NOTES ON GROTHENDIECK RING OF VARIETIES

RIXIN FANG

ABSTRACT. In this notes, we mainly concerned about Ko(Vary). We will introduce the Grothendieck
spectrum of varieties in [19, 20], and also the main results of [19]. And we will introduce some results
on Ko(Varg), and its relation with birational geometry.
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1. INTRODUCTION

Let Vary, denote the category of varieties over a field k. By a variety X over k, we mean a reduced,
separated and finite type scheme over k. We define the Grothendieck ring of Vary as follows.

Definition 1.1. Ky(Vary) := Z[Vary]|/R. Z[Vary] is the free abelian group generated by isomor-
phism classes of varieties over k. And R is the subgroup of Z[Vary| generated by [X] — [Y] — [X \
Y], where Y is a closed subvariety of X. And the multiplication of Ky(Vary) is defined to be
[X] - [Y] := [(X Xk Y)red]. We denote the class of A} in Ko(Vary) as L, called Lefschetz motive.
My = KO[Vark] [Lil].

We interested in this ring because we can define motivic measure and motivic zeta function,
and it has many applications in birational geometry, for more details of its application one can see

[1, 7,9, 11, 12].

Definition 1.2. A motivic measure valued in ring A is a ring homomorphism
w: Ko(Varg) — A.

So, p satisfies

Example 1.3 (Z—valued motivic measure). For any variety X over k, let

p(1X]) =Y (=1) dimg, HY(X xy, ks, @),
where (I, char(k)) = 1.
So, form the theory of étale cohomology, if &k = C, then p([X]) = Xtop(X)-
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Example 1.4. Let k = F,, where ¢ = pF. Let

N, (X) = [X(Fyr)l-
N gives a Z—valued measure on Ko(Varg, ). This relates to 1.3 by étale cohomology theory.
Example 1.5. Let kK = C. By the theory of Deligne’s mixed Hodge theory, the Hodge-Deligne

polynomial gives a measure, i.e.
Hdg : Ko(Varg) — Zlu,v]

XY (CDMRPIER(X, Q)

ZU)VSh >

where h?? is the Hodge number. Recall that a weight n pure Hodge structure is a Q—vector space
V together with a decomposition
V®eC= @p+q:nvp,q,

and V&P = VP4, A mized Hodge structure is a finite dimensional QQ—vector space V together with
weight filtration and Hodge filtration, i.e.

0=WoCWi C---CW*=V.

VoC=F'2F'2---DF"=0.
F* induces a filtration on Gr}/V =Wy /W_1,ie. (FPAWQC+W;_1®C)/W;_1®C. And we required
that there is a weight | pure Hodge structure on FP (GrYV). Deligne proved for any X € Obj(Varc),

there is a mixed Hodge structure for H*(X,Q), i.e. there exists (H*(X,Q), W, F*) is a mixed

Hodge structure. The Hodge number h?? := dimc Grh, Grgliq H*(X,Q). So, if  is a smooth

projective variety over C, we take the trivial weight filtration W; = 0,1 # 2k, Wo, = HQk(X, Q). By
Hodge decomposition H*(X,C) = @, 4= HP(X, Q9), take F! = @, 4= p>1(HP(X, Q7). Therefore
hP4 = dimc HP (X, Q9). (This is the Hodge number in the classical case.)

Kontsevich use this measure to prove a result in birational geometry which was motivated by
the topological mirror symmetry test of string theory.

Proposition 1.6. [2, Corollary 6.29] Let X1, X2 be two birational equivalent Calabi-Yau vari-
eties(we only require canonical divisor trivial), then X; and Xo have same Hodge numbers.

Definition 1.7. We say an element 7 € Ky(Vary) is dimension d if there exists an expression
=Y alXi]
with dim X; < d, Vi, and no expression with all dim < d — 1.
The dimension function gives a filtration on My, i.e.
e DFTIME D FOM, D -
FiM,, is the subgroup generated by [X]-L=% with dim[V] — k < 4, i.e. the subgroup wiph all
elements dim < 4. Then he defined My, to be the completion of this filtration, i.e. lim; My /F*My.
Sketch of proof of Proposition 1.6. First, we need to extend Hodge measure to
My, = Zlu, v, (uww) ™.
Then we can extend Hodge measure to

1 1
wo—1" (uw)2 =177

E: My — Zu,v, (uwv) L,
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For any X € Obj Varc we can define the arcs space Jo(X). Let f : X — Y be a proper birational
morphism, with discrepancy D = Ky — f*Kx = >.._, a;D;. The motivic integral of pair (Y, D) is

(1.0.1) /}n%ww— 3 w%qhﬁﬂiﬁ.

