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1. Introduction

Let k be a field and € be a finite EI category. Here, the EI condition means that all
endomorphisms in ¢ are isomorphisms. In particular, Home (x, ) = Aut¢(z) is a
finite group for each object x. Denote by kAute (x) the group algebra. Recall that
a finite EI category € is projective over k if each kAuts (y)-kAute (x)-bimodule
kHome (x,y) is projective on both sides; see [11, Definition 4.2].

The concept of a finite free EI category is introduced in [8, 9]. Let € be a
finite free EI category. For any morphism = — 3 in €, set V() to be the set

of objects w such that there are factorizations x L w y of a with " a non-
isomorphism. If « is an isomorphism, we have V(o) = (). For any w € V (), we set
tw(a) = a"0(3 ) Auty (w) 9)> Which is an element in kHome (w, y) The freeness of €
implies that the element ¢,,(«) is independent of the choice of o; see Notation 2.2.

In what follows, we assume that the category % is skeletal. Denote by k-mod
the category of finite-dimensional k-vector spaces. By [10, Theorem 7.1], we identify
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covariant functors from % to k-mod with left modules over the category algebra.
We define a functor E : ¥ — k-mod as follows: for each object z, E(x) is a k-vector
space with basis By = | |,_, Home(w,z) U {e;}, and for each morphism x %y,
the k-linear map E(a) : E(z) — E(y) sends e; to ey + 3, cy(q) tw(a), and 7y to
a oy for v € Home (w, z) with w # x; see Proposition 2.7.

Recall that the constant functor k : € — k-mod is defined as follows: k(x) = k
for each object z, and k(a) = Idy for each morphism «. The constant functor cor-
responds to the trivial module of the category algebra. We mention that the trivial
module k plays an important role in the cohomological study of categories [14]. Tt
is the tensor identity in the category of modules over the category algebra [15].

The notion of a Gorenstein-projective module is introduced in [1]; cf. [7]. They
are generalizations of mazimal Cohen—Macaulay modules (MCM-modules for short)
over Gorenstein rings. Hence, in the literature, Gorenstein-projective modules are
often called MCM-modules.

Let A be a finite-dimensional algebra over k. For an A-module X, an MCM-
approzimation of X is a map 0 : G — X with G Gorenstein-projective such that
any map G’ — X with G’ Gorenstein-projective factors through 6. The study of
such approximations goes back to [2]. In general, the MCM-approximation seems
difficult to construct explicitly.

In this paper, we construct an explicit MCM-approximation of the trivial mod-
ule, provided that the category % is free and projective over k. In this case,
we observe that the category algebra is 1-Gorenstein; see [11, Theorem 5.3]. We
observe a surjective natural transformation £ = k as follows: for each object z,
E(z) 5 k(z) = k sends e, to 1;, and 7 to zero for v € Home (w, ) with w # x.

Theorem 1.1. Let € be a finite free EI category. Assume that the category € is
projective over k. Then the map E = k is an MCM-approzimation of the trivial
module k.

Denote by k%€-Gproj the full subcategory of k%-mod consisting of Gorenstein-
projective k%€-modules and denote by k%€-Gproj the corresponding stable category
modulo projective k%-modules. The category k%-Gproj has a natural tensor tri-
angulated category structure, when % is a projective EI category; see Sec. 4.

Proposition 1.2. Let € be a finite projective EI category. Assume that € is free.
Then E is the tensor identity of k€ -Gproj.

This paper is organized as follows. In Sec. 2, we recall some notation on finite
free EI categories and construct the functor E. In Sec. 3, we prove that F, viewed
as a module over the category algebra, is Gorenstein-projective if in addition ¢
is projective and prove Theorem 1.1. We mention that Propositions 2.1 and 3.3
are new characterizations of finite free EI categories, and that Proposition 3.5
describes when the trivial module is Gorenstein-projective. In Sec. 4, we prove
Proposition 1.2.
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2. Finite Free EI Categories and the Functor E

Let k be a field. Let ¥ be a finite category, that is, it has only finitely many
morphisms, and consequently it has only finitely many objects. Denote by Mor &
the finite set of all morphisms in 4. Recall that the category algebra k€ of € is
defined as follows: K6 = @ cpior 4 ko as a k-vector space and the product * is
given by the rule

ao( if o and B can be composed in €;
axff= .
0 otherwise.

