NOTES ON PERIODICITY THEOREM
RIXIN FANG

ABSTRACT. In this notes, we introduce the periodicity theorem and explain the proof.
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1. INTRODUCTION

Definition 1.1. Let X be a p—local finite spectrum, and n > 0. A self-map v : ¥ X — X
is said to be a v,, self-map if

multiplication by a rational number, if m =n =0,
K(m),v = { isomorphism, if m=n#0,

nilpotent, otherwise.

Let Cy be the homotopy category of p—local finite spectra, we denote C,,n > 1 the full
subcategory of Cy with K(n —1).(X) =0,VX € C,.
The main reference is [3], and the main theorem is following,

Theorem 1.2. [3, Theorem 9] A p—local finite spectrum X admits a v, self-map iff X € C,,.
And if X admits a v,, self-map, then exists N € N, and v : ORIl X, such that such
that

N .
vl ifm = n,

(1.2.1) K(m).w = { "

0, otherwise.

Denote V), to be the full subcategory of Cy admitting self-map v satisfies (1.2.1). So The-
orem 1.2 is just saying V,, = C,.
Proof of Theorem 1.2 (logically).

We need three facts.
(1) V, is thick.
(2) V, CC,.

(3) Jx x €C, \Chy1 Nz € V.

Fact 1 says Im € N,V,, = C,,(thick subcategory theorem), fact 2 says m > n, fact 3 says

m = n. Otherwise, m > n + 1, then X € C,, \ C,11 = &, a contradiction. So, V,, =C,. O
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Now, we only need to prove those three facts. Basically fact 1 followed by some algebraic
facts about K (m).(X A DX), and we will prove it in section 2. The proof of fact 3 involves
constructing X € C,\C,+1 and an element in (X A DX) such that the image in K (m).(X A
DX) satisfies 1.2.1, we will use several Adams spectral sequences to ”approximates” vﬁN,
and we will prove fact 3 in section 3.

Now we present a proof of fact 2.

Proof of fact 2. 1t is equivalent to show if X is p—local finite spectra, admitting v satisfies
1.2.1, then K(n — 1),X = 0. Suppose the converse holds, i.e 3X X € V,, \ C,, then K(n —

1),X # 0. We denote the cofiber of v : L27"~DP" X 5 X as Y. Apply K (n—1), to the exact
triangle, we have
0 Kn—1)X = K(n—1),Y = K(n— 1), ;32" " x 0.

This gives K(n — 1).(Y) # 0. Apply K(n). to the exact triangle, we get K(n).(Y) = 0.
These together gives Y € C,,11 \ C,, = @. A contradiction. O

2. V, IS THICK

We may consider n > 1, because for any p—local finite spectra, the degree p map is a
Vo—INap.

By the theory of Spanier-Whitehead duality, a self map XX — X is dual to S¥ — R =
F N DF.

Definition 2.1. Let R be a finite ring spectrum, n > 1. An element

a € mR
is called v,,—element if
unit ifm=n
Km)a=< " )
nilpotent, otherwise.

Remark 2.2. K(m).a is the image of o under the map 7,(S° A R) — m.(K(m). A R).
Claim. The definition 1.1 and definition 2.1 are equivalent in some sense.

Proof. We need to prove X has v,—self map iff R = X A DX has v,—element. Form
Spanier-Whitehead theory we should have

[X,Y] » (DX AY)

| [

Hom gy, (K (m).(X), K (m).(Y)) —=— K(m).(DX A X).

12

So, there is a v, —self map if and only if the dual of that map is a v,—element in 7, (R). O
We now need a lemma convert a v,—element to satisfy (1.2.1) in some sense.

Lemma 2.3. Let R = X AN DX, and o € m.(R) is a v,—element, there exists i,j7 € N such
that

K( )(z) 'UZ” if m=n,
m)(a') =

0, otherwise.
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We actually will need following facts.

Proposition 2.4. Let X and Y be finite spectra. For m > 0, we have
(1) K(m).(X) ~HF, X ® K(m).,
(2) K(m).(f) =HF,, f ®@idkgm),, for any f: X =Y.