JCA1,...,r} jeJ
Let f : Xy --+ X5. By Hironaka’s theorem we have two projective birational morphisms f; :
Y — X1, fo: Y — X5, such that f = fyo0 ffl. Let D; = Ky — f{Kx,,© = 1,2. Since the canonical
divisors are trivial, thus Dy ~ Ds.
By standard methods in birational geometry, we actually can show Di = Ds.
By transformation rule (analogue of change variables), we have

/ %M@—/ }hmw—/ FyL dp.
Joo (X1) Joo (Y) Joo (X2)

Now, by the formula in 1.0.1, the left hand side is [X;] and the right hand side is [X3]. So
[X1] = [X2] € M.
And we have the following commutative diagram

Ko(VaI‘k) _—> Mk Mk

o b

Zlu,v) —— Zlu,v, (uv) Y —— Zu, v, (uv) "L, 5, (uv)%’ o

Therefore E[X1] = E[X3]. So, if Hdg[X1] # Hdg[X2], by the commutativity of the above dia-
gram, we can have E[X;] # E[X5], but that gives a contradiction. So X; and X3 have same Hodge
polynomial, thus they have same Hodge numbers. O

We thus have some questions relate to the above constructions.

Question 1.8. Is the localization map Ky(Varg) — My, injective? Or equivalently, is L a zero
divisor?

Question 1.9. More generally, is Ky(Vary) a domain?
We can define the "filtration” for Ko(Vary).
F,:=Z[X|dimX <n]/ < [X]-[X\Y]-[Y] >,

where the generators are isomorphism classes of varieties with dimension < n, Y is a closed subva-
riety of X. There is a map, namely

n B, — Ko(Vary)

[X] = [X].
Question 1.10. Is 1, injective?
In [13], Poonen proved that Ko(Vary) is not a domain. We will explain that in section 2. It
turns out Question 1.8 and Question 1.10 are related. In [19], Inna proved that if L is a zero divisor
then ¢,, is not injective for some n. And in [3], Borisov proved that L is a zero divisor, So ¢,, is not

injective for some n. We will explain Question 1.10 in section 3. There is also a question relates to
Question 1.8 and Question 1.10, but we still need some basic facts to illustrate it.
There are some basic facts.
Proposition 1.11.
(1) [©] =0 € Ky(Vary).
(2) [Speck| =1 € Ky(Vary).



(3) [Pp]l=1+L+---+L" e Ko(Vary).

Proof.

(1) [X] = [X\ X] + [X], so [2] = 0.

(2) [X] = [X x Speck| = [X] - [Spec k] = [Speck] - [X].

(3) By induction on n, we have P" = A | [P}, for n = 1 by (2) we have [P{] = 1 + L, so
P =1+---+L"1+1L" 0

Definition 1.12. Let X € Obj Varg, Y is called locally closed subvariety of X if Y is a intersection
of open subset and closed subset.

Proposition 1.13. If X € ObjVary and X = Xy | |...| | X,, where X; is locally closed subvariety
of X. Then

,
[X] =) _[Xi] € Ko(Vary).
i=1

Proof. By induction on dim X and then by induction on the number of irreducible components of
X of maximal dimension. When dim X = 0, this is trivial. Let X = Uf:o Z; be the irreducible
decomposition.(Note X is finite type over k.) Assume dim Z;, = dimX,0 < ip < k Take the
generic point 7 of Z;,, suppose n € X;,1 < j < r. Then Z;) =7 C X;. Write X; = V N Xj,
Vis open in X. Then X \ U, Zi = Mig,(X \ Zi) € X is open. And X \ U4, Zi € Zio,
so VN X\ Uz,Zi € Zip,NX;. Let U =V NX\U,,Zi then U is open in X. So we have
[(X] = [U] + [X\ U], [X;] = [U] + [X; \ U].

(1) If dim X \ U < dim X, and we have X \ U = X; \ U], ,; X;. Then by induction [X \ U] =
(X5 \UT + 32,4 [X;], therefore [X] = 37,[X;].

(2) f dimX \ U = dim X, then we claim [{Z}[dim Z} = dim X \ U, Z}}| < {Z;|dim Z; =
dim X }|. Then by induction we also have [X\U] = [X;\U]+>_,;[X;]. Then [X] = >, [X;].
Suppose the claim is false, assume

m = {Z}|dim Z; = dim X \ U, Z; is irreducible component}|,
Then m > n. Any Z; is also a irreducible component in X, because dim Z;, = dim X, so
n=m 4+ 1 < m, a contradiction. O

Definition 1.14. Let X,Y be two varieties over k, X,Y are piecewise isomorphic if there are
decomposition X = | | | X;,Y =| |, Y; such that X; ~Y].