The unit is given by 1xs = ZmeObj « 1d, where Id, is the identity endomorphism
of an object x in ¥.

If € and 2 are two equivalent finite categories, then k%4 and k2 are Morita
equivalent; see [13, Proposition 2.2]. In particular, k% is Morita equivalent to k%,
where %y is any skeleton of % .

In this paper, we assume that the finite category ¢ is skeletal, that is, any two
distinct objects in % are not isomorphic.

2.1. Finite free EI categories

The category % is called a finite EI category provided that all endomorphisms in ¢
are isomorphisms. In particular, Home (z, z) = Aute(z) is a finite group for each
object x in €. Denote by kAut«(z) the group algebra.
Let € be a finite EI category. Recall from [8, Definition 2.3] that a morphism
(0% . . . . . . . .
xr — y in € is unfactorizable if « is a non-isomorphism and whenever it has a

factorization = 2 » 2 y, then either § or 7 is an isomorphism. Let = y be an
unfactorizable morphism. Then hoaog is also unfactorizable for every h € Aute(y)
and every g € Auteg(x); see [8, Proposition 2.5]. Any non-isomorphism z = y in ¢
has a decomposition z = zq B By = y with each «; unfactorizable; see
[8, Proposition 2.6].

Following [8, Definition 2.7], we say that a finite EI category % satisfies the
Unique Factorization Property (UFP), if whenever a non-isomorphism « has two
decompositions into unfactorizable morphisms:

x:xogxla—%---‘mxm:y
and
_ B1 B2 Bn _
T=Y — Y1 — " 7 Yn =Y,

then m = n, x; = y;, and there are h; € Auty(z;), 1 < i < m — 1, such that the
following diagram commutes:

[e31 (e} s AOm —1 Ol
=) —oT1 —>T2g —- - —>TLm—-1—>ITm =Y
H lhl lhz thI H
B B2 Bs Bm—1 B
r=Tog—T1 —>{IJ2—>---—m>IIJm71 —’;.’Em =y
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Let € be a finite EI category. Following [9, Sec. 6], we say that € is a finite free
EI category if it satisfies the UFP. By [8, Proposition 2.8], this is equivalent to the
original definition [8, Definition 2.2].

The following result is another characterization of a finite free EI category.

Proposition 2.1. Let ¥ be a finite EI category Then % is free if and only if for

o

5’
any two decompositions x = z % y and x = w = y of a non- zsomorphzsm o with

"
o' and B"” non-isomorphisms, there is z — w in € satisfying o' = B"” o~ and

B =~od, or there is w S in€ satisfying B =a” 0§ and o’ =50 .

Proof. For the “only if” part, we assume that % is a finite free EI category. Let «

" "

be a non-isomorphism with two decompositions x LN z% yand z LR w's y for o’
and (3" non-isomorphisms.

If w = x, we have that 3’ is an isomorphism. Then we take § = o/ o 8/~ 1. If
z = x, we have that o' is an isomorphism. Then we take v = ' o o/~ 1.

If w, 2 # x, we have that both o/ and 3’ are non-isomorphisms. Write the non-
isomorphisms o, o”, 3, 3" as compositions of unfactorizable morphisms. Then we
have two decompositions of « as follows:

’ / ’ 1" 1" 1"
[e3 [e3

g ) m _ 1 2 s _
r— Tl — " —>Tyy =2 —> 21— —>2s =Y
B1 B B, By B8y By H
r—w —: - — Wy =W—-Yl — - —Yt =Y,
where all o, o} ﬂl, " are unfactorizable morphlsms and o/ =« o 00, =alo
-oaf, ﬂ’ ﬂ; cofy, 8" =B/ o 0p]. We apply the UFP for a. If m < n,
then x; = w; for 1 < ¢ < m, 2j = wpyj for 1 < j < n—m, yy = 2p—ymy for

1 <1<t and there is g : Z, — &y = wy, such that o’ = " o3, 0---0f0;, 1 0g
and goo' =3, 0---0]. We take y = 3, 0---0f3],,1 0g. The cases m = n and
m > n are similar.

