Online Learning over a Decentralized
Network Through ADMM

Hao-Feng Xu, Qing Ling & Alejandro
Ribeiro

Journal of the Operations Research
Society of China

ISSN 2194-668X
Volume 3

Number 4

J. Oper. Res. Soc. China (2016) 3:537-562
DOI 10.1007/s40305-015-0104-0

Journal of
the Operations Research
Society of China

VOLUME3 - ISSUE4 - DECEMBER 2015

Special Issue: Data-Driven Optimization Models and Algorithms

Guest Editors: Yan-Qin Bai - Yu-Hong Dai - Nai-Hua Xiu

@ Springer

@ Springer



Your article is protected by copyright and

all rights are held exclusively by Operations
Research Society of China, Periodicals Agency
of Shanghai University, Science Press, and
Springer-Verlag Berlin Heidelberg. This e-
offprint is for personal use only and shall not
be self-archived in electronic repositories. If
you wish to self-archive your article, please
use the accepted manuscript version for
posting on your own website. You may
further deposit the accepted manuscript
version in any repository, provided it is only
made publicly available 12 months after
official publication or later and provided
acknowledgement is given to the original
source of publication and a link is inserted
to the published article on Springer's
website. The link must be accompanied by
the following text: "The final publication is
available at link.springer.com”.

@ Springer



J. Oper. Res. Soc. China (2015) 3:537-562 @ CrossMark
DOI 10.1007/s40305-015-0104-0

Online Learning over a Decentralized Network
Through ADMM

Hao-Feng Xu! . Qing Ling! - Alejandro Ribeiro?

Received: 7 June 2015 / Revised: 12 October 2015 / Accepted: 29 October 2015 /

Published online: 7 December 2015

© Operations Research Society of China, Periodicals Agency of Shanghai University, Science Press, and
Springer-Verlag Berlin Heidelberg 2015

Abstract In this paper, we focus on the decentralized online learning problem where
online data streams are separately collected and collaboratively processed by a network
of decentralized agents. Comparing to centralized batch learning, such a framework
is faithful to the decentralized and online natures of the data streams. We propose an
online decentralized alternating direction method of multipliers that efficiently solves
the online learning problem over a decentralized network. We prove its O (+/T) regret
bound when the instantaneous local cost functions are convex, and its O (log T') regret
bound when the instantaneous local cost functions are strongly convex, where T is the
number of iterations. Both regret bounds are in the same orders as those of centralized
online learning. Numerical experiments on decentralized online least squares and
classification problems demonstrate effectiveness of the proposed algorithm.
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1 Introduction

This paper considers solving a decentralized online learning problem in a connected
network composed of n agents. Let X € R” be a vector to learn. At time k + 1, agent i
receives an instantaneous local cost function f; (x) : R” — R. Then agent i updates
its estimate on X, which is denoted by x,i i1 based on the instantaneous local cost
function f} (¥), its previous estimate x;, as well as its neighbors’ previous estimates

x;! for all j € N; where N is the set of agent i’s neighbors. After T iterations, the
agents expect to find a network-wide optimal solution

T n
* = argmin > H@). (1.1)

x k=1i=1

When n = 1, the decentralized online learning problem (1.1) reduces to its centralized
counterpart that finds applications in sequential decision making, e.g., online regres-
sion and classification [1]. If the online data streams are separately collected by decen-
tralized agents and communications from the agents to a fusion center are costly, decen-
tralized computing is a natural choice. Such application scenarios include wireless sen-
sor networks and autonomous robot teams. Indeed, decentralized batch optimization
in a multi-agent network has received extensive research interests recently [2—6]. This
paper combines online learning and decentralized optimization and aims at designing
an algorithm that is faithful to the decentralized and online natures of the data streams.

Observe that there exists a gap between the instantaneous local estimates and the
optimal solution, which leads to the regret of online learning. In decentralized online
learning, we encounter two types of regrets. The first is the nominal regret

R =33 (4 (xf) = FiE). (1.2)

k=1 i=1

which sums up the local regrets over the entire network. However, the nominal regret is
unable to reflect the similarity of local estimates; it is possible that the local estimates
are quite different but the nominal regret is small. Therefore, we introduce the second
type of regret, termed as the global regret

T n

Rg = max R}, = m?xZZ(f,j () - ). (1.3)

J k=1 i=1

Since any local estimate can be used as a final solution of decentralized online learning,
we define R as the maximum value of the aggregated regrets Ré using all possible
solutions x,f. Therefore, the global regret measures the quality of the local estimates
from the network perspective. Different to the case of centralized online learning (i.e.,
n = 1) where Rn and R¢ are identical, characterizing upper bounds of the global
regret R is of practical importance in decentralized online learning.
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Here, we briefly introduce several existing decentralized online learning algorithms
and their centralized counterparts, as well as the corresponding regret bounds. Therein,
a common assumption is that the local or global cost functions have bounded sub-
gradients. Motivated by the distributed subgradient method [3], in the distributed
autonomous online learning algorithm, each agent combines neighboring estimates
and descends along with the local subgradient direction [7]. When the local cost func-
tions are convex, [7] proves an O(ﬁ ) regret bound that matches the centralized
case in [8]. When the local cost functions are strongly convex, the regret bound is
O(logT), the same order as that of the centralized online subgradient method [9].
Reference [10] develops an online version of the distributed dual averaging algorithm
in [4] and proves an O(+/T) regret bound with respect to the running-average local
estimates for convex local cost functions. For strongly convex local cost functions, its
regret bound is O (log T') in the running-average sense [11]. These bounds are similar
to those established for centralized dual averaging in [12]. Reference [13] reformulates
the decentralized online learning problem to a constrained form and approximately
solves it with the saddle-point algorithm in [14] at every time. The algorithm alternates
between primal subgradient descent and dual subgradient ascent, and the regret bound
is 0(\/7 ) for the convex case.