By Proposition 1.13, if two varieties X, Y are piecewise isomorphic, then [X] = [Y] € Ky(Vary).
The natural question comes.

Question 1.15. If XY € ObjVarg, and [X]| = [Y] € Ky(Varg), does X and Y are piecewise
isomorphic? This also called cut-and-paste conjecture. See [9, Question 1.2].

Remark 1.16. It is clear that if X and Y are piecewise isomorphic then X and Y are bijective as
sets, but it is not clear that they are isomorphic as topological spaces. Moreover, it is incorrect
that they are isomorphic as schemes in general. Basically because for locally closed morphism
i: X — Y we only have sujective morphism

iiloy — Ox.

And actually there is a categorical way to understand piecewise isomorphism. In [3] Borisov gives a
counterexample of Question 1.15, and in [19] Inna also proved cut-and-paste conjecture fails using

1.10.
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Let Schemes be the category of scheme and Schemesy be the full subcategory of Schemes whose
local rings are fields. There is a functor cons : Schemes — Schemesy is the right adjoint with
1 : Schemesy — Schemes .

Proposition 1.17. [10, Proposition 2] Let X,Y € Obj Vary, then X,Y are piecewise isomorphic
if and only if X" ~ Y O"s,

Proposition 1.18. Let f : X — Y be a proper morphism of smooth varieties over k, which is a
blow up with a smooth center Z C'Y of co-dimension d. Then [f~1(Z)] = [Z] [Pi_l].

2. Ko(Varg) 1S NOT A DOMAIN

In this section, we will prove following theorem.
Theorem 2.1. [13, Theorem 1] Suppose k is characteristic 0, then Ko(Vary) is not a domain.
We need some lemmas.

Lemma 2.2. Let k be a field with char(k) = 0. There exists an abelian variety A defined over k
such that Endy(A) = End(A) ~ O, where O is ring of algebraic integers with class number 2.

Proof. By checking the database [18], we know that there is f € S3(T'9(590))"V C S5(I'1(590))"Y
such that the Fourier expansion of f is

oo
f =q+ (—1)(]2 + /10(]3 + Zanqnjq _ eQm'z.
n=4

And the field K = Q(ay,az,...) = Q(+/10). By [16, Theorem 1] and [, Theorem 6.6.6, Definition
6.6.3], there is an abelian variety Ay defined over Q which is a quotient of Jac(X1(590)) And
End(A) ® Q ~ K. And we know End(A) is an order of End(A) ® Q, and End(A) containing
az = v/10.(See [5, Definition 6.6.3].) Therefore End(A) containing Z[v/10], and End(A) is rank 2
free abelian group, so End(A) ~ Z[v/10]. And A; is semistable because 590 is square free, so by
[14, Corollary 1.4], End;(A) = End(A) ~ Z[/10]. The class number of Z[v/10] is 2 (By standard
method in number theory, for instance Minkowski bound. Or checking the database [18].) O

Let A be an abelian variety, denote O = End(A). There is a fully faithful functor:
T : fgproj Omod — Abvary, .

fgproj Omod is the category of finitely generated projective O—module. Abvary is the category
of abelian varieties over k.
Roughly speaking, for a projective O—module M, we have a presentation

om Y on M 0.
Then v gives a map from A™ to A", now T(M) := coker(¢.). One can prove that T'(M) is well
defined.

Let X,Y be two smooth projective geometrically integral varieties. X is stably birational to
Y if X x P™ is birational to Y x P" for some m,n € N. The set SBj be the equivalent class of
this relation. Let Z[SBy] be the free abelian group generated by SBy. And let Z[Abvary] be the
free group generated by isomorphism classes of abelian varieties. By [9, Theorem 2.3], there is an
unique morphism Ko (Varc) — Z[SBc| and by taking the Albanese functor we can have a morphism
Z[SBc| — Z[Abvarc|. And actually these map can also defined for k = ACFy, basically because
the method only require resolution of singularities and weak factorization of birational maps.
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Proof of Theorem 2.1. By Lemma 2.2, we can take a fractional ideal I C Q(+/10), such that I # 0 €
CI(Z[/10]). Because Z[+/10] is Dedekind domain, by the structure theory of modules over Dedekind
domain, we know I @ I ~ Z[v/10] ® Z[+/10]. Because [I]-[I] = 0 € CI(Z[/10]), and ranks are same.
Let B = T(I), then A,B € ObjAbvar,. And B x; B ~ T(I & I) ~ T(Z[/10] & Z[/10]) ~
A xy A. But By ~ T(I) 2 T(Z[V10]) ~ Aj. Therefore [A x; A] = [B x; B] € Ko(Vary), i.e.
([A] + [B])([A] — [B]) = 0 € Ko(Varg). We claim that [A] + [B] # 0, [A] — [B] # 0. Consider the
map
Ko(Vary) —— Ko(Vary) —— Z[SBg] —— Z[Abvarg).