For the “if” part, let a be a non-isomorphism with the following two decompo-
sitions into unfactorizable morphisms:

[e5] (e D) (e 2%

r==xTog —T1 — " —>1‘m:y

and
_ B1 B2 Bn N

T=Y = Y1 — "7 Yn =Y.
Since o = @, 0---0ag and 8”7 = [, o--- o 5 are non-isomorphisms, by the
hypothesis we may assume that there is x; SN y1 in % such that 81 = g1 o
and o’ = 3" o g;. Since both a; and (; are unfactorizable, we infer that g; is an

isomorphism and thus z; = y;. Then we have the following two decompositions of
" into unfactorizable morphisms:

Q2 a3z
x1—>x2—>~-~—>xm:y
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and
B2091 B3 Bn N
Ty Y S Y =
Then we are done by repeating the above argument. |

2.2. The functor E

Let € be a finite free EI category. We will construct the functor F : € — k-mod in
the introduction, where k-mod is the category of finite-dimensional k-vector spaces.

Denote by k%-mod the category of finite-dimensional left modules over the
category algebra k%, and by (k-mod)? the category of covariant functors from ¢
to k-mod. There is a well-known equivalence k%-mod ~ (k-mod)?; see [10, Theorem
7.1]. We identify a k%-module with a functor from % to k-mod.

Notation 2.2. Let € be a finite free EI category. For any = — y in €, set
V(a) = {w € Obj% | Iz % w S y such that a = o’ o o’ with o
a non-isomorphism}.

If « is an isomorphism, V(a) = 0. For any w € V(«), we define

tw(a) =a" o Z g | € kHome (w,y),
gEAuty (w)

"
[e3

’
. . . . . . «@
where the non-isomorphism o’ : w — ¥ is given by a factorization z — w — y of

«. By Proposition 2.1, such a morphism «” is unique up to an automorphism of w.
It follows that the element ¢,,(«) is independent of the choice of o”.

Remark 2.3. Assume that = y is a non-isomorphism with a decomposition into
unfactorizable morphisms:
Qm

aq a
L=y X1 — " — Ty =Y.

By the UFP, we observe that V(a) = {xzo,21,...,Zm—1}, where these z;’s are
pairwise distinct. We have V(a0 g) = V(a) = V(h o ) for any g € Aute(x) and
h € Aute(y).

Lemma 2.4. Let € be a finite free EI category. For any x = y and y L i b,
we have

V(Boa)=V(B)UV(a),

where the right-hand side is a disjoint union.

Proof. If o or §is an isomorphism, we have V(foa)) = V(5) UV («) by Remark 2.3.
Assume that a and [ are non-isomorphisms. Let

[e51] [e5}
$:$0_>$1_>"'_>xm:y
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and

B1 B2 Bn
Y=Y —Yyr — 7 Yn =2

be decompositions of @ and 3 into unfactorizable morphisms, respectively. Then we
have V(a) = {x, z1,...,2m-1} and V(8) = {y,y1,...,yn—1} by Remark 2.3. Since

g (o) Oy, ﬁl 52 ﬂn
1‘:1‘0—>$1—>~-~—>ij:y—>y1—>-~-—>yn:z

is a decomposition of 3o a into unfactorizable morphisms, by Remark 2.3, we have
V(ﬁ o O() = {J?,Jfl, e Im—1,Y, Y1, - - 'ayn—l} = V(OZ) U V(ﬁ) O

Lemma 2.5. Let € be a finite free EI category and x = y, y 2. 2 be two morphisms
in€. Forw € V(B) C V(Boa), we have t,(foa) = t,(5). Forw € V(o) CV(foar),
we have t,(B o a) = B oty,(a).

Proof. For an object w in €, we set G, = Autg(w). If w € V(f), then there
exist y 2w % 2 in € such that B = (" o with 8”7 a non-isomorphism. By

definition we have t,(8) = 8" o (3 cq, 9)- By Boa = "o (8 oa), we have
tw(Boa)=p8"0 (Y cq, 9) =tw(B)

If w € V(a), then there exists + < w % y in € such that o = o/ 0’ with o a
non-isomorphism. By definition, we have ¢, () = a” o (3_ <, 9). We observe that
Boa = (Boa")oa’ with Soa’” anon-isomorphism, since o is a non-isomorphism.
Then we have t,(Boa) = (Boa”)o (3 cq, 9) = B0 tuw(a). O
Definition 2.6. Let % be a finite free EI category. We define

E: % — k-mod
as follows: for any x € Obj%’, E(z) is a k-vector space with basis
B, = |_| Homcg(w,x) U {€$}7
wHT
for any = % y in %, the k-linear map E(a) : E(x) — E(y) is given by

E(a)(ex) =ey+ >

weV (a)
and
E(a)(7) = aoy
for v € Home (w, z) with w # x.