All the aforementioned decentralized online learning algorithms are based on
subgradient information of local cost functions, which fits for agents with limited
computation abilities. If computation is not an issue, one can expect that letting each
agent solve an optimization problem, other than move a subgradient descent step,
yields a more powerful algorithm. This intuition motivates us to develop an online and
decentralized version of the alternating direction method of multipliers (ADMM), i.e.
the online Decentralized alternating direction Method of multipliers, named as oDM
in this paper.

For decentralized batch optimization, ADMM first reformulates an optimization
problem with consensus constraints, and then alternatingly minimizes its augmented
Lagrangian function with respect to two blocks of variables linked by the consensus
constraints and updates the Lagrange multipliers. The resulting algorithm is fully
decentralized where each agent minimizes the sum of its local cost function and a time-
varying quadratic term [2], followed by the update of its local Lagrange multiplier. The
decentralized ADMM has found successful applications in wireless sensor networks,
computer networks, smart grids, etc [15—18]. Analysis of its convergence follows that
of the centralized ADMM [19,20], and its linear rate of convergence is established
in [21]. The decentralized ADMM is also able to handle the case that the local cost
functions are dynamic [22].

This paper is related to the centralized online ADMM algorithm and its regret
analysis in [23]; however, the proposed oDM is designed from a different perspective
and its analysis is along a different line as explained below.

The centralized online ADMM minimizes an instantaneous cost function that is the
sum of two separable functions with respect to two blocks of variables; the two blocks
of variables are linked with linear constraints. Through alternating minimization of
the augmented Lagrangian function and update of the Lagrange multipliers, the cen-
tralized online ADMM is able to handle the constrained online learning problem.
In this paper, we consider the unconstrained decentralized online learning prob-
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lem (1.1) that is reformulated to a constrained one through introducing a block of
auxiliary variables and linking the auxiliary variables with the local estimates via
consensus constraints (see Sect. 2). Applying ADMM to this online constrained
formulation leads to a decentralized algorithm (see Sect. 3). In other words, the
technique of ADMM is used to handle the intrinsic constraints in the centralized
online algorithm, while it makes the iterations decentralized in the proposed algo-
rithm.

Further, the regret derived in [23] contains two parts, one is about function value,
which corresponds to the nominal regret in the decentralized regime, and another is the
sum of the norms of constraint violations over time. The regret with respect to function
value is O (+/T) for the convex case and O (log T') for the strongly convex case under
the assumption of bounded subgradients. The regret with respect to constraint violation
is also O(ﬁ ) for the convex case and O (log T') for the strongly convex case. Since
the regret with respect to constraint violation does not translate to the gap between the
global and nominal regrets, implanting the analysis of [23] to the decentralized case
cannot directly yield the same bounds for the global regret. In this paper, we establish
the gap between the global and nominal regrets through a series of supporting lemmas
(see Lemmas 4.2-4.5 in Sect. 4.1). Based on these lemmas, we prove that when the
local cost functions are convex and have bounded subgradients, the global regret Rg
has an O (+/T) bound (see Theorem 4.6 in Sect. 4.2). For the strongly convex case, the
bound is O (log T') under the same assumption of bounded subgradients (see Theorem
4.7 in Sect. 4.2).

2 Problem Statement

Throughout this paper, we consider a network composed of a set of n agents V =
{1,2,---,n} and a set of m arcs A = {1,2,---,m}. Here each arc a ~ (i, j)
is associated with an ordered pair (i, j) indicating that i can communicate to j. We
assume the network is connected and communication is bidirectional. The set of agents
adjacent to i is termed as its neighborhood and denoted as ;. The cardinality of this set
is the degree d; of agent i. We define the block arc source matrix A € R™” x np where
the block (As)a,; = I, € RP*? is an identity matrix if the arc a ~ (i, j) originates
at agent i and is null otherwise. Likewise, define the block arc destination matrix
Aq € R™X"P where the block (Ag)s,; = I, € RP*7 if the arc a ~ (i, j) terminates
atthe node j and is null otherwise. Observe that the extended oriented incidence matrix
can be written as E, = Ag— Aq and the unoriented incidence matrix as £, = As+ Aqg.
The extend oriented Laplacian is given by L, = %E;FEO, the unoriented Laplacian
is Ly = %EE E,, and the degree matrix containing nodes’ degrees d; in the diagonal
is D = % (Lo + Ly). The largest eigenvalue of the unoriented Laplacian is denoted
by I, which is related to the connectedness of the network; smaller I3, means better
connectedness.

Attime k + 1, decentralized online learning (approximately) solves an optimization
problem
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Online Learning over a Decentralized Network Through ADMM 541

{xk-i-l} = argmmek (x') + Tt ’7k+1 Z ~
v i=1 @.1)

stoxl =x? = =x"

In (2.1), Zf_ 1 f,é' (x%) is the summation of the local cost functions f,f evaluated at
different local estimates x', ng4q is a constant or time-varying positive parameter
such that the term (T}k+] /2) > |xi — xkll2 makes the local estimates x’ close to
their previous values x; , and the constraints x! = x? = ... = x" enforce all the local
estimate x' to reach a network-wide consensus. Observe that the consensus constraints
couple all the agents in the entire network and are thus nontrivial.

To address this issue, we introduce auxiliary variables z/ € R” associated with
arcs (i, j) € A and rewrite (2.1) as

Nk+1
(%1102}, ) = argmin ka( )+—+Z|| P

(xh2y oy i=1

st.xl =77, x) =7V, V@, j) e A (2.2)

The constraints x' = z'/ and x/ = 7'/ imply that for all pairs of agents (i, j) € A
forming arcs, the feasible set of (2.2) is such that x’ = x/. We interpret the auxiliary
variables 7"/ as being attached to the arc (i, j) with the purpose of enforcing the
equality of the variables x’ and x/ attached to its source agent i and destination agent
Jj. For a connected network, these local neighborhood constraints further imply that
feasible variables must satisfy x' = x/ for all, not necessarily neighboring, pairs of
agents i and j. As a consequence, the optimal local variables x’ in (2.2) must coincide
with those in (2.1).