[A] — [B] # 0 because [A] # [B| € Z[Abvarg], thus [A] — [B] # 0 € Ko(Vary), and [A] + [B] # 0
because A is not trivial abelian variety. Therefore Ko(Vary) is not a domain. O

3. CUT-AND-PASTE CONJECTURE FAILS

In this section, we give an answer for Question 1.15 and Question 1.10. More precisely, we will
prove following theorem.

Theorem 3.1. Let k be a field with char(k) = 0, there exists X,Y € Obj Vary such that [X]| = [Y]
but X andY are not piecewise isomorphic.

And actually we will prove a more general result.
Theorem 3.2. Let k be a field with char(k) = 0, there isn € N such that v, in 1.10 is not injective.

In order to understand the structure of Ky(Varg), in [19] Inna defined a special Grothendieck
site to study Ko(Varg), namely assembler, and for any assembler we can define a spectrum for the
assembler, and the ith homotopy group of the spectrum is called ith K-theory for the assembler.

Definition 3.3. Let C be a category. A full subcategory D of C is called a sieve in C if for any
morphism A — B € Mor(C) with B € D then A € D.

Remark 3.4. The above definition is slightly different with [17, Tag 00YX], but when we consider the
sieve in C/U, the above definition will coincide with [17, Tag 00YX]. However, the above definition
allow us to talk about the localization sequence, see Theorem 3.20.

Definition 3.5. A Grothendieck topology on a category is a collection J(C') of sieves in C/C for
all C € ObjC, such that the following conditions hold:
o If Se J(C)and f: B— C € Mor(C) then f*S € J(B).
e Let S € J(C) and T be any sieve in C/C. f*T" € J(B) for any f : B — C € ObjS then
T e JO).
e C/C e J(O).

Remark 3.6. For any C' € C given {f; : C; — C} we have a sieve S containing f; see [17, Tag 00YC].
And there is a topology on C containing S, we called this topology is generated by the coverage
{fi : C; = C}. A category with a Grothendieck topology is called a Grothendieck site.

Given a family of morphisms in C {f; : A; — A},cr we say it is a covering family if the full
subcategory containing
{9: X > AFiel,h:z— Aho f; =g}
is in J(A).

Remark 3.7. One could use covering family to define Grothendieck pretopology, and for a pretopol-
ogy there is a Grothendieck topology associated to that pretopology. The category of sheaves over
the associated topology is equivalent to the category of sheaves on that pretopology, that is why
we usually define "Grothendieck topology” to be the pretopology. See [17, Tag 00ZC]. But in our
case, we need the real Grothendieck topology.
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Definition 3.8. An assembler C is a small Grothendieck site satisfying following conditions:
e All the morphsims in C are monomorphism.
e For any A € ObjC any two finite disjoint covering families have a common refinement which
itself a finite disjoint family.
e ( has initial object @, the empty covering family is a covering family for &.

We denote D° to be the full subcategory of noninitial objects in D.

Example 3.9. For our case, we denote V}, to be the assembler whose objects are varieties over k
and morphisms are locally closed embedding. And the topology of V. is generated by the coverage
{Y = X, X \Y < X}, where Y is a closed subvariety of X.

Definition 3.10. Let C,D be two assemblers, F' : C — D is a morphism of assemblers if F' is a
morphism of sites and F preserve initial object and disjointness.

One can prove the category of assemblers have products and coproducts. Actually, if {Cy}zex
is X —tuples of assemblers. Then the class of objects of \/, .y C; is {@} U| |, x ObjCZ, morphisms
are clear. The class of objects of [],cx Cz is [[,cx ObjCs, morphisms are clear.

Definition 3.11. Let C be an assembler. We define W (C) to have objects {4;}icr, where I is
a finite set and all A; € ObjC°. A morphism f : {A;}ier = {Bi}jes isamap f: I — J and
morphisms f; : A; — Bf(i). Such that {f; : A; — Bj}ieffl(j) is a finite disjoint covering family in
C.

For a pointed set X, X A C is denoted to be the assembler \/xex\{*} Cy.
We define the K-theory spectrum of an assembler to be a spectrum associated to a I'—space.

Definition 3.12. [15, Definition 1.1] I" is the category whose objects are finite sets, whose morphism
S — Tisamap6:S — P(T) such that 8(«) and 6(3) are disjoint for o # 3. The composition of
0:S—P(T)and p:T = P(U)is ¢p: S — P(U) where ¢(a) = Ugeg(a) £(8)- We denote n to be
the set {1,2,...,n}.