Proposition 2.7. Let € be a finite free EI category. The above E : € — k-mod
s a functor.

Proof. For any z % y 2 2in %, since E(foa)(y) = foaoy = E(B)(E(x)(y)) fo
~ € Home (w, x) with w # x, it suffices to prove that E(Boa)(e,) = E(8)(E(«)(e ))
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We have
E(Boa)(es) =e:+ Z tw(Boa)
weV ([Boa)
and
EB)(E(a)(ex) =€+ > tu(B+Bo| > tule)
weV(8) weV(a)
Then we are done by Lemmas 2.4 and 2.5. |

We now introduce subfunctors of E for later use. Let € be a finite free EI cate-
gory. By the EI property, we may assume that Obj ¢ = {z1,x2, ..., 2, } satisfying
Home (2, 2;) =0 if i < j.

Notation 2.8. For each 1 <t < n, we define a functor
Y!: %€ — k-mod
as follows: Y(x;) is a k-vector space with basis
t
|_| Home (21, 2;) U {eq, }
I=i+1

for 1 <i<tandY'(z;) =0 for i > t; for any Zj 2 x; with j < ¢, the k-linear map
Yi(a): Y(z;) — Y(x;) is given by
Yi0)er,) = er + 3 1
i eV( a)

and
Yi(a)(v) =aoy
for v € Bi\{es;}; Y'(a) =01if j > t.

We observe that Y™ = E and that Y is a subfunctor of Y11 for each 1 <t <
n— 1.

2.3. An exact sequence

We will describe a subfunctor of the functor E such that the quotient functor is
isomorphic to the constant functor.

Recall that the constant functor k : € — k-mod is defined by k(z) = k for all
x € Obj € and k(a) = Idg for all @« € Mor €. The corresponding k% -module is
called the trivial module.

1750109-7
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Notation 2.9. Let % be a finite EI category. We define a functor
K : ¢ — k-mod
as follows: for any x € Obj ¢, K(z) is a k-vector space with basis

B, = |_| Homy (w, z);
wH#x

for any x % y in %, the k-linear map K (o) : K (z) — K (y) is given by
K(a)(y) = oy
for v € Home (w, ) with w # x.

Let € be a finite free EI category. We observe that K is a subfunctor of E.

We have a surjective natural transformation E = k as follows: for any z €
Obj €, E(z) ™3 k(z) = k sends e, to 1j, and ~ to zero for v € Home (w,z) with
w # x. Then we have an exact sequence of functors

0-K™SES k0. (2.1)

In what follows, we study when the above exact sequence splits, or equivalently,
the epimorphism 7 splits.

Recall that a finite category € is connected if for any two distinct objects x
and y, there is a sequence of objects * = xg,x1,...,2,m = y such that either
Home (27, 2;41) or Home (x;41,x;) is not empty, 0 < i < m — 1. We say that the
category ¢ has a smallest object z, if Hom (z,x) # () for each object x.

The following lemma is well known. For completeness, we give a proof.

Lemma 2.10. Let (I,<) be a connected finite poset without a smallest element.
Then there are two distinct minimal elements with a common upper bound.

Proof. For each z € I, set S: = {a € I | a > z}. Then I = U1, is minimaly S+
Assume on the contrary that any two distinct minimal elements do not have a
common upper bound. Then I = U{zeﬂzis minimal}S
r €S, with z minimal, and y € I. We claim that if x and y are comparable,
then y € S,. Indeed, if z < y, then z <z < y and thus y € S,. If y < x, we assume
that y € S, with 2z’ minimal. Then 2’ < y < z, and thus z € S.,. Hence 2’ = z.
The above claim implies that each S, is a connected component of I. This
contradicts to the connectedness of 1. O

. is a disjoint union. Let

Lemma 2.11. Let € be a finite connected free EI category. Then we have the
following two statements.