For clarity of discussion, we define x = [xl; xZ .. x""] € R" that containing all
variables x' and z = [z'; z%; - - - ; 2] € R” p that containing all variables z¢ = 7'/ if
a ~ (i, j).Recalling the definitions of the arc source matrix Ag and the arc destination
matrix Aq, the consensus constraints (2.2) can be represented as Agx — z = 0 and
Agx — z = 0. We further define the aggregated function f; : R — R as fi(x) :=
> fk" (x"). Using these definitions, we can rewrite (2.2) in a matrix form as

Nk+1
(X1, 21} = argmin fi (x) 4+ = [lx — xe||?
{x.2) (2.3)

s.t. Ax + Bz =0,

where A = [Ag; Aql, B = [—Lnp; —Imp).

Given time k + 1, (2.3) fits the standard form that can be solved by ADMM, i.e.,
minimizing the sum of two separable functions fi (x) + (nx+1/2)||x — xk |2 and 0 with
respect to two blocks of variables x and z under the linear constraint Ax 4+ Bz = 0.
Based on this reformulation, we develop a decentralized online algorithm that utilizes
the idea of ADMM.
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3 Algorithm Development

This section develops oDM that sequentially and approximately solves (2.3) (and
(2.1), equivalently). Associate the constraint A;x — z = 0 with a Lagrange multiplier
B € R"pand Agx — z = 0 with y € R"p, and denote A = [B; y] € R*"? as the
Lagrange multiplier associated with the constraint Ax + Bz = 0. At any time k + 1,
the augmented Lagrangian function of (2.3) is

Nk+1 /Ok+1

Lipi (6,2, 4) = fi() + =5 Il —xll> + A7 (Ax + B) + ==l Ax + Bz|l*, (3.1)
where the stepsize pr+1 is a constant or time-varying positive value.

In oDM, the augmented Lagrangian function Lj4+1(x, z, A) is minimized with
respect to the primal variables x and z in an alternating manner, followed by an ascent
step on the dual variable A. To be specific, given past iterates z; and Ak, the primal
iterate x4 is defined as x4 := argmin, L4 (x, 2k, Ak) and given as the solution
of the first-order optimality condition

Afc (1) + ATAk + o1 AT(Axp1 + Bzi) + i1 (k1 —x) 0. (3.2)

Using the value of x;1 from (3.2) along with the previous dual iterate Ay, the primal
iterate zx41 is defined as zx41 := argmin, Lg41(Xk41. 2, Ax) and explicitly given by
the solution of the first-order optimality condition

B"A + o1 BT (Axiy1 + Bziy1) = 0. (3.3)

The dual iterate A is then updated by the constraint violation Axyy1 + Bzk41 corre-
sponding to primal iterates x4 and zx41 such that

et — Me = Pr+1(Axgy1 + Bzgy1) = 0. (3.4)

Note that in the online learning setting, iteration k£ + 1 runs (3.2)—(3.4) once, and hence
(2.3) is only approximately solved.

The computations to implement (3.2)—(3.4) are decentralized through the network.
However, it is also possible to rearrange (3.2)—(3.4) such that with proper initializa-
tion the updates of the auxiliary variables z; are not necessary, and the Lagrange
multipliers § € R™ and y € R™ can be replaced by a smaller dimension vector

= [a«!; o o] € R". We summarize the initialization conditions and the
simplified algorithms in the following proposition.

Proposition 3.1 Consider the sequence of variables xyy1 generated by (3.2)—(3.4).
If the algorithm is initialized with B1 = —y1 and %Euxl = 71, then the iterates Xj+1
can be alternatively generated by the recursion

0fk (Xk+1) + ok + 20041 Dxgt1 — pr+1Luxe + M1 (k1 — x) 20, (3.5)
®+1 — Ak — Pk+1Loxg+1 = 0. (3.6)
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Proof See Appendix 1.

The updates of (3.5) and (3.6) are decentralized to the agents. Indeed, using the
definitions of the degree matrix D, the unoriented Laplacian L, and the oriented
Laplacian L,, the iterations are equivalent to

afy (xli+1) + kst + 20k41d0) Xy — [ M1 xp + prer Z (X}{ +xlﬁ)
JeN;:

+af 30, (3.7)

Wpyy = @ + Prt z (x1i+1 - xl£+1) . (3.8)
JeN;

The update of x,i 41 1n(3.7) and the update of a,i 41 in (3.8) are decentralized since they
only rely on local and neighboring information. We summarize oDM in Algorithm 1.

Algorithm 1 oDM at agent i

Require: Initialize local variables to xi =0 and oc’i =0.

Require: Initialize neighboring variables x{ =0forall j € V.
Stepl. fork+1=2,3,--- do

Step 2. Observe instantaneous local cost function f,ﬁ.

Step 3. Set parameters pg41 > 0 and 41 > 0.

Step 4. Compute local estimate x]’;Jrl from [cf. (3.7)]

i (x]i(+1) + (M1 + 20k 41i) Xy — <77k+1x1i< +ors1 Q. (xp +X,{)) +ap 0.
JeN;

Step 5. Transmit x,i L to and receive xif 41 from neighbors j € Nj.
Step 6. Update local variable oz;'(_H as [cf. (3.8)]

i i i J
Gy =+ vt D (’“k+1 —xk+1)'
JeN;

Step 7. end for

4 Regret Bounds

This section analyzes the regret bounds of oDM for two cases: (1) an O (+/T) regret
bound when the local cost functions f,f are convex; (2) an O(logT) regret bound
when the local cost functions f,i are strongly convex. The roadmap of the analysis
is as following. First, we show that the global regret Rg can be upper bounded by
the summation of three terms: the nominal regret Ry, the accumulated constraint
violation, and the accumulated inverse of stepsize (see Sect. 4.1). Second, we prove
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that the summation of the first two terms (the nominal regret Ry and the accumulated
constraint violation) and the third term (the accumulated inverse of stepsize) both have
the O(+/T) and O (log T') regret bounds for the convex and strongly convex cases,
respectively (see Sect. 4.2).