Definition 3.13. A I'-category is a contravariant functor C form I' to categories such that:

e C(0) is equivalent to the category with one object and one morphism.
e for each n, the functor p, : C(n) — C(1) x --- x C(1) induced by ix : 1 — {k} C nis an

n
equivalence of categories.

A T'-space is a functor from I' to the category of simplicial sets, satisfies some conditions that
you could imagine. Actually one could extend I'-space as a bisimplicial set. Namely we have a
functor A°? — T'°P_ [15, Corollary 2.2] says if C is a I'—category then S — |N(C(S))| is a I'-space.
And for any I'-space A there is an Q-spectrum BA, and actually (BA),, ~ Q(BA),+1,n > 1, and
(BA)p ~ QA(SY), A(S?) — QA(S?!) is a group completion on 7. See [15, Section 4].

Definition 3.14. It turns out that X : S — W(SAC) is a I'- category for any assembler C, see [20,
Proposition 2.11 (3)]. So X : S — [N(W (S AC))| is a I'-space, so We define the K-theory spectrum
K(C) to be the spectrum BX.

Remark 3.15. The above definition is slightly different form [20, Definition 2.12], but they are
equivalent, see [20, Theorem 2.13]. And the author think Definition 3.14 keeps the original idea of
defining K (C), roughly speaking, one need to find a spectrum for V; whose 0-th homotopy group is
Ky(Varg). But in general, mp may not have group structure, from the theory of I'—space we know
there is a method making 7y into a group(see [15, Section 4]), that is exactly how Definition 3.14
work. So, the main point is that W (C) contains the whole scissors congruence information in C.
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There are some important results on (K (C)).

Theorem 3.16. (1) The group mo(K(C)) is the free abelian group on objects of C, under the
relations that for any finite disjoint covering family {f; : A; — A} in C,
[A] =) [Al]
(2) Every element in w1 (K (C)) can be represented by following data:
e a pair of finite tuples {A;}icr, {Bj}jcs of objects in C
e for e = x1, a map of finite set fe: I — J and for all i € I, morphism fc;: A; — By
such that for {fc;: A; — Bj}iefe‘l(j) is a covering family.

Sketch of proof. We only sketch the proof of (1) to get readers some feeling about this direction. We
keep the notations used in Definition 3.14. Actually mo(BX) is the group completion of mo(X(1)).
X(1) = |N(W(C))|. And m(X (1)) is a monoid, the operation is induced by

mo(X (1)) X mo(X (1)) ~ mp(X(2)) = mo(X(1)).

The maps above are induced by following diagram :

—1
(3.0.1) W(C) x W(C) -2 W(Cve) —— W(e).
By the theory of simplicial homotopy theory, for instance see [0, Section 2|, [8]. mo(X (1)) ~

mo(N(W(C))) ~ ObjW(C)/ ~ . Therefore let {A;}icr,{Bj}jcs € ObjW(C), the operation of
{A;}ier and {B,} ey under 3.0.1 is {Ci}rerus where Cp = A, if k € I, C, = By if k € J. The
relations over mo(W(C)) is induced by 1-simplices of N(W(C)), i.e. morphisms in W (C). A morphism
[ {Ai}ier = {Bj}jes with components morphisms {f; : A; = Bj}jcr-13)- (Ai, Bj € C°). The
components are finite disjoint covering family, therefore f can be written as | |;c ;{Ai = Bj}ics-1(;)-

Therefore
Bjl= > [A] € (NW(C)).
ief=1()
Notice that {A;}icr = | J;c/{Ai}, ie.

{Ai}ier] = D _[Ai] € m(NW(C)),
il
Therefore mp(X (1)) is the abelian group generated by noninitial objects in C modulo the relation
stated in the theorem. By the relation stated in the theorem, [&] = 0 € mo(K(C)). (Home(C, @) =
().) That means m(K (C)) is isomorphic to the group in the theorem. Done. O

Now let us focus on the assembler Vj, in the Example 3.9. We denote K;(C) to be m;(K(C)). For
C =V, the spectrum K (V) is called Grothendieck spectrum of varieties in [19].

Theorem 3.17. Ko(V)) ~ Ko(Vary).

Proof. The generators are same for those two groups, by Proposition 1.13 and Theorem 3.16 the
relations are same. O

In the following, we fix a field, for instance k = C. And we write V), as V.

Definition 3.18. Let V™ to be the full subcategory of varieties of dimension at most n, so actually
V" is a sub assembler of V. Let V™"~ ! be the assembler whose underlying category is the full
subcategory of V consisting of varieties of dimension exactly n and the empty variety. Let B, be
the set of the birational isomorphism classes of irreducible varieties over k of dimension n. For any
«a € By, define
Aut(a) = Autg(k(X)),
8



where X is a representative of «.