Proof of Lemma 2.3. By Proposition 2.4 (1) we have HF, «a is nilpotent, and since X is
finite spectra, for the reason of dimension after raising a to a power, we get for m > 0,
HF, a = 0. But that just gives K(m).(a) = 0,for m > 0. Again, after raising a to a
power, we get K(m).(a) = 0,for m # n. K(n).(a') is a power of v, meaning that o' =
1 € K(n).R/(v, —1). And K (n),R/(v, — 1) = Go<icjv, K (n); R generates K(n).(R). And
it is finite because X is finite spectrum, so K(n).(R) is finite dimensional K (n).—vector
space, thus @o<i<|v, K (n); R can be finite dimensional F,—vector space. Then we take the
order of group K(n).(R)/(v, — 1), we get o* =1 € K(n).(R)/(v, — 1), that just means
o' =vl € K(n).(R). O

There is an algebra fact about Z,)—algebra.
Lemma 2.5. Suppose x and y are commuting elements of Zy—algebra, and if x —y is
torsion and nilpotent, then there exists N € N, such that
2 = ypN
Proof. Take N >> 0, so that 27" = (y+ (z — y))?" = y*" . O
Lemma 2.6. Let R= X ADX, a € m.(R) is a v,—element. There exists i > 0, ' is in the
center of m.(R).

Proof. By Lemma 2.3, raising « to a power, we may assume that K (m).(«) is in the center of
K(m).(R) for all m. Let I(a), r(«) € m(R) be the left multiplication and right multiplication
by a. Since R € C; (H.(R,Q) = 0), [(«) —r(«) has finite order. And K (m).(l(a)—7r(a)) =0,
then I(a)) — r(«) is nilpotent.(we actually used nilpotence theorem here). By Lemma 2.5,
I(o)?" = r(a?™), for some M € N. O

In the proof above we actually have used following fact.

Proposition 2.7 (Nilpotence Theorem). [3, Theorem 3 (i)] Let R be a p—local ring spectrum.
An element o € m.(R) is nilpotent if and only if K(n).(«) is nilpotent for all n € N.

Lemma 2.8. Let x,y € m.(R) be v,—elements. Then there are i,j € N, such that x* = y’.

Proof. Similar to Lemma 2.6, after raising x, y to powers, we may assume K (m).(z—vy) = 0,
and z,y are commute. Then by Proposition 2.7, + — y is nilpotent. And x — y is torsion,
because R € C;. Then by Lemma 2.5, there are 7,7 € N, x* = ¢/. O

Corollary 2.9. Suppose X and Y have v, self-maps vx and vy. There are i,7 € N, such
that for any Z and any
f: X—=>Y

the following diagram commutes.
shx =L, yky

i J

x 1 v
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Proof. The spectrum W = DX AY has two v, self maps: Dvy Aidy,idpx Avy. By Lemma
2.8 and the claim in Remark 2.2, Dv% A idy are homotopic to idpx Avy.. Assume f is dual

to f € (W), W is a module spectrum over DX A X, the product vg(f = (Dvl. A idy)f is

~

the adjoint of fv%. And also (idx Av])f is adjoint to v} f, so fvi ~v] f. O
We actually have used following fact.
Proposition 2.10. For any two spectra X and Y, the natural map
K(n).X @iy, K(n).(Y) = K(n).(X AY)
18 an equivalence.

Corollary 2.11. The full subcategory of Cy consisting of spectra admitting a v, self-map is
thick.

Proof. Denote the category in the statement to be C. Note that X € C iff XX € C. To show
C is closed under cofiber sequences, we only need to show if

X—>Y—>Z7

is a cofiber sequence with X,Y € C, then Z € C. (Because of the triangulated structure of
spectra category). Using Corollary 2.9, we can choose vy, vy are v, maps of X and Y, such
that

YEX —— YFY —— Y7

lvx lw

X s Y A

is commutative. And any map vy : ¥¥Z — Z making the diagram a map of cofiber sequences
is a v, map.(And such map exists by an axiom of triangulated category). Now we need to
show C is closed under retracts. Let i : Y — X p: X — Y, and p o4 is homotopic to idy .
By Lemma 2.6 and claim in Remark 2.2, we can choose a v, self map X of X, such that v
commutes with ¢ o p. Then the map

shy Ziosvky v x Py

is a v, map of Y. O

Remark 2.12. The fact that p o v o £¥; is a basic algebra exercise. It is equivalent to the
following question. Let A, B be R—modules, f: B -+ B,1: A — B,p: B — A, fis an
isomorphism, p o7 =id4, f commutes with 7 o p, then po f o4 is an isomorphism.

Corollary 2.13. The full subcategory of Ci consisting of spectra admitting a v, self-map
satisfying (1.2.1) is thick, i.e. V, is thick, n > 1.

Proof. The proof is the same, the only trouble is the powers in Lemma 2.3 and Lemma 2.8

could be not a power of p. But actually the condition (1.2.1) says that cannot happen. [
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3. CONSTRUCTING A v,-ELEMENT

We need to prove fact 3, and the claim in Remark 2.2 tells us we only need to find an
element in 7, (R) satisfying Lemma 2.3.