(1) If the category € has a smallest object z such that Home (z,2) has only one
Aute(2)-orbit for each object x, then the epimorphism 7 in (2.1) splits.
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(2) Assume that Aute(x) acts freely on Home (x,y) for any objects x and y. If w
splits, then the category € has a smallest object z such that Home (2, x) has
only one Auty (z)-orbit for each object x.

Proof. For (1), let z be the smallest object. We have that Home¢ (z,2) = ay o
Aut(2), where o, € Home(z, ) is a chosen morphism for any object x. We define
a natural transformation s : k — F as follows: for any z € Obj €, k(z) = k 2%
E(z) sends 1; to E(asz)(e:) = €x + Y ey (a,) tw(az). We observe that mo s =
Id,.

To prove that s is a natural transformation, it suffices to prove that
sy(1g) = E(a)(s:(1})) for any morphism = - y. We observe that s,(1;) =
E(ay)(e;) and E(a)(sz(lx)) = E(a)(E(ag)(e.)) = E(a o ag)(es). Since
Home (z,y) = ay 0 Aute(2), we have that a o a, = oy o g for some g € Autg(2).
Then we have that E(ay)(e.) = E(aoazog ) (e.) = E(aoay)(E(g~1)(ez)) =
E(aoayg)(e,), since E(g71)(e,) = e, by the construction of E.

For (2), assume that 7 splits. Then there is a natural transformation s : k — F
with mos = Idy. It follows that k(z) = k 25 E(z) sends 1y to €2+ (wmzlwta) G
¢y € k for each x € Obj €.

We recall that Obj ¢ can be viewed as a poset, where < y if and only
if Homg(z,y) # 0. We claim that 4 has a smallest object. Otherwise, there
are two distinct minimal objects z and 2z’ such that there is an object x satis-
fying Home (2,2) # 0 and Home(2',2) # 0; see Lemma 2.10. Since z and 2z’
are minimal, we have that s.(1x) = e, and s./(1;) = e,. Let @ € Homg(z, )
and § € Home(2',z). We have that E(a)(s,(1x)) = sz(1k) = E(B)(sx(1k)),
since s is a natural transformation. We observe that E(a)(s.(1x)) = E(a)(e,) =
ot wev(a) tw(@), and E(B)(sx (1)) = E(B)(ex) = ea+3,cv(g) tw(3). Then we
have - ey (q) tw(@) = X2, cv(g) tw(B). Since Auty (w) acts freely on Home (w, x),
then t,, (o) # 0 and t,,(5) # 0. Then we infer that V(o) = V(5) and t,, () = t(0)
for each w € V() = V(8). Then z € V(a) = V(f), and thus Home (', 2) # 0.
This is a contradiction.

Denote by z the smallest element in 4. Let o and § be two morphisms in
Home (z,x) for any object x. It suffices to prove that « and (8 are in the same
Aute (z)-orbit. Since s is a natural transformation, we have that E(a)(s,(1x)) =
sz(1g) = E(B)(sz(1x)). We observe that E(a)(s.(1x)) = E(a)(es) = ey +
S were tu(@), and E(B)(s-(1x)) = E(B)(e=) = €x + Suey s tulB). Then we
have that t.(a) = t.(B), that is, @ 0 (3 caury(2)9) = B0 (X gernte(s) 9)- Since
Auty (2) acts freely on Home (2, ), we have @ = S o h for some h € Aute(z). Then
we are done. |

3. The Gorenstein-Projective Module E

In this section, we prove that E, viewed as a module over the category algebra, is
Gorenstein-projective if in addition € is projective and prove Theorem 1.1. For the
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proof, we study the subfunctor K of E. We observe that the projectivity of K is
equivalent to the freeness of the category %’; see Proposition 3.3.

3.1. Gorenstein-projective modules

Let A be a finite-dimensional algebra over k. Denote by A-mod the category of
finite-dimensional left A-modules. The opposite algebra of A is denoted by A°P. We
identify right A-modules with left A°P-modules.

Denote by (—)* the contravariant functor Hom4(—, A) or Hom 4o (—, A). Let
X be an A-module. Then X* is a right A-module and X** is a left A-module.
There is an evaluation map evy : X — X** given by evx (z)(f) = f(z) for v € X
and f € X*. Recall that an A-module G is Gorenstein-projective provided that
Ext’y (G, A) = 0 = Ext’yo, (G*, A) for i > 1 and the evaluation map ev is bijective;
see [1, Proposition 3.8].