Theorem 3.19. There is a spectral sequence for m,K(V) = K.(V), the first page of the spectral
sequence s
El = m(K(VPT 1)) @ mp(EF B Aut o) = Kp(V).
a€By
The qth graded piece of wy(V) is
EpS = im(mp(V) = mp(V))/ im(mpy (VI = mp(V)).
Theorem 3.20 (Localization). Let D be a sub assembler of C that D is a sieve in C and C has
complements for all objects of D. Then
K(D)— K(C) —» K(C\ D)
is a cofiber sequence. C \ D is the full subcategory of C containing all objects not in D°. a family
{fi: A; = A}icr in C\ D is defined to be a covering family if there exists a family of morphisms
{f; + Aj — A}jes such that each A; € ObjD for j € J and such that {f; : Ai — Aticiusis a
covering family in C.
Theorem 3.21 (Devissage). Let C be an assembler and D a full subassembler. If VA € C there
exists a finite disjoint covering family {D; — A}ier such that Vi € 1, D; € Obj D, then the induced
map
K(D) - K(C)
s an equivalence of spectra.
Sketch proof of Theorem 5.19. By Theorem 3.20, the cofiber of the map K(V4~!) — K(V9) is

K(V1\Vi1) = K(V#971). It is clear that we have a spectral sequence convergent to K, (V) by the
standard method, namely consider following diagram :

C—— Ky(ViTha—2) _9. K, 1(V72) _r Ky (VI2473) 5 ...

|

(3.0.2) s —— K (Veuly _ 9 Ky (v !y Lo K, j(vrhae?y .

!

L K, (VrtLla) _ 9 Ky (V1) —2— K, (vert) —— ...

The above diagram gives a exact couple, this exact couple induce a spectral sequence with first

page
By, =mp(K(Vh) = Ky(V).
We only need to compute m,(K (V477 1)).

Let V#:4-1 be the full subassembler of V%91 of all irreducible subvarieties. By Theorem 3.21,
K((V‘?;I—l)) is equivalence to K (V%971). For any a € B, pick X, represents a. Let C be the full
subassembler of V-1 consisting of subvarieties of X, for any a. Therefore for any irreducible
variety X, suppose X ~ X, then there are isomorphism U — U,, where U C X,U, C X,. X is
irreducible so dim(X \ U) < dim X = ¢, when ¢ = 0, a 0—dimensional variety is just finite set,
so birational equivalence is isomorphic. By induction on the dimensional we know U — U, is a
covering family in (V94-1), so by Theorem 3.21, K(V%4-1) ~ K(C). And if some Z had morphisms
to X, and Xg, because the morphsims in V%4~ are inclusion of dense open subsets, then X, ~ X 3

So
C~ \/ Cx,,-

acbBy
9



And K(Cx,) ~ K(Sau(a) =~ XTBAut(a)see [20, Theorem 4.8]. For a group G, Sg is the

assembler with two objects @,x*, a injective morhism & — x, and Aut(x) = G. By Therefore
Ep g ~ @acp, (2T B Aut(a)). 0

So, we can compute Eé’*, Ell* We have X B Aut(a) ~ SV 3> B Aut(a), so

Eé’q ~ @ Z,

acB,

and by Hurewicz isomorphism we have El1 ¢~ Dac B, L/2® Aut(a)?®. Now we need to compute
the differentials in the spectral sequence. Note that 9(Z/2) = 0, where 9 is same as in 3.0.2.

Theorem 3.22. If there is a nonzero differential d.,r > 1 between 1th column and Oth column,
then there is n € N, 1, is not injective.

Proof. We need a fact.

Fact. Let ¢ be a birational automorphism of irreducible variety X, suppose dim X = ¢, and [¢] €
Ell’q = K;(V%971), And also suppose ¢ : U — V is isomorphism for U,V C X, then 9([¢]) =
[(X\U] = [X\V] € Ko(Vi).

The proof of fact use Theorem 3.16 (2), and [20, Proposition 3.13]. With the fact, we can prove
the theorem. Since EY, is sub quotient of Ei*, then there exists a € By, p € Aut(a) such that
d(p) # 0, otherwise the differentials d, between 1th column and Oth column are all zero. Suppose
Ip) =[X\U]—-[X\V]#0e Kyo(V,),(by the fact), but [X] = [X \ U] + [U] € Ko(Vary), [X] =
(X \ V] +[V] € Ko(Varg), and U ~ V so [X \ V] — [X \ U] = 0 € Ko(Vary). Therefore 9, is not
injective. O

To analyses the differentials between 1th column and Oth column of the spectral sequence in
Theorem 3.19, we need another spectral sequence.