The strategy is use several Adams spectral sequences to ”approximates” v, € K(n).. So,
we first recall some basic facts about Steenrod algebra.

Definition 3.1 (mod 2 Steenrod algebra). [7, Chapter 1T §3]
Let V be the Fy—vetor space with basis {Sq°, Sq',...}. T(V) be the tensor algebra, and
I is the ideal of T'(V') generated by

0/2] .
b—1-— o
{Sq"S¢" = ( . 2j‘7>5q“+” I8¢, 8¢"Sq" — S¢*, 5¢*Sq" — S¢*}
=0

for 0 < a <2bk>0. Then Ay :=T(V)/I.

Definition 3.2 (mod p Steenrod algebra, p odd). [7, Chapter VI §2]
Let V be the F,—vetor space with basis {8, P°, P',...}. T(V') be the tensor algebra, and
I is the ideal of T'(V') generated by

S (p—1)(b—j)—1 -
{Pan_Z( : )PaerJPJ,POPk—Pk,PkPO—Pk,ﬁPO—ﬁ,POﬁ—B}
= a—pj

U{PY BPY — Sl Pl (1)t (- D)) g pa /= pi 3o S0p( gyt (- DO )1y pas =g pi

for 0 <a<pb,0<a <¥b,k>0.Then A, :=T(V)/I.

Remark 3.3. We actually omit the notion ® in the defining ideals I.
Definition 3.4 (The dual Steenrod algebra).

AQ* = ]FQ[é.lquu e ']7 |§l| = 21 - L
'AP* = ]Fp*[€17€27 .- ] ® A[TO’Tlv e ']7 |51| = 2(pi - 1>’ |7_Z| = 2pi — L
Remark 3.5. There are some conventions, we denote P} € A, s <t to be the element dual
to &7, Q, € A, dual to 7, if p is odd and &, if p = 2. We have (Pf)? =0,Q2 = 0.
The subalgebra of A generated by
Sqt, S¢%, ..., Sq¢*" , when p = 2,
B,P'. PP ... P when p oddn # 1,
G, when p odd n = 0.
is denoted A,,.
The subalgebra generated by @, is denoted by E[Q,]| C A.

Definition 3.6. Given an A—module M, the Margolis homology H(M, d) is the homology
of the complex (M,, d,) with

M, = M,n € Z,
d2n:d7

P P ifd =Py,
aE ' if d=Q,.
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And we denote H(X,d) to be H(H* X, d).
We mentioned that we need Adams spectral sequence.

Proposition 3.7. [1, Theorem 2.1] There is a spectral sequence, with terms E5' = E3'(X)
which are zero if s <0 orif t < s, and with differentials

. s,t s+r,t+r—1
d,: £ — E?

satisfying the following conditions.
(i) There is a canonical isomorphism

Byt = Exty (H*(X), Z,) .
(ii) There is a canonical isomorphism

EX, =2 H (E;d,).

r

(111) There is a canonical monomorphism from Efz’t to E5 for s <r < R < o0.
(iv) If (using (iii)) we regard E3* as a subgroup of ES!, for s < r < 0o, we have

By = () E

s<r<oo

(v) There exist groups B>' such that
Bs,t C Bsfl,tfl C.o C BO,tfs’ BO,m — 7T7§7,<X)
and
Es,t ~ Bs’t/Bs+1’t+1.
(vi) N,_,_,, B¥' = K™

Remark 3.8. In our case, X is a finite p—local spectrum, the Adams spectral sequence has
filtration to 0, i.e. K™ = 0 above. Actually, in our case we have an Adams filtration (X5, gs)

such that lim X = pt, and if lim X = pt, we have K,, = 0. See [5, Lemma 2.1.12, 2.1.16].
There is an ring spectrum k(n) such that k(n). = Fy[v,] C K(n). = Fy[v,, v,

n

Lemma 3.9. The transformation k(n),X — K(n).X extend to a natrual isomorphism
v k(n), X ~ K(n).X.
Corollary 3.10. If k(n).X is finite then K(n),X =0

Proof. k(n),X is finite meaning for j > 0, k(n),;X = 0. Therefore x € k(n).X, take m > 0,
vy x = 0. U

The mod p cohomology H* k(n) has been calculated by Bass and Madsen [2, Theorem
A B].

