). (87)

Recall a well known proposition [Phi91] [Sou91]

− deg(RX)F 0
ωFS |lk(X)

(ϕσ) = log ||σ ·RX ||0. (88)

We have chosen RX to have length one in the Mahler norm. Inserting (87)
into (88) allows us to express Jωh

restricted to Bergman kernel as a distance
function

deg(∆X)

d
Jωh

(
Ψσ

k
) =

1

k2n+1(n+ 1)
(− deg(∆X) log ||σ·RX ||20+q log ||σ||2)+O(1)

(89)
The equation (84) and comparison formulas (86) give

mνωh
(
Ψσ

k
) =

−m deg(∆X) log ||σ ·RX ||20 +m deg(RX) log ||σ ·∆X ||20
k2n(n+ 1)

+ o(1)

(90)
As usual, we have chosen representatives satisfying ||RX ||0 = ||∆X ||0 = 1.
Subtract (89) from (90) and use the definition of the L0 distance to get

mνωh
(
Ψσ

k
)− deg(∆X)

d
Jωh

(
Ψσ

k
) =

log tan dist0(σ · [(v, w)])
k2n+1(n+ 1)

+O(1) (91)

Recall that the pair (v, w) is given by (83), taking the inf over G on both sides
of (91), we get

inf
Ψσ
k

∈BNk

(mνωh
(
Ψσ

k
)− deg(∆X)

d
Jωh

(
Ψσ

k
)) =

log tan dist0(O(v,w),Ov)

k2n+1(n+ 1)
+O(1)

(92)
Now we complete the proof of Yau-Tian-Donaldson conjecture 0.1.
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