Definition 3.23. For any assembler C, denote V : C VC — C as the fold map which is given
by identity on each component. A simplicial assembler is a simplicial object in the category of
assemblers. For a simplicial assembler C. we define

Let F': C. — D be a morphism of simplicial assemblers. The simplicial assembler C /F is defined
by

n

(C./F)n =DnV \/ Cn.
i=1
The face map d; see [20, Definition 6.1].

We denote L : V — V to be the morphism of assemblers which send X € Obj Var, to X x A,lg €
Vary . We write

O = cofib(K (V) 25 k1)),
It turns out, C' ~ K(V/L).([20, Theorem C].) We have the filtration:

- —— K(V'/L) —— K(V""/L) o K(V/L).

The above filtration gives a spectral sequence.
10



Theorem 3.24. We define | : B, = By11, [([X]) = [X x A}]. The spectral sequence derived above
18

Bpyg= D mCs — Kp(V/L),
BEBq
where )
Cg = Cg V cofib Vs,
C = cofib( \/ Y Aut(a) — X Aut(f)), V: \/ S—S.
acl—18 -1
Sketch of Proof. We need to compute the cofiber of K(V*~1/L) — K(V"/L). Denote ¢ : yr=l oy
Vi KV /L) — K(V'/L). By definition we have V"/L/i ~ V"/i/L. Therefore we need to
compute the cofiber of :
KVt 29 gn ).
We have the commutative diagram:

K1) KO gy

ook
K (yr-tn=2) EOL g pnn-ty

As seen in the proof of Theorem 3.19, we have can decompose V™" ~! by the birational isomorphism
classes. Therefore the bottom row can be written as

D @aci-1(5 KV 2a) = KV B))).
B
So, Cg = cofib @ ,¢;-1(5) K(V1n=2|q) - K(V*»"1|3). And it actually isomorphic to

cofib( @ Saut(a) = Sau(s)-
acl=1(B)

Consider the following commutative diagram:

Vaer-1(5)S — Vaer-1(#)Sau(@) — Vaer-1(5)S

g | |v

SAut(B) — S.

Therefore Cg ~ ég V cofib V. O

So
El,= P m(Cs) & m(Vp).
BeB,

It is clear if [71(8) = @, then m (V) ~ m1(S) ~ Z/2Z. And I71(B) # @, m1(Vg) = Zo18),

It is clear that the morphism K (V) — K(V/L) induce morphism of spectral sequences E} , —
1
1
Definition 3.25. A birational morphism ¢ : X --+ Y between smooth projective of dimension n

varieties over a field k is convenient if

X\ U] - [V \ V] € im(F (V") & Ko(V" ),
11



where ¢ : U — V is a isomorphism. It can be proved that the above definition is independent of
the choice of open subsets. And a field k is convenient if all birational morphisms are convenient.

Basically, the morphism between spectral sequences E;q — E’;,q is surjective on permanent
cycles when work in convenient field.

Theorem 3.26. Field with char(k) =0 is convenient.

Sketch of proof. The proof use weak factorization theorem, weak factorization theorem says every
birational isomorphism can be factored as blowups and blowdowns along smooth center. One can
induction on the number of blowups and blowdowns. The simplest case is when ¢ : X --» Y is
blow up along the the smooth center Z C Y, s0 ¢ : X \ f~1(Z) — Y \ Z is isomorphism. Suppose
Z is codimension d, then by Proposition 1.18 we have,

FH2)) - 2] = [2)[PTY) = [Z)(IL] + (L + - + [2]97Y) € im(Ko(V" %) & Ko(V™h)).
Therefore ¢ is convenient. g

Theorem 3.27. In a convenient field k, if L is zero divisor then there is a monzero differential
between 1th column and Oth column of the spectral sequence E;,q in Theorem 3.19.

Proof. We need some facts.
Fact.
(1) B}, — E;g is surjective on the component m(Cp).
(2) When [7}(B) # @, the component m1(Vp) is not permanent cycle.(This requires k is a
convenient field).
(3) When [7Y(B) = @, m1(V) = Z/2, this component are permanent cycle, and it is clear that
E;,q — E;’q is surjective on this component.

Now suppose all the differentials of E;yq between 1th column and Oth column, then all the cycles
in E117q are permanent cycle. By the above facts, we have

ﬂv?ozl Z{,q/Bll,q ” niil Z{,q/B%,q

| |

Ei?] = ﬂ:il Z{,q/ U:il Biq E— Eloi] = ﬂv?il Z{,q/ Uf’il Bll,q

Notice by Theorem 3.16 (2), any element in x € K;(V/L) there is ¢ such that z € im(K;(V?) —
K1(V/L)). Consider the commutative diagram with row exact,

0 —— im(K; (V') = K1(V) ——— im(K (V") = K1(V)) ——— ERS, —— 0

l | !