Throughout the analysis, we assume that a finite optimal solution x* to (1.1) exists.
Define x* as a vector stacking n copies of X* and z* as a vector stacking m copies of x*.
Apparently, x* and z* satisfy the equality Ax* + Bz* = 0. Assume that || x*| < Dj,
which implies that ||x*|| < /nDs, ||z*|| < /mDsz, and || Bz*|| < «/2m Dj.

We also assume that the local cost functions have bounded subgradients. This
assumption is common in the centralized/decentralized online learning literature.

Assumption 4.1 (Bounded Subgradient) For all agents i and all times k, the subgra-
dients of the local cost functions 9 f,ﬁ with respect to the Euclidean norm are upper
bounded by a positive constant L. In consequence for all times &, the aggregated cost
functions fy satisfy |0y || < +/nLg.

4.1 Supporting Lemmas

This subsection proves a series of supporting lemmas and shows that the global
regret R contains three components: the nominal regret Ry, the accumulated con-
straint violation, and the accumulated inverse of stepsize. The discussion is based on
Lemma 4.2.

Lemma 4.2 Consider the points (xi, 2, M) generated by the iterations (3.2)—(3.4).
Recall that the stepsize at time k is pr and define the diameter of the network of n
agents as o. If the local cost functions f,f are convex and Assumption 1 holds, then
the global regret

T
nzoL%

T n
Pk jo_ 2 1
R <R —— ma — —. 4.1
G N +k§:l TG jxél e —x ™ + > /;:1 o 4.1

Proof See Appendix 2.

Observe that given one local estimate x,{ L ||x,£ — x,i > accumulates its dis-
crepancies with others. Therefore, in (4.1) the second term max > ||x,i — x,i 1K

means the largest accumulated discrepancy over the entire network. Since ||x,f — x,i Ik
does not explicitly appear in the oDM iterates, we replace it by the constraint violation
term || Axg + Bzx||? (see Lemma 4.3). Further using the fact that || Axgy 1 + Bzr41]1> <
|Axg+1 + Bzk ||2 (see Lemma 4.4), we can replace the second term of (4.1) by the
constraint violation with respect to the primal solutions x4 and zj, which enables

the analysis of the regret bounds.

Lemma 4.3 Consider the points (xi, 2, M) generated by the iterations (3.2)—(3.4).
If the length of the shortest path from agent i to agent j is 0;; (1 < 0jj < n—1), then
for all times k _

i = 11> < ol Axic + Bzel*. 42)
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Proof See Appendix 3.

Recalling that 0 = max; ; o;; is the diameter of the network, an immediate conclu-
sion from Lemma 4.3 is that max; ; ||xk —Xj ||2 o || Axx+ Bz ||?, which is determined
by the constraint violation and the network topology. The following lemma further
states that the constraint violation at time k + 1 (i.e., || Axg+1 + Bzk+1 1) is no greater
than the constraint violation with respect to the primal solutions x;41 and zx (i.e.,

| Axks1 + Bze|l®).

Lemma 4.4 Consider the points (xi, zi, M) generated by the iterations (3.2)—(3.4)
under the initialization x1 = 0, z1 = 0, and Ay = 0. For all times k, it holds

| Axgs1 + Bzt 1> < | Axgs1 + Bzl (4.3)

Proof See Appendix 4.

According to Lemmas 4.2—4.4, the global regret Rg is upper bounded by the sum-
mation of three terms: the nominal regret RN, the accumulated constraint violation,
and the accumulated inverse of stepsize. We conclude it with the lemma below.

Lemma 4.5 Consider the points (xi, Zi, Ax) generated by the iterations (3.2)—(3.4)
under the initialization x1 = 0, z1 = 0, and L1 = 0. Define the length of the shortest
path from agent i to agent j as o;j (1 < 0;; < n — 1) and define the diameter of the
network of n agents as o = max; j o;j. Then for all times k

2 42 T
Pk+1 n“olL 1
RN+§ —+||Axk+1+BZk|| 5 L> - (4.4)
k=1

Proof See Appendix 5.

4.2 Bounds of the Global Regret Rg

~We firstestablish the bound of the global regret R given that the local cost functions
fj are convex.

Theorem 4.6 Consider the points (xi, 2, k) generated by the iterations (3.2)—(3.4)
under the initialization x1 = 0, z; = 0, and Ay = 0. The network has n agents and
m arcs, and the network diameter is o. If the local cost functions f,f are convex and
Assumption 4.1 holds, letting the algorithm parameters py = cin~/T and n = %ﬁ
where c¢1 > 0 is an arbitrary constant, then the global regret satisfies '

no L2

! )ﬁ (4.5)
2c

Rg < (Clan% +nLyDx +
Proof See Appendix 6.
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546 H.-F. Xu et al.

Remark We briefly discuss how to choose the arbitrary constant ¢ such as the coeffi-
cientcynm D)% +nL¢Dz+ (noL%)/(ch ) is order optimal with respect to , the number
of the agents. Observe that for the two topology-related constants m and o, the number
of arcs m = O(n) in sparse topologies and m = O (n?) in dense topologies; the net-
work diameter o = O (n) in line-like topologies, o = O (4/n) in grid-like topologies,
and o = O(1) in dense topologies. Therefore, for dense topologies (m = O (n?) and
o = 0(1)), choosing ¢c; = O(1/n) yields a coefficient at the order of O (n?). For
line-like topologies (m = O(n) and 0 = O(n)), c; = O(1) also yields a coefficient
at the order of O(n?). For grid-like topologies (m = O(n) and 0 = O(/n)), the
order improves to O (n’/*) by choosing ¢; = O (n~'/*). The best is for the star-like
topologies (m = O(n) and 0 = O(1)), where the order is O (n3/?) by choosing
c1=0m"1?).

Next we further establish the bound of the global regret R given that the local
cost functions f are strongly convex.