Proposition 3.11. As a A—module
H* k(”’) = A//E[Qn] = A ®Fp E[Qn]
So the Ey page of the Adams spectral sequence of m.(k(n) A X) is

Ext’(A//E[Q.] ® H' X, F,) ~ Extjy, | (H*X,F,).
6



Remark 3.12. In the above, E[Q,] C A is a sub Hopf algebra, this can be showed directly
by checking the dual algebra is a quotient Hopf algebra. Let B C C are Hopf algebra over k.
Then Home(C ®@p M, N) ~ Hompg(M, N). This gives Ext;,(C ® M, N) ~ Exty(M, N). And
we also have C@p M ~ C//B &y M ~ C ®p k ®; M. So, these together give Exto(C//B®
M, N) ~ Ext’y (M, N).

Corollary 3.13. If X is a finite spectrum and H(X, Q,) = 0, then K(n),X = 0.

Proof. Note that we have a injective E[Q,] resolution

(3.13.1) 0 y F, —2— %" IF [2] /22 —2— L2"UF 2] /22 —2— - .

Apply Hom(H*(X), —) to it, one can prove if H(X, @,) = 0, then Ext>'(H*(X),F,) = 0 for
s > 0. Actually we have projective resloution

(3.13.2) 0+— T, S 1R, (7] /a? «—— S2%"DF (2] /22 — - --

A

T

And because H*(X) is finite type over E[Q,], so Tor; [Q”](H* X, F,)=0= ExtE[Q J(H" X, F,) =

0. And apply ®IF, to 3.13.2 we then have TorS’EQ"}(H* X,F,) =H(X,d)=0,s > 0.
Therefore k(n), X ~ Ext®*(H* X,F,), and because X is finite so when * > 0 we have
H* X = 0, then Ext®*(H* X, F,) = 0. By Lemma 3.10, K (n),X = 0. O

Theorem 3.14. There is a finite spectrum X,, satisfies following.
(i) all differentials in the Adams spectral sequence

Extyl (H* X, A DX,,,F,) = k(n),X, A DX,

E[Q ]
are zero.
(ii) The Margolis homology groups H(X,, AN DX,,,d) = 0 if |d| < |Qn].
We will sketch the proof later.

Theorem 3.15. 3X,, € C, \ C,41 and has a v, self map satisfying Definition 1.2.1, i.e
X, € V.

Proof. Denote R = X,, A DX,,, where X,, is obtain in Theorem 3.14. X,, € C,,_; by condition
(ii) in Theorem 3.14 and Corollary 3.13. And K(n).(X,) # 0 by (i) of Theorem 3.14. So,
X, € C,\Cpy1. Note that if B C A sub Hopf algebra, then the ring Extz(H* R, F,) is a central
algebra over Extp(F,,F,). As said in 2.2, we only need to find an element o € 7, (R) whose
Hurewicz image in K (m), satisfying 2.3. Note that we have a injective F[Q,] resolution

0 » F, —2— S¥"71F, [2]/2? — 2" DF, [2]/2® —— ---

So, Extyid 7% € Hom™" ~*(F,, $%"~'F,[z]/2?) = 0. By (v) in Proposition 3.7, v, € B*#"~2 =
—1

BL2"-1 Now take a class in Exth ?5 | reprensents vp, by abuse notion we still denote as

v,. We need find a class w € Ext]f4 e “D(H*R, F,) restricting to v2" - 1,for N > 0.
7



Consider the following diagram
w e Exty(H" R, F,) === m.(R) > v
laprroximation
W € Exty,, (Fy,F,) — Extq,(H'R,F,) 21 Hurewicz
lrestriction lrestriction

w2 € Extgg,(Fp, Fp) —— Extg,(H* R,F,) =—= k(n).R
Claim.
(1) There is b > 0, Ext4(H" R,F,) = 0 when s > 1/(2p™ — 2)(t — s) + b.
(2) The approximation map is isomorphism if s > 1/(2p™ — 2)(t — s) + k, where k < 0,
and k — —oo if m — oo.
(3) For N> 0, v*" is in the image of the restriction map.