0 —— im(K;(V*'/L) = K{(V/L)) — im(K,;(V"/L) = K{(V/L)) —— E*, —— 0

,n

By induction on n we can prove z has a preimage in im(K;(V?) — K;(V)). Therefore K1(V) —
K1(V/L) is surjective. we have the long exact sequence

D Ky (V) —— K1(V/L) —— Ko(V) —— Ko(V) — Ko(V/L) — 0.
Thus L is not zero divisor. [l

Now, we can prove the main results.
12



Proof of Theorem 3.2. By [3, Theorem 2.2] and remark on [3], L is a zero divisor in K(Vary). By
Theorem 3.27, there is a nonzero differential between 1th column and Oth column of the spectral
sequence E;yq in Theorem 3.19. Now by Theorem 3.22; there is n € N, such that ¢, is not
injective. g
Proof of Theorem 3.1. By Theorem 3.2, there is n € N such that v, is not injective, suppose
[X] = [Y] € Ko(Vary) and [X] # [Y] € F,, = Z[X|dim X < n]/ < [X] — [X \ Y] —[Y] > . Then X
and Y is not piecewise isomorphic. Otherwise, there are decomposition X = | || X;,Y = |, Y;
such that X; ~ Y;. V1 < ¢ < n,dimX; = dimY; < n. Therefore we have [X;] = [Yi] € F,,
and [X] = > 7" [X5], [Y] = Y72, [Yi],(The proof of this is similar to Proposition 1.13.) but these
give we [X] = [Y] € F,, which contradicts the hypothesis. Therefore X and Y are not piecewise
isomorphic. O

APPENDIX A.
In this appendix, we list some facts and definitions used in the main text.
Definition A.1. Consider the subgroups of SLs(Z),
[(N) CT1(N) CTo(N) C SLa(Z).
T'(N) = ker(SLy(Z) 28U ST, (Z/NZ)).
I'y(N) = {<i‘ Z) la = d = 1modN, ¢ = Omod N }.
a b .
Lo(N) ={ e d lc = OmodN'}.
A subgroup I' C SLy(Z) is called congruence subgroup if there is N € Z,|N| > 1 such that
[(N)CT.
Definition A.2. Let H be the upper half complex plane, i.e. H = {z € C|Im z > 0.} There is an

SL2(Z) action on H, namely Vy = <Z Z) € SLa(Z), z € H,

az+b
= € H.
v cz+d

And for a meromorphic function f: H — C, the weight k € Z slash operator of v is

e = (ez + d) ™ f(72).

Definition A.3. Let I" be a congruence subgroup of SLs(Z), k € Z, a function f : H — C is a
modular form of weight k with respect to I' if following conditions hold.

(1) f is holomorphic.

(2) vy el fIle=f.

(3) f[7]k is holomorphic at oo for all v € SLo(Z).

(4) The Fourier expansion of fly]r = > o7 jang"™ with ap = 0 for all v € SLo(Z).
Actually, a function f satisfies (1),(2),(3) is called modular form, if in addition f satisfies (4) we
call f as cusp form. The space of modular forms is denoted by My (I"), the space of cusp forms is
denoted by Si(I).

Definition A.4. The quotient space I'\H is denoted by Y (I'). The compactification of Y (I') is
denoted by X (I') which is a compact Riemann surface. We denote X;(N) to be X (I'y(V)), Xo(N) =
X(To(N)).

Fact. Sy(T) ~ Q! X(T), Jac(X(T)) = QL X(T')"/H'(X(T),Z).
13



Fact. The new forms Sa(I'o(IV))"*" is a subspace of Sz(I'g(N)), and it is the orthogonal complement
of old forms.

Theorem A.5. [I, Theorem 0.1.1] Let ¢ : X1 --» Xy be a birational map between complete
nonsingular algebraic varieties X1 and Xo over an algebraically closed field K of characteristic
zero, and let U C X1 be an open set where ¢ is an isomorphism. Then ¢ can be factored into a
sequence of blowings up and blowings down with smooth irreducible centers disjoint from U, namely,
there exists a sequence of birational maps between complete nonsingular algebraic varieties

©1 P2 (223 Pi+1 Pi+2 Pr—1 "]
Xi=W->Vi-> . 5 Vi-5H Vg . Vi —» V=X

such that

(1) ¢=piopi10-- 201,

(2) ¢i are isomorphisms on U,

(3) either p; : V; — Vii1 or Lpi_l : Vigr — Vi is a morphism obtained by blowing up a smooth
irreducible center disjoint from U.
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