Theorem 4.7 Consider the points (xk, 2k, Ak) generated by the iterations (3.2)—(3.4)
under the initialization x1 = 0, z;1 = 0, and A1 = 0. The network has n agents
and m arcs, the network diameter is o, and the largest eigenvalue of the unoriented
Laplacian L, = %E} Ey is I. If the local cost functions f,f are [L-strongly convex
and Assumption 4.1 holds, letting the algorithm parameters py = %k and n; = %k
then the global regret satisfies

2m + I nL? TIn?cL?
Ro < o0 p2 (220 4 2000 ) log T+ 1), (4.6)
2Iwn iz iz

Proof See Appendix 7.

Observe that the O (+/T) regret bound in Theorem 4.6 and the O(log T') regret
bound in Theorem 4.7 match the optimal ones established in centralized online learn-
ing.

5 Numerical Experiments

This section demonstrates performance of oDM for decentralized online learning
problems. Specifically, we consider a least squares problem and a classification prob-
lem. In the numerical experiments, we compare oDM with two decentralized online
learning algorithms:

(1) Distributed online gradient descent (DOGD) [11];
(2) Distributed autonomous online learning (DAOL) [7].

Recall that DOGD is based on the distributed dual averaging algorithm and DAOL
is an online version of the distributed subgradient method; see the paper survey in
Sect. 1. For fair comparison, we hand-tune the algorithm parameters to the best
ones.
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5.1 Decentralized Online Least Squares

We consider the decentralized online least square problem. Suppose that a network
of n agents take linear measurements on a vector ¥ € R!°. For agent i at time &,
the measurement is bfC = A% + e}; € R0 where A* € R'¥10 js the measurement
matrix and e}; € R0 is the measurement error. Elements of the true ¥ and A’ follow
zero mean normal distribution with variance 1, while elements of e}‘C follow the zero
mean normal distribution with variance 10~2. In decentralized online least squares,
the instantaneous local cost function of agent i at time k is fk" () = (1/2)|Alx — b,’; 2.
Given such f,ﬁ, the oDM iterations (3.7) and (3.8) become

. . . -1
st = (ADTA 4 Grerr + 201140 o)

x| Merixp + e Z (x}( +x,f) +(AYTh — o |
JeN;

i i J
sy =0+ Prtt (xk+1 _xk+1)'
JeN;

In the numerical experiments, we generate data from times 1 to 7 = 200. We define
two performance metrics. One is the average loss

LT iz (£ () - Fi@).

t=1i=1

which, at time k, evaluates the local estimate x,i of an arbitrary agent j on all local cost
functions and then averages over times 1 to 7. Another is the average disagreement

z ||xk xk”
- )
(x|

=1

which characterizes the disagreement between the instantaneous local estimates and
the one held by an arbitrary reference agent j. For simplicity, we let j = 1 here.

In the first set of numerical experiments, we compare the three decentralized online
learning algorithms on a network of n = 100 agents where 1980 arcs out of 9 900
possible ones are randomly chosen to be connected. Average losses and average
disagreements of the decentralized online algorithms are shown in Fig. 1. oDM demon-
strates the fastest convergence among the three algorithms. DOGD performs well at
the low-accuracy stage and degrades at the high-accuracy stage. Observe that DOGD
keeps the tightest consensus during the learning process, while oDM has the largest dis-
agreement. This observation suggests that keeping tight consensus during the learning
process may be unfavorable since the consensual local solutions are possibly far away
from the optimum, which yields worse average loss. Performance of DAOL is between
those of oDM and DOGD, in terms of both average loss and average disagreement.
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Average Loss

Average Disagreement

0 50 100 150 200
(b) k

Fig. 1 Performance of the decentralized online learning algorithms on the least squares problem: (a)
Average Loss; (b) Average Disagreement

In the second set of numerical experiments, we discuss the impact of topology on the
performance of oDM. Consider networks of n = 100 agents where 9 900 x r random
arcs are connected. The value of r determines the ratio of connected arcs; larger r
means better network connectivity. Observe from Fig. 2 that better connectivity yields
faster convergence and tighter consensus. However, the performance degradation from
adense network (r = 0.8) to a sparse network (» = 0.05) is not remarkable, suggesting
that it is beneficial to use a sparse network when the communication cost is an issue.
Similar observation holds for special topologies such as line, star, and complete, see
Fig. 3. Unless the network is extremely sparse (line), oDM shows similar convergence
properties.

In the third set of numerical experiments, we show the influence of network size
on the performance of oDM. We choose different values of n and keep the ratio of
connected arcs invariant; specifically, we let n(n — 1) x 20% random arcs be connected.
Fig. 4 depicts convergence of oDM as the network size varies. Larger network size
leads to sharper reduction of the average loss and the average disagreement; this makes
sense since more data are involved in the learning process.
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10°

Average Loss

0 50 100 150 200

Average Disagreement

0 50 100 150 200
(b) k

Fig. 2 Performance of oDM on the least squares problem with random networks: (a) Average Loss; (b)
Average Disagreement

5.2 Decentralized Online Classification

Next we consider the decentralized online classification problem. We use 30 000
training samples and 16281 testing samples from the a9a dataset [24]. The training
samples are trained with a network of n = 30 agents in an online manner, and the
time duration is 7 = 1000. At time k, agent i has a training sample (a,’;, b/i) where
a,i € R'? is a vector containing 123 features and bf{ is a binary-valued scalar repre-
senting the label.

The task of decentralized online learning is to train a classifier ¥ € R'>3. Here,
we choose the support vector machine as the optimization model [25]. At time &,
the instantaneous local cost function of agent i is f,f (X) = (k/2)||Ix)|> + max{l —
b;{ (a,’;, X), 0} where the regularization parameter k = 0.1. Given such f,é', the oDM
updates (3.7) and (3.8) become
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—— Complete

Average Loss
B
o
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Average Disagreement

0 50 100 150 200
(b) K

Fig. 3 Performance of oDM on the least squares problem with special topologies: (a) Average Loss; (b)
Average Disagreement