Denote by A-Gproj the full subcategory of A-mod consisting of Gorenstein-
projective A-modules. Recall that A-Gproj is closed under extensions, that is, for a
short exact sequence 0 — X — Y — Z — 0 of A-modules, X, Z € A-Gproj implies
Y € A-Gproj. It is well known that Ext! (G, X) = 0 for any A-module X with
finite projective dimension and G € A-Gproj; see [7, Sec. 10.2].

Recall that k%-Gproj is a Frobenius category whose projective-injective objects
are precisely finitely generated projective k%-modules. Denote by k%-Gproj the
corresponding stable category modulo projective k€-modules. Then k%-Gproj has
a natural triangulated structure: the translation functor is a quasi-inverse of the
syzygy functor and the triangles are induced by short exact sequences with terms
in k€-Gproj.

In the literature, Gorenstein-projective modules are also called mazimal Cohen—
Macaulay (MCM for short) modules. For an A-module X, an MCM-approzimation
of X isamap 6 : G — X with G Gorenstein-projective such that any map G’ — X
with G’ Gorenstein-projective factors through 6. We observe that such an MCM-
approximation is necessarily surjective.

By a special MCM-approzimation, we mean an epimorphism 6 : G — X with
G Gorenstein-projective such that the kernel of 6, denoted by Ker 6, has finite
projective dimension; cf. [7, Definition 7.1.6]. Since Ext)(G’,Ker 6) = 0 for any
Gorenstein-projective G’, we have that a special MCM-approximation is an MCM-
approximation.

The algebra A is Gorenstein if idy A < oo and id A4 < oo, where id denotes
the injective dimension of a module. It is well known that for a Gorenstein algebra
A we have idg A =1id Ay; see [17, Lemma A]. Let m > 0. A Gorenstein algebra A
is m-Gorenstein if idg A =1d Aa < m.

The following result is well known; see [6, Lemma 4.2].

Lemma 3.1. Let A be a 1-Gorenstein algebra. Then an A-module G is Gorenstein-
projective if and only if there is a monomorphism G — P with P projective.
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Let € be a finite EI category which is skeletal. Recall from [11, Definition
4.2] that the category % is projective over k if each kAute (y)-kAute (z)-bimodule
kHome (x,y) is projective on both sides. By [11, Proposition 5.1] the category
algebra k% is Gorenstein if and only if & is projective over k, in which case, k% is
1-Gorenstein if and only if the category € is free; see [11, Theorem 5.3].

3.2. Functors as modules

Let us recall from [3, II1.2] some notation on matrix algebras. Let n > 2. Recall
that an n X n upper triangular matrix algebra

Ay My - My,
Ay oo My,

I =
A,

is given by the following data: each A; is a finite-dimensional algebra over k, and
each M;; is an A;-Aj-bimodule on which &k acts centrally for 1 < i < j < n.
The multiplication of the matrix algebra is induced by A;-A;-bimodule morphisms
Y+ My ®@r, My; — M;j;, which satisfy the following identities

Yige (Vi (ma @ myj) @ mye) = Yae(ma @ Pije(ma; @ mye)),

for1<i<i<j<t<n.
Recall that a left I'-module

X = :
Xn
is described by a column vector: each X; is a left A;-module, the left I'-module

structure is induced by left Aj;-module morphisms ¢;; : M ®g, X; — X, which
satisfy the following identities

wij o (Idas,; ® @j1) = i o (Yiji @ 1dx, ),
forl1<i<j<li<n.

Let € be a skeletal finite EI category with Obj € = {x1,z2,...,x,} satisfying
Home (24, 2;) = 0 if i < j. Set M;; = kHome (25, z;). Write A; = M;;, which is the
group algebra of Aute(z;). Recall that the category algebra k% is isomorphic to
the corresponding upper triangular matrix algebra

Ay My -+ My,
Ay oo My,

I'e = ;
A,

1750109-11



J. Algebra Appl. 2017.16. Downloaded from www.worldscientific.com
by UNIVERSITY OF SCIENCE AND TECHNOLOGY OF CHINA on 04/15/17. For persona use only.