Now, claim 3 says we can find @ € Extgu,, (F,,F,) restricting to vﬁN. Claim 2 says we
can find w € Ext(H" R,F,) restricting to @ - 1. And w is in the commutes with every
a € Ext® (H* R,F,),s > 1/(2p"—2)(t—s)+b. Since dyw = 0, choose N >> 0, so that d,w?"
0,7 > N. Because d,w?" lie in s > 1/(2p" —2)(t — s) +b. And d,.(wP?) = pd,_i(w), dy(w) =
so dy(w?" ") = 0. Therefore w?" is a permanent cycle. We need to show k(n),(v) — v?"
0. Form the commutative diagram we get k(n),(v) — v2" is represents by a class in v/ €
Ext*'(H* X,F,),s = 1/(2p" — 2)(t — 5) + 1. Therefore some power of it represented by a class
above vanishing line. That means v’ is represented by a class in v € Ext™(H* X,F,),s =
1/(2p™ — 2)(t — s) + 2. After finitely times the class is 0 = [,_ B = Kt ¢
mi_s(k(n) A R). Therefore k(n),(v) — v?" =0,

Now k(m),(v) — v*" = 0, if m < n for trivial reason. And form (3.13.1), we have
Ext®r, (H*R,F,) = 0,where s = 1/(2p™ — 2)(t — s) for degree reason. So when m > n,

(@]
k(m).(v) is above this vanishing line, thus it is zero.

=

s'=t—s

U
Claim 1 is:
Proposition 3.16. [1] If M is a connective A-module with
H(M,d) =0 for |d| <mn,

then
Ext{" (M,F,)

has a vanishing line y = x/n + b, b is a constant depending only on n.

Remark 3.17. The proof of Proposition 3.16 actually using the duality of Ext and Tor, so
we actually require that M is finite type. For more detail see [/, Lemma 1.1].

Proposition 3.18. Suppose that M is a connective A-module, and
y=mz+b
is a vanishing line for Ext’y" (M,F,). If N is a (c — 1)-connected A-module, then



y=m(x—c)+b
s a vanishing line for
Ext’;" (M ® N,F,).

Claim 2 is:

Proposition 3.19. Let M be a connective A-module, and suppose that Ext’;" (M,F,) has a
vanishing line of slope m. For n > 0, there is b < 0 such that the restriction map

Ext% (M,F,) — Ext (M,F,)

18 an isomorphism when
s>m(t—s)+b.

Claim 3 is:

Proposition 3.20. Suppose that B C C are finite, connected, graded, cocommutative Hopf
algebras over a field k of characteristic p > 0. If

b€ Exty (k, k),
then for N > 0,b"" is in the image of the restriction map
Extg (k, k) — Exty (k, k).

Sketch of proof. Reduce to the case when B is normal in C. Now we have the spectral

sequence
Exte) p(k, Exty k, R) = Exto(k, R).

Finiteness gives there is M > 0, " is invariant under C'//B. This gives an class in the
spectral sequence, and is a permanent cycle. So the class in Extg(k, k) represents " is the
desired class. O

We now explain the proof of Theorem 3.14, for more detail see [6, Appendix C].

Definition 3.21. A p—local finite CW-complex Y is strongly type n if it satisfies the
following conditions.

(1) Margolis homology group H(Y,d) = 0, if |d| < |Qx|-

(2) @, acts trivially on H*(Y").

(3) K(n)*(Y) and H*(Y") have the same rank.

Definition 3.22. A p—local finite CW-complex Y is partial type n if it satisfies (2) and
(3) of Theorem 3.21. And each Q;,7 < n and P acts nontrivially on H*(X).
Proof sketch of Theorem 3.14. Denote the sub-Hopt algebra generated by P’,n > 0,s <n
by T,.

(1) A strongly type n complex Y satisfying conditions in Theorem 3.14.

(2) A partial type n exists, namely By?" = B¥*"/B'. Where B* is the k—skeleton of

BZ/p.
(3) Consider X = X A X A...A X, % acts on XU, This gives an action on H*(X "),

[ times

And it gives an Z,)[¥;|—module.



(4) Let V be a F,, vector space. There is ey € Z,)[Xk, ], ey is an idempotent, ky is a
constant depending only on V.

(5) If V' is a module over either E[Q,] or T,,, and V = U & F, where F is a nontrivial
free module. Then ey V®* is a free module over E[Q,] or T, [0, Theorem C.2.2].

(6) Now X is of partial type n, then Q;,i < n and P acts nontrivially on H*(X). This
gives a nontrivial free direct summand of H*(X®) for [ sufficiently large. Note that
in this step, we used that T; is self injective, so a free sub module is always a direct
summand.

(7) There is an operation of spectra, such e € Z,)[Zx] idempotent, H*(eX*)) ~ e H*(X ®)).
Namely the direct limit of the system

X(k) L}X(k) L} .

(8) Finally, we take Y = ey X*v) where V = H*(X®). So (5),(6),(7) tell us the Margolis
homology of Y is vanishing. So Y is strongly type n. Therefore Y satisfying the
conditions of Theorem 3.14.

O
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