K+ N1 + 20k 1d;
2

. . ) . . .
X} =argmin x> + max{1 — by, 1{aj . x"), 0}

xi

+{mexg + o D (5 + X)) — o x
JeN;

i i J
Wyt = + Okt Z (xk+1 _xk+1)'

je

We compare the three decentralized online learning algorithms on a network of
n = 30 agents where 174 arcs out of 870 possible ones are randomly chosen to be
connected. As a baseline result, we also use Libsvm to run centralized batch learning.
The performance metric is error rate, which is defined as the rate of wrong classifica-
tions on the testing samples using an arbitrary instantaneous classifier. Fig. 5 shows
error rates of the three decentralized online learning algorithms and the centralized
Libsvm. oDM has the best performance and is close to the centralized Libsvm. The two
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Average Loss

Average Disagreement

0 50 100 150 200
(b) b

Fig. 4 Performance of oDM on the least squares problem with different network size n: (a) Average Loss;
(b) Average Disagreement

logarithmic Error Rate

-1.0

0 200 400 600 800 1000
k

Fig. 5 Error rates of the decentralized online learning algorithms and the centralized Libsvm on the
classification problem
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other decentralized algorithms, DOGD and DAOL, demonstrate similar error rates,
which are slightly worse than that of oDM.

6 Conclusion

This paper considers the machine learning application where the samples are not
only online temporally but also decentralized in spatially. The decentralized online
setting requires agents to incorporate new samples with current solutions, as well
as cooperate with neighboring agents for network-wide consensus. We proposed the
oDM to solve this problem; therein the alternating direction method of multipliers
(ADMM) plays tworoles, i.e., making the algorithm decentralized and enabling online
computation. We define the regret bound for the decentralized online learning prob-
lem, and prove O (ﬁ ) and O (log T') regret bounds for o)DM when the instantaneous
local cost functions are convex and strongly convex, respectively. Numerical experi-
ments on decentralized online least squares and classification problems demonstrate
the effectiveness of the proposed algorithm.

Appendix 1: Proof of Proposition 3.1

Proof Multiplying the two sides of the A-update (3.4) by AT (or BT) and adding it to
the x-update (3.2) (or the z-update (3.3)), (3.2)—(3.4) can be re-organized as

Afe k1) + AThir1 + k1 ATB(zi — zis1) + st (k1 — xx) 2 0, (7.1)

B A1 =0, (7.2)

A1 — M — Pk+1(Axgs1 + Bzg+1) = 0. (7.3)

Recalling A = [B; y] and B = [~1p; —Inpl, we have By = —yiy1 from (7.2).

Utilizing this fact and the definitions E, = Ag — Aq, Ey = As + Agq, A = [As; A4l
and B = [—1Iyp; —ILnp), (7.1) becomes

Afc 1) + ES Bt — prs1 En 2k — Zk41) + M1 (k1 — X) 3 0. (7.4)

If we initialize B = —y; such that 8y = —yx holds for all times k, then (7.3) can be
separated into two equations

Bi+1 — Br — Pk+1(Asxpy1 — 2k+1) =0, (7.5)
—Br+1 + Bk — px+1(Adxk1 — 2ky1) = 0. (7.6)

Subtracting (7.6) from (7.5) yields

Pk+1
Brr1 — Bk — T*onkﬂ =0, 1.7)

@ Springer



Online Learning over a Decentralized Network Through ADMM 553

since £, = Ag— Aq4. On the other hand, summing up (7.6) and (7.5) yields %EUXk+1 —
Zxk+1 = O since Ey = Ag + Ag; we further initialize %Euxl = z; such that for all
times k, it holds

1
EEuxk —zx =0. (7.8)
Substituting (7.8) into (7.4), we have

Pk+ Pk+1
Afc 1) + ELBrar + —ETEuxk+1 —

> > S ELEgxk + i1 (e — xx) 3 0.

(7.9)

Defining a new multiplier oy = E g Bk, from (7.7) and the definition L, = %E g E,,
we have (3.5). Replacing the term ETﬂk_H = k41 bY otk + pr+1LoXk+1 as shown in
(3.5), as well as using the definition Ly = 5 EITE and the equality 2D = L, + Ly,
we can simplify (7.9) as (3.6).

Appendix 2: Proof of Lemma 4.2

Proof Recall the definition of R , we have

n

I
M~

RY, (fieh = i)

~
Il
<
I¥
-

=

Z(f,f(x,’;)—f;i(X*))vLZT: (fieh=fiad). @

k=1 i=1

I
i M'ﬂ

In (8.1), the first summation is the definition of the nominal regret Ryn. The second
summation, which describes the discrepancy of the local cost function values, is no
greater than the discrepancy of the local estimates plus the upper bound of the subgra-
dients. Considering that f; is convex and using Young’s inequality, since p, n, and
o are positive, it holds

flod) = fiad) < <af,§ o)), x,{ —x;;>

//\

H ofi (xf) H (8.2)

X
2nc7 H ko

Under Assumption 4.1 we know that ||0 fk | < Ly; hence (8.2) becomes

o o ; 12 nolL?
Levdy — Fliyly < Pk H VA f, 8.3
fk (xk) fk (xk) X o X — Xk 201 (8.3)
Substituting (8.3) into (8.1),
T n 2 g2 T
Pk 2 nolg 1
RE <Ry + > 223 o] = i)+ > —. (8.4)
i 2 o
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Further using the definition Rg = max; Ré yields the upper bound of the global
regret Rg in (4.1).

Appendix 3: Proof of Lemma 4.3

Proof According to the definition of the vectors x; and z; as well as the matrices A
and B

lAxe+ Bzl = > (I = 2212+ s = 271). o1
(i,j)eA
Therefore, we can interpret || Axy + Bzx 1K by the summation of ||xk - X ||2 over all
arcs (i, j)
2] i i i P
s> LS |- 4) - (44|
(i, j)eA
1 ; 12
-5 > ‘x,’(—x,{H 9.2)
(i, j))eA
Consider a shortest pathi = vg <> v] < -+ < Voy;—1 <> Vo, = J between i

and j; for any integer £ € [0, o;; — 1], (v¢, ve41) € A. Notice that the network is
bidirectionally connected such both (i, j) and (J, i) belong to .4, we have

1 , 12 L1 Vo s |12
J i
3 Z ‘xllc % H > [x” _xkl” H A ©-3)
(i,))eA
Observe that the right-hand side of (9.3) has a lower bound
Vo;i—1 Voi i 2
AR \ o
Vo;i—1 Vo i 2
o L=y )
=wa—ﬂn 94)
o k k . .

ij
Combining (9.2), (9.3), and (9.4) completes the proof.