R. Wang

see [11, Sec. 4]. The corresponding maps ¢;;; are induced by the composition of
morphisms in €.
Then we have the following composition of equivalences

(k-mod)? =5 k%-mod —~ T'x-mod, (3.1)
which sends a functor X : ¥ — k-mod to a I'g-module
X1
Xn
as follows: X; = X (x;), and ;5 : M;; ®4,; X; — X; sends a ® a; to X («)(a;) for

a € Homg (zj,7;) and a; € X for 1 <i < j <n. In what follows, we identify these
three categories.

Proposition 3.2. Let € be a finite free EI category and E : € — k-mod be the
functor in Definition 2.6. Assume that € is projective. Then F, viewed as a k% -
module, is Gorenstein-projective.

Proof. For each 1 < t < n, let Y' be the functor in Notation 2.8. Then we
have a filtration 0 = YO C Y! C ... C Y» ! C Y™ = E of subfunctors. Since
Gorenstein-projective modules are closed under extensions, it suffices to prove that
each Y!/Y*~! is a Gorenstein-projective I'x-module for 1 < ¢ < n.

Recall from [11, Theorem 5.3] that I'x is 1-Gorenstein. We observe that

My
keg,
0 Mtfl,t
Y~ ) , and YUYl | ke,
' 0
0
0

as I'y-modules, where the structure maps ¢;; of Y*/Y*~! are described as follows:
Pij = Yige if i < j <t pu(a®es,) = a0 (X jeauty(z) 9) for a € Home (24, 24),
andgoij:Oifj>t.

Denote by C; the tth column of I'y. It is a projective I'¢o-module. We observe
that each Y*/Y'"! is embedded in Cy, by sending e, t0 35 cau, (2 9- BY
Lemma 3.1, each Y*/Y*~! is Gorenstein-projective. O

Let € be a skeletal finite EI category with Obj € = {x1,za,...,2,} satisfying
Home (2, 2;) = 0 if i < j and let I'¢ be the corresponding upper triangular matrix
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algebra. For each 1 <t <n, denote by the I'¢x-module
My,

) M1+
Zt(Rt)* = )

0

whose structure map is given by ¢;; = 945 if i < j < ¢, and ¢;; = 0 otherwise.
Denote by I'; the algebra given by the ¢ x ¢ leading principal submatrix of I'¢.
Denote by M} the left I':-module

M 441

My 41

for 1 <t <n—1. We use the same notation in [11].
The following result is implicitly contained in [11, Proposition 4.5].

Proposition 3.3. Let € be a finite projective EI category and K : € — k-mod be
the functor in Notation 2.9. Then K, viewed as a k% -module, is projective if and
only if the category € is free.

Proof. We observe that the functor K : 4 — k-mod in Notation 2.9 is isomorphic
to @), it(R)* as I'g-modules.

We have the fact that it(R;)* is a projective I'g-module if and only if My |
is a projective I';_j-module for each 1 < ¢ < n; see [11, Lemma 2.1]. By [11,
Proposition 4.5], the category € is free if and only if each M} is a projective T'-
module for 1 <t <n — 1. Then we are done by the above observation. O

3.3. Proof of Theorem 1.1

We now are in a position to prove Theorem 1.1. Recall the map E —— k in (2.1).
The constant functor k corresponds to the trivial module of k%.

Theorem 3.4. Let € be a finite free EI category. Assume that the category € is
projective over k. Then the map E = k is a special MCM-approzimation of the
trivial module k.

Proof. By Proposition 3.2, the k%-module FE is Gorenstein-projective. By Propo-
sition 3.3, the k%-module K is projective. Hence the exact sequence (2.1) is a
special MCM-approximation of k. O
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Proposition 3.5. Let € be a finite connected EI category, which is free and pro-
jective over k. Then we have the following statements.

(1) If the category € has a smallest object z such that Home(z,x) has only
one Autg(z)-orbit for each object x, then the trivial module k is Gorenstein-
projective.

(2) Assume that Aute(x) acts freely on Home (x,y) for any objects x and y. If k
is Gorenstein-projective, then the category € has a smallest object z such that
Home (2, x) has only one Aute(z)-orbit for each object x.