Appendix 4: Proof of Lemma 4.4

Proof From (7.2), for all times &, it holds BTAk+ 1 = 0. With the initialization A; = 0
for all times k, we know that BTA; = 0, which implies that

(Ak+1 — Ak, Bz — Bzi41) = 0. (10.1)
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Substituting the A-update Ag41 — Ax = Pk+1(AXk4+1 + Bzg+1) in (3.4) into (10.1)
yields
Ok+1{AXg+1 + Bzg+1, Bzk — Bzjy1) =0, (10.2)

or equivalently

Pk+1
P LAkt + Bal® = 1 Axies + Bzt 2 = 1Bz — Bzt |2} = 0. (10.3)

Since pri1 > 0, (10.3) implies that ||Axxy1 + Bzxl|> — |Axis1 + Bziptll> = 0
which completes the proof.

Appendix 5: Proof of Lemma 4.5

Proof From (4.1) in Lemma 4.2 under the initialization x; = 0
L2 T

R RN—FZ—maxZka fZ—

T n ) ) H n O’Lz T

f Z—. (11.1)

Combining the two inequalities, (4.2) in Lemma 4.3 and (4.3) in Lemma 4.4,

I 41 — %1 1* < 0ijll Axigr + Bzxg1lI* < 0ijll Axi1 + Bz 1. Therefore, (11.1)
boils down to
2ol T
oL 1
RN+Z Pk+1 maxzaullekH + Bzl* + ——* 2 —7 Zp— (11.2)
%
k=1

According to the definition of the network diameter o = max; ; o;;, we have (4.4).

Appendix 6: Proof of Theorem 4.6

Proof According to Lemma4.5, the global regret R is no greater than the summation
of three components: the nominal regret Ry, the accumulated constraint violation, and
the accumulated inverse of stepsize. In the proof, we first establish an O (+/T) bound
for the summation of the first two components, and then establish an O (VT) bound
for the last component.
Recalling that fj(x) := Z?=l f,f (x), xp = [x,l; x,%; <y xp],and xF = [X%; X%
; X*], we can rewrite the instantaneous nominal regret at time k as

> (b - A@) = fo — it
i=1

= (fur) — filrgD) + (feGrs1) — fix™) . (12.1)
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Below we consider fi(xx) — fx (x/_{H) and fi(xg+1) — fr(x™*) respectively.
Since the local cost functions f; are convex, the aggregated cost function f; is also
convex. Therefore, it holds

SieCer) — fr k1) < Ok (Xk), Xk — Xet1)- (12.2)

Applying Young’s inequality to the right-hand side of (12.2), for any finite and positive
Nk+1, We have

1 Nk+1
Fin) = frag) < ——18fi G 1> + = v — xept |12 (12.3)
20k41 2

On the other hand, the convexity of f; implies that

Jie@e1) = fie(x™) < (O Cok1)s X1 — x7). (12.4)

Substituting the expression of fi(xx41) in (7.1) into (12.4) and utilizing the equality
Ax* 4+ Bz* = Qyield

FieGegn) = fire™) < (—AThi1 — prs1 AT(Bzk — Bzigr)
— M1 (k1 — Xk, X1 — X )
— (M1, Axpp1 — Ax™) — pry1(Bzk — Bzi1, Axpp1 — Ax™)

— M1 (Xk 1 — Xy X1 — x7)
= — (A1, Axpq1 + BZ*) — prs1(Bzk — Bzgy1, Axpy1 + BZ¥)
— M1 (X1 — Xpe, X1 — X7). (12.5)

Now reorganize the three terms in the right-hand side of (12.5). For the first term
observing that BT Az = 0 as shown in (7.2), we can replace z* by z; that does not
change the value. Further using the equality Axy1 — Ax — pk+1(Axk+1 + Bzi+1) =0
as shown in (7.3), we have

— (Mg 1, Axpy1 + BZ") = — (M1, Axir1 + Bziy1)

1 Pk+1
= — {1 = B} = E A + Bz

2pk+1
(12.6)
For the second term, we have
—Pr+1(Bzk — Bziy1, Axpq1 + BZY)
Pk+1
= 2 1B — Baell® — 182" = Bzt = 1 Axicen + Bz
+Axert + Bzt ). (12.7)
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For the third term, we have

Nk+1
i1 (=3t =)= T " P = =12 = een —
(12.8)
Substituting (12.6)—(12.8) into (12.5) yields

Se@org1) — fi(x™)

1 Pk+1
< 5 Il = a2} + 252 LBz — Bal® — 182 = Ba P
20141 2

— | Axir+ Bzl |+

2 2 2
LI = el = I = e 12 = e — el

(12.9)

Combining (12.3) and (12.9), we obtain an upper bound for fi(xz) — fi(x*) that
is

Sex) — fr(x™)

1 Pk+1
< {120 = W P} + L 1B = Bagl? — 182 - Bryal?
2pk+1 2

Mk+1 1
— I Axgpr+ Bzl }+ 25 it — 2= e — v 12} + s lafo .

20k41
(12.10)
which immediately yields
Pk+1
Fieb) = fil) + = A + Bacl?
1 /Ok 1
< o (I = s P} 4+ 25 (182" = Bl 182 — Baean P
+
77k 1
2 e xk||2—||x*—xk+1||2}+2—||afk(xk>||2. (12.11)
Mke+1

Notice that summing up the left-hand side of (12.11) fromk = 1 to k = T leads to
the nominal regret Ry plus the accumulated constraint violation; see the definition of
RN and (4.4) in Lemma 4.5. Since px+1 and ni are both constants here, we have

R + Z P A + Bail?

1 Pk+1
<—{||x1|| a2} + 25 LBz - Bz P = 182 = Bars 1)
2041 2
Mk+ 1 <
2 e — g 12 = = 1] 4 —— D it
2 241 =
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,0k+1 Nk+1 2
< —Il)\ 12+ [lx* l

IBz* — Bz1 || + ——
2041

— X1

T
(12.12)

+1 k=1

Observing that [|x*|| < /nD; and ||Bz*|| < v/2mDs, |13fkll < /nLy, pry1 =
ciny/T, k1 = (L /Dz)~/T, and the algorithm is initialized by x; = 0, z; = 0, and
A1 =0, (12.12) boils down to

a 2 2

Pk+1 nD< 1 nL5T
RN+Z—+Ilek+1 + Bzl? < prp1mDE + g1 — + f
o 2 2 Mk+1 2

= (clan% + anD,;) VT.
(12.13)

Second we consider the accumulated inverse of stepsize. Since px = ¢ 1n«/7 , We
have
n?ol% L no L2

f -
Z =5 LJT. (12.14)

Pk

Substituting (12.13) and (12.14) into (4.4), we obtain the O(+/T) bound of the
global regret Rg in (4.5).

Appendix 7: Proof of Theorem 4.7

Proof Similar to the proof of Theorem 4.6, we first establish an O (log T') bound for
the summation of the nominal regret Rn and the accumulated constraint violation,
and then establish an O (log T') bound for the accumulated inverse of stepsize.

Consider the summation of the nominal regret Ry and the accumulated constraint
violation. Since the local cost functions f,f are u-strongly convex, the aggregated cost
function f is also p-strongly convex. Therefore, we have

Felorn) — fir™) < (0fi (), Xkt — x%) — %nx* —xetlA 330

which modifies (12.4) by subtracting a quadratic term % lx* = xg 41l 2 atthe right-hand
side. Similar to the proof of Theorem 4.6 through (12.1) to (12.11), we have

Pk+1
feo) — fix®) + T*nAka + Bzl

Pi+1

Ml = e 12] +
{12207 = s 17} + 25

1
<5— {1B2* = Bzl = 1Bz = Bz}
Pk+1
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'7k+1 2 2] _H 2
(o = = 1" = 2 1P} = Sl = e

+ 2—||afk<xk>||2. (13.2)
Nk+1

Therefore, summing up from k = 1 to k = T yields

T
Pk+1
RN+ D =5 I Axiss + Bl

k=1
T
22 Il = 17
k=1
Pk+1
+Z Pt Bz = Baul® - 1Bz = Ba )
k=1
4 Nk+1 g w
+
D B = el = I — v P - ZE — x|
k=1 1
Lo
+> —lafexol* (13.3)
,;27%—%-1

Below we find upper bounds for the right-hand side terms in (13.3). First observe
that pg is non-decreasing and A; = 0 by initialization

T
1
D5 {nxkn et 2} < s l1aal2 =0, (13.4)
2k 2p2

k=1

Second observe that B = [—1I,p; —I1p], we have

1
lz* — 2kl = S 1Bz = Bzi 1% (13.5)

Then for any constant ¢ > 0, it holds

T T
Pk+1
> B 1Bz = Bul? = 1Bz = Ba 2} = 3 ealla” =z
k=1 k=1
d Pk+1 4 2
+
= > 2 {1B" = Bl — 182" = Ban P} = X S 1Bz = Baa |
k=1 k=1
T
P2 *« 2 Pk+1 — Pk — €2 % 2
= —|Bz"—B —— ||Bz"— B . 13.6
S 1B2* = Bzl + > 5 IBz* — Bzl (13.6)

k=2
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Third observe that %Euxk —zx = 01in (7.8) and %Eux* — z* = 0 by definition. Using
the fact that the maximum singular value of E, is /213, we have

1 I
2% — zks1 | = I3 Eue™ = x| < 7“||x* — X112 (13.7)

Then for any constant ¢, > 0, it holds

T T
Nk+1 %
> B I el = e =t 12} = 2 S = x|
k=1 k=1
+ > ollz* = ull?
k=1
4 Nk+1 d n— Cz
+
<3 B Il = 1 = 2] = 3 B e — 2
k=1 k=1
n2 4 Nk+1 — Nk — 1+ 21y
e
= Sl —xl?+ 3 > Sl — el (13.8)

k=2

Summing up (13.4), (13.6), and (13.8) and substituting into the right-hand side of
(13.3), we have

Pk
Ry + Z L Axeer + Bzl

T
P2 * 2 Pk+1 — Pk — €2 % >
< SIBz* = Bal? + 3 = —————IBZ" — B

2
k=2

n 4 Nk+1 — Mk — 1+ 21
+ ol — P+ > Sl — xe)?

2 2

k=2

L
+ > —— e x011?, (13.9)

,; 20k+1

which holds for any constant ¢; > 0. Letting pr = c2k and nx = (u — c2 1)k, we are
able to eliminate the summations over || Bz* — Bzx||> and ||x* — xg|2.
Specifically we set ¢, = % such that p; = ZMTuk and 1 = 5k. Since z; = 0

and x; = 0 by definition, [x*|| < Dy, [|Bz*|| < @ and |13l < /nLs by
hypothesis, we obtain an upper bound for the right-hand side of (13.9) as
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an

Plk+1 2~ 2 2 E
RN + — ||Ax + B _D + — D + A
N ;1 | Axgs1 zk |l F 2 k+1)

2

2 I nL
ML p o Gog T4 D). (13.10)
7

2Iun

To obtain the inequality, we use the fact Z,{: 1 klﬁ < J; szo klﬁdk =log(T +1) <
logT + 1.
Consider the accumulated inverse of stepsize. Since p; = Z‘Lﬁk, we have

n*cL? wn*ol? L 1 Fn20L2
ey Ty e v
—<—1 T+1 13.11
Z 27 L (ogT+D. (311

To obtain the inequality we use the fact Zk | k = Zk I k+1 +1< kT 01 wdk +

I =logT + 1.
Substituting (13.10) and (13.11) into (4.4), we obtain the O (log T') bound of the
global regret Rg in (4.6).
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