Proof. We observe that k is Gorenstein-projective if and only if the short exact
sequence (2.1) splits. Here, we use the fact that Gorenstein-projective modules are
closed under direct summands. Consequently, the statement follows immediately
from Lemma 2.11. O

4. The Tensor Identity F

In this section, let € be a finite projective EI category. Then the category algebra
k% is Gorenstein by [11, Proposition 5.1]. We observe that the stable category k% -
Gproj is a tensor triangulated category in the sense of [4, Definition 1.1]. We will
prove that F is the tensor identity of k%-Gproj if in addition € is a finite free EI
category.

Recall that the category k%-mod is identified with (k-mod)®, the category of
covariant functors from % to k-mod, by (3.1). The category k%-mod is a symmetric
monoidal category, written as (k% -mod, ®, k), in which the trivial module k is the
tensor identity. More precisely, the tensor product @ is defined by

(M&N)(z) = M(x) @ N(x)

for any M, N € (k-mod)? and z € Obj %, and a.(m ®n) = a.m ® a.n for any a €
Mor %', m € M(z),n € N(z); see [15, 16]. Since the tensor product —®— is exact
in both variables, it gives rise to a tensor product on D?(k%-mod), the bounded
derived category of finitely generated left k%-modules. Hence, D®(k%-mod) is nat-
urally a tensor triangulated category. We shall still write & and k for the tensor
product and tensor identity in D®(k%-mod), respectively.

Recall that a complex in D?(k%-mod) is called a perfect complex if it is isomor-
phic to a bounded complex of finitely generated projective modules. Recall from
[5] that the singularity category of k%, denoted by Dy4(k%), is the Verdier quo-
tient category DP(k%-mod)/perf(k%), where perf(k%) is a thick subcategory of
D?(k%-mod) consisting of all perfect complexes.

Lemma 4.1. Let € be a finite projective EI category. Then the thick subcategory
perf(k€) is a tensor ideal of D(k€-mod). In particular, the category Dy (k€) is
naturally a tensor triangulated category.

We also write @ and k for the tensor product and tensor identity in Dy, (k%),
respectively.
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Proof. The final statement follows from [4, Remark 3.10]. We only need to prove
that for any k¢-module X and any projective k¢-module P, the k%-module X ®P
has finite projective dimension. By the equivalences (3.1), X and P can be viewed
as I'¢-modules

X1 Py
and
Xn P,
We observe that
X1 @ Py
X®P= : ;
Xn @k Py

where i : Mij @4, (X; @k Pj) — X; @ P; sends a ® (x; @ pj;) to @fg(a Q) ®
gpf;-(a@)pj) for « € Home (xj,2;) and x; € Xj,p; € Pj for 1 < i < j < n. Since
P is a projective I'¢-module, we have that each A;-module P; has finite projective
dimension by [11, Corollary 3.6]. Hence each A;-module P; is projective since A;
is a group algebra. Then we have that each X; ®j P; is a projective A;-module
for 1 < i < n. By [11, Corollary 3.6], the I'x-module X®P has finite projective
dimension. Then we are done. O

Let € be a projective EI category. The category algebra k% is Gorenstein. Then
we have a triangle equivalence

F : k¢-Gproj = D, (k%) (4.1)

which sends a Gorenstein-projective module to the corresponding stalk complex
concentrated on degree zero; see [5, Theorem 4.4.1]. The tensor product in Dy, (k%)
can be transported to k€-Gproj. Consequently, the category k%-Gproj becomes a
tensor triangulated category. The spectrum of k%-Gproj is studied in [16], when
%€ is a finite transporter category. We mention that the intrinsic description of the
tensor product in k%-Gproj will be studied in [12].

Lemma 4.2. Let € be a finite projective EI category. Assume that the trivial k% -

module k has a special MCM-approximation G 4, k. Then G is the tensor identity
of k€ -Gproj.

Proof. Let F be the functor in (4.1). We only need to prove that F(G) ~ k, the
tensor identity of Dy, (k%’). The exact sequence 0 — Ker § — G — k — 0 induces a
triangle F'(Ker 0) — F(G) — k — F(Ker ) [1] in D4, (k%). Since Ker 0 has finite
projective dimension, we have F'(Ker #) ~ 0. It follows that F(G) is isomorphic
to k. O

We have the following result by Lemma 4.2 and Theorem 3.4.
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Proposition 4.3. Let € be a finite projective EI category. Assume that € is free.
Then E is the tensor identity of k€ -Gproj. ]
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